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Specific  Heats of Ferro-  and  Antiferromagnets in the Critical  Region" 
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1. Introduction 

In  this  paper we shall  describe  for  the first time 
the  results of high  resolution  specific  heat  measure- 
ments of two classical  magnetic  systems:  a  ferro- 
magnetic  insulator,  EuO,  and  an  antiferromagnetic 
insulator, MnF2. For  completeness we shall  also 
review the  earlier  results of Friedberg  and  Skalyo 
[ I ]  on C o C I ,  * 6HZ0, a  rather  different kind of 
antiferromagnet. A logarithmic  form of the  specific 
heat is found in all cases,  the  experimental  results 
being  the  most  clear in the  case of MnFr. The 
problem of separating  lattice  and  magnetic  specific 
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heats will be discussed,  and  a  number of other 
hazards will be  described.  The  prospects of even 
more  refined  experiments  are  examined  and found 
to be  encouraging. 

2. Choice of Material and the Lattice 
Subtraction  Problem 

The  heat  capacity of a  typical  magnetic  system 
is  shown in figure 1. The anomaly  at  the  Curie 
point  of EuO [2] (69 O K )  is clearly  displayed on top 
of the  lattice  specific  heat, which is of about  the 
same magnitude.  From  the figure it seems that 
EuS [3] would be  a  better  case  to  study,  but suffi- 
ciently large  single  crystals  are not yet available. 
But  the  choice of material  goes  beyond  the  avail- 
ability of crystals. 

Figure 1 .  The specific heat of EuO and EuS. 

At least for a  start, it is desirable to study  critical 
point phenomena in simple  systems  which  are  char- 
acterized by a  clearly  dominant  strong  interaction. 
In the  case of a  magnetic  system  this  means we 
want  an  exchange  interaction  that is large  compared 
to dipolar  or  crystal field effects.  From  this point 
of  view the  lattice  becomes  an  inevitable  complica- 
tion and we  now discuss briefly what can be done 
about  it. 

Fortunately  the  problem  has  been  investigated in 
detail for the  case of MnF, by Stout  and  Catalano 14.1 
and by Hofman,  Paskin,  Tauer,  and  Weiss [5]. 
Stout  and  Catalano  use  a  corresponding  state  meth- 
od to  deduce  the  lattice  heat  capacity of MnFr from 
that of isomorphous ZnF,. Hofman  et  al.,  use  a 
method of matching two  Debye  entropy  functions 
to the  experimental  entropy of MnF2  at high tem- 
peratures,  having  first  subtracted  an  amount 
R In (2S+ I). That  is,  they find that for two Debye 
temperatures, 8= 220 O K  and 8'= 575 O K .  

SMnF2(T) - R In 6 z S d O / T ) +  ZSdB' /T)  

for temperatures  above - 2 T . y .  This  procedure 
when applied  to ZnF2 gives  a two parameter  Debye 
curve  that fits the  observed  specific  heat to within 
1/2 percent in the  temperature  range 35 to 250 OK. 
The  results  obtained by the two methods  are in 
excellent  agreement. 

It  is  important  to  stress  that  the  apparent  char- 
acter of the  singularity  depends only  weakly  on 
the slope of the  lattice  background;  changing  this 

209-493 0 fii 5 

slope by a  factor of two produces only  faintly  per- 
ceptible  kinks in the  highest 1 AT1 data  presented 
here.  The  apparent  magnitude of the  magnetic 
specific  heat,  that  is,  the value of B ,  is more  directly 
influenced by the  lattice  subtraction, but in view of 
the  extensive work  by the  above  authors it seems 
unlikely that  an  error  larger  than 10 percent is 
introduced in the  MnF2  results by incorrect  lattice 
subtraction. 

In the  case of EuO our  results  are only tentative. 
The  diamagnetic  isomorphs  CaO  and BaO are ex- 
tremely  hygroscopic,  and we have not been  able t o  
make  specific  heat  measurements on reliably  dry 
samples,  nor  can we  find reference to these  measure- 
ments in the  literature.  The  curve  fitting  method of 
Hofman  et  al.,  must  then  be  relied  upon,  and it is 
here we wish  to interject  a word of caution. 

In  order to obtain  the  entropy from the  measured 
specific  heat  the  usual  conversion 

c, .=c,(l-AcJI 

is  required,  where  the  Nernst-Lindeman coefficient 

A=--" P 2  
kpc ;, 

is assumed to be  temperature  independent.  The 
value of this coefficient strongly  affects  the  estimate 
of lattice  background  since  this  estimate is based 
only on high temperature  data.  (Clearly,  accurate 
specific  heat  data  is  also  essential.)  The  choice of 
thetas is strongly  influenced by the  slope of the 
entropy  curve  because  at high temperatures  the 
Debye  functions  are  becoming  independent of the 
thetas.  Since  remarkably  little  expansivity  or 
compressibility  data  exists for compounds it  would 
be  hazardous  to  guess  a value  for A ,  and we believe 
recourse to experiment is necessary. We are 
grateful  to  Professor R. Stevenson of McGill  Univer- 
sity for providing us with compressibility  data  prior 
to  publication.  We  have  obtained  the  expansivity 
from  our  own  x-ray diffraction study [6]. The  ex- 
perimental  value  for A for EuO,  accurate to about 
20 percent, is found to be  7 X l O - 6 .  For  compari- 
son,  the  value for MgO is 1 X lO-6. Tentative  theta 
values of 175 and 560  give  fair fits to the  entropy 
above  150 O K ,  and  the  full  scale  numerical fitting 
program will be  completed  shortly. Again we 
emphasize  that  the  uncertainties in lattice  subtrac- 
tion  have  very  little  effect on the  apparent f o rm of 
the  specific  heat in the  critical  region.  The magni- 
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. .  
tude of the magnetic specific heat is, of course, very 
sensitive to the lattice subtraction, and we refrain 
from quoting a number for this magnitude until a 
detailed numerical analysis has been completed. 

3. Experimental Technique 

We use the standard discontinous heating 
method in these experiments. The sample is sur- 
rounded by a radiation shield t h e  temperature of 
which could be held constant t o  ahout 1 mdvg b y  
referencing a platinum thernlometer against a 
Mueller bridge. Sample and shield are inside a 
vacuum jacket surrounded by double Dewars of 
liquid nitrogen. The temperature of the sample is 
monitored by a thermister of the type used t o  sense 
the level of liquid nitrogen [7]. The thermister 
comprises one arm of a constant amplitude 100 c/s 
resistance bridge stable to 1 part in lo7. The 
overall sensitivity was limited to about 30 X O K  

by Johnson noise of the bridge detector. The 
thermister is calibrated in situ against the platinum 
thermometer on the shield, equilibrium t o  within 
Ti x O K  being accomplished by condensing 
liquid nitrogen into the vacuum chamber. The 
platinum thermometer is calibrated against the 
vapor pressure of the condensed pure nitrogen, and 
the less than ideal arrangement for this part of 
the calibration is the cause of the relatively large 
systematic uncertainties quoted below. The, func- 
tion ZZ$(T) is used for interpolation [SI. Our ap- 
paratus records drift rate and heating interval data 
directly on punched cards, and all the data analysis 
including addendum corrections and lattice suh-  
traction is done in a minute or t w o  of computer time 
P I .  

The importance of single crystal calorimetry is 
indicated in figure 2. The powder results are shown 
as the solid and dashed histograms, the width of 
the horizontal steps being equal t o  the heating in -  
terval. The single crystal results are shown by the 
circles. The rounding of the powder results is 
not a consequence of temperature gradients since 
the calorimeter is fairly small (25 cm"), the monitor- 

.. ing power is only lOpW, the drift rates are on the 
order of 1 mdeg per hour, and the calorimeter re- 
sponse time is about 3 min as compared with an 
overall discontinuous heating rate of 100 mdeg per 
hour. While a similar experiment with the same 
calorimeter loaded with a powder sample, the anti- 
ferromagnet RbMnF:,( T,v= 83 O K ) ,  produced similar 
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results, we believe that this indicates a similarity 
in the rounding of the transition in two different 
powder samples and not the presence of some u n -  
accountable systematic temperature gradient. 

4. Transition Rounding 

While i t  may not be surprising t o  find a smearing 
out of the critical point in  a powder sample, w e  
have t w o  further remarks about transition rounding. 
(We feel that "transition truncation" is an expres- 
sion to be avoidtld.) The first is an inference as t o  
t h e  effect o f  impurities on single crystals. ' I 'hc .  
position of the transition in the E u O  crystal is noticv- 
ahly o n  the low side of the distribution indicated I ) ?  
the powder histogram. This crystal (1.7 g) con- 
tained filamentary inclusions of tantalum metal, 
nmounting t o  as much as 2.0 percent by volume, 
which were observed by microscopic examination 
of the polished surfaces. The rounding of tlle 
transition which is suggested in figure 2 and is dis- 
tressingly evident in figure 3 may well be correlatcd 
with  this impurity. A new method o f  growing crya- 
tals has been found to avoid this problem, and hopt.- 
fully we will have more to say on  this point in t l w  
future. 

The second remark on transition rounding is con- 
cerned with our results on MnFr. These experi- 
ments were performed on two single crystals. Onc 
crystal (0.02 mole, closed circles in fig. 4) of Bell 
Telephone Laboratories origin, was obtained from 
Heller and Benedek and is the same one used by 

. .  
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i ; l i F ~ ~ ~ ~ ~  3. Logarithmic plot of the magnetic specijc heat of 
the EuO crystal. 
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Tihem in their classic NMR experiments [lo]. The 
&ther crystal (0.06 mole, open circles) was "on the  

I j$helf' at our laboratory and is of lost commercial 
,;'pedigree. The character of the singularity is seen 

4 'I in both crystals, but we found a sig- 

difference in Nkel temperatures. The Hel- 
and Benedek crystal had T.V= (67.33 20.01) O K  

agreement with their result, while the IBM 

crystal had T,Y= (67.23 k 0.02) O K .  (The error limits 
represent confidence in the absolute calibration of 
the thermometers in each of the two runs.) The 
difference is well outside experimental error and 
also well outside combined uncertainties in locating 
T.Y. The discovery of such a large difference be- 
tween two high quality crystals is remarkable. The 
transition in both crystals was sharper than our 
experimental resolution of about 10 mdeg K, and 
we are therefore unable to comment on the rounding 
which Heller found to amount to  about 15 mdeg. 
The difference in Niel temperatures between the 
two crystals is not so large as the difference in Curie 
temperatures between the EuO crystal and the 
"best" powder, so that the suggestion made above 
about correlation between rounding and depression 
of the critical point need not be invalidated. 

5. Results for EuO and MnF2 

We turn now to the results themselves. The EuO 
data is shown in figure 3. The rounding is much 
more pronounced on the low side of the transition 
(cf. fig. 6). The Curie temperature was taken as the 
apparent vertical tangent as seen on a linear plot of 
the data on the high temperature side. This tan- 
gent was apparent to an accuracy of 10 or 20 mdeg, 
so that the linearity of the high temperature data is 
not the result of choosing a fortuitous T,. within the 
range of the rounding. The slope of the logarithmic 
divergence for T > Ti. is given in table 1. We recall 
that EuO is a rock salt structure and that the domi- 
nant exchange interaction is between nearest 
neighbor E u  + + ions [ 111. The appropriate coordina- 
tion number is therefore 12. The coefficient A +  
for this crystal of EuO is seen to be noticeably larger 
than that for MnFZ for which the coordination num- 
ber is 8. Such a large difference is not expected 
theoretically: the somewhat disappointing character 
of this data may be, however, license for not taking 
it too seriously. 

The experimental results for MnF. are shown by 
the open and closed circles in figure 4. A loga- 
rithmic form of divergence is clearly indicated over 
about three decades from lo-.' to 10" T.V.  The 
striking resemblance to the configurational specific 
heat density of argon in the same region is shown by 
the closed squares which are taken from Fisher's 
analysis [12J of the results of Voronel' and coworkers 
[13]. Our data covers almost an additional decade 
in (AT/T,Y(  and has a rather better signal-to-noise 
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A -  
A +  
A - / A  + 
B- 
B+ 

EuO 

1. 
1.15 1.1 
(0.5) 0.5 
(2.3) 2.3 

0.82 1.16 0.1 
(- 0.3) - .3 

CoC12.6H201 

(0.27) 
0.27 
(1 .O) 
0.56 

- .015 

ratio than the argon results. The parameters that 
result from fitting the data with a logarithmic diver- 
gence of the form C, /K = A , (  loglo (AT/T.yI + B ,  are 
summarized in table 1. Comparison is made with 
the argon experimental results and with the theo- 
retical estimates for a lattice gas. In reference 12 
the results of various approximations are listed 
along with detailed references to their origins. We 
have tabulated here only rounded values. It is 
clear that while the present experiments reveal the 
character of the singularity, the signal-to-noise ratio 
is not good enough to warrant a discussion of the 
theoretically rather small effects of lattice structure. 

It is important to consider the possibility of a 
stronger than logarithmic singularity, particularly 
on the high temperature side. For purposes of com- 
parison a divergence of the form C+=AIAT/TNI 
with a = 0.1 is plotted as the dashed curve in figure 
4. Deviation of the experimental points from the 
logarithmic straight line, i.e., that for which a = 0, 
is seen to be not inconsistent with a small positive 
a. Notice that shifting TN down by 5 mdeg would 
improve the linear fit for T < T.v but increase the 
upward trend of the points for T > TN. The assign- 
ment of some definite value to (Y would place unjusti- 
fied weight on the noisiest experimental points, 
those closest to TN. We feel that these data can 
only be said to suggest that 0 6 a < 0.1. Subject 
to the physical reservations expressed in sec. 7, 
a much better value of a is not inaccessible to ex- 
periment. Although complicated behavior and/or 
rounding of the transition might be expected in the 
next decade closer to T A ~ ,  improved precision in the 
present range would allow us to set improved limits 
on a. 
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6 .  Results for CoC12-6HzO 

We turn now from our work on three dimensional 
Heisenberg-like systems to the work of Friedberg 
and coworkers on CoClz*6Hz0, which has a transi- 
tion temperature of 2.29 O K .  Since detailed ac- 
count of this work has been published elsewhere 
[ l ,  141 we mention here only the results of specific 
heat measurements, which are shown in figures 5 
and 6 and in table 1. The principal point estab- 
lished is that this salt resembles a two-dimensional 
king antiferromagnet. Now that we have results 
on a three-dimensional antiferromagnet this re- 
semblance becomes all the more impressive. 

CoClz.6Hz0 forms a layer lattice with the spins 
at Co++  arranged in planar tetragonal nets. The 
structure and exchange interactions in CoC12*6H,O 
have been described by Shinoda et al., [15]. The 
C o + +  form a tetragonal net, the plane of which 
also contains the C1-. The exchange interaction in 
the plane is J / k =  2.03 O K  while that between 
planes, which are separated by waters, is found t o  
be J ' lk  = 0.39 O K .  Shinoda et al., obtained these 
results by careful theoretical analysis [16, 171 of 
the high temperature heat capacity tail as measured 
earlier [18]. (They have also analyzed their own 
results for CoClz.2H20 (T,v= 17.20 O K )  and find it  
to be a chain structure; the resolution of their ex- 
perimental results is unfortunately such that they 
can only be said to indicate a logarithmic singu- 
larity.) In addition to the sheet-like structure o f  
CoClz.6Hz0, there are two other reasons to suggest 
its similarity to the Ising model. First, the effec- 
tive spin of the Co++ is S= 1/2 at these tempera- 
tures and the moment is highly anisotropic. Sec- 
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FIGURE 5 .  The specijir hrat of CoC126H20 after Sknlyo and 
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ond, the earlier c p  data [18] reveal a spin entropy 
gain of very nearly (1/2) R log (2s + 1) above the 

' N6el temperature. 

? The critical point specific heat measurements, 
made on large aggregate specimens of single crys- 

' tals, are difficult to interpret due to the fairly severe 
rounding. Ta is chosen in such a way as to produce 
a symmetric logarithmic singularity as is expected 

in two-dimensions 116, 191. The magnitude of the 
logarithmic coefficient is comparable with the values 
calculated for the two-dimensional Ising model, 
and can even be gotten quantitatively by a suitable 
choice of anisotropy. While the data fall on a 
straight line above T . y  for about 1.5 decades, not 
a great deal of confidence may be derived from the 
data below T.v. However, the specific heat results 
are strongly supported by their comparison with 
magnetic susceptibility measurements [ 141. Good 
confirmation of the theoretical relation, [20] C 
=Ad(x l~T) /dT ,  is found for experimental points in  
a range of k O . 1  T , V .  A good case is thus made for 
believing that outside of the complicated, rounded 
region, the actual specimens measured approximate 
rather well the behavior of an ideal crystal. 

7. Lattice Stability 

We have not mentioned in the discussion above 
the problem of lattice stability at the critical point, 
since there was no evidence of its being relevant to 
the experiments reported. Clearly, if the magnetic 
transition is accompanied by a crystallographic 
transition or even a lattice parameter anomaly the 
rigid lattice approximation no longer applies and 
the interpretation of experimental results becomes 
complicated. This problem has been considered 
in three dimensions by Bean and Rodbell [al l  using 
the molecular field approximation, and more re- 
cently Garland and Renard [22] have studied the 
two-dimensional Ising model. It is not surprising 
that in the presence of a strain dependent exchange 
interaction the magnetic transition may become first- 
order unless the lattice is "clamped." Extensive 
experiments [23] on MnAs have demonstrated these 
effects, and Wangsness [24] pointed out the evi- 
dence for structure change in MnO on the basis of 
specific heat data. In the case of MnFz, the c-axis 
undergoes a pronounced anomaly which has been 
carefully studied by Gibbon [25]. It has been 
pointed out [26] that this anomaly could lead to a 
first-order transition, and that, furthermore, the 
existence of this sort of incipient first-order transi- 
tion could complicate the interpretation of a more 
rapid than logarithmic divergence, particularly for 
temperatures very close to T,. 

As an example of what can happen we would like 
to present some results of a perovskite antiferromag- 
net, KMnF:(. The temperature variation of the 
lattice parameters is shown in figure 7.  and the 
specific heat [27] in the same range is shown in 
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figure 8. The instability of this  crystal  is  presum- 
ably due  to a consequence of the low Goldschmit 
tolerance  factor ( t  = 0.94). The situation  may be 
described as follows: the  pseudocubic  unit  cell  is 
made  up of Mn++  on  the  corners  and F- on the 
edges. The size of the cell is  dominated by the 
Mn-F-Mn  bonding,  and  the K +  fits rather loosely 
in its  position  at  the body center.  This  “looseness” 
has  been  invoked  to  explain  the  anomalously low 
thermal  conductivity of KMnF:, [28]. A qualitative 
investigation of the specific  heat of a powder  sample 
near  the Néel temperature is shown in  figure 9. 
It  seems  remarkable  that  the  character of the  nu- 
cleation  on  warming  and  cooling would be so clearly 
displayed in  a powder  sample.  The  much  larger 
lattice  parameter  hysteresis  was  observed in the 
x-ray  study of a tiny  single  crystal.  In  contrast  to 
the x-ray  and  specific  heat  results,  however,  a  care- 
ful  study of the  antiferromagnetic  resonance  near 
T.\- produced  no  evidence of hysteresis  larger  than 
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about 0.05 O K  [29]. Furthermore, no  hysteresis  was 
observed in neutron  scattering  experiments  per- 
formed  under  conditions of even  higher  resolution 
[30]. Perhaps  the  fact  that  there  is  no  anomaly i n  
cell volume  accounts  for  the  apparent  stability o f ‘  
the magnetic. transition. It is tempting  to  identify 
the  lower  specific  heat  peak  with  the  Néel  tempera- 
ture,  but  we  lack  the  absolute  accuracy  necessary 
to  make  such  an  identification positively. 

For EuO, the  hardness of this  material,  especially 
in comparison  with  the  fluorides,  makes  questions 
of stability  less  important.  No  structure  change at 
low temperatures  was  found  using  standard  powder 
x-ray  techniques, [ 6 ]  and Dillon [31] observes cubic. 
anisotropy in ferromagnetic  resonance.  Since  the 
rock  salt  structure  is  stable  for  the whole set of 
europium  chalcogenides  we would hardly  expect  any 
structure  change;  the  hardness  argument should 
therefore  be  adequate  assurance  that  first-order 
effects will be small. 

8. Conclusion 

We have  shown  that  an  antiferromagnet  makes a 
good gas-perhaps  even  better  than  argon. 4 
logarithmic  divergence of the specific  heat is clearly 
found  on  both  sides of the Néel temperature of 
MnF2, while the possibility of a  more  rapid  diver- 
gence  on  the  high  temperature  side  cannot be e x -  
cluded. The specific  heat of the ferromagnetic, 
insulator EuO, though  rounded  from below. shows 
logarithmic: divergence  on the  high  side of the Curie 
temperature.  We  have  reviewed  the work of Fried- 
berg  and  collaborators  on CoCI2.6H2O which  makes 

a convincing  case  for  the  resemblance of the  mag- 
netic  ordering of this  crystal t o  the  two-dimensional 
Ising  model of antiferromagnetism.  The  experi- 
mental  results  reported  are  thus in substantial 
agreement with existing  theory. 

It  is  worthwhile to comment briefly on  what  is 
yet  to he done  experimentally  on  the  specific  heat 
of magnetic. systems in the  critical  region.  Clearly 
better  results  should  be  obtained  on EuO because of 
the  ideal  nature of this  material:  these  results  should 
also be extended  to  include  finite  applied fields. A 
ferromagnetic  metal  should be studied.  Nickel 
would be a good case  because of the  amount  already 
known  about  it,  but  because  the difficulties of spe- 
cific heat  measurements  above  about 20 O K  increase 
with  at  least  the  third  power of temperature. a more 
likely candidate  may  be  found  among  the  rare  earth 
metals. As for  antiferromagnets. MnF, should  be 
measured  more  accurately  and  better  limits  put  on 
a. Another  ideal  antiferromagnet  is  available  for 
study, RbMnF:,. This  perovskite  structure  remains 
simple  cubic  at low temperatures so that it is un- 
likely that  lattice  stability will be a  problem.  Good 
results  for  this  system will give some  insight  into 
the  problem of coordination number  as well as  con- 
tribute  to  the  general validity of the  experimental 
conclusions. 

We are grateful  for  the  stimulating  and  enlighten- 
ing  discussion  with P. Heller, G. Benedek, M. 
Fisher, T. Yamamoto,  and R. Nathans. The expert 
preparation of material by M. Shafer  and C. Guerci 
have  made it possible  to  study EuO. The en- 
couragement of J .  s. Smart  and  the collaboration 
of V. L. Moruzzi are  greatly  appreciated. The 
technical  assistance of J.  S. Leddy  has  made  it 
possible  to  concentrate  on  these  experiments,  and 
the  programming  talents of Miss E. Bergonzi have 
been  indispensible. 
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