
When  this  condition was  satisfied  the NMR lines 
were  quite  narrow.  This is because  the  inho- 
mogeneous field AH arising  from  the  distribution 
of Curie  points  is  along c; only a  second  order  broad- 
ening  results with H N U C I ,  perpendicular to AH. 

An upper  bound on the  second  order  inhomoge- 
neous  broadening for H N U C L  along ( L  was  calculated 
by postulating  that  all of the  observed  broadening 
for H N U C L  along c was  inhomogeneous. This  upper 
bound  was  considerably  smaller  than  the  line 
width Sv, observed  for HNUcl, along a. We conclude 
that  the Sv, line  widths  shown in  figure 3 do not 
reflect the  inhomogeneous  broadening.  They  are 
due  presumably to fluctuations. 

It  was  possible  roughly  to  correct  the  data  for 
H N U C I ,  along c for the  inhomogeneous  broadening. 
This  was  done in  two ways as  follows: 

(1) The  corrected value of Svr was  set  equal  to 
twice Sv, at  those  temperatures  where  the Sv,, 
data was  available. 

(2) Assuming  that  the Sv, line  widths  observed 
just below T, were  entirely  inhomogeneous,  the 
width of the  Curie point distribution  was  found  to 
be  about 17 mdeg. Then  the  inhomogeneous  part 
of the  broadening was calculated  as  a  function of 
temperature  and  “subtracted off’ from the  observed 
line  width. 

The  estimated line  width  for H N U C L  along c ,  cor- 
rected for the  inhomogeneous  broadening  is  shown 
as  a  function of I T, - TI in figure 4, together with 
the  actual Sv, line  widths for T > T,. Note  that 
the  corrected  line width is continuous  at T,. 

The  theory  described  above,  which  gave  a  satis- 
factory  account of the behavior  above T,, can  be 
used to calculate  the  line  widths  for T < T,. Using 
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the  molecular field model  to  calculate  the wave- I 

length  dependent  susceptibilities,  the  theoretically 
calculated  line  width  is  found  to  fall off much more : 
rapidly  with  decreasing  temperature  than  the ex- 
perimentally  observed  width.  This  discrepancy is ~ 

illustrated in  figure 3, where  the  theoretical  line 
width  for HNuc.1, along a is compared with the  data. 
At present,  therefore, we do not understand  the 
line  width behavior below T,. 

I 
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Discussion 

G .  S .  Rushbrooke: May I ask Dr.  Domb how summing  over  further 
graphs  besides  ring  graphs  differs  fundamentally  from  applying 
say  the  Percus-Yevick  equation  to  the  Ising  model,  which  one 
knows is not very  good? 

C. Domb: The approximation  which I propose  attempts to find 
an  asymptotic  representation of polygons and  other  graphs on 
the  lattice.  In  terms of Mayer  theory it corresponds  to  summing 
all cluster  integrals  which  can  be  formed  using  all  the  bonds 
of these  configurations  on  the  lattice.  Thus  even  in  lowest  ordrr 
when it is  concerned  only  with  polygons it still  takes  into  account 
a  much  more  complex  set of integrals  than  those of simple ring 

eralization  to  infinity of the ring  approximation of Rushbrooke  and 
type.  In  this  respect  the lowest  order  approximation  is  the  gen- 

Scoins. It seems to me  that  approximations  like  those of  
Percus-Yevick  are  derived by summing Mayer ring  integrals, 
and  make no  serious  attempt  to  estimate  asymptotically  the 
number of polygons  on the  lattice  and  the  corresponding  excluded 
volume effect.. 

M .  E.  Fisher: I would like to make  a  comment  on  the  point  that 
Dr. Rushbrooke  raised. It is in the  spirit of the  Van  der  Waals 
equation to take  into  account  the  short  range  repulsion  exactly. 
The  short  range  repulsion  with  excluded  volume  effects is also  a 
difficult  problem,  but  the  point is that it is  possible  to  split  the 
problem  this way. This  approach  using  the  data  from  lattice 
models  represents i t ,  one  hopes, in a  better way. 

C. N .  Yang: Dr.  Domb  said  he  believed  that  for  some three 
dimensional  lattice  models  the  specific  heat  singularities below 

the  critical  temperature  are  logarithmic.  What  is  the  constant  in 
front of the  logarithm? 

C. Domb: Unfortunately, I have  not got the  figures  at  this  mo- 
ment,  but I can  easily  provide  them  at  a  later  stage. 

B.  R .  Livesay presented  measurements of the  magnetization of 
thin  nickel  films  near  the  Curie  temperature [I] .  

1. C. Eisenstein: I would  like to  report  some  measurements  on 
NdC13, which  have  been  carried  out  by  Hudson  and  Mangum 
here  at  the  National  Bureau of Standards [2]. This  substance 

sharp  spikes in its  susceptibility  at  approximately 1.0 and 1.7 
has  highly  anomalous  magnetic  properties.  It  has  two  extremely 

O K .  With  regard  to  the  dependence of the  susceptibility  on  the 
temperature in the vicinity of the 1.7 “K peak,  we  found  that 
the  coefficients y and y’ are  approximately  the  same. How- 
ever,  they  are not 1.3, but  approximately 0.69. Also the  sus- 
ceptibility of  CeC13 was measured [3]. It  was  found  that  the 
susceptibility of this  substance  has  a  very  sharp  spike  at 0.345 
‘K. We  think CeC13 has  a  second  susceptibility  peak  at  a  lower 
temperature.  but  it  has  not  been  located  yet.  For CeCI3 the 
value of y on  the high side of the  transition is about 0.61. The 
measurements  on  NdCL  extended  from  about 5 to 55 mdeg  on 
either  side of the  transition.  For CeCI:, the  range  was 10 t o  
100 mdeg. 

E.  Callen: There  exists  some  theoretical  analysis of the  Heisen- 
berg  Hamiltonian. If one  looks  for  the  asymptotic  behavior, 

@ = ‘ / 2 .  That is in 
any  cluster  theory  or  Green’s  function  theories  give  the  value 

M=D(l -  T/T# ( 1 )  

the  behavior of M asymptotically at T = T ,  is  given by p=Vz. 
On  the  other  hand,  however, if one is content  with  some sort 
of a  numerical  procedure, it turns  out  that  many  results  are  al- 
ready  given  by  simple  models.  In  particular, if one  carries  out 

one considers dM/dT as  a  function of p and takes  the value of 
the variational procedure as  described by Dr. Livesay, in  which 

@ which  gives  the  best fit to  the  magnetization  curve,  the  Green’s 
function  theories  give p = %  for  a  broad  temperature  range. 
Also the  cluster  theory  including  nearest-neighbor  and  next- 
nearest-neighbor  interaction  leads to the l/3 power [4]. Further- 

from  experimental  data  without  using  any  adjustable  parameter, 
more,  by  taking  the  nearest  and  next-nearest  exchange  constant 

D in (1)  within 2 percent.  Although  these  theories  are not cor- 
the  cluster  theory  predicts  the  observed  value of the coefficient 

rect  asymptotically  at T=T, ,  numerically  one  obtains  rather 
good results  from  the  present  existing  theory  away  from T,. 
Perhaps only  higher  and  higher  sophistication will extend  this 
range of validity  to temperatures  closer  and  closer  to T,.. 

H .  B .  Callen: 1 would  like  to  amplify  that.  There  has  been  a 
‘great  deal of discussion, it seems to me,  about  rigorous  theories. 

other  phenomenological  theories  have  historically  turned o u t  
Nevertheless,  the  molecular field theory,  the  cluster  theory  and 

to be  very  convenient.  These  theories  to my mind  have not 
been  considered  sufficiently  in  the  discussion so far. As my 
brother  just.  observed,  they  are in  fact  considerably  more  suc- 
cessful  than  they  have  been  given.  credit for. 1 would  like  to 
review  very  rapidly some of the  successes  these  theories  have 
had,  choosing  specifically  a  form of Green’s  function  theory. 

If one  asks  for  the  equation of motion of a  spinwave,  one  has 
to  take  into  account  the  interaction  between  two  spinwaves. 
This  interaction is described by the  appearance  of’ S, in the 

following  two  forms [5]: 
Hamiltonian [5]. Now one  can  represent S, in either of the 

s,=s-s-s+ (2) 

or 

s, = ‘/z(S+S- - s-S’) (3) 

As  the  averages  are  calculated by  some  kind of approximation 
the  two  methods  do not lead  to  the  same  result.  However it is 
possible  to  make  a  guess  as  to  which of the  two  methods is better 

One  therefore  introduces  a  parameter  and says  that  the  total 
at low temperature  and which  one  better  at high temperature. 

S, is a  linear  combination of (2) and (3). the  ratio  being (I/&) 
(SJS)’. This  has  been  investigated  for  various  values of the 
exponent x .  At first  we [5] had  carried out the  method  for 
x =  1 but  at  the  meeting  in  Kansas  City  in  March 1%5 Copeland 
and  Gersch  indicated  that  they  had  investigated  the  method  for 
general z, and  that  for x = 3  the  theory  leads  to  excellent  results 
[6J. For the  shape of the  critical  isotherm,  Copeland  and  Gersch 
reported 6 ~ 4 . 2 2 ,  whereas  various  experiments  that  have  been 
reported  here  give S=4.2?0.2. For the coefficient of the sus- 
ceptibility  above  the  Curie  temperature  they  reported y = Y 3  
quite  accurately. As my brother  told  you,  all  Green’s  functlon 
theories  give p = I / 3 ,  but  only  at  some  distance  below  the  Curie 
temperature  (much  further below  than  Dr.  Benedek  found). 
In  fact,  one  finds  that  the  value of beta changes  from V2 close  to 

critical  temperature. Incidentally  this is very reminiscent of 
the  Curie  temperature to p=V3 some distance away  from  the 

the  data in He3 that Dr. Sherman  presented,  where  they  found 
experimentally  a  narrow  region  where  the  coexistence  curve 
follows  a  %-power  law  going  over  into  a  ‘/s-power  law  beyond 
this  region.  Finally, I remind you that  the  coefficient D in ( 1 )  
is correctly  predicted to within 2 percent. 
Anonymous: How is the  value 3 chosen  for  the  exponent x? 

M .  E .  Fisher: By comparison  with  experiment? 

H .  B .  Callen: Copeland  and  Gersch  find  the  magnetization to 
be  double  valued if one  takes x in the  range 1 < x  < 3. The 
selection ofx=3 .  rather  than x > 3. is  on  the  ad-hoc  basis of the 
results  cited. 

G .  E .  Uhlenbeck: I would  like  to make  a comment with  regard 
t o  the  remarks of Dr. Callen. I am not in  favor of saying  that 
the  theories you mentioned  have not led  to  interesting  results. 
However, I do not  think i t  is right to treat  them  on  the  same  level 
as  the  classical  theory.  The  classical  theory.  corresponds  to  a 
definite  model  namely  long  range  forces,  while  the  theories you 
mentioned  contain  what I would  call  uncontrolled  approximations. 

H .  B .  Callen: At the  risk of a  rebuttal  which  may  call  forth  an- 
other  rebuttal, I remark  that  the  molecular field theory  only 
became  an  exact  model  many  years  after it was  phenomenolog- 
ical.  That is, the  model  for  which i t  is exact  was not discovered 
until  long  after  the  theory  has  been  presented. I imagine  that 
for  any so called  phenomenological  model,  one  can  find, if one  is 
clever  enough,  some  obscure  model  for  which i t  is a  rigorous 
solution.  In  the  case of  the  molecular field solution  one  contrives 

other  spin. It seems to me  to b e  a  technicality  to  call  that  a 
a  model  in  which  every  spin  interacts  equally  strongly  with  every 

physical  model,  and  to  make a distinction  between  that  theory 
and  other  phenomenological  theories. 

L.  Tisza: The  internal field  theories  can  be  discussed  from  two 
points of view and  these  are not in conflict if properly  distin- 
guished.  We  may  search  for  models or types of interactions 
for  which  such  a  theory is more  or  less  adequate, or else,  we  may 
consider  the  method  as  an  approximation  to.the  real  state of 
matters  and  observe its point of breakdown. I wish to  make 
a  remark  from  the  second  point of view. It is possible  to  for- 
mulate  the  statistical  thermodynamics of equilibrium in a  fashion 
that  a  finite  system  appears  to  be  coupled  with its infinite  en- 
vironment. The  system is specified  by  additive  random  vari- 

environment  as  parameters.  The  theory is still  valid  for  small 
ables  the  distribution of which  contains  the  intensities of the 

Jacobian  vanishes [7]. This  argument  justifies  the  use of an 
systems,  but it fails  for  critical  points  where  an  important 

internal field as  the  intensity of the  environment of a  small 
open  system,  independently  whether  the  interaction  is of short 
or long  range.  However,  the  theory  fails  near  the  critical  point 
and  here  more  incisive  methods  have  to  take  over. 
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0 .  K .  Rice: I would  like to  say  something  about  the  accuracy 

linson,  Thompson,  and I 181 measured  the  coexistence  curve of 
with  which  one  can  measure p .  As was  mentioned by Dr.  Row- 

tetrachloride.  We  had  a  temperature  control t o  about  0,0001 
the  binary  liquid  system perfluoromethylcyclohexane-carbon- 

"C and  we  measured  a  curve  which  extended t o  about  0.02 "C 
from the  critical  temperature. W e  obtained data which looked 
as  good as  the  magnetic  data  under  discussion.  However.  we 
tried  to  distinguish  between  the  value p='/a and  the  value 
/ 3 = 5 / 1 ~  that  Fisher  suggested.  For  this  purpose  we  plotted 
our data  both  ways.  We  figured  we  did  not  know  the  critical 
temperature  better  than  within 0.0001 "C, so that  we  had  a  small 
range  in  which  the  critical  temperature  could  be  adjusted.  We 
found in doing  this  that  one  cannot  distinguish  between  these 
two  exponents.  Therefore, I wonder  whether in the  case of the 
magnetic  data  the  critical  temperature is really  definitely  fixed. 
Perhaps with  a  slight  shift of the  critical  temperature,  one might 
get  a fit  of the  data with  exponents  that  are  slightly  different. In 
other  words. I wonder  whether  even  in  the  best  cases,  the  data 
are  really  good  enough  to fix the  exponent beta to  be %. 

P .  Heller In  response  to  that  last  question, i t  should  be re- 
marked  that  there  is  no  uncertainty  about  the  value of  p .  If 
you plot the  cube of  the  magnetization  as  a  function of  the  tem- 

to  a  power  slightly different  from 3, you do not get  a  straight 
perature you get  a straight  line. If YOU plot the magnetization 

line.  In  this  procedure of  finding  the  exponent  that  rectifies 
the  observed  data,  one  does not need  to  know  the  temperature 
of the  Curie point. 

C .  Domb: Nevertheless, I think  the  susceptibility  might possibly 
he manageable. 

P .  W .  Kasteleyn: I have  been  asked  to  report  some  measure- 

Dr. A. R. Miedema  and  Mr. R. F. Wielinga in the  Kamerlingh 
ments  which  have  been  performed  by Dr. W. J. Huiskamp, 

Onnes  laboratory in Leiden.  Measurements  were  carried o u t  
on t w o  groups of salts,  one  group  representing  the  Ising  system 
[9]  and  the  other  group  representing  the Heisenberg model [ I O ] .  
The first group consists of cobalt  potassium  sulfate  and  cobalt 
cesium chloride, which  have  very  anisotropic  g-factors  and  which 
are neat  Ising  systems  also in other  respects. I t  was  found, 
e.g., that  for  the  first  salt y ,  the index for the  susceptibility is 
about  1.22,  whereas  the theoretical conjecture is y=1.25 for 
lsing  systems  and y =  1.33  for  Heisenberg  systems. For T >  T,. 
the  specific  heat  seems t o  diverge  with  a  very  high  value  of a i n  
those  cases.  Namely,  for  the  first  salt  a=0.57*0.06  and for 
the  second  salt  even  a=0.68&0.05  which is rather  surprising:. 

gency  was  found  to be  much smaller. For T >  T,. i t  seems that 
In most other  salts measured up  to now this coefficient of diver- 

the  experiments  can  be  fitted  very  reasonably  by  a  logarithmic 
divergence.  That  these  systems  are  Ising  systems  can also be 
seen  from  the  difference in entropy S at  infinite temperature 
and  at  the  Curie  temperature.  This  difference  was  found t o  be 
(S,-S,.)/R=0.14  and 0.125 for  the  two  salts  mentioned, whereas 
for  a  simple  cubic  spin 1/2 lsing  system  one  finds  0.133  and  for  a 
Heisenberg  system 0.25. 

In the  second  series of salts  they took  potassium  chloride 
rubidium  chloride.  ammonium  chloride.  and  ammonium bromide. 

1 Gaussian shape.  Therefore,  for  example, the discrepancy 
between the A you needed  and  the A which  was  observed  at 

, high temperature  may  be  due  to  a  temperature  dependence. 
7 However,  a  more  important  correction  is  probably  due  to  the 

fact  that the  shape  changes  from  Lorentzian t o  Gaussian  as you 
go to  high temperatures. 

> 
p. Martin: 1 am  a  little  surprised  that  your  theory  agrees so 
well with  experiment.  We  have  been  hearing  that  the  molecu. 
lar field  theory  is not adequate  near T,. where i t  gives  incorrect ) values  for the  temperature  dependence of the  susceptibility. 
Since  the  theory you have  presented  is  basically  a  time  depend- 

, ent version of the  same  molecular field theory  and  the  quantity 
you are  calculating so closely  related  to  the  susceptibility, why 

, does  your  theory  work so well? 

I 
p. Heller: I agree  that  the  molecular field theory should not 

\ to determine  the  actual  temperature  dependence of the  sus- 
be  very accurate.  In  principle we could use the line  width  data 

ceptibilities  in  the  critical  region. I think  that  both  the  data 
and the  theory  are t o t )  crude  for  this  purpose.  The  fact  that 

However,. I feel that  the  qualitative  nature of the line width 
theory and  experiment  agree  as well as  they  do  may  be  fortuitous. 

anomaly  has  been  correctly  described by the theory. 

\ 

L) ,  H ,  Douglass: I wish t o  point o u t .  in  addition t O  the magne t i c  The  structure is nearly  body  centered  cubic. ( S , - S , ) / K  = 0.222. ' 
and liquid-gas systems. that superfluid liquid helium is another whereas  for  the  lsing body centered  cubic  model  this  should  be 
system for which the exponent 1/3 probably appears, The quan. 0.1°7 and for the Heisenberg model  about o.25. The value of y 
t i t y  i n  liquid helium which  corresponds. i n  the  magnetic case, to  turned  out  to be 1.36,  which is close to the  value  1.33 expected 
the magnetization is p,!P ( I  get this  from  analogy  with  supercon. for the  Heisenberg  system. I t  seems that   the  specific heat da ta  ' 
ductivity). I have used the  data of Dash and Taylor [phys. Rev. can  be  fitted  accurately  by  a logarithmic type  of  divergence both 
105, 7 (lY57)] t o  determine if. near the A.point. tl le superfluid below and  above  the  Curie  temperature.  Only  above  the  Curie 
density follows the relation p , ! , ~ z a ( ~ v - - ~ ,  I find  that ,,=0.30 temperature  the  curve  is  much lower. The  specific  heat  data 
e0.03. which  includes  the  value l/3 (and Y I ~ .  too). closely the  same  curve  for all  four  salts.  This  gave  the  authors 

plotted as  a  function of the  reduced  temperature T/T, fit very . 

C. Domb: With  regard  to  the  paper of Dr.  Wolf, I would  like 
to  make  two  comments. 

Firstly, I think  the first order  phase  transition  may  be  sig- 
nificant  and  is  worthy of further  investigation.  The  antiferro- 
magnetic  transition is the  analog of an  order-disorder  transition 
with  unequal  ratios of the  constituents.  I  believe  the  experi- 
mental  data on the  order-disorder  transition of this  kind in 
Cu:%Au are  also  thought t o  represent  a  first  order  transition. 
We might well expect  something  different to happen  when  the 
symmetry of equal  ratios of constituents  is  removed  in  an  order- 
disorder  transition,  and  when  the field is nonzero  for  an  anti- 
ferromagnet. I would think  this  is  a  result  worth  following  up. 

specimen  is  better  than  another  for  testing  the  theory. I really 
Secondly, I do not think  one  can  really  say  any  one  shape of 

think we just  have  to  do  more  theory.  In  fact  what  has  held 

the  calculations.  However, if the  dominating  term is the  short 
us  up  with  long  range  dipole  forces is the  terrifying  nature of 

range  interaction,  and  the  dipole  force,  although i t  produces  a 
shape  dependent  effect,  is  nevertheless  a  relatively  small  cor- 
rection, I think  the  calculations  may  be  manageable,  and  then 
we  should  be  able t o  get  a  better  comparison. 

W. P .  Wolf: Let  me  make  that  point  quite  clear.  In our anti- 
ferromagnet  the  energy of three  cells of nearest  neighbors  ac- 
counts  for  the  major  part of the  energy.  However,  when you 
apply  a  magnetic  field,  the  change in dipolar  energy,  the  de- 
magnetizing  energy,  that  is, is comparable with the  energy  due 

rather  comparable with  all the  other  energies. I didn't  give any 
to  the  applied  magnetic  field,  and in a  large field it can become 

numbers  for  this  but  for DAG, the  effects  are  in  fact  all  about 
comparable. 

C. Domb: Well,  perhaps you get  cancellation in the  higher 
order  terms. 

W. P .  Wolf: Yes, when i t  is antiferromagnetic.  However, not 
when you magnetize  the  system  and  polarize  the  spins. 

reason  to  think  that  these  salts  are  fairly  ideal  systems,  because 
all  deviations  from  ideality  would  be  expected  to  be  different 
for  the  various  salts. As the  data  lie  on  the  same  curve, these 
deviations  are  apparently  small.  The  data  can be represented 
by a  logarithmic  curve  over  a  broad  temperature  range  from 
0.1  to 0.001 "K from  the  Curie  temperature.  The  authors also 
tried t o  tit the  data to some  power  law,  but i t  turns out that  this 
can only be  done  for  a  much  smaller  temperature  range,  namely, 
between  0.01  and  0.001 "K from  the  Curie  temperature. 5 1  

i t  seems  that  the  logarithmic  shape  is  really  the  best  one. 

S. A .  Friedberg  presented  experimental  data  for the specific, 
heat  and  susceptibility of the  antiferromagnet CoClz.6HzO near 
its Néel point [ l l ]  drawing  attention t o  the  fact  that  these  data 
satisfy Fisher's  relation C = A d ( x T ) / d T .  It was  further  noted 
that  the  coefficient A yields  a  value  for  the  curvature of the 
antiferro-paramagnetic  phase  boundary in the H-T plane at 
H = 0 in  good agreement  with  experiments. 

E .  Callen: I want to  mention  a  quantity  that  one  can measure ' 
and  that  gives  essentially  the  same  information  as  the  specific 
heat.  This  is  the  magnetic contribution t o  the  thermal  expan- 

rase  would allow an  independent  measurement of  the  same 
sion  coefficient  This  quantity is easier t o  obtain  and in any 

thing. 

W .  Marshall: Commenting on the  paper of Dr. Heller, i t  is worth 

on  manganese  fluoride  showed  again  explicitly  the  fact  that the 
noting  that  the  neutron  scattering  results of Turberfield [121 

correlations in the ( I  and 6 direction  are  more  erratic  than in 
the c direction a s  we would expect. 

I  have only one  comment  to make about  the  theory you de- 
scribed  which, of course,  pulls  out  all  the  essential  physics  but 
which  is not actually  strictly  correct.  This is because in the fluc- 
tuations  which  matter  for you, there  is  a  fluctuation  near  the super- 
lattice  vector  and  at  the  superlattice  vector  at  high  tempera- 
tures your  response  function  does not follow an  exponential 
decay.  In  fact you can  show  that  its  Fourier  transform  has  a 
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