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~OTE : The following three discus:;ions are being reprinted 
from the December, 1968, issue of the J OURNAL OP B.~s1c Ex
GIXEERIXG. The Authors' Closure 'lrns not included with the 
discussions; we apologize for the omi. sion and the inconvenience 
to the authors. 

On Real Fluid Flow Over Yawed 
Circular Cylinders 1 

C. DALTON. 2 Chiu and Lienhard have used the Blasius-series 
approach toward computing the laminar bow1dary layer around 
the yawed cylinder. T he calculation of the crosswise boundary
layer velocity is exactly the same as if the flow were completely 
two-dimensional. The approach was discussed by Sears [8] 
and was fonnd to be represen tative of this type of flow. T he 
method used to compute the crosswise velocity is well known to 
give an erroneous velocity profile past e equal to approximately 
70 deg from the leading edge of the cylinder. The computed 
angle of separation was found to be 108.8 deg which is consist
ent with the resul ts in the discussion of the Blasius-method by 
Schlichting [10] . 

The spanwise velocity field was computed from the Blasius
type crossfiow and normal velocity componen ts. The spanwise 
velocity was not foun d to separate as far as 120 deg from the 
leading edge. 

Since the crosswise fl.ow -n-as determined to separate before 
the spanwise fl.ow, the authors conclude that the laminar bound
ary-layer separation is controlled by the crosswise fl.ow. This 
statement is probably correct, but the conclusion cannot be 
drawn on the basis of the calculations performed by the authors. 

The actual boundary layer is known to separate at approxi
mately 80 deg from the lead.hig edge for an unyawed cylinder. 
The large difference between the actual and computed cross
flow invalidates any use of the computed crossflow toward the 
determination of any other boundary-layer property. Since 
the panwise fl.ow was determined through the use of this inac
curate representation of the crosswise flow, it is felt that the 
span wise flow is at least as inaccurate as the crosswise fl.ow in the 
region between e equal to 70 deg and e equal to 108.8 deg. 

The inaccuracy involved in the determination of the cross
wise and span"ise flows severely limits the use of lhe. e velocity 
components as a ba is for dra'l'l·ing any conclusions. Therefore, 
based on their calculations, i t is felt that the authors do not 
have a basis for stating that the crosswise fl.ow controls separation 
although this is probably a correct interpretation, as indicated by 
the experimental results. 

1 By W". S. Chiu and J. H. Lienhard, published in the JouRX.\L oF 
B.,s1c E :-1GD1EERING, TRA:-IS. AS.!\IE, Series D, Vol. 89, Ko. 4, 
pp. 851-857. 

' _.\ssistant Professor, Department of ~Iechanical Engineering, 
university of H ouston, Houston, Texas. 
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A. ROSHKO. 3 The authors state that it is necessary to " learn 
whether or not t he crosswise boundary-layer component is the 
same as in unyawed flow." I t seems to me that one can irn
media.tely say it is, on the basis of the general independence 
principle for crossflow over an infinite yawed cylinder ; hence 
one can immediately state that the "separation point" will be 
at 108.8 deg, as in the corresponding two-dimensional calcula
t ions, and it is not necessary to prove this all over again. On the 
other hand, all this is beside the point, since a classical boundary
layer calculat ion is not relevant to the problem of separation 
from a circular cylinder, which is at this time still very much a 
research problem. To illustrate this point another way, con
sider vortex shedding from a cylinde1· of, say, triangular cross
section, where the separation points are known, a priori; namely, 
at the edges, for both two-dimensional and yawed cases. But 
this hardly is a proof that the cosine law will hold for the shed
ding frequency. 

In short , the authors appear to have assumed the result rather 
than proved it. Their assumption is spelled out in the last 
sentence on p. 4; it may very well be a valid one, but the discus
sion preceding it is irrelevant to it . 

L TREFETHEN. 4 Would the authors be willing to comment on 
whether the vortices are parallel to the yawed cylinder, or normal 
t-0 the flow, or perhaps at an in-between angle? Also, if the 
cylinder is free to move, would its vibration affect the angle? 

Authors' Closure 
'\Ye are gTateful to Profe;;sors Dalton, Roshko, and Trefethen 

for their i11terest in our paper. The paper was originally under
taken in an attempt to clarify the various cosine law statements 
that are frequently made about vortex shedding. We vie'l'I· the 
chief contribution of the paper as lying in this clarification, and 
in om description of wake behavior. Professor Trefethen's short. 
questions relating to features of wake behavior will be deferred 
for a moment, however. 

Both Professors D alton and Roshko have challenged our in
troductory statements in verification of the idea that. the cross 
flow will determine the separation line. We investiga.ted two 
pages in this exercise because the independence principle says 
only that the b()unda.ry layers can be calculated independently. 
It gives no a priori information relating to separation. H ad the 
spanwise flow separated first, the point would not have been t.hat 
the independence principle had failed, but rather that the bound
ary layer equations indicate separation at some point that 
varies with yaw angle. The li teratw-e does not provide any real 

3 Gradua te Aeronautical Laboratories, California Institute of 
Technology, Pasadena, Calif. 

' Tuft University, College of Engineering, Medford, ~Iass. 

Transactions of the AS ME 



"' ., 
" ..J 
., 
~ 15 

(). 

0 
,.., 
0 

" 10 .. 
~ 

"' 
~ 

u.. ,, 
" 
0 

A 

5 

RanQe of observat ions 
of A .R.Hard (®denotes 
center of cluster of data) 
Power line, 1.602" 0 .0. Chukor, 

30 outer strands 
Re"' 12,300 

f = 23 cos f3 

~ o L-~~-1...~~__JL-~~--'-~~--'~~~_._~~~ 

o• 15• 30• 4~· 60° 75• 90• 
Yow AnQl•,/J D1Qrt11 

f ig. 1 Field data illustrating approximate conformity of vortex shedding 
fro m transmission linear fo a cosine dependence upon yaw angle 

answer to the question as to whether a more general separation 
principle exists. Thus, "·e do not feel that the independence of 
the complete cross,Yise and spanwise flows was sufficiently well 
established to have justified us in adopting it. 

Professors Roshko and Dalton note t hat. the true loca tion of 
the separat ion will in fact be established by the pressme in the 
neM wake. Indeed, P rofessor Roshko is responsible for very 
important explanations of this behavior.5 •6 T he imprecision of 
the Dlasius series and the sinusoidal free stream velocity dis
tribution at large () was a fact that we acknowledged at t.he encl 
of our lnlroduclion section. However, we used these approxima
tio1b in hopes of gaining at least a qualitat ive indication as to 
whether or not the cro,;swise component really separated before 
the spa1rn·ise component did . . A comparison of om Figs. 3 and 5 
in the original paper sho"·s that separation in the cro:oswise mode 
develops far more rapidly than in the spanwise mode. In the 
ab.oe11ce of a complete independence principle- one t hat applies 
to more than the boundary layer equations-thi~ is helpful evi
dence in its favor. 

Thus, the reHI question i:; that of saying whether or not om 
qualitative verification has enough accuracy to be convincing. 
We feel that i t has, beca.use t.he failure of spamYise flow to sepa
rate i; so pronounced . We certainly did not assume the thing 
that we set out to sho"·, as P rofessor Roshko submits, nor did we 
(by t he \Yay) "prove the cosine la\\·." 'Ve actually showed that 
the conventional cooine law is an overstateme11t of our equation 
(1.j), and that i t applies in some instances. 

Profe>sor T refethen's conundrum about the orientation of t he 
vonex lines was as unexpected as it was intriguing. Vortex 
lines inclined at an angle other than t he yaw angle, fJ, would 
indica te that there is a spa nwise shift in phase of the vor tex 
shedding process. 

Plenty of available data test.ify to the three-dimensionali ty of 
the wakes of 11nya1ced cylinders. Phillips' found spanwise cor
relat ion of wakes up to 30 diameters in the range 40 :S Re :S 80. 

5 R oshko, A. , "A New Hodograph for F ree-Streamline Theory," 
KAC.\ TN 3168, (1954) . 

'Roshko, A., "On the Wake and Dra.g of Bluff Bodies," Journal of 
-1.eronmilical Science, Yol. 22, No. 2, 1955, p. 801. 

' Phillips, 0. ::.I., "The Intensity of Aeolian Tones," Jo urnal of 
Pluid Jlechan-ics , \ "ol. 1, 1956, p . 607. 
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In the range 80 :S Re :S 100-about the range of the Tritton8 

transition in the wake instability- he found that wakes would go 
out of phase over t his spacing if t he flow were distmbed. In the 
range 100 :S Re ::; 160 he found good spanwise correlation only 
for spacings less t han 20 diameters. Subsequently Bloor's9 ho t.
wire observations of cylinder wakes for 200 :S Re ::; 104 showed 
even stronger spanwise irregularities in the turbulent-wake 
regime. Both she and Phillips made the important observation 
that this is to be expected since turbulence is inherently 3-dimen
sional. The experiments of 1Iacovsky10 and H umphreys" also 
show strong spanwise irregularities bet"·een Re = 104 and 
t ransit ion. H umphreys found that near transition these ir
regularities took the form of short spamYise cells (1.4 to 1.7 
diameters in length) of oscillating phase. Very recently, Ger
rard" presented an exceedingly helpful experimental study of 
wake three-dimensionality. He observed straight vor/ex lines, 
inclined at about 14 ° to an 1mya.we<l cylinder at Re = 83 (jtL'it
below the Trit.ton transition ). He was unable to explain this 
pha>'e shift, and he noted that the angle shifted randomly from 
positive to negative. At higher Re's he gave good docrnnenta
tion of the evolving cellular >'tructure observed by earlier workers. 

Presumably this kind of messy three-dimensionality will al.50 
exist behind ya,Yed cylinders, and any question as to the in
clination of vortex lines will have meaning only at low Reynolds 
numbers. The arguments th at we have developed in our study 
would indicate that the crosswise flow component is independent 
of yaw angle. Therefore, at low Reynolds numbers we would 
expect to find the same kind of random inclination of vortex lines 
toward the cylinder as Gerrard found. At higher Reynolds 
numbers "e would expect t he same spa1rn·ise irregularities in the 
crosswise component that would normall>· occur in an unyawed 
flo"·· Vortex Jines normal to the flow, or inclined at a n angle {3 
to the cylinder, would constitute a special case that we would 
not ordinarily expect under any conditions. 

T he effect of vibrat ion of an unymYed cylinder was discussed 
by Lienhard and Liu, 13 among others. They measured the 
fairly wide range in which the vortex frequency locked onto the 
cylinder frequency. They also showed that if the vortex fre
quency didn't lock onto the fundamental cylinder frequency, it 
would probably lock onto some m ultiple or rnbmultiple of it, 
instead. Thus, the wake of the vibrating cylinder is likely to be 
"organized," "·ith respect to phase variation, by vibration. 
·w e would be even less inclined in t hi:> case to look for vortex lines 
that are inclined toward the cylinder. 

F ig. 1 summarizes data that bear on t his question . These are 
freq uency response observations by Hard u for t he in situ vibra
tion of a stranded power transmi;;sion line. The scatter in the 
frequency of the cylinder probably occurs because the cylinder 
does not always move at the vortex frequency . Kevertheless 
these data cluster almost precisely upon the cosine law. Accord
ingly, vibra tion does no t alter the vortex shedding seriously 
enough to change the effect of yaw angle. 

Detailed experiments are needed to provide reliable ans\\·ers 

s Tritton, D. J. , "Exper iments on the F low P ast a Circular Cylinder 
at Lo" · Heynolds K u mbers," Jo urnal of Fluid Jfechanics, Vol. 6, Part 
4, 1959,p.547. 

' Bloor, :\I. S. , " T ransit ion to Turbulence in the 'Vake of a Circular 
Cylinder, " J ournal of Flu·id Jfechanics, Vol. 19, P a rt 2, 1964, p . 290. 

10 M acovsky , l\I. S., "\'ortex Induced Vibration Studies," David 
T aylor :\fodel Ba.sin Heport 1190, 1958. 

11 J . S. Humphreys, "On a Circular Cylinder in a Steady W ind at 
T ransition Reynolds Kumbers, " Journal of Fluid 1lf echanics, \ Col. 9, 
Part4, 1960,p. 603. 

"Gerrard, J . H., "The Structure of the Wake of a Circu lar Cylin
der," Journal of Fluid M echan·ics, Vol. 25, Part 1, 1966, p. 143. 

" Lienhard, J . H ., and L iu , L. W., " L ocked-in Vortex Shedding 
Behind Oscillating Circular Cylinders, With Application to T rans
mission Lines, " ASi\I E Pa.per No. 61- FE-24. 

H H ard, A. R., "Observation of Aeolian D y na mic Strain on 
::.rc>rary R oss P owerline >rear Paterson, \Vashington," Jan., 1957 
\\"ashington State u niversity, Div. of Ind. Res. Dept. to Bonneville 
P ower Administration. 
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to either of P rofessor Trefethen's quest.ions. -~!though we are 
fairh· confident of what the,- would reveal, such experiments 
could \,-ell produce smpfres a~1d probably should be made. 

On the Shock Wave Velocity and Impact 
Pressure in High-Speed Liquid-Solid lmpact 1 

B. C. SYAMALA RA0 2 and N. S. LAKSHMANA RA02 

We wish to congratulate the author for his useful contribution 
on a subj ect of interest to several investigators. The paper very 
elegantly shows that for high-speed liquid-solid impact, the 
propagation velocity (C) of the shock wave is different from the 
acoustic velocity (Co) in the undisturbed liquid. 

\Vhile estimating the impact pres;mre on an elastic target, the 
particle velocity change in the liquid ( V1) was related to the im
pact velocit y (V 0 ) and the particle velocity (V2) in t he target by 
the author through the equation 

(18) 

This equation is t rue in the case of high-speed solid-solid impact 
only as shown by Engel.3 In the case of liquid-solid impact, 
there will be a radial outfio"<> of the liquid at the impact. interface. 
Hence, equation (1 ) becomes 

T-, = a (Vo - V2 ) 

\Yhere a is a nondimensional coefficient less than unity. 
also gives an equation to estimate as 

0..±1 

a = 1 + (0.59Zo/ Z2) 

(19) 

Engel3 

(20) 

l-sing equat.ion (19), the impact pres ure expressed by the 
author in equation (7) becomes 

apoCVo 
p = ------

1 + (apoC/ p2C2 ) 
(21) 

Since the values of a as obtained from equation (20) are always 
less than 0.41, t he impact. pressures estimated taking a = 1.0 will 
be considerably large. 'Vould the author kindly e:qilain " -by he 
chose a constant value of a = 1.0 in his analysis? 

If a is included in the analysis, the several equations derived by 
t he author get modified as discussed below: 

The main quadratic equation (9), used for deriving the value 
of (l'i/Fo) becomes 

Z okJfo (r')' (Z' + aZo)(y') 0 - - - + -=- -1= 
Z2 Vo aZ2 T'o 

(22) 

The first approximate solution for (l'1 / Vo) obtained from 
equation (22) is 

Y, a 
~ ~ 1 + (aZo/ Zz) 

(23) 

1 By F. J. Heymann, published in the September, 1968, issue of the 
JouRKAL OF B.,src ExGI'.'EERrxG, Tn.,xs. AS:\IE, Series D , Vol. 90, 
pp. 400- 402. 

2 Lecturer and Associate Professor, respectively, Dept. of Civil and 
Hydraulic Engineering, Indian Institute of Science, Bangalore, 
India. 

3 Engel, 0. G., "::\fote on Particle Velocity in Collisions Between 
Liquid Drops and Solids," Journal of Research, !\ational Bureau of 
Standards, Yo!. 62.~. 1960, pp. 497- 498. 
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which is valid when 

akJio 
· Z ' Z ) «l 2 + (aZo,. Z,) + \ .,,w o 

(24) 

T he-second approximate :;olution of equation (22) applicable for 
higher values of Jl0, is 

F 1 (Z 2/ aZ0 ) + akJlo 

~ ~ 1 + (Z 2.1aZo ) + 2akJlo 
(25) 

"-hich is valid when 

Author's Closure 

akJf0(1 + ak:lfo) ---- ------ « 1 
(1 + (Z , / aZo) + 2akJ!oJ2 

(26) 

The author wi:;hes to thank the discu:<oer;; for thei r interest. 
He disagrees, however, "·ith di:;cu:;:;er:;' content ion that a coeffici
ent a should be incorporated in the expressions for liquid/ solid 
impact. The reason for this is rn·o-fold: 

Firstly, the analysi.> pre:;ented in the paper is explicitly re
stricted to the one-dimensional case, i. e., of t"·o infinite plane. ur
faces coming into contact. T his \Yas clearly stated in both the In
troduction and the Summary of t he paper, because the author well 
realizes that two or three-dimensional impact, between nonplane 
surfaces, is a much more complicated affair. Lat eral flo,Y or par
ticle motion is therefore ruled out here, and Engel"s equations (19) 
and (20), which relate to the impact of a liquid sphere onto a solid 
surface, do not apply to the present ca~e. 

Seconclly, the authordoubt:s that Engel':; anal:--·se:; i:•ee footnote 
in discussion) [12]' are applicable, even to the impact of ~l liquid 
drop onto a. solid surface, dming that brief but crucial initial 
stage "·hen compre:;sibility phenomena govern the liquid re~ponse 
to the impact and 1~aximum impact pre~sures are developed. 

::\o rigorous analysis of this type of impact, taking compres
sibility into account, ha5 yet come to the author· .~ attention. The 
author, however, favors an a rgument expounded in detail by 
BO\Yden and Field [13]. According to this, an es:;ential featme of 
the impact proce:;:;, between a curved liquid surface and a plane 
solid surface, is an initia l stage during which t he re~ponse of the 
liquid is entirely compressible, and no lateral out-Ao"· (~u<'h as 
would introduce the a of equation (19)) can occnr. That is :;o be
cause the perimeter of the impact interface moves tangentially 
outwa rd at a speed which initially exceeds the velocity of the :;hock 
\\-aves generated by the impact, :;ee Fig. 3. The resulting 
shock front is, therefore, attached to t he solid ;;111face : and the 
compressed liquid, being bounded entire!~· b.'- the solid smface on 
one side and by the shock fro nt 'eparating it from undisturbed 
liquid on t he other, cannot flow. It is only "-hen shock waves can 
overtake t he interface perimeter, and rearh a ··free·· surface, i.e., 
"-hen the shock front becomse detached, that lateral flo"· i.' able 
to begin. 

Bo,nlen and Field (13j al:;o conc luded that, during this initial 
"compressible"' stage, the impact pressme is uniform a nd equal to 
the "one-climensiona l" ' pressme a:; given by equation 1,3) . The 
latter conclusion appears to be somewhat oversimplified, and a 
more accurate pict.me can perhaps be deduced from Skalak and 
Feifs [3] results, which appl~- to the closely related case of a 
rounded or wedge-shaped solid body impar ting onto a plane liquid 
swface. These results confirm that there i ' an initial stage "·ithout 
Aow, and that the average impact. pres:;ure dming this stage equals 
the one-dimen,,.iona.l pressm e poCF; but suggest. that the pressure 

' ~umbers [12- 1 i] in brackets designate References at end of 
closure. 
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SHOCK FRONT 

previously stated assumption of no lateral outflow dming th e 
early stage of droplet impact. 

I t is to be hoped that in the near futme :;omeoue will treat the 
liquid drop impact process in a rigorous manner, perhaps by mean5 
of a time-incremented numerical approach similar to the "Par
t icle-in-Cell" method u:;ed by H arlow and Pracht [16]. The re
sul ts should be most interesting from an academic vie\\·point a:; 
"·ell as useful in the context of liquid impact damage. 

I n a fin al comment (not related to the quest ion raised by dis
cussers), the author would like to refer to a recent contribution 
by Ruoff [171, "·hich develops a more rigorous justification for a 
linear shock wave velocity relat ion:;hip such as here proposed in 

COMPRESSED L IQU ID 

RIGID SURFACE v 

> c equation (5). According to Ruoff, t he shock velocity can be ex
pressed a.s a i\Iaclamin expan:;ion in the form 

Fig. 1 Initial (compressible) s tage of impact between liquid sphere 
and rig id .surface, showing attached shock front 

di,<tribution becomes nonuniform, with the pres.-me at the perim
eter i11creosing, and that under the center decreosing, as the inter
face angle 8 gro\\·s. The significant point here is that the maximum 
stre>'> experienced b~- the solid tu·face will, therefore, be higher 
than that predicted by the one-dimensional model, rather than 
lower as discu:;.sers have suggested. Thi:; may be one reason why 
liquid impingemem damage and erosion has often been found to 
occur nt unexpectedly lo\\· impact speeds. 

Once lateral flo'" does begin, the pictm e changes drastically, of 
cour>'e. and the impact pressmes do decrease. It is noteworthy 
that the lateral outflow velocit ies ran be several times greater than 
the impact velocity, as has been observed by numerous "·orkers 
[1, 2, 12]. \\llile a rigorous treatment of this is lacking once again, 
Brnnton [l , HJ has pointed out that the process involved is similar 
to that occurring in shaped charge detonation a nd also in ex
plosive welding or cladding, " ·here a high-speed jet is formed by a 
kind of fluid wedging act.ion . 

The latter ha.s been anal~·tically treated by Walsh, et al. [15], and 
by Harlo'" and P racht [16]. They confirmed that belo\\· a critical 
"collapse angle" no jetting occurs. This is consistent "·ith the 

Journal of Basic Engineering 

11., = c + sup + s'up~ + ... (27) 

where 11, is the shock velocity, lip the particle velocity, and c, s, 
and s' are quantities which can be calculated from densities and 
ultra.sonically measured properties of the material. Ruoff shows 
that. for several materials s' is very nearly zero, because of the 
cancellation of terms which contribute to it. Equation (27) then 
reduce:; to the form of equation (.5) . T he experimental data shown 
in Fig. 1 suggest, howeve r, that s' for "·ater is negative and 
not negligibly small. 

The author is indebted to D r. J. E. Field fo r bringing reference:; 
[15] and [16] to his attention. 
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