
the  isothermal  compressibility.  It  is known that 
the  thermal  expansion  increases  markedly  as 
T - +  T,, but  accurate  data  is not now available giv- 
ing  the  precise  behavior of a(T) and p ( 7 )  In 
view of the slow divergence of C,, it is particularly 
necessary  to  determine  the  importance of the 
C,- C,, correction  term  before  reaching  conclu- 
sions  about  the  precise  mathematical  nature of 
the  divergence of C,. 

In  the  case of the fluid, while the van der  Waals 
theory  predicts no divergence in C ,  as T +  T,, the 
experimental  data  has  indicated [23] that C ,  1 L a  ong 
the  critical  isochore grows  very large  as T +  T,. 
Recently  the work of Voronel  and  his  coworkers 
[28, 291 has  shown  that  the  specific  heat  at  constant 
volume in argon  and  oxygen  apparently  diverges 
logarithmically as T+ T,. The  data of these work- 
ers  has  recently  been very  carefully  examined  and 
discussed in the  light of the  best  present  theoretical 
information [30,31].  

Conclusions 
Since 1961-1962 a  considerable  amount of ex- 

perimental  data on the  equilibrium  properties of 
magnetic  systems  has  been  obtained.  The  be- 
havior of each of these  properties in the  critical 
region is in striking  and  clear-cut  disagreement 
with the  predictions of the  “classical”  molecular 
field theories of ferromagnetism.  The  develop- 
ment of the  method of Pade  approximants, in com- 
bination with the high temperature  expansions of 
the  partition  functions  have  enabled  calculations 
of the  equilibrium  properties of the  ferromagnet 
using  the  Ising  Hamiltonian.  The  results of such 
calculations  are  closer  to  the  data  than  the  “classi- 
cal”  theories,  however, by and  large  the  experi- 
mental  results  indicate  that  the  Ising  model  is 
inadequate to describe  a  real  ferromagnet.  The 
Heisenberg  Hamiltonian  has  been  used  success- 
fully to  calculate  the  divergence of the  suscep- 
tibility and  the  results  are in very good agreement 
with the  experiment. 

At this point in the  development of the  subject 
certain  directions for the  future work seem  clear. 
On  the  experimental  side  there  is  a  need  for  much 
more  information  particularly on the  shape of the 
critical  isotherm,  the  specific  heat,  the  thermal 
expansion,  and  the  susceptibility below T,. Also, 
we have  to  have more data on the  localized  spin 
systems  rather  than  the  ferromagnetic  metals. 
In  the  insulators we may expect  that  the  Heisen- 
berg  Hamiltonian will apply,  while  the  appropriate 

48 

Hamiltonian  for  the  metals  is not  known. Also, 
it would be  most  desirable to measure  several 
equilibrium  properties on a  single  ferromagnet. 

On  the  theoretical  side,  the  clear  need  is a cal- 
culation of the  magnetization,  the  critical  isotherm, 
the  susceptibility below T, and  the  specific heat 
using  the  Heisenberg  ‘Hamiltonian.  And finally, 
the  close analogy between  the fluid and  the  ferro. 
magnet,  combined with the  clear  breakdown of 
the conventional  expansions of the  free  energy 
in a  power  series  around T, suggest  that  the  be- 
havior of three-dimensional  ferromagnets  and fluids 
near  the  critical point  may be  a  result of some very 
general  property  connected with the  ordering  and 
is  relatively  independent of the  details of the 
Hamiltonian of the  system. 

References 
[ l ]  M. E. Fisher, J.  Math. Phys. 5, 944  (1964). 
[2]  D. Gaunt, M. E.  Fisher, M. Sykes, and J. W.  Essam, Phys. 

[3] P. Heller and G. B.  Benedek,  Phys.  Rev.  Letters 8, 428 
[4]  P. ( 1962). Heller and G. B. Benedek,  Phys.  Rev.  Letters 1 4 ,  71 

[5] J. W. Essam and M. E.  Fisher, J.  Chem.  Phys. 3 8 , 8 0 2  (1963). 
161 H. Callen and E. Callen,  Conference  on  Magnetism, J. Appl. 

[7] M. A.  Weinberger and Schneider,  Can. J. Chem. 30 ,4222 
[8] L. ( 1952). D. Landau and Lifshitz,  Statistical  Physics  (Addison- 

[9]  C. Domb and M. F.  Sykes, J .  Math. Phys. 2, 63  (1961). 

Rev.  Letters 1 3 ,  713 (1964). 

(1965). 

Phys.  (1965). in press. 

Wesley, 1958). 

[lo]  C. Domb and M. F. Sykes,  Phys.  Rev. 1 2 8 , 1 6 8  (1961). 
1111 G. A. Baker. Jr., Phys.  Rev. 1 2 4 ,  168 (1961). 
[12] G. A. Baker, Jr.,  Phys.  Rev. 1 2 9 ,  99  (1962). 
[13] J. Gammel, W. Marshall and L. Morgan, Proc. Roy. Soc. 

[I41 G. A.  Baker, Jr., Phys.  Rev. 136, A1376 (1964). 
[15] B. Jacrot, J. Konstantinovic, G. Parette, and D. Cribier. 

Symposium on Inelastic  Scattering  of  Neutrons in Solids 

[16] J.  E. Noakes and A.  Arrott, J .  Appl. Phys. 35, 931 (1964). 
and Liquids, Chalk River (1962).  (See  also  reference  13.) 

[17] S. Arajs and P. S. Miller, J.  Appl.  Phys. 3 1 , 9 8 6  (1960). 
[18] S. Arajs, Conference  on Magnetism and Magnetic Materials. 

[I91 J.  Kouvel and M. E. Fisher,  Phys.  Rev. 1 3 6 ,  A1626 (1964). 
[20] P. Weiss and R.  Forrer, Ann. Phys.  (Paris), 5, 153 (1926). 
[21] G. D. Graham, Jr., Conference  on Magnetism and Magnetic 

[22] H. Habgood and W. Schneider,  Can. J. Chem. 3 2 , 9 8  (1954). 
[23] J. S. Rowlinson,  Liquids and Liquid Mixtures,  ch.  3. pp. 

93ff. (Butterworth’s (London),  1959). 
[24] B. Widom and 0. K. Rice, J.  Chem.  Phys 23, 1250 (1955). 
[25] L. Onsager.  Phys.  Rev. 65, 117 (1944). 
[26] J. Skalyo, Jr. and S. A.  Friedberg,  Phys.  Rev.  Letters 1 3 ,  

133  (1964). 
[27] T. Yamamoto, H. Matsuda, 0. Tanimoto, and Y. Yasuda. 

Department of Chemistry, Kyoto University, Kyoto, Japan. 
(See Proceedings of Conference on Critical 
Phenomena,  Washington,  1965.) 

JETP 43, 728 (1962). 

Phys.  JETP 45, 828  (1963). 

(London), A 2 7 5  (1963). 

J.  Appl. Phys.  (1965), in press. 

Materials, J. Appl. Phys.  (1964), in press. 

[28] M. Bagatskii, A. Voronel, and V. Gusak,  Soviet  Phys. 

[29]  A. Voronel, Y. Chashkin,  V.  Popov, and V.  Sinkin,  Soviet 

1301 M. E. Fisher,  Phys.  Rev. 1 3 6 ,  A1599 (1964). 
[31] C.  N. Yang and C. P. Yang,  Phys.  Rev.  Letters 1 3 ,  303 

(1964). 

1 

i 
1 
1 

Experimental  Studies of Magnetic Ising Systems 
Near the  Critical Point* 

w. P. Wolf 

Yale University, New Haven,  Conn. 

1 !: The  Ising  model  has  long  been  used  as  a  con- 
, \  venient  approximation  for  the  investigation of mag- 

i‘ netic order-disorder  transistions,  but  until  recently 
real  magnetic  substances  were known in which 

the assumptions of the model  coincided with  reality. 
! The advent of many  new  rare  earth  compounds 
1 h a s  changed  this  position.  There  are now com- 
’ ‘pounds in which  it  is an  excellent  approximation 

to  treat  the  magnetic  ions  as  effective  spins s’ = 1 / 2 ,  
whose magnetic  moments ,u=g.s’ are  constrained 
to one  direction by an  extremely  anisotropic g 
tensor [ l ] .  A simple  material of this  kind is 1 dysprosium  aluminum  garnet  (DAG)  which  orders 

1‘ antiferromagnetically  at  about  2.5 O K .  The  prop- 
erties of DAG in the  critical region  have been i investigated by a  number of workers  over the past 
three  years [2-91. 

v The  principal  difference  between  such  a  material i and  the  Ising  model  lies in the  importance of long 
range  magnetic  dipole  forces,  which  account for 
a  major  fraction of the  total  interactions.  Dipolar 
forces  lead  to  a  shape  dependence of all  the  mag- 
netic  properties  (even  the  “zero field” suscep- 
tibility) and  at  present  there is no theory  better 

i than  the  molecular field to allow for these  effects. 
With  a  molecular field calculated from suitable 

r’ lattice  sums, it is  possible  to  remove  most of the : long range  effects,  and to reduce  measured  magnetic 
properties  to  those  corresponding  approximately 
to a material with nearest  neighbor  forces only [7] .  

) This  has  been  done  for  the  susceptibility of DAG in 
1 the region of the  critical  point.  It was  found  that 1’ the  results  could  be  fitted  to law of the form pre- 

. %  

I 

dicted by the  Ising  model  theory  [lo]: 

x T = A [ t c - B , ,   ( l - T / T r )  log ( l - T / T c I ] ,  

\ ’ / .  with A equal  to  the known Curie  constant, 10.35/mol 
and tc, B+,  and B- respectively 0.565,0.30, and 0.80. 

1 

’ account will be  published  at a later  time. 
*This work was supported in part by the U S .  Atomic Energy Commission. A full 

T,= 2.493 O K  is critical  (Nkel)  temperature in zero 
field. The  values for tC, B,,  and B- are not strictly 
comparable with those given by any of the  theoret- 
ical  estimates  since  none of these  have  considered 
the garnet  structure  explicitly,  but  it  is  interesting 
to note  that the ratio B-:B+ is  close  to  the  value 3 
found  for  other  three  dimensional  structures. 

The  “reduced”  susceptibility  measurements 
have  also  been  used  to  compare  Fisher’s  predicted 

relation for the  specific  heat [ l l ] ,  C = 4- (xu, 
with the  observed  values [7] .  ( A  is  a slowly  varying 
function of temperature  whose  value  at T, can  be 
estimated  from  other  measurements.)  Excellent 
agreement  was  found  over  a  range of temperatures 
0.5 T, < T <  1.5 T,. 

Critical  effects  at  temperatures below T, have  also 
been  investigated  as  a  function of magnetic field 
[4]. The most striking  result is that  the  transition 
from  the  antiferromagnetic  state  to  the  paramagnetic 
state  seems to be first order  for T < - 0.6 T, 
and  higher  order for -0.6 T, < T < Tr [12].  A 
first  order  transition  is not predicted by any of the 
simple  Ising  models  at  any finite temperature,  and 
it is  probably  a  result of the  long  range  interactions. 

Accompanying  the  change  from  antiferromagnetic 
to paramagnetic  order in an  applied field there  are 
magneto-caloric  effects  and  these  have  been  studied 
by measuring  adiabatic  changes of temperature with 
field [13]. In  contrast  to  the  isothermal  transitions, 
which are  completely  reversible,  the  adiabatic 
changes  showed  a  large  and  as  yet  unexplained 
hysteresis. 

Although  most of the  critical point measurements 
on  Ising-like  systems have so far  been  concentrated 
on dysprosium  aluminum  garnet,  there is reason  to 
believe  that  other  rare  earth  compounds will be 
found  which  also approximate to an  Ising  model [14]. 
It  seems  rather  certain  that  almost  all  materials 
of this  kind will only order  at low temperatures, 
where  long-range  magnetic  dipole  interactions  are’ 
important,  and it would therefore  be very  helpful 

49 

a 
aT 



if critical point theories  could  be  extended to in- 
clude  these  effects.  Magnetic  dipole  forces  are 
of course  present  also in all  other  materials,  and  as  a 
matter of principle  their  effect  should  be  considered 
even for materials in which  exchange  interactions 
are  dominant. 
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Specific  Heats of Ferro-  and  Antiferromagnets in the Critical  Region" 

D. T. Teaney 

IBM Watson Research  Center, Yorktown Heights, N.Y. 

1. Introduction 

In  this  paper we shall  describe  for  the first time 
the  results of high  resolution  specific  heat  measure- 
ments of two classical  magnetic  systems:  a  ferro- 
magnetic  insulator,  EuO,  and  an  antiferromagnetic 
insulator, MnF2. For  completeness we shall  also 
review the  earlier  results of Friedberg  and  Skalyo 
[ I ]  on C o C I ,  * 6HZ0, a  rather  different kind of 
antiferromagnet. A logarithmic  form of the  specific 
heat is found in all cases,  the  experimental  results 
being  the  most  clear in the  case of MnFr. The 
problem of separating  lattice  and  magnetic  specific 

~~ 
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heats will be discussed,  and  a  number of other 
hazards will be  described.  The  prospects of even 
more  refined  experiments  are  examined  and found 
to be  encouraging. 

2. Choice of Material and the Lattice 
Subtraction  Problem 

The  heat  capacity of a  typical  magnetic  system 
is  shown in figure 1. The anomaly  at  the  Curie 
point  of EuO [2] (69 O K )  is clearly  displayed on top 
of the  lattice  specific  heat, which is of about  the 
same magnitude.  From  the figure it seems that 
EuS [3] would be  a  better  case  to  study,  but suffi- 
ciently large  single  crystals  are not yet available. 
But  the  choice of material  goes  beyond  the  avail- 
ability of crystals. 

Figure 1 .  The specific heat of EuO and EuS. 

At least for a  start, it is desirable to study  critical 
point phenomena in simple  systems  which  are  char- 
acterized by a  clearly  dominant  strong  interaction. 
In the  case of a  magnetic  system  this  means we 
want  an  exchange  interaction  that is large  compared 
to dipolar  or  crystal field effects.  From  this point 
of  view the  lattice  becomes  an  inevitable  complica- 
tion and we  now discuss briefly what can be done 
about  it. 

Fortunately  the  problem  has  been  investigated in 
detail for the  case of MnF, by Stout  and  Catalano 14.1 
and by Hofman,  Paskin,  Tauer,  and  Weiss [5]. 
Stout  and  Catalano  use  a  corresponding  state  meth- 
od to  deduce  the  lattice  heat  capacity of MnFr from 
that of isomorphous ZnF,. Hofman  et  al.,  use  a 
method of matching two  Debye  entropy  functions 
to the  experimental  entropy of MnF2  at high tem- 
peratures,  having  first  subtracted  an  amount 
R In (2S+ I). That  is,  they find that for two Debye 
temperatures, 8= 220 O K  and 8'= 575 O K .  

SMnF2(T) - R In 6 z S d O / T ) +  ZSdB' /T)  

for temperatures  above - 2 T . y .  This  procedure 
when applied  to ZnF2 gives  a two parameter  Debye 
curve  that fits the  observed  specific  heat to within 
1/2 percent in the  temperature  range 35 to 250 OK. 
The  results  obtained by the two methods  are in 
excellent  agreement. 

It  is  important  to  stress  that  the  apparent  char- 
acter of the  singularity  depends only  weakly  on 
the slope of the  lattice  background;  changing  this 
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slope by a  factor of two produces only  faintly  per- 
ceptible  kinks in the  highest 1 AT1 data  presented 
here.  The  apparent  magnitude of the  magnetic 
specific  heat,  that  is,  the value of B ,  is more  directly 
influenced by the  lattice  subtraction, but in view of 
the  extensive work  by the  above  authors it seems 
unlikely that  an  error  larger  than 10 percent is 
introduced in the  MnF2  results by incorrect  lattice 
subtraction. 

In the  case of EuO our  results  are only tentative. 
The  diamagnetic  isomorphs  CaO  and BaO are ex- 
tremely  hygroscopic,  and we have not been  able t o  
make  specific  heat  measurements on reliably  dry 
samples,  nor  can we  find reference to these  measure- 
ments in the  literature.  The  curve  fitting  method of 
Hofman  et  al.,  must  then  be  relied  upon,  and it is 
here we wish  to interject  a word of caution. 

In  order to obtain  the  entropy from the  measured 
specific  heat  the  usual  conversion 

c, .=c,(l-AcJI 

is  required,  where  the  Nernst-Lindeman coefficient 

A=--" P 2  
kpc ;, 

is assumed to be  temperature  independent.  The 
value of this coefficient strongly  affects  the  estimate 
of lattice  background  since  this  estimate is based 
only on high temperature  data.  (Clearly,  accurate 
specific  heat  data  is  also  essential.)  The  choice of 
thetas is strongly  influenced by the  slope of the 
entropy  curve  because  at high temperatures  the 
Debye  functions  are  becoming  independent of the 
thetas.  Since  remarkably  little  expansivity  or 
compressibility  data  exists for compounds it  would 
be  hazardous  to  guess  a value  for A ,  and we believe 
recourse to experiment is necessary. We are 
grateful  to  Professor R. Stevenson of McGill  Univer- 
sity for providing us with compressibility  data  prior 
to  publication.  We  have  obtained  the  expansivity 
from  our  own  x-ray diffraction study [6]. The  ex- 
perimental  value  for A for EuO,  accurate to about 
20 percent, is found to be  7 X l O - 6 .  For  compari- 
son,  the  value for MgO is 1 X lO-6. Tentative  theta 
values of 175 and 560  give  fair fits to the  entropy 
above  150 O K ,  and  the  full  scale  numerical fitting 
program will be  completed  shortly. Again we 
emphasize  that  the  uncertainties in lattice  subtrac- 
tion  have  very  little  effect on the  apparent f o rm of 
the  specific  heat in the  critical  region.  The magni- 
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