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ABSTRACT

Strong gravitational lensing provides a powerful means for studying faint galaxies in the distant universe. By
magnifying the apparent brightness of background sources, massive clusters enable the detection of galaxies fainter
than the usual sensitivity limit for blank fields. However, this gain in effective sensitivity comes at the cost of a
reduced survey volume and, in this Letter, we demonstrate that there is an associated increase in the cosmic variance
uncertainty. As an example, we show that the cosmic variance uncertainty of the high-redshift population viewed
through the Hubble Space Telescope Frontier Field cluster Abell 2744 increases from ∼35% at redshift z ∼ 7 to
�65% at z ∼ 10. Previous studies of high-redshift galaxies identified in the Frontier Fields have underestimated the
cosmic variance uncertainty that will affect the ultimate constraints on both the faint-end slope of the high-redshift
luminosity function and the cosmic star formation rate density, key goals of the Frontier Field program.
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1. INTRODUCTION

The remarkable capabilities of the Wide Field Camera 3
(WFC3) on the Hubble Space Telescope (HST) have transformed
infrared extragalactic surveys of the distant universe. The Cos-
mic Assembly Near-infrared Deep Extragalactic Legacy Survey
(CANDELS; Grogin et al. 2011; Koekemoer et al. 2011), the
Cluster Lensing And Supernova survey with Hubble (CLASH;
Postman et al. 2012), and the Ultra Deep Field (UDF) surveys
(Beckwith et al. 2006; Ellis et al. 2013; Koekemoer et al. 2013;
Illingworth et al. 2013) have provided critical new information
about the rest-frame ultraviolet (UV) properties of early galax-
ies, their redshift-dependent abundance, and the development of
morphological structures over time (e.g., McLure et al. 2010,
2013; Oesch et al. 2010; Bouwens et al. 2011; Finkelstein et al.
2012; Schenker et al. 2013; Dunlop et al. 2013; Ono et al. 2013;
Curtis-Lake et al. 2014).

The deepest HST observations to date in the UDF have
reached multi-band sensitivities of mAB ≈ 29.5–30 (e.g., Ellis
et al. 2013) after a total exposure of hundreds of hours in a
“blank” (i.e., devoid of strong lensing) field. To supplement
the high-redshift galaxy populations discovered in the UDF
and its parallel fields, the currently ongoing Frontier Fields
(FF) program (program ID 13495; PI: Lotz, Co-PI: Mountain)
utilizes carefully selected strong gravitational lens clusters to
probe intrinsically fainter limits through high magnifications.
With the ability to detect galaxies with intrinsic magnitudes as
faint as mAB ∼ 32, the FF program has the potential to constrain
the galaxy luminosity function (LF) faint-end slope at redshifts
z > 6 and probe the UV luminosity density out to z ∼ 12. Such
constraints can provide vital clues to the process of cosmic
reionization (Robertson et al. 2010), as previous analyses have
suggested that the ionizing photon budget at z ∼ 7 is dominated
by faint galaxies below the current UDF limits (e.g., Robertson
et al. 2013). Indeed, the first FF observations of the cluster
Abell 2744 (A2744) have already been used to identify galaxy
candidates in the reionization epoch (Atek et al. 2014a, 2014b;

Zheng et al. 2014; Zitrin et al. 2014; Ishigaki et al. 2014) and to
constrain the luminosity density at redshift z ∼ 10 (Oesch et al.
2014). These results complement discoveries of strongly lensed
high-redshift galaxies in the CLASH survey (Zheng et al. 2012;
Coe et al. 2013; Bradley et al. 2014).

Utilizing lensed observations to infer constraints on the
early galaxy populations requires careful considerations of the
volumes probed and the associated uncertainties. This Letter
presents the first estimates of the cosmic variance (CV) of
high-redshift galaxy samples in the FF survey. Using the
publicly available magnification maps for the first FF cluster,
A2744, we estimate the effective survey volume as a function
of magnification and calculate the associated CV uncertainty.
Since the magnification varies significantly across a given
cluster lens, we use the connection between magnification,
effective survey volume, and CV uncertainty to produce a “CV
map.” Importantly, in regions of extreme magnification, where
the gain of lensing is most valuable, the CV uncertainty is
increased relative to that for comparable blank-field surveys.
This uncertainty has important implications for the benefits of
the FF program in its stated goals, as we attempt to quantify.

Throughout this Letter we adopt the flat ΛCDM cosmology
(Ωm = 0.3, ΩΛ = 0.7, h = 0.7) used to produce the Richard
et al. (2014) lensing maps of A2744. We further adopt the
normalization of the linear power spectrum σ8 = 0.829, spectral
index n = 0.96, and baryon density Ωb = 0.0487 measured by
Planck Collaboration et al. (2013).

2. LUMINOSITY-DEPENDENT COSMIC VARIANCE

The CV uncertainty of an observed galaxy population reflects
fluctuations in the matter density about the mean cosmic density,
as sampled by the survey volume. In linear theory, the galaxy
number density n in a volume will differ from the mean number
density n̄ as n = n̄(1 + bδ), where δ is the matter overdensity
in the survey volume, and b is the clustering bias of the galaxy
population.
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The bias b and survey volume probed will in general depend
on the galaxy luminosity, which is important in the context of
a strong lens survey where the effective volume varies strongly
with intrinsic source flux. In an unlensed blank field, the sample
covariance matrix Sij = 〈(ni − n̄i)(nj − n̄j )〉 of the number
of galaxies ni and nj in luminosity or magnitude bins i and j
depends on the bias of the galaxy populations bi and bj, and the
average numbers of galaxies n̄i and n̄j expected in the survey
(for details, see, e.g., Robertson 2010a, 2010b).

The diagonal terms Sii of this matrix provide the CV σ 2
CV of the

total galaxy number counts typically expressed as a fractional
uncertainty:

σCV = 〈
√

Sii/n̄i〉i = 〈b〉σDMD(z), (1)

where 〈. . .〉i denotes a suitable averaging of the luminosity-
dependent bias of the observed sample, and results in the product
of an average bias 〈b〉, the growth factor D(z), and the rms matter
density fluctuations σDM in the survey volume at z = 0 assuming
the effective survey geometry is luminosity-independent (see
Sections 2.3 and 2.4 of Robertson 2010b). In the absence of
direct clustering constraints, we estimate the bias b by using
abundance matching (Kravtsov et al. 2004; Conroy et al. 2006)
to assign dark matter masses to galaxies based on the Tinker
et al. (2008) halo mass function and then applying the bias
model of Tinker et al. (2010).

3. ESTIMATING COSMIC VARIANCE IN
A STRONGLY LENSED SURVEY

For a field with strongly varying magnification, the preceding
calculation does not account for spatial variations in the range
of intrinsic luminosities probed or the survey geometry as a
function of magnification. To model the covariance matrix in
the strong lensing case, we consider a covariance matrix with a
spatial dependence on the local magnification μ of the form

Sij (μ) = bibj n̄i n̄jD
2(z)

∫
d3k

(2π )3
P (k)Ŵi(k, μ)Ŵ �

i (k, μ),

(2)
where Ŵi(k, μ) describes the Fourier transform of the subvol-
ume of the survey with magnification μ as reconstructed in
the source plane, and P (k) is the matter power spectrum (e.g.,
Eisenstein & Hu 1998).

To estimate the sample variance Sii of a galaxy population
with a range of magnifications, some averaging is needed.
For any intrinsic luminosity bin i, there exists a minimum
magnification μi below which the source flux will not be
sufficiently amplified to be detected by the survey. When the
luminosity bin i corresponds to a flux brighter than the nominal
blank-field sensitivity of the survey, then sources of that intrinsic
brightness amplified by any magnification should be detected
(i.e., μi = 1). For intrinsically fainter objects, we have μi > 1.
To estimate the CV of objects in a luminosity bin i, we
reconstruct the source plane from a lens model and compute
the effective source plane area of the survey A(μ > μi) with
magnifications μ greater than μi . The integral over the power
spectrum required to estimate the rms density fluctuations σV in
such an area can be evaluated using the window Ŵ (k) as in the
blank-field case, but with an effective area A(μ > μi). Regions
within a survey with a given magnification μ can display a
complicated topology, such that evaluating Ŵ (k, μ > μi) would
prove difficult. Instead, we model the source plane area as a

square. This choice has little impact since the line-of-sight extent
of the survey volume is much larger than its transverse size.

The remainder of the CV calculation then proceeds as
described in Section 2, with the bias and rms density fluctuations
probed by the luminosity-dependent effective survey volume
averaged over luminosity and magnification to compute a
characteristic CV 〈σCV〉 ≈ 〈b〉〈σV〉D(z).

4. COSMIC VARIANCE UNCERTAINTIES
FOR THE FRONTIER FIELDS

Applying the methods presented in Sections 2 and 3 to the FF
requires using magnification and deflection maps of individual
cluster lenses to reconstruct the effective area of the HST survey
in the source plane. Figure 1 illustrates our methodology applied
to A2744. We use the Clusters As TelescopeS (CATS) lens
models presented in Richard et al. (2014) that provide a map
of the spatially dependent magnification (left panel of Figure 1,
shown for the z ∼ 9 model). The public Richard et al. (2014)
models also include a matrix of deflections that allows for a
reconstruction of a source plane magnification map. We use
the HST WFC3 weight map from the public FF data (program
ID 13495; PI: Lotz, Co-PI: Mountain) to determine the area of
A2744 covered by WFC3 imaging, and then reconstruct the
source plane magnification map of this region (our method
is similar to that presented by Coe et al. 2014 and produces
similar results to their Figure 5). The reconstructed source plane
magnification map is shown in the middle panel of Figure 1,
and enables us to compute the area A(μ > μi) that defines
the intrinsic luminosity-dependent window function used in
Equation (2) to calculate the sample variance. The connection
between magnification, source plane effective area, and CV
can then be used to produce a “CV map” of A2744. The
right panel of Figure 1 shows the estimated excess CV in the
A2744 field relative to a blank field of the same imaging area,
as a function of the local magnification. The CV in A2744 is
estimated to be 10%–30% higher than in an equivalent blank-
field survey, assuming a constant bias population. Applying
the same methodology to the other FF lens models suggests
similarly increased uncertainties.

The luminosity-dependent CV uncertainty of the A2744 lens
galaxy population can be estimated as a function of intrinsic
source flux. Figure 2 shows the fractional CV uncertainty of the
high-redshift galaxy population statistics for unlensed surveys
the size of a single WFC3 field-of-view (dashed lines) and
for a lensed population behind A2744 (solid lines), calculated
assuming the redshift-dependent LF parameters presented in
Bouwens et al. (2014). The CV uncertainty is computed for
z ∼ 7 (magenta), z ∼ 8 (blue), and z ∼ 10 (red) populations.
We have additionally indicated the CV estimates for the UDF
2012 survey (Ellis et al. 2013; Schenker et al. 2013; McLure et al.
2013), the Atek et al. (2014b) and Ishigaki et al. (2014) A2744
samples, and the Zitrin et al. (2014) z ∼ 10 object identified
in the A2744 data. The A2744 samples have CV uncertainties
comparable to blank-field surveys with depths ∼2 mag brighter.
Since the CV of the lensed fields depends mostly on the source
plane effective area as a function of magnification, Figure 2
should provide a useful CV estimate for any FF high-redshift
sample.

5. DISCUSSION

HST FF observations began in Cycle 21, and the program
data has already identified distant galaxies behind A2744 (Atek
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Figure 1. Estimating the cosmic variance uncertainty for the Frontier Fields. The CATS Abell 2744 (A2744) magnification map (left panel; z ∼ 9; Richard et al. 2014)
shows the image plane amplification of flux from background sources caused by deflection from A2744. The corresponding deflection maps provided by Richard
et al. (2014) can be used to recover the source plane magnification and effective survey area (middle panel, reconstructed for the observed A2744 WFC3 field-of-view
shown as a dotted line). The cosmic variance uncertainty can then be estimated. This comparison provides the “excess” cosmic variance map of this lensed field over
a blank field with the a same image area, assuming a constant bias population (right panel, evaluated for a z ∼ 9 sample). The cosmic variance in this Frontier Field is
∼10%–30% higher than for an equivalent blank-field high-redshift survey.

(A color version of this figure is available in the online journal.)

Figure 2. Fractional cosmic variance uncertainty in galaxy counts. Cosmic
variance in blank-field surveys (dashed lines) can be estimated by computing
the rms density fluctuations in the survey volume using linear theory and the
luminosity-dependent clustering bias of galaxies from abundance matching (see
Section 2). Cosmic variance estimates for single WFC3 pointings are plotted at
z ∼ 7 (magenta), z ∼ 8 (blue), and z ∼ 10 (red), along with the corresponding
values for the UDF12 survey (Ellis et al. 2013; Schenker et al. 2013; McLure
et al. 2013; points). For strong gravitational lens surveys, the source plane area
as a function of magnification can be used to determine a similar linear theory
estimate of the cosmic variance in a lensed sample. The corresponding cosmic
variance uncertainty for A2744 is computed (solid lines) and indicated for the
z ∼ 7–8 Atek et al. (2014b; diamonds) and Ishigaki et al. (2014; squares)
samples and z ∼ 10 Zitrin et al. (2014; triangle) object.

(A color version of this figure is available in the online journal.)

et al. 2014a, 2014b; Zheng et al. 2014; Zitrin et al. 2014; Oesch
et al. 2014). Several FF analyses have referred to the blank-field
calculations of Trenti & Stiavelli (2008) to determine the CV of
A2744 samples (e.g., Atek et al. 2014a; Coe et al. 2014; Yue et al.
2014), but this model (and that discussed by Robertson 2010b)
underestimates the CV uncertainty of gravitationally lensed
populations. Zheng et al. (2014) comment on the possibility of
an increased CV for their sample owing to lensing but provide no
estimates. The new calculations presented in this Letter account
for the increased CV in the FF relative to blank fields owing to
the reduced effective volume of lensed surveys.4

Understanding the CV of the FF samples is critical for
interpreting highly magnified faint objects in the broader context
of the cosmic reionization process. The robust identification of
a handful of extremely faint z ∼ 7–8 objects in the FF could
substantially improve the determination of the faint-end slope
of the high-z LF, as indicated by the sample of Atek et al.
(2014b) that reaches down to MUV ∼ −15. The ionizing photon
luminosity density provided by high-z galaxies identified above
the limiting magnitude of the UDF (MUV ∼ −17 at z ∼ 7) does
not appear sufficient to reionize the universe fully by z ∼ 6 under
standard assumptions for the escape fraction and ionizing photon
production per unit UV luminosity (Robertson et al. 2013).
We infer that yet fainter galaxies must provide a significant
contribution to the UV luminosity density, and therefore our
understanding of the role of star-forming galaxies in reionization
depends critically on uncertainties in the faint-end slope of the
UV LF determination (Bolton & Haehnelt 2007; Robertson
et al. 2010, 2013; Kuhlen & Faucher-Giguère 2012). Among
the most precise determinations of the LF faint-end slope α at
z ∼ 7, 8 that fully accounts for the CV uncertainty of these
faint, distant galaxy samples was provided by Schenker et al.
(2013) using the UDF and CANDELS Deep data, who found
α(z ∼ 7) = −1.87+0.18

−0.17 and α(z ∼ 8) = −1.94+0.21
−0.24 (see also

McLure et al. 2013). Similar faint-end slopes and uncertainties

4 During the publication process, Atek et al. (2014b) was revised to reflect
our CV estimates.
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Figure 3. Revised z ∼ 7 luminosity function (LF) constraints from the Abell
2744 (A2744) sample accounting for cosmic variance, and projections for
constraints from the full Frontier Fields program. Shown are the multi-field
z ∼ 7 LF measurements from Bouwens et al. (2014; gray points), and the
A2744 measurements from Atek et al. (2014b; black points) with amplified
error bars reflecting the newly estimated cosmic variance uncertainty. The light
blue region shows the 90% credibility intervals for the LF when constrained by
the Bouwens et al. (2014) and modified Atek et al. (2014b) data. The McLure
et al. (2013; red points) and Schenker et al. (2013; orange points) data are
shown for comparison. Assuming our best-fit LF parameters (white line) are
accurate and A2744 is a representative lens, data from five additional clusters
are simulated and used to project the constraints from the complete Frontier
Fields program (dark blue area). When completed, we estimate that the full
Frontier Fields program will deliver an uncertainty in the z ∼ 7 faint-end slope
of |σα | � 0.05.

(A color version of this figure is available in the online journal.)

have been measured independently (Oesch et al. 2012; Bouwens
et al. 2014) including using the A2744 sample (Atek et al.
2014b). As the lensed samples probe further down the LF with
highly magnified objects, abundance matching suggests that the
clustering bias of the galaxy population is expected to decrease
faster than the reduced source plane effective volume causes
the rms density fluctuations to increase. Reaching substantially
fainter galaxies therefore improves the CV statistics.

With an estimated CV uncertainty for the A2744 sample,
we can revisit the analysis presented by Atek et al. (2014b)
accounting for CV and estimate the additional constraints that
might be provided by the complete FF program assuming
A2744 is representative. Figure 3 shows the multi-field LF
data from Schenker et al. (2013), McLure et al. (2013), and
Bouwens et al. (2014), and the A2744 data from Atek et al.
(2014b). We have increased the uncertainties of the A2744
LF data by adding the luminosity-dependent CV uncertainty
shown in Figure 2 in quadrature with the errors reported by
Atek et al. (2014b). Performing Bayesian parameter estimation
based on the Multinest sampling algorithm (Feroz et al. 2009)
and the Bouwens et al. (2014) and Atek et al. (2014b) data,
we constrain the 90% credibility interval for the z ∼ 7 LF as
shown in Figure 3 (light blue area). Assuming our best-fit LF
parameters (φ� = 3.28 × 10−4 Mpc−3 mag−1, M� = −20.79,
α = −1.99) are accurate and A2744 is a representative lens, we
then perform Monte Carlo realizations of the galaxy population

in five additional FF including the expected CV. Repeating
our parameter estimation on these bootstrapped models of the
complete six-cluster FF program (including the Bouwens et al.
2014 data as before) we find that the 90% credibility interval on
the LF shrinks considerably (dark area in Figure 3). Importantly,
this result suggests the complete FF program can provide critical
information on the cosmic production rate of Lyman continuum
photons by faint galaxies required to reionize the intergalactic
medium by z ∼ 6. We forecast that the complete FF program
may reduce the uncertainty on the z ∼ 7 faint-end slope to
σα � 0.05 and the fractional uncertainty in UV luminosity
density extrapolated to MUV = −13 by a factor of 2× to
∼30%. The FF program may therefore help resolve whether
star-forming galaxies were primarily responsible for completing
the cosmic reionization process. The FF may also help constrain
the evolution of the global star formation history at z ∼ 7–10,
but such an analysis will require a careful treatment of the CV
of lensed populations.

We conclude by highlighting some features and limitations
of our CV calculations for the FF program. The computation of
the source plane area requires the use of a lens model and, while
we use the CATS model of A2744 presented by Richard et al.
(2014), picking a different public lens model (e.g., Johnson et al.
2014) can change the source plane effective volume by >10%
(see Figure 5 of Coe et al. 2014). The range of source plane
effective areas among the FF clusters is about a factor of three,
with A2744 being among the largest. The typical CV uncertainty
of the high-redshift samples in the other FF will be comparable
to or slightly greater than that of A2744, provided the intrinsic
luminosity distributions of the sources are comparable.

The typical CV uncertainty is of order unity, suggesting
that our quasilinear model may underestimate the true sample
variance. The highly lensed volumes are extremely small (V �
100 Mpc3 for magnifications μ � 10; see, e.g., Figure 5 of
Coe et al. 2014), so nonlinear halo bias may complicate the
clustering statistics (e.g., Fernandez et al. 2012; Kitaura et al.
2014). Precise applications of the FF samples for constraining
the LF or high-redshift star formation rate density may therefore
require more detailed modeling.

6. SUMMARY

The large clustering bias of early galaxy populations and
small volumes probed by distant surveys make CV an important
source of uncertainty for high-redshift observations. These
concerns are intensified for strongly lensed surveys like the
FF, as the amplification of source fluxes through gravitational
magnification comes at the cost of a decreased effective survey
volume. We present the first estimates of the CV uncertainty
associated with distant galaxy populations identified in the FF,
using A2744 as a representative example. By our estimates, the
CV uncertainty increases from ∼35% for the redshift z ∼ 7
sample of Atek et al. (2014a, 2014b) to �65% for inferences
drawn from the z ∼ 10 object examined by Zitrin et al. (2014)
and Oesch et al. (2014). While these CV uncertainties are
amplified relative to blank-field surveys like the UDF (Beckwith
et al. 2006; Ellis et al. 2013), they provide an independent sample
to improve LF and star formation rate density estimates at high
redshift, provided that their statistical properties are handled
appropriately (D. McLeod et al. 2014, in preparation).
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