
Thermophysical  Properties  and  also  has  been  taken  up by Ulybin 
and  Malyshenko in a  recent  paper  delivered  at  the  Third  Sym- 
posium  on  Thermophysical  Properties 171. 

Our conclusion I S  that  the  optical work  may be in agreement 
with the PVT data.  The  disagreement  lies  between  the  optical 
results  and  the  analytical  forms  for  the  isotherms which have 
been  fitted  to  the PVT data.  These  include  both  the  Taylor 
type expansions  and  the fit of Widom  and  Rice.  We  believe 
that  one of the main  reasons  for  the  disagreement  is  that  these 

region. We find that  the conventional  way of effecting PVT 
expressions  are  really fitted to data  somewhat  outside  the  critical 

determining  the  pressure  versus  density  relationship  very close 
measurements provides  an  exceedingly  insensitive  method of 

to  the  critical point and  that  optical  methods  are  certainly  to  he 
preferred.  Accordingly. we believe  that  the  isotherms  are very 
much  flatter  near  the  critical  point.  and  the  compressibilities 
very much  larger,  than  has  been  inferred  from PVT data. 

G .  B.  Benedek: I wonder if those  remarks  could  be  translated 
into  the following terms:  What  do you think  is  the  proper  value 
of 6, and  what  do you think is the  proper  value of y? 

S. Y.  Larsen: At the  present  time  we  have  not  attempted  to  reeval- 
uate  the old data.  The  result  that  we  have  does  not  imply  that 
the 6 of Widom  and  Rice,  for  example,  is  not  the  correct  one 

1 
because  one  could  still  change  the  leading  coefficient. 1 think v 
that  one would like  to  start  with  the  beautiful  new  data of Dr. , 
Schmidt  and  try  again to look at  these  questions. 

References 

[ l ]  I. M. Croll and R. L. Scott, J. Phys.  Chem. 68, 3853 (1964). 
[2] C. P. Abbiss, C. M. Knobler, R. K. Teague,  and  C. J. Pings, ’ 

J. Chem.  Phys. 42 ,4145  (1965). 
[3] S. Y. Larsen, R. D. Mountain  and R. Zwanzig, J .  Chem, 

Phys. 42, 2187 (1965). 
[4] R. W. Rowden and 0. K. Rice, J. Chem.  Phys. 19, 1423 

(1951); Changements  de  Phases,  Comptes  rendus de la 
2e Réunion Annuelle  tenue  en  commun  avec  la Commis- 
sion de  Thermodynamique  de 1’ Union Internationale de 
Physique,  Paris, 1952,  p. 78. 

Phvs. Rev. Letters 14. 491  (1965). 

~~ 
~ ~......~. 

[5] G. H. Gilmer, W. Gilmore, J. Huang,  and W. W. Webb, ’ 

[6] S. Y. Larsen and J. M. H .  Levelt Sengers,  Third Symposium 
on Thermophysical  Properties, A.S.M.E., Purdue, 1965, 

[7] S. A. Ulybin and S. P. Malyshenko,  Third  Symposium on 
p. 74. 

Thermophysical  Properties, A.S.M.E., Purdue, 1965, 
p. 68. 

). 

CRITICAL PHENOMENA  IN  FERRO-  AND 
ANTIFERROMAGNETS 
Chairman: H. B. Callen 



Critical Properties of Lattice  Models 

C. Domb 

University of London  King’s  College, London, Grea t   Br i t a in  

Introductory Remarks 

I shall  assume  that you  all  know what is meant 
by the  Ising  and  Heisenberg  models  and  are  rea- 
sonably  familiar  with  Onsager’s  exact  solution 
of the  two-dimensional  Ising  model [l]’. My 
task is to  discuss  the  three-dimensional  model, 
and the  effect of changing  the  spin  and  range of 
interaction,  and for these  problems  exact  methods 
have so far  proved to be of no  avail. Some  people 
have  no  enthusiasm for methods  which  are  not 
exact  and  consider  that  detailed  investigation of 
higher  order  approximation  terms is  not  the  task 
of a ,  theoretical  physicist. I am  reminded of a 
conversation  which I had  with  Yvon  about  his  own 
important  contribution to this field (which I shall 
refer  to  later).  He told me  that  he  developed  the 
method,  tried it in lower  order,  and  found  that 
it  gave  the  same  result  as  other  approximations. 
1 asked if he  had not been  interested to go to higher 
orders  to  see  whether it gave  any  improvement. 
He replied:  “my  task  as  a  theoretical  physicist  is 
to develop  methods,  and  see  that  they  work  and 
are  correct: I then  hand  over  to  the  engineers.” 
By these  standards,  what I have t o  say to  you this 
afternoon, is engineering.  but  at  least I will spare 
you the  technical  details of the  engineering  methods 
and  discuss  only  the  results.  Let u s  also  remember 
that  engineering  methods  led to the  discovery of 
Fourier  series,  and I hope  to  terminate my talk 
with some  remarks  about  the possibility of an  en- 
gineering  approach to an  exact  solution. 

The methods I shall  discuss  depend  on  develop- 
ing  large  numbers of terms of series  expansions 
at  high  and low temperatures  which  are  used to 
estimate  critical  behavior. Now any  second-year 
mathematics  student will tell you that  nothing  can 
be learned  about  the  singularities of a  function 
from  a finite number of terms of a  series  expansion; 
for example,  even if the  first 15 terms of an  expan- 
sion are  positive  and  well-behaved,  there is nothing 
to ensure  that  an  effect  which is small  and  unnoticed 

in the first  few terms will not  diminate  asymptot- 
ically (and I shall  later  quote  an  example of such 
behavior for the  Heisenberg  model),  but  the fol- 
lowing  physical  considerations  enable  one,  never- 
theless, in  many cases, to make  confident  predic- 
tions  about  the  singularities of functions  from  a 
finite number of terms of series  expansions. 

(a)  The  two-dimensional  solution  can  act  as  a 
guide  since we expect  the  three-dimensional  solu- 
tion to  be  similar to  it  in essential  features. 

(b)  We  have  a  few  exact  theorems  which  apply 

(c)  Physical  considerations of what is expected- 
t o  three-dimensional  solutions. 

of the  model  can  lead  us to transformations of the 
series  which  reveal  peculiarities of behavior. 

We  must  be  sure  at  the  outset  that we have 
enough  terms of our  series  to  get  over  small  num- 
ber  effects. No general  rule  can  be  given  since  the 
number of terms  needed  varies  from  problem  to 
problem.  However,  careful  analysis of the  data 
for each  particular  problem  usually  shows if the 
number of terms  derived is adequate. 

Before  going  into  details of the  behavior of the 
Ising  and  Heisenberg  models, I should  make  the 
connection  with  this  morning’s  lectures  on  liquids 
and  gases.  Fortunately,  Professor  Fisher  has  made 
my task  very  easy by circulating  a  sheet  giving  the 
detailed  connection  between  the  Ising  model  and 
the  lattice  gas. I should  like,  first, to  point  out 
that two quite  different  lattice  models  are  used in 
connection  with fluids. The first, with which we 
are  concerned  here, is a  model of liquid  vapor 
equilibrium,  and it corresponds  to the Ising  model 
of a  ferromagnet [2]. From  the  relations  given by 
Professor  Fisher, I shall  draw  attention to three 
which are of relevance  to my talk.  In  critical  be- 
havior C, .  for  the fluid corresponds  to CH for  the 
magnet in zero field at all temperatures:  the  density 
of one  component of the fluid corresponds  to  minus 
the  spontaneous  magnetization;  and  the  isothermal 
compressibility of the fluid corresponds  to  the  iso- 
thermal  susceptibility of the  magnet.  It  is  impor- 
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tant,  also,  to  note  that  the  chemical  potential  for 
the fluid is  proportional  to  minus  the  magnetic 
field. 

The  second  model  applies  to  solid-fluid  equilib- 
rium  and  corresponds to the  Ising  model of an  anti- 
ferromagnet [3]. This  model  has  been  extensively 
used as an  analog of the  condensation of a fluid of 
hard  spheres [4], and will not be discussed  further 
in  the  present  talk. 

Short range forces; Series expansions 

May I start  with  a few elementary  observations 
about  power  series  expansions. If all the  terms 
of a power  series  are  positive,  the  dominant  singu- 

larity  is  on  the  positive  real  axis [5]. If they alter. 
nate  regularly  the  dominant  singularity  is  on the 
negative  real  axis.  If  they  manifest  more compli. 
cated  behavior,  the  dominant  singularities  are 
elsewhere  in  the  complex  plane.  Physical  interest 
centers  largely  on  singularities  on  the  real  axis. 
For the  Ising  and  Heisenberg  models  in  zero  field 
we  expect t o  find a positive  singularity  on  the  real 
axis  corresponding  to  the  Curie  point,  and  pos- 
sibly a singularity  on  the  negative  real  axis cor- 
responding  to  the Néel point. 

It is convenient  to  divide  the  series  expansions 
to  be  considered  into  three  groups.  Group I 
have  all  terms  positive  and  from  table 1 we  select 
as  an  example  the  coefficients  in  the  high  tempera- 

re series  for  the  susceptibility of the  Ising  model 
r triangular  and F.C.C. lattices.  These  lattices 

a r e  chosen  because  the  absence of antiferromag- 
a .” netic  ordering  leads  one  to  expect  a  single  clear 

and dominant  singularity.  The  general  behavior 
of the  terms  suggests  comparison with a binomial 
expansion of the  form 

Passing now to  “even”  lattices  like  the S.C., 
B.C.C. and  Diamond,  we  again find the  same  value 
for y.  However, now because of the  symmetry 
between  ferromagnetism  and  antiferromagnetism, 
we  expect  a  corresponding  singularity  on  the  nega- 
tive  real  axis  which  is  much  weaker  and  therefore 
masked by the  positive  singularity. We should 
therefore try to look I .  c . -  .. function -..: .. c . I  r 

and we therefore  investigate  the  ratio of successive 

terms ( I , , / ( I ~ ~ - I  as a  function of -. I 1  For a  binomial 

expansion (1) we  should  have 

1 

Figure 1 shows  that  the  terms  converge  rapidly  and 
smoothly: for  the  triangular  lattice  the  estimates 
of wc and  the  slope  are  very close to  the  correct 
values [6]  2 - d3 and 3/4. For  the F.C.C. lattice 
a good estimate  can be obtained of tur and  one  can 

r 

conjecture  that y =-. 4 
3 

where  the  second  term  represents  the  antiferro- 
magnetic  singularity.  In  order  to  focus  attention 
on  this  second  factor,  Fisher  and  Sykes [7] took 

In x”, subtracted -- In 1 -- , and  obtained a 

well-behaved  series  with  terms  alternating  in  sign. 
After  some  ingenious  manipulation  they  concluded 
that  the  second  factor  in (3) could be represented by 

5 
4 ( 23 

The form of the  susceptibility  at  the Néel point  is 
shown  in  figure 2; it is  characterized by a maximum 
above  the Néel temperature  and  a  logarithmically 
infinite  slope  at  the  Néel  temperature. 

The  second  example in  this  group  is  the  high 
temperature  expansions  for  the  specific  heat of 
the  Ising  model  for  the  triangular  and F.C.C. 
lattices [8]. The  terms  are  again  all  positive  but 
converge  more slowly (eq. (5)). 



It is clear from the  analysis  shown in table 2 that 
not enough  terms  are  yet  available  to  draw  definite 
conclusions;  the  slope for the  three-dimensional 
lattice  seems to be  sharper  than  a  logarithm  cor- 
responding to the  two-dimensional  lattice,  and  a 

figure of (1 -$)"" could  be  regarded  as  reason- 

ably  consistent with the  data.  Table 2a shows  an 
extension of the  triangular  lattice  (calculated by 
D. L. Hunter)  and it will be  seen  that for values of 
n greater,  than 11 the  series  settles down  to steady 
behavior;  a  linear  extrapolation would yield a  value 
of CY close to zero. The  same  steady  behavior 
seems to  set in earlier (n= 5) in the  three  dimen- 
sional  case,  and  this  increases  confidence in the 
above  estimate of critical  behavior. 

It is interesting  to  ask why the  convergence to 
the  asymptotic  value of the  specific  heat  coefficients 
is so much  slower  than for the  susceptibility. I 
think  that  this  can  best  be  understood by com- 
parison  with  an  analogous  problem in the  lattice 
model  of  polymer  configurations. If c,, represents 

the  number of simple  chains of 11 links on a  lattice 
and u,( the  number of simple  closed polygons, the 
series Cc,,x" and Cu,Ix'i ,  both  have  the  same radius 
of convergence: but the c,, reach  their  asymptotic 
value much  more  rapidly  than  the ut,, as  can be 
seen from figure 3. The most  important configu- < I  

rations  contributing  to  the  susceptibility are 
"chain-like,''  and  those  contributing to specific 
heat  are "polygon-like." 

Group I1 refers  to  series not consistent in  sign 
in which the  singularity of physical  interest is 
masked by a  spurious  singularity.  Examples of - 
this  group  are  given in table 3 of the coefficients 
in the low temperature  expansion for the spon-  
taneous  magnetization. Only a  real positive a 

singularity  is of physical  significance  here  and it  
can be assumed  that  this  singularity  has been 

1 

located by the high temperature  susceptibility 
wries.  The  triangular  and S.C. lattices give rise 
to a regular  alternation in sign,  and  the  dominant 
singularity is therefore on the  negative  real  axis; 
for the F.C.C. lattice  a  more  complicated  distri- 
bution in the  complex  plane  is  indicated.  We know 
the exact  solution  for  the  triangular  lattice [6], of 
the form 

We might therefore  reasonably  try for the  spon- 
taneous  magnetization of three-dimensional  lat- 
tices a  function of the form 

~ ( U ) = E ( z u - l l , . ) 8 ( 1 1 - / / , ~ ' ( 1 1 - 1 u z ~ '  . . . . (7) 

It is for this  type of series  that  the  Pade  approxi- 
mant,  introduced  into  this field by G. A. Baker 
[9], is of prime  importance.  The [ N ,  M ]  approxi- 
mant is defined by 

Au)=--"- P(u)  & ) , d  (degree M )  
Q(u) C q , d  (degree N)'  (8) 

" The [ N ,  N] approximant is the most  useful  since 
it is invariant  under any  homographic  transforma- 

tion of the  type 

u=Aw/l-tBw), (9) 

and we should  expect it to be at  least  as  useful in 
improving  the  convergence as  the  best  such  homo- 
graphic: transformation.  Clearly, for a  function of 

the  type  +(u) it is best to approximate to -In tl  +(u), 

and  the  zeros of the  denominator  then  locate  the 
singularities u C .  1 1 1 ,  112 . . . . Our interest is focused 
on p ,  and it is best  to  assume  the  value of uc from 
the high temperature  susceptibility  expansion  and 
approximate to p by 

dU 

d 
[(u - u,) du In 44u)l. (10) 

There  are  a  number of devices  which  can  be  used 
to  improve  the  estimate of p .  After  careful  exami- 

nation it has  been  conjectured  that p=-  5 for three 

dimensional  lattices. 
16 

For  series of Group I1 we also find examples of 
slow convergence,  and  these  are  illustrated in table 
4, which  gives the low temperature  susceptibility 
expansion for three-dimensional  lattices [ 101. The 
Pade  approximant  technique  has  again  been  applied 
assuming  a  function of the form (7) ,  but even  though 
a  substantial  number of terms  are  available, it will 
be  seen from the  analysis in table 5 that  the  limits 
of the  index y'(x0 - A ' ( u -  u,)y') are  still  between 
1.27 and 1.37. 

Similarly,  the  specific  heat  at low temperatures 
[11] converges slowly and  present  data  are  consist- 
ent with  logarithmic  behavior 

c,, - B'Fn IT,. - T), (11) 

but  are not sufficiently convergent to draw  reliable 
conclusions. 

These  last two quantities  are of particular  interest 
because of thermodynamic  inequalities  derived 
by Rushbrooke  and Griffiths [12] which estimates 
of the  indices fail to satisfy  (this  aspect will be 
discussed in more  detail by Professor  Fisher). 

The  best  hope of obtaining  more  reliable  infor- 
mation  would  seem  to lie with the  development of 
more  terms  for  the  diamond  lattice [13] since 
they  belong to Group I. Even  with the  powerful 
help of the  Pade  approximant,  it is still  true  to  say 
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that  series of Group I provide the most reliable 
information. (Of course, the Pade  approximants 
can be used  to good effect on these  series  as well.) 
This  program  is  being  currently  pursued. 

Group III consists of series in  which there is 
unexpected  asymptotic  behavior of the coefficients 
which does  not  manifest itself  for  many terms. 
Table 6 shows  the  coefficients in the high  tempera- 
ture  susceptibility  series for the  Heisenberg  model 
of the B.C.C. lattice [14]. If they  are  analyzed 
in  the  manner of Group I. they lead to  a good 

I l : ~ ~ r  subsequent work (spin 1/2 see Baker, Gilbert, Eve, and Rushbrooke Phys. 
I Letters 20. 1l.h I l'MK>l. 
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estimate of Curie  temperature  and a susceptibility 
index of' 4/3,1 

[x0 - C'( T,. - T)"'"] (12) 

(and  this  index is given more  clearly by the F.C.(:. 
lattice [ 151). 

However,  physical  considerations  lead us t o  
think  that  there  is  a  corresponding  antiferromag- 
netic  singularity  which is no longer  symmetric 
with  the  ferromagnetic  singularity. The position of 
this Néel point was  located  very  strikingly b y  
Rushbrooke  and Wood recently [16], who used  the 
staggered  susceptibility,  (i.e.,  susceptibility in a 

L.  

field which alternates in sign  from one  lattice point t o  the  Ising model. and  if' so. we can  anticipate  an 
, te the  next).  They  found  that  the Néel temperature asymptotic. form for  the  coefficients o f  the  type 

is 10 percent higher than  the  corresponding  ferro- 

magnetic. singularity  (table 6) as tor the  lsing 
el, w e  find clear  evidence of this  dominant 
r although  insufficient  terms are available  to 
ze the  detailed  critical  behavior.  Fisher  The  terms would then  ultimately  alternate in  sign 
advanced  general  theoretical  arguments [17] but  the first negative coefficient would not occur 

' gnetic  Curie  temperature. If we take off the 4 (2 791)" 
T (2.537)" + (- I )" L. (13) 3 n 

ch lead  us to  expect  a  similar  critical  behavior  until  after  about 60 terms. 
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ary of Critical  Behavior of 
est Neighbor Lattice  Systems 

*We have  already  referred  to  the  critical  be- 
havior  of the  magnetic  susceptibility of ferro- 
and antiferromagnets in the  previous  section. 
Change in  spin  value  from l/2 to  general s does not 
change this  critical  behavior  either for the  Ising  or 
Heisenberg  model [15]. 

1 Regarding  the  critical  behavior of the  spontaneous 
magnetization,  accurate  information is available 
only for the  Ising  model of spin l/2 (see  previous 
section). A Green’s  function  interpolation  method 
used by Tahir-Kheli [18] has  suggested  an  index of 
I/S for beta; this  differs  only  slightly  from  the  Ising 
value of 5/16 

Critical  values of thermodynamic  functions, 
particularly  entropy,  provide  insight  into  the  mag- 
nitude of the  “tail” of the  specific  heat  curve. For 
a model of‘ spin l/2 the  total  entropy  change  is 
h 2  per  system.  With  the  Ising  interaction in two- 
dimensions  the  tail  is  large  and  corresponds  to 
more than 50 percent of the  entropy; in three- 
dimensions  the  tail  is very much  reduced  and 
corresponds  to  about  15  percent. For the  three- 
dimensional  Heisenberg  model,  the tail is increased 
by a  factor of more  than  two  and  corresponds  to 
about 35 percent of the  entropy [19]. 

When  we  change from spin l/2 to general s ,  the 
total entropy  changes  from kln2 per  system  to 
kln(2s+ 1). However,  most of the  change  takes 
place  below the  Curie  temperature  and  even in 
going from s = ‘12 to s = m, the  increase in entropy 
above the  Curie  temperature is less  than 30 percent. 
This can  readily  be  understood  since  the high tem- 
perature  portion is derived  from  averages  which 
are not  likely  to  be  very  sensitive to change in spin 
value. However,  the  behavior  at low temperatures 
is determined by the  excitation  spectrum which is 
extremely  sensitive  to  the  form of interaction. 

We have  referred to the  critical  behavior of the 
specific heat in the  previous  section. It is worth 
pointing out  that  this  critical  behavior  is  more 
dependent on the  form of interaction  than  that of 
the magnetic  susceptibility.  Although only  limited 
numbers of terms  are  available,  they  indicate  an 
appreciable  sharpening on the high temperature 
side as s changes from l/2 to  infinity;  similarly, 
there are  marked  differences  between  the  Ising  and 
Heisenberg  interactions [15]. 

Attention  has  recently  been  focused on the  be- 
havior of the  magnetization as  a  function of field 

l i  

I 

at  the  Curie point. For the  Ising  model  the  index 
6 ( H = M * )  is  about 15 in two dimensions  and  about 
5.2 in three  dimensions [ZO]. Data for the  Heisen- 
berg  model  are  available  but  have not  yet been 
put  into  a  convenient  form for detailed  analysis. 

Critical  properties of the  correlations  are  being 
discussed in detail by Professor  Fisher. 

Longer  Range Forces 

The precision of our knowledge of the effect of 
longer  range  forces  has  increased  appreciably  dur- 
ing  the  past  few  years.  The  idea  had  often  been 
expressed  intuitively  that if the  number of neighbors 
participating  equally in the  interaction  tended  to 
infinity the  mean field or Bragg-Williams  approxima- 
tion  would result  exactly.  This  has now been 
established rigorously [21] by taking  an  interaction 
of the form EJe-cR and allowing E to  tend  to  zero;  the 
result is valid even  for  a  one-dimensional model. 

A solution of Bethe  type  including  a  small  residual 
specific  heat  above T, results if the  force is long 
range in one  direction  and  short  range in the  other 
[22]. It is significant  to  observe  this  physical  inter- 
pretation of the  Bethe  result which had  previously 
been  regarded  as  a first approximation  to the solu- 
tion for a  nearest  neighbor  model, or the exact 
solution  for  an  unphysical  “pseudo-lattice”  contain- 
ing no closed  circuits [23]. 

It is interesting  to  see how the  mean field solution 
is  approached  as  the  range of force  increases. For 
this  purpose  it  has  been  found  convenient  to  intro- 
duce  an  “equivalent  neighbor ( r  shell)”  model in 
which  all  interactions  are  equal  up to the  rth  neigh- 
bor  shell,  and  zero  outside.  The  series  expansion 
methods  described in the  previous  section  can  be 
applied  to  this  model,  and Dalton and I have  been 
able  to  take  account of the  second  and  third  neigh- 
bor  shells  for  a  number of two and  three  dimen- 
sional  lattices [24]. We find that  the  critical 
behavior (e.g., susceptibility  index)  is  identical with 
that of a  nearest  neighbor model. 

However,  we  noticed  empirically  that  for  large q 
simple  asymptotic  formulae fit the  Curie  tempera- 
ture  and  thermodynamic  functions. For example, 

“ 

k Tc  
qJ - 1 + H / q  

and (14) 

s, - s c  
k 
“ - Llq. 
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Here H and L are  constants which depend on the 
dimension  and  the  type of interaction. Although 
this  is  the  kind of asymptotic  formula given by 
closed  form  approximations,  the  numerical  values 
of H and L which we obtained  were  quite  different 
from  the  closed  form  values. 

We then  tried t o  find a justification  for this type 
of limiting  form.  Series  expansions  for  an  equiva- 
lent  neighbor  model  can  be  expressed in terms of 
“lattice  constants”  which  are  the  number of in- 
dependent  multiply  connected  graphs of various 
kinds which can  be  formed  from  the  interacting 

bonds on the  lattice. We realized  that for a range ponding cluster  integrals will then  have  different 
of interaction which included  many  lattice points, ues. The  Bethe  approximation  gives  the  correct 
these  lattice  constants  could  be  regarded  as lattice iting value as the dimension becomes  large,  and 
sum  approximations t o  hard  sphere  cluster in. as the  coordination  number  becomes  large in 
tegrals,  many of which  have  already  been evalu. ’ a given dimension. 
ated.  The efficacy of this  approximation can be Using the  above  approximation  based on cluster 
judged from table  7 which  gives typical  estimates, i integrals,  we  find that  the  simple polygons dominate 
and  these  are  compared with the  correct values for the  early  terms,  and  these  can  be  calculated 
based on exact  enumerations. to any order  using  the  methods of Montroll  and 

3 Mayer. The approximation  must  break  down  for 

We  can  thus  readily  see why the constants higher order  terms  since it does not give correct 
critical behavior  for  magnetic  susceptibility,  spe- 

t cific heat,  etc.  However, it can give valid approxi- 
mations for the  Curie point and  critical  values of 
thermodynamic functions  since  higher  order  terms 

I make only  a  small  contribution  to  these. The 
approach  to the  mean field limit (linear  inverse 
Susceptibility,  finite and  discontinuous  specific 
heat, etc.)  occurs  in  a  singular  manner,  and  this  is 
illustrated  diagramatically  for  the  specific  heat 
in figure 4. 

‘ In the light of the  above  discussion, it is  con- 
structive  to  consider  the  effect of a 1/r” force  for 
varying p and  this  is  being  currently  investigated 
at King’s College by one of my research  students, 
G. S. Joyce.  It  is  much  more difficult to  derive 

, series  expansions  for  such  a law of force  since all 
neighbors must  be  taken  into  account. A sub- 
stantial  simplification  occurs  for  the  Ising  model 
of spin ‘/2 if the method of Yvon (see next section) 
is used  to  eliminate  all  but  multiply  connected  con- 
figurations. Joyce  finds  that  a sufficiently small 
value of p can  change  critical  behavior,  and  produce 
critical effects,  even in one  dimension. 

H ,  1, differ  for  different  dimensions  since  the ( .or.  

For  example,  taking  the  interaction  between i-j 
pairs as .//I$ in o n e  dimension  (assuming unit lat- 
tice  spacing),  the  series  expansion of magnetic 
susceptibility is 

&= 1 + 3.290 /3J + 8.659 ( /3JY2 + 20.686 (/3.1)3 
m2 

+ 46.41 1 (pJ)4+ 99.699 (j3.l)5 + 207.338 ( / 3 J ) 6 .  (15) 

This  leads  us  to a Curie  temperature 

x-T, 
- = 0.51 x -, IT2  

J 3 (16) 

and a  susceptibility  index of about  three.  With  an 
interaction . J / I ; ~  in two dimensions  the  correspond- 
ing  susceptibility  expansion  is 

m= 1 + 9.033622 ( P J )  + 76.94741 ( p J ) 2  
m2 

+642.168  (/3J)3+S302.1 (/3J)4+43508 ( / 3 J ) 5 + .  . . ,  
(17) 

and  the  susceptibility  index  is  reduced  from 7/4 for 
a  short  range  force  to  about  1 .13. This  change in 
susceptibility  index  is  demonstrated in  figure 5. 

Joyce  has  also  investigated  the  properties of the 
spherical model in one  dimension  for  long  range 
forces.  Whilst  one  must  be  cautious  in  drawing 
detailed  conclusions  about  critical  behavior  from 



the  spherical  model, I think it can  act  as  a  general 
guide  to  the  influence of long  range  forces on 
critical  behavior.  Joyce  finds  that  there  is  a  crit- 
ical  point in  one  dimension  when 1 < p < 2. When 

1 < p < - the  susceptibility  index  is 1 and  when - 
3 3 
2 2 

< p < 2  it is ’- - ’ so that it is  equal  to 3 when 

p =  1.75. Corresponding  results  can  be  derived 
in two and  three  dimensions. 

For the  general  spin s and for the  Heisenberg 
model,  the  calculations  are  more  complicated  since 
all  connected  diagrams  must  be  taken  into  account. 
However, if the  spin is allowed to become  infinite 
in the  Heisenberg  model  (classical  vector  model), 
the  conditions of applicability of the  second  Mayer 
theorem  are  satisfied,  and only  multiply  connected 
clusters  enter.  The  expansions  can  then be pushed 
much  further,  and  this  simplification  is  being  cur- 
rently  exploited. 

2 -p’ 

Diagram Expansions; Approach to the 
Exact Solution 

Early work  using  closed  form  approximations 
provided  no  reliable  information  on  detailed  be- 
havior  near  the  critical  point.  One of the  major 
defects of this work  was the  inability  to  develop 
a  series of successive  approximations  which would 
tend in the limit to  the  exact  solution.  Even  when 
the  methods  introduced  could in principle  produce 
such  a  series of approximations,  the  practical  cal- 
culations  were  prohibitive. 

The  cluster  integral  development of Mayer  can 
be  adapted to the  Ising  model [25], and  can  be  made 
to  furnish  a  steady  series of approximations  based 
on all multiply connected  graphs  which  can  be 
constructed from bonds of the  lattice.  The kth 
stage of the  approximation  could  correspond for 
example,  to  including all graphs of k lines  where k 
is allowed to increase  steadily.  It  was Yvon [26] 
who showed how to  take all graphs  into  account, 
and not  merely  regular  graphs in which vertices 
and  bonds  are  equivalent.  His  method involved 
using  the  Mayer  theory of multicomponent  mixtures. 

Hiley and I [27] investigated  the  critical  behavior 
of such  a  series of approximations  to  see how they 
approached  the  exact  solution  as  estimated  from 
series  expansions.  To  focus  attention on the  sus- 
ceptibility  index,  for  example,  we  calculated 
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which  should  tend  to  7/4  for  a two dimensional and 
5/4  for  a  three  dimensional  model  as T+ Tc. Figure 
6 shows  the  results for a two dimensional model. 
For  each  stage of the  closed form  approximation 
y (T)  rises  to  a  maximum  and  then  falls  to  the mean , 

field value of 1. For temperatures  nearer t o  TC 
than  this  maximum,  the  approximation  cannot he 
regarded  as  reliable.  The  locus of maxima  tends 
to  7/4,  and we see  that  the  approach of the closed 
form  approximations to the  exact  solution is 
nonuniform. I 

We may  follow an  alternative  approach  classi- 
fying  graphs  into  groups of increasing complexity 
and  summing  each  group  to infinity. Let U S ,  

look  at the high temperature  partition  function in 
zero field which can  be  written in the simple 
form [28] 

In 2 . v  = N In 2 +-In (cosh K )  + C pflJJlz(w) (lN 
2 

(191 
K = JlkT w = tanh K 

ere  the pSs are  the  “lattice  constants”  repre- 
ting  numbers of multiply  connected  graphs  and 
JtS(w) can  be  determined  quite simply. Con- 

ng  attention first to  simple polygons  which 
vide the  dominant  contribution, we obtain  the 
ction Xp,,ln(l+ w”) .  Sykes [29] has  suggested 
t for three  dimensional  lattices tp 

j.. 
p f I  =””(A - 1.7s) 

nk (20) 

where p is the  self-avoiding walk limit. Hence, if 
+e ignore all configurations  other  than  simple 
polygons we  will obtain  a  specific  heat  singu- 
larity of the form ( T -  Tc)”’4, and  an  estimate of 
& Curie point  which  differs  from the  correct  value 
by about 2l/2 percent  (the  close  connection  between 
p and the  Ising  critical  value was  pointed  out  sev- 
eral years ago by Fisher  and  Sykes [30]). 

To make  further  progress we must  introduce 
a suitable topological  classification of multiply 
connected  graphs,  and  here  Sykes [31] has  sug- 
gested  using the  cyclomatic  number c (number of 
bonds-number of vertices + 1): the  types of graph 
corresponding to c =  1 ,  2. 3, and 4 are  shown in 
figure 7. Even  here  the  number of types  increases 
quite rapidly,  but  can  be  substantially  reduced by 
ignoring in the first instance  multiple  connections 
between  two vertices  (thus p. 8 ,  6, and Q can  also 
be considered  basically  as  one  type). 

One must  then  consider  the  asymptotic  numbers 
of each  type of graph to understand how the  as- 
ymptotic  value of the  coefficients in the high tem- 
perature  series is constituted.  The  constant p 

arises for a  single  self-avoiding  walk: for more 
complex  graphs  the  mutual  interference of two 
or  more  self-avoiding  walks  must  be  considered. 
Even if this difficult empirical  investigation is com- 
pletely  satisfactory  the  theory  could only be  con- 
sidered  respectable if the  asymptotic  estimates 
are  established rigorously. But this  at  least  is  a 
far  less  formidable  problem  than  the  Ising  prob- 
lem  itself,  and  Professor  Edwards  has  taken  an 
important  step  recently  towards  its  solution [32]. 

Helpful  discussion with colleagues  and  research 
students  mentioned in the  text is gratefully  ac- 
knowledged. The  remarks  at  the  end of the final 
section  were  stimulated by a  series of lectures given 
at King’s  College recently by Dr. R. Brout. 

References 

111 L. Onsager,  Phys.  Rev. 65, 117  (1944). 
[2] C.  N. Yang and  T. D. Lee,  Phys.  Rev. 87,  404,  410  (1952). 
131 C.  Domb,  Phil.  Mag. 42, 1316  (1951). 
[4] C.  Domb, II Nuovo  Cimento  Supplement t o  Vol.  9,9  (1958); 

L). M .  Burley,  Proc.  Phvs. Soc. 77, 262  (1960); D. M. 
Gaunt and M. E. Fisher J. Chem.  Phys. 43,2840i1965). 

[5] P. Dienes,  The  Taylor  Series Oxford 1931, ch. 14. 
[6] C. Domb,  Advan. in Physics 9, 149,  245  (1960). 
[7] M. F. Sykes  and M. E. Fisher,  Physica 28,  919,  939 (1962). 
[8] C.  Domb  and M. F.  Sykes,  Phys. Rev. 108, 1415 (1957). 
[9] G.  A. Baker,  Phys.  Rev. 124, 768  (1961). 

[lo] J. W. Essam  and M. E. Fisher, J. Chem.  Phys. 38,802 (1963). 
[ l l ]  D. S. Gaunt  and J. W. Essam,  Proc.  International  Conference 

o n  Magnetism,  Nottingham 1964, p. 88. 
[12] G. S. Rushbrooke, J. Chem.  Phys. 39, 842 (1963): R. B. 

Griffiths,  Phys.  Rev. Lrttrrs 14, 623  (1965). 
[I31 J .  W.  Essam and M. F.  Sykes,  Physica 29, 378 (1963). 
[14] C.  Domb  and D. W.  Wood,  Proc.  Phys.  Soc. 86, 1 (1965). 

C. Domb, N. W.  Dalton, G. S. Joyce and D. W.  Wood, 
Proc.  International  Conference o n  Magnetism,  Notting- 

1151 C. Domb and M. F.  Sykes  Phvs.  Rev. 128. 168  (1962): 
ham 1964, p. 85. 

> I  

J. Gammel, W. Marshall  and L. Morgan,  Proc.  Roy. Soc. 
A275, 257 (1963). 

1161 G. S. Rushbrooke  and  P. J. Wood, Mol. Phys. 6,409 (1963). 
j17j M. E.  Fisher,  Phil. Mag. 7, 1731  (1962). . 
[I81 R. A. Tahir  Kheli,  Phys. Rev. 132,  689 (1963). 
[I91 C. Domb  and A. R. Miedema,  Progress in Low Temperature 

[20] D. S. Gaunt, M. E. Fisher, M. F. Sykes  and J. W.  Essam, 

[21] G. A. Baker,  Phys.  Rev. 126, 2071 (1962): M. Kac  and E. 

1221 G .  A .  Baker  Phys.  Rev. 130, 1406 (1963). 
[23] M .  Kurata, R. Kikuchi  and  T.  Watari, J. Chem. Phys. 21,  

434  (1953); see also ref. 6, p. 284. 
[24] N. W.  Dalton,  Thesis,  London (1965): see  also  ref. 14. 
[25] C .  S. Rushbrooke and I. Scoins,  Proc.  Roy.  Soc. 230, 74 

[26] J .  Yvon, Cah.  Phys. No. 28 (1945), Nos. 31,32 (1948). 
(271 C. Domb and B. J. Hiley, Proc. Roy.  Soc. 268, 506 (1962). 
[28J Reference 6 ,  p. 322, eq (59). 
[29] B. J .  Hiley and M. F. Sykes, J. Chem.  Phys. 34, 1531 (1961). 
[30] M .  E. Fisher and M. F.  Sykes  Phys.  Rev. 114, 45 (1959). 
[31] M. F. Sykes.  private  communication. To be  submitted 

Physics, IV (1963), p. 296. 

Phys. Rev. Letters 13, 713 (1964). 

Helfand,  J.  Math.  Phys. 4, 1078 (1963). 

( 1955). 

t o  I. Math.  Phvs. 
[32] S. F. Edwards, This  Conference. 
[33] C .  Domb J.  Royal Stat. Soc. London B26,373 (1964). 

41 




