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Atomic  nuclei with magnetic  moments  can  serve 
to  probe  the  local fields  within magnetic  materials. 
By studying  the  nuclear  resonance  frequency  and 
line  width in the  critical  temperature  region  near  the 
magnetic  transition,  it is possible to obtain  precise 
and  detailed  information [I, 21 on the  establishment 
of magnetic  order.  Here we shall  be  concerned 
with the effect of the  critical  fluctuations on the 
NMR line  width:  associated with the  approach to 
the  critical  temperature Tr the  nuclear  resonance 
lines in ferro-  and  antiferromagnets  exhibit  a  remark- 
ably  rapid  broadening. A very detailed  study of 
this  effect has  been  made  for  the  case of the  antifer- 
romagnet MnF2. (Tr=67.336 O K ,  also  denoted by 
T.V). These  experiments  shed  light on the-behavior 
of the  electron  spin  correlation  functions in the 
critical  region.  In  this  account we show  that  the 
experimental  data implies  a  “slowing  down” of the 
spin  fluctuations in the  critical  region. A simple 
physical  model for the  time  dependence of the  corre- 
lation  functions will then  be  presented.  This  model 
yields a  theory  which is  in satisfactory  accord with 
the  observed  broadening of the FI9 resonance in 
MnF2 as T approaches T, from  above. 

The line  width  anomaly  at the  critical point 
for the F19 resonance in MnF2 is shown in  figure 1. 
We  shall  be  largely  concerned with the  situa- 
tion  in the  paramagnetic  state T > T,. The  de- 
tailed  behavior of the  line  width in the region 
T,+ 0.006 O K  < T < TC+ 10 O K  is  shown by the 
experimental  points in  figure 2. (The  drawn  lines 
correspond to the  theory to be  outlined below.) 
The  line- width is  anisotropic with I respect  to the 
direction of the  externally  applied  d-c field Ho. 
For Ho along c (the  antiferromagnetic  axis),  the 
line  broadens by about  a  factor of ten  as T,. is 
approached.  In  the region of severe  broadening, 
the  ratio of the  line width  for HI) along the c-axis 
to the line  width  for HI) along the a-axis  is  very 
nearly 2 to 1. 

6v,/6v,=2. (1) 
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One  observation,  made  at 200 mdeg  above T, 
showed  that  the  line  width  increases monotonically 
as Ho is  turned  from  the a to the c direction. A 

:, 77 O K ,  where  the  line is  relatively  narrow,  the  line 
width is essentially  isotropic. 

We  would  like t o  understand  these  results.  One 
possible  mechanism for the  line width broadening 
will  now be stated  and  then shown  to be  incompat- 
ible with the  experimental  facts.  Suppose  that  as 
T, was neared,  the  electron  spins in the  sample 
became  permanently  ordered to a  degree which 
varied  from one region t o  another.  This would 
result in a  variation AH in the  time  average  local 
field seen by different  nuclei.  We  assume  the  direc- 
tion of antiferromagnetic  spin  alinement within each 
region  to be  along  the  c-axis,  the  direction of anti- 
ferromagnetic  alinement below T p  The  direction 
of AH will then  also be  along r .  The  nuclear  reso- 
nance would then  be  inhomogeneously  broadened. 
This  broadening would be  severe if the  applied field 
HII were  colinear with AH. On the  other  hand, if 
Ho were  perpendicular to AH, the  observed  broad- 
ening would be of the  second  order in IAHI. A 
simple  calculation  shows  that if this  were  the 
mechanism  responsible for the  line  width,  the  aniso- 
tropy factor 6vr/iSvrl would be  very much  greater  than 
2, in contradiction with the  experimental  results. 

The line  width  is therefore to  be attributed  to 
fluctuations in the local  hyperfine  fields  seen by 
the  nuclei; it can  then  be  related to the  electron 
spin  correlation  functions in a way that may be 
expressed  quantitatively  as follows. If the  inter- 
action between  a  nucleus  and  an  electron  spin  has 
the  form R= AI .S,  where A is the  hyperfine cou- 
pling constant,  and if z is the  direction of the 
average  local field at  the  nucleus  and  furthermore 
if the  correlation  time  for  the  spin  fluctuations is 
short  compared with the  nuclear  Larmor  frequency, 
then [3 ,  41 

8 ~ = ~ ( $ ’ L ~ d t  [< {6SZ(t)8S,(0)} > 
7Tv5 

+- 1 < {ss,(t)ss,(o)} > +?  1 < {ss,(t)ss!ml > ] e  ( 3 )  
2 

Here 6S(t)=S(t)  - < S > denotes  the  departure of 
the  spin  from  its  thermal  average value and { A B }  = 
*(AB + BA).  

We now show  that in order to  explain  the  line 
width  anomaly  within  the  framework of the  for- 
mula (3) ,  it must be  assumed  that  the  time  depend- 

ence of the  spin  correlation  functions  becomes 
“slow” near T,.. Let 

where p =  1 ,  2 ,  3 denotes  a  Cartesian  component, 
and  define  correlation  times T~ by writing 

The  experimental  line width  was found to be  iso- 
tropic  above T,+ 10 O K .  We  then  surmise  that in 
this  temperature  range  the  spin  fluctuations  are 
isotropic  and T . ~  = T , ~  = 7, = T .  If the  correlation 
times  were  constant  as T +  Tr we would have 

From  this it may be  seen  that  the  temperature  de- 
pendence of the  time  independent  correlations 
< (6S,)’ > cannot  be  responsible for the tenfold 
increase in  line  width observed  as T +  T,. The 
correlation  times  evidently  increase in the  critical 
region. 

The  observed  line  width  anisotropy is now inter- 
preted  as follows.  Denoting the  crystal  axes by 
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c ,  a,  and a’, the  line  widths for the  average  local 
field  along c and (1 are given respectively by 

A theory of the  electron  spin  correlation  functions 
in the  critical region was given by Moriya [5]. 
The  physical  content of the  theory may be  expressed 
in the following terms.  Just  above T, there  exists 
a  short  range  antiferromagnetic  correlation  between 
the  spins. Roughly speaking,  the  spin  arrangement 
at  any  instant of time  consists of clusters of anti- 
ferromagnetically  alined  spins.  The  time  average 
value of the  spin  at  any  site is zero,  however,  and 
so these  clusters  are  constantly  forming,  dissolving 
and  reforming.  The  average  size and lifetime of 
the  clusters  increases  as T+ T,.. This  latter 
point, which corresponds to a “slowing” of the 
spin  fluctuations is  an essential  part of the theory. 
The  direction of antiferromagnetic  alinement within 
the  clusters is  mainly  along the  c-axis;  this is re- 
sponsible for the  inequality (5) and  the  consequent 
line  width  anisotropy. 

On the  basis of this  picture  it is clear  that we 
should  rewrite  eq (3) in terms of the  Fourier  trans- 
form spin  deviations 6Sk(t). These  are defined in 
terms of the ionic spin  deviations 6Sj(t) as follows 

The theory  is  greatly  simplified if we assume  that 
the  correlation  functions for the  Fourier  transformed 
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when  the  average  local field  is  along the  c-axis. 
If the  average  local field is  along  the  a-axis  on(. 
interchanges c and a. 

The tenfold  increase in the  line width that is 
observed to occur  as T+  T,. from  above  can 
now be  understood  as  follows. As T+ T,.. 
the  quantities < ISSk,(0)1* > become very  large 
while the  corresponding  decay  rates T,(k) become 
very small for  wave vectors k near  the  antiferro- 
magnetic  made ko. This  corresponds to the  physi- 
cal  picture of increased  correlation  range  and 
cluster  lifetime  near Tr- 

To  make  a  quantitative  theory of these  effects 
we thus  need  to know the temperature  dependence 
of  both  the  quantities < 16Sk,I2 > and T,(k).  In  
his theory, Moriya used  the  fluctuation-dissipation 
theorem to relate < 16Sk, )2  > to the wavelength 
dependent  d-c  susceptibilities.  The  relation is 

where k~ is the  Boltzman  constant, pB the Bohr 
magneton,  and g = 2 .  The susceptibilities x,(k)  
can  be  calculated on a  molecular field  model. The 
results  are given  by  Moriya [5]. 

To  calculate  the  decay  rates T,(k), Moriya em- 
ployed a  technique  developed by Mori and  Kawa- 
saki [6] for describing  spin diffusion  in ferromagnets. 
Here,  however, we  shall  employ  a  very  simple 
physical  model.  According  to this view [7], the 
decay of a  staggered  spin  configuration is inhibited 
by the  staggered  molecular field generated by that 
configuration,  an  effect  which  leads  to  a  particu- 
larly  slow  decay  near T,. On  this  model the decay 
rates  are  related  to the wavelength  dependent  d-c 

is the  Curie  susceptibility. 
The motivation  behind  eq (10) is as follows. 

Imagine  that  at  some  temperature T > T, we arti- 
ficially produced  a  “staggered  magnetization” M ,  
by applying  a  staggered field H,s. If H,y is turned 
off, M ,  eventually  relaxes to  zero. Consider  the 
situation  at  the  instant  that H ,  is  turned off. Ac- 
cording  to the viewpoint of the  Weiss  theory,  where 
the  coupling  between  the  spins is replaced by an 
effective  field,  the  spins would  find themselves 
in a  staggered  “molecular field.” We  suppose  this 
field  to be  strong  enough  to  produce  a  staggered 
magnetization M,* at  equilibrium.  Evidently 
M $  =f(T)MS wheref(T) is a  fraction which becomes 
equal  to  unity  at T,, that  being  the  temperature  at 
which the magnetization  becomes  self-sustaining. 
As a  model  to  describe  the  decay of the  staggered 
magnetization we  now write  the following  differ- 
ential  equation 

The  same  argument may be  applied  to  relate  the 
relaxation of spin  arrangements of arbitrary  wave- 
length to the  corresponding  susceptibilities. We 
thus  obtain  eq (10). In  applying  this  relation  to  a 
calculation of the  time  dependence of the  correla- L 

tion functions, we are  assuming  that  the  time  decay 
in the kth Fourier  component of the  magnetization 
which occurs  as  a  result of spontaneous  fluctuations 
is  similar  to  that  which  characterizes  the  return to 
equilibrium following  an  artificially produced  non- 
equilibrium  state. 

The line  width  may now be expressed  in  terms 
of the  wavelength  dependent  susceptibilities  and 
the  parameter A .  Using (9), (lo), and (11) in (8) we 
find 

Now let  us  calculate  the  staggered  magnetization 
M3 produced  at  equilibrium by a  staggered field H,. 
In  the  absence of the  molecular field we would have 
M3= Hsxcurie where xCurie is  given by (11). In  the 
presence of the  molecular field 

where x l ~ ( k )  and x,(k) denote  the  components ot 
the wavelength  dependent  susceptibilities  respec- 
tively  parallel  and  perpendicular  to  the  c-axis. 

The  discussion so far  has  assumed  that  each 
fluorine  nucleus is coupled  to  a  single  manganese 
spin.  In  actual  fact,  there  are  three  spins to  which 
the  coupling is important [8] .  We  denote  these 
by S, S’, and S”, their  positions in the  lattice by 
r ,   r ’ ,  and r“ and  the  corresponding  hyperfine  cou- 
pling tensors by A, A‘ and A”. We  then  replace  the 
coupling A 1 . S  in the  preceding  discussion by the 
coupling I . ( A . S +  A‘eS‘ +Arr*!?’). The line width 
formulae (14) then  become  revised in a way which 
can  be  expressed  compactly  as follows. For  each 
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Since  the  modes k g ko make  the  most  significant 
contribution  near T,, we can  replace A(k)  by A(ko). 
The  numerical  values of the  tensor  components  can 
be  obtained  from  the  electron  spin  resonance 
experiments [8] on  Mn++  in ZnFz and  may  be  ex- 
pressed  as follows 

where S = 512. 
To  obtain  line  width  formulae  which  are  asymp- 

totically correct as T +  T,., it will be sufficient  to 
express  the  wavelength  dependent  susceptibilities 
~ ( k )  in a  form valid near  the  antiferromagnetic  mode 
ko. Letting k=ko+ q where IqI 4 ko, the  molecular 
field approximation yields the following results 
above T,: 

where delta anis. = 0.02 is roughly the  ratio of the dipolar 
anisotropy  energy  to  the  exchange  energy. Note 
that Xl(ko) does not diverge at T,., while xII(ko) docs. 

Using  (17), (18),  and (19) in  (16), the  temperature 
dependence of the  line  widths  is  found  to be 
asymptotically 

The fit is shown in figure  2, the solid lines corre- 
sponding  to eq (20). Some  deviation in the fit is 
apparent  above T,.+ 1 O K .  This  is  attributable to I 
the  use of the  approximate  expression  (18)  and (19) t 
and  the  replacement of A(k) by A(ko) in  (16). Both , 

approximations  tend  to  underestimate  the  line 
width  at temperatures  where  contributions from 
modes k not very  close to ko become  important. 

A more  serious  defect in the  theory  occurs in l 

the  immediate vicinity of T,. where eq  (20)  predicts \ 
divergent  line  widths  proportional  to t i - l ’z .  This I 

contrasts to the  constant  experimental  values re- 
ported in eq (2). The infinity in the  theory  arises 
from  the  divergence  at T,. of the  staggered  suscepti- 
bility X I I ( X - ( ) ,  T ) .  We now suggest  that in  reality 1 
this  quantity  does not become  infinite at T,., but is 
merely very large  over  some  narrow  range of tem- I 
peratures  centered  on T,.. I n  other  words we sug- 
gest  that  the  critical point is n o t  perfectly sharp 

there  being a distribution of‘ critical  temperatures 
of width 8T,.. Such  a  situation might well arise 
when o n  account o f  crystalline  strains, different 
parts of the  sample  have  different  Curie  points. 
We do not  wish t o  assert  that this is really the 
Source of the  broadening,  however. I n  any case, 
a distribution of Curie  points  should  lead t o  t w o  
other  experimentally  observable  effects  near T,.: 

(1) There  should  be a coexistence region in which 
nuclear  resonances  corresponding t o  both the  para- 
magnetic  and  antiferromagnetic  phases  are  simul- 
taneously  observable. 

(2) The NMR lines  observed in the  antiferro- 
magnetic state T < T,. should  be  inhomogeneously 
broadened.  The  line  width  should be maximum 
when the  average local field is along c and mini- 
mum when  along a. Furthermore,  the  anisotropy 
factor 6v,,,/6vmin should be greater  than  the  2:l 
ratio  associated w i t h  line  broadening by fluctuating 
fields. 

Both of these  effects  were  observed  and  both 
were  consistent w i t h  a Curie point distribution of 
width 

6T,. G 17  millidegrees.  (22) 

We n o w  show  that  such  a  distribution would 
result  in  a  finite  observed  line  width  at the  (aver- 
age) Curie point T,., and we calculate  this  width. 
At that  temperature,  the  observed  line  correspond- 
ing  to the  paramagnetic  phase will be  due t o  those 
members of the distribution - which have  Curie 
points Tp - somewhat below T,.. The  larger the dif- 
ference T,. - T,., the  narrower  and  hence  the  stronger 
will be t h e  contributed NMR line.  Roughly speak- 
ing, the  observed line should  then  be  due t o  those 
members of the  distribution  for  which F,.-  T,. 
G 46T,.. The  observed line  width should  then 
be  given by (20) by inserting  the  value 

just  calculated.  ’l‘hus  the  divergent  theoretical 
formulae, when modified for the experimentally 
observed  Curie point distribution, yield a good 
account of the line width broadening  above T,.. 

Let us see whether  our  model eq (10) for  the 
relaxation  rates is still valid well above t h e  critical 
point.  For T * T,., x(X-)= XCurie and  hence I’(k)= A 
for  all X-. Then  the  decay  rate for the single-ion 
correlation  functions is also A. This  enables us  
to  compute A from  the FI9 line  width observed  at 
high temperatures 191, 

Comparing  this with the  result  (21)  deduced  from 
the  critical  fluctuations,  we  see  that  the  model 
eq (10)  gives a satisfactory  picture of the line  width 
behavior  above T,.. 

We now turn briefly t o  t h e  situation below Tc,  
where  the  line  width  data  is  shown by the  experi- 
mental  points  in  figure 3. In  the  antiferromagnetic 
state,  the  average  local field at the nucleus Hnccl 
is  the  resultant of the  applied field and  the field 
produced  at t h e  nucleus by the  antiferromag- 
netically  ordered Mn++ spins: 

Hnccl Ho + Hmn+++ 
Most of the  observations  were  made with Ho and 
hence Hs,.c.l, along c .  Some  observations  were 
made with Ho so oriented that H,,,,.,, was  along ( I .  

in agreement with the  experimental values reported 
in eq 2. ‘The theoretical  line  width  curves in 
figure 2 have  been  “leveled o f f ’  at  the  values  (23) 



When  this  condition was  satisfied  the NMR lines 
were  quite  narrow.  This is because  the  inho- 
mogeneous field AH arising  from  the  distribution 
of Curie  points  is  along c; only a  second  order  broad- 
ening  results with H N U C I ,  perpendicular to AH. 

An upper  bound on the  second  order  inhomoge- 
neous  broadening for H N U C L  along ( L  was  calculated 
by postulating  that  all of the  observed  broadening 
for H N U C L  along c was  inhomogeneous. This  upper 
bound  was  considerably  smaller  than  the  line 
width Sv, observed  for HNUcl, along a. We conclude 
that  the Sv, line  widths  shown in  figure 3 do not 
reflect the  inhomogeneous  broadening.  They  are 
due  presumably to fluctuations. 

It  was  possible  roughly  to  correct  the  data  for 
H N U C I ,  along c for the  inhomogeneous  broadening. 
This  was  done in  two ways as  follows: 

(1) The  corrected value of Svr was  set  equal  to 
twice Sv, at  those  temperatures  where  the Sv,, 
data was  available. 

(2) Assuming  that  the Sv, line  widths  observed 
just below T, were  entirely  inhomogeneous,  the 
width of the  Curie point distribution  was  found  to 
be  about 17 mdeg. Then  the  inhomogeneous  part 
of the  broadening was calculated  as  a  function of 
temperature  and  “subtracted off’ from the  observed 
line  width. 

The  estimated line  width  for H N U C L  along c ,  cor- 
rected for the  inhomogeneous  broadening  is  shown 
as  a  function of I T, - TI in figure 4, together with 
the  actual Sv, line  widths for T > T,. Note  that 
the  corrected  line width is continuous  at T,. 

The  theory  described  above,  which  gave  a  satis- 
factory  account of the behavior  above T,, can  be 
used to calculate  the  line  widths  for T < T,. Using 
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the  molecular field model  to  calculate  the wave- I 

length  dependent  susceptibilities,  the  theoretically 
calculated  line  width  is  found  to  fall off much more : 
rapidly  with  decreasing  temperature  than  the ex- 
perimentally  observed  width.  This  discrepancy is ~ 

illustrated in  figure 3, where  the  theoretical  line 
width  for HNuc.1, along a is compared with the  data. 
At present,  therefore, we do not understand  the 
line  width behavior below T,. 

I 
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Discussion 

G .  S .  Rushbrooke: May I ask Dr.  Domb how summing  over  further 
graphs  besides  ring  graphs  differs  fundamentally  from  applying 
say  the  Percus-Yevick  equation  to  the  Ising  model,  which  one 
knows is not very  good? 

C. Domb: The approximation  which I propose  attempts to find 
an  asymptotic  representation of polygons and  other  graphs on 
the  lattice.  In  terms of Mayer  theory it corresponds  to  summing 
all cluster  integrals  which  can  be  formed  using  all  the  bonds 
of these  configurations  on  the  lattice.  Thus  even  in  lowest  ordrr 
when it is  concerned  only  with  polygons it still  takes  into  account 
a  much  more  complex  set of integrals  than  those of simple ring 

eralization  to  infinity of the ring  approximation of Rushbrooke  and 
type.  In  this  respect  the lowest  order  approximation  is  the  gen- 

Scoins. It seems to me  that  approximations  like  those of  
Percus-Yevick  are  derived by summing Mayer ring  integrals, 
and  make no  serious  attempt  to  estimate  asymptotically  the 
number of polygons  on the  lattice  and  the  corresponding  excluded 
volume effect.. 

M .  E.  Fisher: I would like to make  a  comment  on  the  point  that 
Dr. Rushbrooke  raised. It is in the  spirit of the  Van  der  Waals 
equation to take  into  account  the  short  range  repulsion  exactly. 
The  short  range  repulsion  with  excluded  volume  effects is also  a 
difficult  problem,  but  the  point is that it is  possible  to  split  the 
problem  this way. This  approach  using  the  data  from  lattice 
models  represents i t ,  one  hopes, in a  better way. 

C. N .  Yang: Dr.  Domb  said  he  believed  that  for  some three 
dimensional  lattice  models  the  specific  heat  singularities below 

the  critical  temperature  are  logarithmic.  What  is  the  constant  in 
front of the  logarithm? 

C. Domb: Unfortunately, I have  not got the  figures  at  this  mo- 
ment,  but I can  easily  provide  them  at  a  later  stage. 

B.  R .  Livesay presented  measurements of the  magnetization of 
thin  nickel  films  near  the  Curie  temperature [I] .  

1. C. Eisenstein: I would  like to  report  some  measurements  on 
NdC13, which  have  been  carried  out  by  Hudson  and  Mangum 
here  at  the  National  Bureau of Standards [2]. This  substance 

sharp  spikes in its  susceptibility  at  approximately 1.0 and 1.7 
has  highly  anomalous  magnetic  properties.  It  has  two  extremely 

O K .  With  regard  to  the  dependence of the  susceptibility  on  the 
temperature in the vicinity of the 1.7 “K peak,  we  found  that 
the  coefficients y and y’ are  approximately  the  same. How- 
ever,  they  are not 1.3, but  approximately 0.69. Also the  sus- 
ceptibility of  CeC13 was measured [3]. It  was  found  that  the 
susceptibility of this  substance  has  a  very  sharp  spike  at 0.345 
‘K. We  think CeC13 has  a  second  susceptibility  peak  at  a  lower 
temperature.  but  it  has  not  been  located  yet.  For CeCI3 the 
value of y on  the high side of the  transition is about 0.61. The 
measurements  on  NdCL  extended  from  about 5 to 55 mdeg  on 
either  side of the  transition.  For CeCI:, the  range  was 10 t o  
100 mdeg. 

E.  Callen: There  exists  some  theoretical  analysis of the  Heisen- 
berg  Hamiltonian. If one  looks  for  the  asymptotic  behavior, 

@ = ‘ / 2 .  That is in 
any  cluster  theory  or  Green’s  function  theories  give  the  value 

M=D(l -  T/T# ( 1 )  

the  behavior of M asymptotically at T = T ,  is  given by p=Vz. 
On  the  other  hand,  however, if one is content  with  some sort 
of a  numerical  procedure, it turns  out  that  many  results  are  al- 
ready  given  by  simple  models.  In  particular, if one  carries  out 

one considers dM/dT as  a  function of p and takes  the value of 
the variational procedure as  described by Dr. Livesay, in  which 

@ which  gives  the  best fit to  the  magnetization  curve,  the  Green’s 
function  theories  give p = %  for  a  broad  temperature  range. 
Also the  cluster  theory  including  nearest-neighbor  and  next- 
nearest-neighbor  interaction  leads to the l/3 power [4]. Further- 

from  experimental  data  without  using  any  adjustable  parameter, 
more,  by  taking  the  nearest  and  next-nearest  exchange  constant 

D in (1)  within 2 percent.  Although  these  theories  are not cor- 
the  cluster  theory  predicts  the  observed  value of the coefficient 

rect  asymptotically  at T=T, ,  numerically  one  obtains  rather 
good results  from  the  present  existing  theory  away  from T,. 
Perhaps only  higher  and  higher  sophistication will extend  this 
range of validity  to temperatures  closer  and  closer  to T,.. 

H .  B .  Callen: 1 would  like  to  amplify  that.  There  has  been  a 
‘great  deal of discussion, it seems to me,  about  rigorous  theories. 

other  phenomenological  theories  have  historically  turned o u t  
Nevertheless,  the  molecular field theory,  the  cluster  theory  and 

to be  very  convenient.  These  theories  to my mind  have not 
been  considered  sufficiently  in  the  discussion so far. As my 
brother  just.  observed,  they  are in  fact  considerably  more  suc- 
cessful  than  they  have  been  given.  credit for. 1 would  like  to 
review  very  rapidly some of the  successes  these  theories  have 
had,  choosing  specifically  a  form of Green’s  function  theory. 

If one  asks  for  the  equation of motion of a  spinwave,  one  has 
to  take  into  account  the  interaction  between  two  spinwaves. 
This  interaction is described by the  appearance  of’ S, in the 

following  two  forms [5]: 
Hamiltonian [5]. Now one  can  represent S, in either of the 

s,=s-s-s+ (2) 

or 

s, = ‘/z(S+S- - s-S’) (3) 

As  the  averages  are  calculated by  some  kind of approximation 
the  two  methods  do not lead  to  the  same  result.  However it is 
possible  to  make  a  guess  as  to  which of the  two  methods is better 

One  therefore  introduces  a  parameter  and says  that  the  total 
at low temperature  and which  one  better  at high temperature. 

S, is a  linear  combination of (2) and (3). the  ratio  being (I/&) 
(SJS)’. This  has  been  investigated  for  various  values of the 
exponent x .  At first  we [5] had  carried out the  method  for 
x =  1 but  at  the  meeting  in  Kansas  City  in  March 1%5 Copeland 
and  Gersch  indicated  that  they  had  investigated  the  method  for 
general z, and  that  for x = 3  the  theory  leads  to  excellent  results 
[6J. For the  shape of the  critical  isotherm,  Copeland  and  Gersch 
reported 6 ~ 4 . 2 2 ,  whereas  various  experiments  that  have  been 
reported  here  give S=4.2?0.2. For the coefficient of the sus- 
ceptibility  above  the  Curie  temperature  they  reported y = Y 3  
quite  accurately. As my brother  told  you,  all  Green’s  functlon 
theories  give p = I / 3 ,  but  only  at  some  distance  below  the  Curie 
temperature  (much  further below  than  Dr.  Benedek  found). 
In  fact,  one  finds  that  the  value of beta changes  from V2 close  to 

critical  temperature. Incidentally  this is very reminiscent of 
the  Curie  temperature to p=V3 some distance away  from  the 

the  data in He3 that Dr. Sherman  presented,  where  they  found 
experimentally  a  narrow  region  where  the  coexistence  curve 
follows  a  %-power  law  going  over  into  a  ‘/s-power  law  beyond 
this  region.  Finally, I remind you that  the  coefficient D in ( 1 )  
is correctly  predicted to within 2 percent. 
Anonymous: How is the  value 3 chosen  for  the  exponent x? 

M .  E .  Fisher: By comparison  with  experiment? 

H .  B .  Callen: Copeland  and  Gersch  find  the  magnetization to 
be  double  valued if one  takes x in the  range 1 < x  < 3. The 
selection ofx=3 .  rather  than x > 3. is  on  the  ad-hoc  basis of the 
results  cited. 

G .  E .  Uhlenbeck: I would  like  to make  a comment with  regard 
t o  the  remarks of Dr. Callen. I am not in  favor of saying  that 
the  theories you mentioned  have not led  to  interesting  results. 
However, I do not  think i t  is right to treat  them  on  the  same  level 
as  the  classical  theory.  The  classical  theory.  corresponds  to  a 
definite  model  namely  long  range  forces,  while  the  theories you 
mentioned  contain  what I would  call  uncontrolled  approximations. 

H .  B .  Callen: At the  risk of a  rebuttal  which  may  call  forth  an- 
other  rebuttal, I remark  that  the  molecular field theory  only 
became  an  exact  model  many  years  after it was  phenomenolog- 
ical.  That is, the  model  for  which i t  is exact  was not discovered 
until  long  after  the  theory  has  been  presented. I imagine  that 
for  any so called  phenomenological  model,  one  can  find, if one  is 
clever  enough,  some  obscure  model  for  which i t  is a  rigorous 
solution.  In  the  case of  the  molecular field solution  one  contrives 

other  spin. It seems to me  to b e  a  technicality  to  call  that  a 
a  model  in  which  every  spin  interacts  equally  strongly  with  every 

physical  model,  and  to  make a distinction  between  that  theory 
and  other  phenomenological  theories. 

L.  Tisza: The  internal field  theories  can  be  discussed  from  two 
points of view and  these  are not in conflict if properly  distin- 
guished.  We  may  search  for  models or types of interactions 
for  which  such  a  theory is more  or  less  adequate, or else,  we  may 
consider  the  method  as  an  approximation  to.the  real  state of 
matters  and  observe its point of breakdown. I wish to  make 
a  remark  from  the  second  point of view. It is possible  to  for- 
mulate  the  statistical  thermodynamics of equilibrium in a  fashion 
that  a  finite  system  appears  to  be  coupled  with its infinite  en- 
vironment. The  system is specified  by  additive  random  vari- 

environment  as  parameters.  The  theory is still  valid  for  small 
ables  the  distribution of which  contains  the  intensities of the 

Jacobian  vanishes [7]. This  argument  justifies  the  use of an 
systems,  but it fails  for  critical  points  where  an  important 

internal field as  the  intensity of the  environment of a  small 
open  system,  independently  whether  the  interaction  is of short 
or long  range.  However,  the  theory  fails  near  the  critical  point 
and  here  more  incisive  methods  have  to  take  over. 
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