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We announce and sketch the rigorous proof of a new kind of anomalous (or sub-ballistic) Lieb-
Robinson bound for an isotropic XY chain in a quasi-periodic transversal magnetic field. Instead
of the usual effective light-cone |x| ≤ v|t|, we obtain |x| ≤ v|t|α for some 0 < α < 1. We can
characterize the allowed values of α exactly as those exceeding the upper transport exponent α+

u
of

a one-body Schrödinger operator. To our knowledge, this is the first rigorous derivation of anomalous
quantum many-body transport. We also discuss anomalous LR bounds with power-law tails for a
random dimer field.

INTRODUCTION

Relativistic systems are local in the sense that infor-
mation propagates at most at the speed of light. In
their seminal paper [1], Lieb and Robinson found that
non-relativistic quantum spin systems described by local
Hamiltonians satisfy a similar “quasi-locality” under the
Heisenberg dynamics. Their Lieb-Robinson bound and
its recent generalizations [2, 3] implies the existence of
a “light cone” |x| ≤ v|t| in space-time, outside of which
quantum correlations (concretely: commutators of local
observables) are exponentially small. In other words, the
LR bound shows that, to a good approximation, quan-
tum correlations propagate at most ballistically, with a
system-dependent “Lieb-Robinson velocity” v.

About ten years ago, the general interest in LR bounds
re-surged when Hastings and co-workers realized that
they are the key tool to derive exponential clustering, a
higher-dimensional Lieb-Schultz-Mattis theorem and the
celebrated area law for the entanglement entropy in one-
dimensional systems with a spectral gap [2, 4, 5]. These
results highlight the role of entanglement in constrain-
ing the structure of ground states in gapped systems and
yield many applications to quantum information theory,
e.g. in developing algorithms to simulate quantum sys-
tems on a classical computer [6, 7].

In this paper, we announce and sketch the rigorous
proof of a new kind of anomalous (or sub-ballistic) Lieb-
Robinson bound for an isotropic XY chain in a quasi-
periodic transversal magnetic field. The LR bound is
anomalous in the sense that the forward half of the or-
dinary light cone is changed to the region |x| ≤ v|t|α for
some 0 < α < 1.

Previous study has focused on the dependence of the
Lieb-Robinson velocity v on the system details [3], with
particular interest in the case v = 0, since it may be in-
terpreted as dynamical localization [8]. In a very recent
paper [9], a logarithmic light-cone was obtained for long-
range, i.e. power-law decaying, interactions. The anoma-
lous LR bound we find yields a qualitatively completely

different, anomalously slow many-body transport.
We expect that if one has an anomalous LR bound for

a system with a spectral gap, the arguments of [3, 4] will
yield anomalously strong exponential clustering (see the
discussion after Def. 1).
We actually have an exact characterization of the val-

ues of α for which the anomalous LR bound holds,
namely whenever α exceeds α+

u , the upper transport
exponent of the one-body discrete Schrödinger operator
with potential given exactly by the quasi-periodic field.
Thanks to extensive study, there exist both rigorous and
numerical upper and lower bounds on α+

u [10–16].
We mention that quasi-periodic sequences serve as

models for one-dimensional quasi-crystals and their
sometimes exotic transport properties. Especially the
discrete one-body Schrödinger operator with Fibonacci
potential, see (5), has been considered [10, 12–24]. Quasi-
periodic spin chains (in particular with Fibonacci disor-
der) have also been studied extensively, with a focus on
spectral properties and critical phenomena [25–32].
While we give the full statements below, we only give a

rough sketch of the proof; a detailed version will appear
elsewhere [33].

SETUP AND MAIN RESULT

For any integer N , we consider the isotropic XY chain
defined by the Hamiltonian

HN = −
N−1
∑

x=1

(

σ1
xσ

1
x+1 + σ2

xσ
2
x+1

)

+

N
∑

x=1

hxσ
3
x, (1)

where σ1, σ2, σ3 are the usual Pauli matrices. We scaled
out the usual J factor in front of the first term and chose
zero boundary conditions for convenience. For definite-
ness, we let hx be the Fibonacci magnetic field

hx = λχ[1−φ,1)(xφ + ω mod 1) (2)

where λ > 0 is a coupling constant, ω ∈ [0, 1) is an
arbitrary phase offset, and φ is the inverse of the golden
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mean, i.e.

φ =

√
5− 1

2
.

The Fibonacci field (2) is prototypical in the study of
one-dimensional quasi-crystals, but in fact φ can be re-
placed by an arbitrary irrational number in (0, 1) here
(“Sturmian class”); compare [12, 17, 18, 34, 35]. We let
Ox denote the set of observables at site x, which is of
course just the set of Hermitian 2 × 2 matrices, and for
an observable A, we let

A(t) ≡ eitHNAe−itHN (3)

be its image under the Heisenberg evolution after time t.
Note that A(t) implicitly depends on N as well.

Definition 1 (anomalous LR bound). We say that
LR(α) holds if there exist positive constants C, ξ, v such
that for all integers x, x′, N with 1 ≤ x < x′ ≤ N and all
times t > 0, the bound

‖[A(t), B]‖ ≤ C‖A‖‖B‖e−ξ(|x−x′|−vtα) (4)

holds for all observables A ∈ Ox and B ∈ Ox′ .

Let us make a few remarks about this: Firstly, the
usual Lieb-Robinson bound corresponds to LR(1) and
is known to hold by general considerations [1]. When
comparing LR(α) with LR(1) in the particularly rele-
vant regime of small times, it is important to keep in
mind that |x − x′| ≥ 1 by definition and consequently
|x − x′|1/α > |x − x′| for 0 < α < 1. Hence, for fixed
t, LR(α) is effective at smaller distances than LR(1).
Secondly, (4) can be extended to a much wider class of
observables, provided that their supports are a non-zero
distance apart [33, 36]. Thirdly, we emphasize that the
constants above do not depend on the system size N ,
so that the estimate (4) is stable in the thermodynamic
limit N → ∞. Finally, as mentioned in the introduc-
tion, if one can prove LR(α) for a system with a spectral
gap, we expect that ground-state correlations will de-
cay anomalously fast, i.e. the usual exponential decay in
d(X,Y ) is replaced by decay in d(X,Y )1/α (see e.g. The-
orem 2 in [3]). Essentially, this should follow from the
proofs in [3, 4], by using LR(α) instead of LR(1), which
only changes the optimization problem in the time cutoff
parameter (called s in [3]).
Our first main result is:

Theorem 1. Let λ ≥ 8. There exists 0 < α < 1 such
that LR(α) holds.

As mentioned in the introduction, we actually have a
characterization of the values of α for which LR(α) holds
for all λ > 0. This characterization is in terms of the
upper transport exponent α+

u of the one-body discrete

Schrödinger operator h with Fibonacci potential. It acts
on a square-summable sequence {ψx}x≥1 by

(hψ)x = ψx+1 + ψx−1 + hxψx, (5)

with ψ0 ≡ 0 and hx given by (2). α+
u is then the prop-

agation rate of the fastest part of an initially localized
wave-packet. Since exponential tails cannot be evaded
in quantum mechanics, α+

u is, roughly, the largest expo-
nent β for which the probability of an initially localized
wavepacket to travel a distance tβ in time t is not expo-
nentially small.
More formally: For any integer x ≥ 1 and any positive

real number β, let

P (x, t) =
∑

x′>x

|〈δx′ |e−ith|δ1〉|2, (6)

R+(β) = − lim sup
t→∞

logP (tβ , t)

log t
. (7)

Then, we define

α+
u = sup

β≥0

{

R+(β) <∞
}

. (8)

Note that α+
u = α+

u (λ). We mention that α+
u is just one

of several transport exponents commonly associated to
anomalous one-body dynamics [15, 16], but as it turns
out it is the only one relevant for LR bounds.
As anticipated before, we have the following character-

ization:

Theorem 2. Let λ > 0. If α > α+
u , then LR(α) holds.

Conversely, if α < α+
u , then LR(α) does not hold.

In words, LR(α) is a precise way to state that tails
are exponentially decaying beyond a modified light-cone
of the form |x| ≤ vtα, and our theorem states that this
is true for α > α+

u and false for α < α+
u . In fact, the

second statement holds for completely general transversal
magnetic fields (e.g. periodic ones, where α+

u = 1). At
first sight, it may be surprising that the quantity α+

u ,
which describes large-time asymptotics, characterizes the
LR bound. Intuitively, this is due to the fact that the
asymptotics capture precisely the fastest moving part of
the one-body dynamics.
We also obtain an explicit expression for the LR veloc-

ity v, see (38) in [33]. Appropriately, v is a decreasing
function of α.
Let us discuss α+

u from a quantitative viewpoint. Since
Theorem 2 holds for arbitrary coupling constant λ > 0,
we see that the restriction to λ ≥ 8 in Theorem 1 is due
to the fact that we do not know rigorously that α+

u < 1
for all λ > 0 (we do know that α+

u > 0 for all λ > 0 [14]).
We emphasize that estimating α+

u is only a problem of
one-body dynamics however, which is simpler from both
a theoretical and a numerical standpoint. A rough nu-
merical study we conducted suggests that α+

u < 1 also
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holds for 0 ≪ λ < 8, and we think it would be interest-
ing to pursue the numerical aspects further. Moreover,
explicit rigorous upper and lower bounds for α+

u exist

[13, 15, 16]. Asymptotically, they behave like 2 log(1+φ)
log λ

for large λ and they can be used to obtain quantitative
estimates, such as

0.1 < α+
u < 0.5

for all 12 ≤ λ ≤ 7, 000. We stress the upper bound by 0.5
because the particular case α+

u = 0.5 is sometimes called
diffusive transport and not assigned the “anomalous” la-
bel.

SKETCH OF PROOF

Following [37], we map the XY chain to free fermions
via the Jordan-Wigner transformation. That is, we in-
troduce the spin raising and lowering operators

S± =
1

2

(

σ1 ± iσ2
)

,

and define

c1 = S−
1 , cx = σ3

1 . . . σ
3
x−1S

−
x . (9)

These operators satisfy the CAR and allow us to rewrite
the Hamiltonian as

HN =

N
∑

x=1

N
∑

y=1

c†x(hN )x,ycy.

Here, hN is the operator h defined in (5), but with a
zero boundary condition at site N + 1. At this stage,
HN can be diagonalized by a standard Bogoliubov trans-
formation. One finds the following formula [8] for the
Heisenberg dynamics (3) of the fermion operators:

cx(t) =
N
∑

y=1

(

e−2ihN t
)

x,y
cy. (10)

Definition 2. We say that LRfermi(α) holds if there
exist positive constants C, ξ, v such that for all integers
x, x′, N with 1 ≤ x < x′ ≤ N and all times t > 0, the
bound

‖[cx(t), B]‖ + ‖[c†x(t), B]‖ ≤ C‖B‖e−ξ(|x−x′|−vtα) (11)

holds for all observables B ∈ Ox′ .

As we will see, (10) allows us to prove LRfermi(α) by
controlling the one-body transport created by h. This is
not surprising, because (10) is an expression of the fact
that we are now describing free particles.
The problem that arises, though, is that the Jordan-

Wigner transformation (9) is highly non-local, while a
Lieb-Robinson bound is of course an inherently local
statement. The key lemma, which is somewhat surpris-
ing at first sight, however says

Lemma 1. LRfermi(α) is equivalent to LR(α).

The point is that, as originally realized in [8] and
adapted here to our purposes, inverting the non-local
Jordan-Wigner transformation essentially just requires
summing up fermionic LR bounds: By an iteration ar-
gument, which is based only on (AB)(t) = A(t)B(t) and
the usual commutator rules, one can show

‖[S−
x (t), B]‖ ≤ 2

x
∑

y=1

(

‖[cy(t), B]‖ + ‖[c†y(t), B]‖
)

(12)

for all B ∈ Ox′ . By taking adjoints and using commu-
tator rules, similar bounds hold for S−

x , S
−
x S

+
x , S

+
x S

−
x

and hence for all elements of the four-dimensional alge-
bra of observables Ox. Assuming that LRfermi(α) holds,
we now see that LR(α) follows from (12) and the trivial,
but important, fact that

x
∑

y=1

e−ξ(|y−x′|−vtα) ∝ e−ξ(|x−x′|−vtα).

For more details and the argument for the converse state-
ment, see [33]. In conclusion, we found that the price of
non-locality was the additional sum over y in (12), but
we can afford this because tails of exponentially decaying
series still decay exponentially.
To prove Theorem 2, thanks to Lemma 1, it remains to

characterize the values of α for which LRfermi(α) holds.
We first show that α > α+

u implies LRfermi(α). By (10)
and the fact that cy and B commute for y < x′, we get

‖[cx(t), B]‖ ≤ ‖B‖
N
∑

y=x′

∣

∣〈δx|e−2ihN t|δy〉
∣

∣ . (13)

Since spatial translation corresponds to a shift of the
(anyway arbitrary) phase offset ω, modulo some tech-
nical difficulties, the right-hand side is equal to

N−x−1
∑

y=x′−x−1

∣

∣〈δ1|e−2ihN t|δy〉
∣

∣ (14)

and this expression is already quite similar to the defi-
nition of the “outside probability” in (6). This explains
why we can apply techniques developed in [11, 13, 15, 16]
to study the transport exponent α+

u to our situation. A
rough outline of the by now standard approach reads:

(a) use Dunford’s formula

〈δ1|e−2ihN t|δy〉 = − 1

2πi

∫

Γ

e−itz〈δ1|
1

−2hN − z
|δy〉dz

to express the time-evolution in terms of resolvents
(Γ is a simple positively oriented contour around
the spectrum of −2hN),
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(b) bound matrix elements of resolvents in terms of
transfer matrix norms, by studying individual so-
lutions,

(c) bound transfer matrix norm by the exponentially
decaying right-hand side in LRfermi(α), by study-
ing the Fibonacci trace map.

However, the original results of [11, 13, 15, 16] do not
translate directly to our situation. Firstly, the operator
h lives on the half-line, while hN has a zero boundary
condition atN+1. This is a minor obstruction and can be
removed, for an upper bound, by one-rank perturbation
theory on the level of resolvents.
The bigger problem is that the summands in (14) are

not squared, as they are in (6), which may of course make
for a much larger sum. The technical solution we have
found to this will not be presented here for the sake of
brevity and instead we refer the interested reader to [33].
We now turn to the converse direction in Theorem

2. We prove the logically equivalent statement that
LRfermi(α) implies α ≥ α+

u . Using (10) and an appropri-
ate trial state to bound the operator norm (see [33] for
details), we obtain the key estimate

‖[cx(t), S+
x′ ]‖ ≥

∣

∣〈δx|e−2ihN t|δx′〉
∣

∣

(compare with (13)). Thus, LRfermi(α) implies

∣

∣〈δx|e−2ihN t|δx′〉
∣

∣ ≤ Ce−ξ(|x−x′|−vtα)

for all 1 ≤ x ≤ x′ ≤ N and all t > 0. We take the limit
N → ∞ to pass to the half-line operator,

∣

∣〈δx|e−2iht|δx′〉
∣

∣ ≤ Ce−ξ(|x−x′|−vtα) (15)

for all x, x′ ∈ N and all t > 0. Using this on definition
(6) gives

P (tβ , t) ≤ C2

1− e−2ξ
e−2ξ(tβ−v(t/2)α) ≤ C̃e−ξtβ

whenever β > α. By definitions (7), (8) we conclude that
β ≥ α+

u , so α ≥ α+
u .

THE RANDOM DIMER MODEL

We explain why our method does not extend to yield
an anomalous LR bound with power-law tails for the ran-
dom dimer model [38]. The focus is on ideas here, for a
detailed discussion see [33].
Recall the one-body discrete Schrödinger operator h

from (5). In the random dimer model, the potential
hn is a random variable taking either of the two values
±λ, each with probability 1/2 say, but these values must
always occur in pairs (or dimers). The intuition, due
to Anderson’s work, that a one-dimensional disordered

quantum system should exhibit localization is only al-
most correct here: There exist critical energies Ec = ±λ
for which the transfer matrices across dimers commute
and the system shows anomalous transport. As it turns
out, the anomalous transport is so fast that α+

u = 1 and
so we cannot hope for an LR(α) with α < 1.

Intuitively, this is because α+
u = 1 means that the

probablity to find the particle within a distance tβ of its
initial location after time t, is not exponentially small for
β < 1. However, in the random dimer model, this proba-
bility is polynomially small for some β < 1. In fact, there
are similar transport exponents β̃+(p), related to time-
averaged p-th moments of the position operator, which
characterize when this is the case and which were deter-
mined explicitly in [39, 40].

With this in mind, one may hope to use our method to
find an anomalous LR bound with power-law tails, which
would be of the general form

‖[A(t), B]‖ ≤ C‖A‖‖B‖
( |t|γ(p)
|x− x′|

)p

(16)

for any p ≥ 0 and some 0 < γ(p) < 1, that is related
to β̃+(p). A problem arises, however, when we want to
“pull back” the LR bound through the Jordan-Wigner
transformation, as we did to prove Lemma 1. As we ex-
plained, the non-locality gives rise to the extra sum in
(14). While we stressed that the sum was irrelevant in
the case of exponential decay, power-law decay decreases
by one order under summation and it turns out that this
restricts γ(p) in (16) to γ(p) > 1. Of course, the ordi-
nary LR bound is then again a better estimate and the
argument is inconclusive.

CONCLUSIONS

We have sketched the rigorous proof of anomalous
Lieb-Robinson bounds (4) for isotropic XY chains with
a quasi-periodic transverse field, which can be viewed as
models for quasi-crystals. To our knowledge, this is the
first derivation of anomalous quantum many-body trans-
port.

The characterization of the correct exponent α in the
anomalous LR bound (4) as the one-body transport ex-
ponent α+

u yields rigorous quantitative bounds on it and
opens the anomalous LR bound up to numerical study.

We also present the concept of an anomalous LR bound
with power-law tails (16). While our argument is incon-
clusive for the random dimer model, we understand ex-
actly why it fails. In particular, it would yield power-law
LR bounds for models with somewhat smaller values of
the transport exponent β̃+(p), if such models exist.
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