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Abstract. This paper describes a hybrid ﬁnite-diﬀerence method for the large-eddy simulation
of compressible ﬂows with low-numerical dissipation and structured adaptive mesh reﬁnement
(SAMR). A conservative ﬂux-based approach is described with an explicit centered scheme
used in turbulent ﬂow regions while a weighted essentially non-oscillatory (WENO) scheme is
employed to capture shocks. Three-dimensional numerical simulations of a Richtmyer-Meshkov
instability are presented.

1. Introduction
Compressible ﬂows of practical interest generally contain physically diﬀerent key features, e.g.
complex shock structures and turbulence. Eﬃcient numerical simulation of these ﬂows typically
requires varying degrees of spatial resolution. This need has made structured adaptive mesh
reﬁnement (SAMR) techniques very popular for the Euler equations [1, 2]. Moreover, the
regular data decomposition of SAMR enables eﬃcient load balancing on current distributed
memory computers. For compressible turbulent ﬂows, it is often expedient to implement a
solver appropriate to the locally dominant physics; for example switched or hybrid methods
that become upwind-biased around shocks, but which revert to centered stencils in nominally
smooth regions. This dual requirement in both resolution and algorithm adaptivity presents
a signiﬁcant challenge for the construction of numerical methods suitable for the large-eddy
simulation of strongly compressible turbulence. In this context, ﬂux-based shock-capturing
methods are employed to ensure weak convergence (prediction of the correct wave speeds)
[3], whereas in turbulent ﬂow-regions methods with low numerical dissipation are preferred.
Centered numerical schemes satisfy the latter requirement in a natural manner, but care must
be taken to avoid non-linear instabilities since there is no intrinsic numerical stabilization.
This problem can be alleviated to some extent by using energy conserving (skew-symmetric)
formulations [4].
We describe a hybrid ﬁnite-diﬀerence solver for large-eddy simulation of compressible ﬂows
with low-numerical dissipation with SAMR. This numerical method is used together with the
AMROC (Adaptive Mesh Reﬁnement in Object-oriented C++) framework [5] that implements
the Berger and Colella algorithm. Its primary applications are three-dimensional compressible
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turbulent ﬂows driven by shocks. A ﬂux-based approach is described that remains conservative
at ﬁne-coarse mesh interfaces resulting from SAMR, and also in the presence of numerical scheme
switching. An explicit, tuned centered discretization (TCD) is used in smooth and turbulent
regions of the ﬂow. The TCD scheme transitions smoothly to a weighted essentially nonoscillatory (WENO) method for shock capturing. The entire approach is a further development
and signiﬁcant improvement of the hybrid method of Hill and Pullin [6]. A number of
numerical experiments and validations have been conducted elsewhere, ranging from two- to
three-dimensional problems that include homogeneous shock free turbulence, turbulent (reacting
and non-reacting) jets and the strongly shock driven mixing of a Richtmyer-Meshkov instability
(RMI) that is discussed here.
2. Numerical method
We solve the compressible LES equations in conservation form. The stretched vortex subgrid
model for momentum and scalar transport is used in the present simulations [7, 8]. Mass,
momentum, total energy and internal energy variance are discretely conserved using a skewsymmetric formulation for compressible ﬂows [9]. We use an optimized centered second-order
ﬁnite diﬀerence scheme (TCD) [6] given by


1 
∂f 
=
(1)
α(fj+2 − fj−2 ) + β(fj+1 − fj−1 ) ,

∂x j
∆x
where the derivative of a function f is evaluated at discrete uniform intervals with stepsize ∆x.
The constants α, β are set to the values α = −0.197, β = 1/2 − 2α, which minimizes LES
truncation errors in turbulent regions of Kolmogorov-type. A further aspect is that the SAMR
approach is tailored speciﬁcally for ﬂux-based discretizations. Numerical ﬂuxes consistent with
the centered ﬁnite diﬀerence stencil are therefore required at the cell edges and, given a stencil
of the form Eq. (1), one must derive the corresponding ﬂuxes such that

Fj+1/2 − Fj−1/2
∂f 
(2)
=

∂x j
∆x
div
is satisﬁed. A ﬂux Fj+1/2
which satisﬁes Eq. (2) for the TCD alone can be obtained readily and
reads




div
= α fj+2 + fj−1 + (α + β) fj + fj+1 .
Fj+1/2
(3)

Additionally, skew-symmetric terms must be written in ﬂux-conservative form [10, 11]. Skewskew are sought satisfying
symmetric ﬂuxes Fj+1/2


skew − F skew
Fj+1/2
∂a 
∂b 
j−1/2
,
a  +b  ≡
∂x j
∂x j
∆x

(4)

when a and b are replaced by the momentum ρ̄ũk , the velocity ũi , the internal energy ẽ,
the species mass fraction Ỹi , and the pressure p̄, depending on the transport equation being
considered. It is easily veriﬁed that the choice




skew
(5)
= α aj+2 bj + aj−1 bj+1 + aj bj+2 + aj+1 bj−1 + β aj bj+1 + aj+1 bj ,
Fj+1/2
then satisﬁes Eq. (4) for the TCD derivative deﬁned in Eq. (1). The total non-dissipative
skew-symmetric ﬂux is then given by
T CD
Fj+1/2
=


1  div
skew
,
Fj+1/2 + Fj+1/2
2

(6)
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Figure 1. Example of a mesh hierarchy with three levels.
for the momentum and scalar transport equations. A similar expression can be derived for the
energy equation. This ﬂux-based approach simpliﬁes the implementation of a consistent and
conservative scheme with SAMR considerably [12]. Finally, the ﬂuxes at the physical domain
boundaries are computed consistently with the skew-symmetric formulation and the discrete
boundary stencil speciﬁcally derived for the TCD.
The second part of our hybrid approach involves the WENO scheme. In this case, upwindW EN O , are calculated based on a convex weighting of candidate stencils designed
biased ﬂuxes, Fi+1/2
to minimize diﬀerentiation across discontinuities. We use the 5-point stencil version of WENO
[13] in which the WENO optimal stencil has been replaced by Eq. (1). This modiﬁcation
minimizes dispersion errors produced by the mismatch of modiﬁed wavenumber behavior of the
standard 5-point WENO scheme when used in hybrid mode together with Eq. (1) [6].
We treat discontinuous ﬂow features and changes in mesh resolution similarly by performing
upwind-biased diﬀerentiation. Scheme switching at ﬂow discontinuities is achieved through a
detection criteria that is problem-dependent; ﬁne-coarse mesh interfaces are ﬂagged directly by
AMROC. If ﬂagged regions are denoted by C, the hybrid ﬂux takes the form

W EN O , in C
Fi+1/2
(7)
Fi+1/2 =
T CD ,
Fi+1/2
in C,
where C is the complement of C. Currently, we employ a relative curvature criterion in pressure
and density for shock detection.
The SAMR block-structured embedded layout (within AMROC) is shown in ﬁgure 1 [5] for
a 3 level mesh hierarchy, with a hypothetical ﬂow feature depicted in red. The penalty of this
structured approach, as opposed to a purely unstructured technique, is that one looses the kinetic
energy conservation property at ﬁne-coarse level interfaces. Finally, the solution is marched in
time using a third-order Runge-Kutta method. Characteristic boundary conditions are applied
at in- and outﬂow surfaces.
When SAMR is used in conjunction with LES, purely numerical disturbances may result
from the interaction between the ﬂow physics and adaptive reﬁnement, especially if the dynamic
mesh adaptation is insuﬃciently sensitive to some ﬂow features. Spurious waves may arise if
vortical unsteady structures, which may be marginally resolved in LES, travel through ﬁne to
coarse mesh boundaries. In the traditional SAMR approach, important ﬂow features are always
reﬁned appropriately [1, 2]. Transient features are kept within the reﬁnement by frequent mesh
adaptation. In the case of problems involving shocks, one cannot resolve the ﬂow discontinuities
and it is therefore necessary to choose an upper bound on the error of the numerically captured
discontinuity depending on computational resources and precision needs. Similarly, in LES,
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Figure 2. Growth rate of RMI.
one would predetermine a certain cutoﬀ scale based on the fraction of turbulence intensity that
needs to be captured in the simulation and model the subgrid contributions. In principle, this
cutoﬀ scale should be larger than the smallest grid resolution available and independent of the
mesh resolution at all levels. This guarantees that the computed LES solution converges to the
solution of the LES equations with increasing resolution.
3. Comparison with experiments of Richtmyer-Meshkov Instability
We have simulated a variety of shock driven turbulent ﬂows, including the planar re-shock
experiment of [14] in which a Mach 1.5 shock interacts with an Air-SF6 interface and generates
turbulent mixing through the Richtmyer-Meshkov instability. The unshocked air has a density
of 0.27885 kg/m3 and pressure of 23 kPa. Temperature is uniform in the unshocked side. These
ﬂows exercise both the LES and the shock-capturing features of the solver with dynamically
adaptive meshes. Visualizations of the Richtmyer-Meshkov instability are shown in ﬁgure 2(a).
Figure 2(b) shows the thickness of the mixing zone as a function of time and the respective
experimental measurement of [14] (case IVe ). Further statistical results of this ﬂow can be
found in [15].
4. Conclusions
We have described an extension of the Berger-Colella SAMR method for compressible ﬂows to
large-eddy simulation with a hybrid scheme. The formulation uses low-numerical dissipation,
centered schemes in skew-symmetric form within patches of uniform resolution in turbulent
regions, and upwind-biased diﬀerentiation at and around shocks and at ﬁne-coarse mesh
interfaces. This operator is based on a modiﬁed version of the WENO method whose reference
stencil matches the centered scheme. This property is crucial in order to minimize spurious
reﬂections when the scheme transitions from centered to upwind form.
Several veriﬁcation and test simulations have been analyzed and the order of accuracy,
minimal LES-SAMR reﬁnement conditions, and energy generation and loss at ﬁne-coarse mesh
interfaces of the overall method have been discussed elsewhere [16]. The presented LES-SAMR
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scheme allowed us to compare simulation results obtained on conventional distributed memory
systems of moderate size directly to three-dimensional shock-induced mixing ﬂow produced by
the Richtmyer-Meshkov instability.
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