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There are  many  reasons  to  expect  a  logarithmic 
singularity  in  the  anomalous  specific  heat  accom- 
panied with t h e  phase  transition of the  second  kind. 
From  the  theoretical  side  one  may  refer  to  the 
classical work of Onsager [ l]  and  the  recent  in- 
tensive  investigations by Domb  and  Sykes,  Fisher 
and  others 121. From  the  experimental  side  one 
may refer t o  at least  three  elaborate  measurements 
of specific  heat:  the first is the  experiment by 
Fairbank,  Buckingham,  and  Kellers  on  the lambda-transi- 
tion of liquid He4 [3], the  second is that by  Voronel' 
and  his  collaborators  on  the  liquid-gas  transition 
at the  critical point [4], and  the  third  is  that by 
Skalyo  and  Friedberg  on t h e  antiferromagnetic 
transition o f  CoC1, . 6H2O [5]. 

We have  analyzed  the  experimental  data  avail- 
able  at  present on the  specific  heat of many  mag- 
netic  substances.  The  purpose is t o  disclose  the 
analytical  nature of the  singularity  which  the 
specific  heat  has  at  the  magnetic  transition  point 
of the  second  kind. We would like t o  report  the 
results of our  analyses.  Our  main  conclusion is 
as follows: In  the  case of ferromagnetic  transition 
in  terbium  and  antiferromagnetic  transition in 
CoCI,. 6H20, if the  system  were  ideally  homogene- 
ous, its  anomalous  specific  heat,  in  the  immediate 
neighborhood of the  transition  point,  could  be f i t -  
ted by a  "pinched"  logarithmic  function with a 
common  coefficient  above  and below the  transition 
point added t o  a step  function  with a step at the 
transition  point.  There  are  many  other  transitions 
i n  which  the  same  conclusion  seems  to  hold,  but 
the  experimental  data now available  in  these  cases 
are not sufficient t o  derive  a  conclusion  as  definitely 
as i n  the  above two cases. 

We start with the following assumptions: 
I. Any real  system is heterogeneous  and  com- 

posed of a  large  number of subsystems.  Each 
subsystem  is  homogeneous  and  has  its  own  transi- 
tion temperature [5]. The observed  specific  heat 
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It should  be  noted  here  that (9) is  independent of 

The  values of Z(T; D )  were  machined - calculated 
and tabulated. 7 runs  from 0 to 1 with step of 
0.1, from 1 t o  2 with step of 0.2 and  from 2 to 5 
with step of 0.5. D runs  from 0 t o  0.2 with step 
of 0.02 and  from 0.2 to 0.7 with step of 0.05. Fig- 
ure 1 gives  examples of the  specific  heat  calculated 
from (5). 

the assumption IV.  

The process of analysis  consists of the following 
four  steps.  First  the  normal  specific  heat is sub- 
tracted  from  the  observed  values if it can  be  done 
without  danger of introducing  an  appreciable 
error.  When  the  transition  temperature is  in the 
region of liquid  helium  temperature,  we  omitted 
this  step.  In  most cases w e  approximated  the 
normal  part by a  linear  equation of temperature, 
because w e  are  interested in  only  a  rather  narrow 
interval of temperature.  For  our  purpose  we do 
not have t o  know the  absolute  values of the  specific 
heat. This  makes it considerably  easier t o  find 
a  linearized  equation  for the normal  part with 
sufficient  accuracy even by inspection. The 
second  step of the  analysis  is  to plot Cp or its 
anomalous  part  against log IT-ToI. T0 is chosen 
s o  that,  except in the  closest  neighborhood of To, 
as  many  observed  points  as  possible  form two paral- 
lel  straight  lines,  corresponding  to  the  high-  and 
low-temperature  sides.  Generally  speaking, it is 
not always  easy  to  carry  through  this  procedure 
without  any  ambiguity.  In  several  cases  we  have 
succeeded in locating  the  transition point quite 
definitely  and  in  finding two parallel  straight  lines. 
Examples  are  shown  in  figures 2 , 3 , 4 ,  and 5 16, 7 ,  81. 
When we could not get rid of some ambiguity, To 
was  found  such  that  the plot resembles  the  char- 
acteristic  shape  as  much  as  possible in the  sense 
that the  observed  points begin t o  form two parallel 
straight  lines  after IT-ToI becomes  less  than 
several  hundredths of TIP (figs. 6 .and 7 )  19, lo]. 
Once To is fixed i n  this  way,  the  values of the  step 
A and  the  slope A of the  lines  are  read  from  the 
plot at  once. 

I n  not a  small  number o f  cases examined,  the 
semilogarithmic plot gave  a  bill-shaped  figure  in 
the  closest  neighborhood of the  transition  point. 
We  can  proceed  one  step  further in these  cases 
and  determine  the  value of a by making  use of (9). 
Namely  we plot AC,,(t)/A against log It1 and  compare 
i t  with the p l o t  F(- 1 ~ ) ) - F ( 1 7 1 )  versus log 171. 

The  difference i n  the  abscissae of the two figures 
is just equal  to ' / z  log a. I t  the  figures  coincide 
with  each  other  through  horizontal  translation, 
this  provides  an  empirical  justification  for  the 
validity of our  assumptions I ,  11,  and l l l .2  Figures 
8 and 9 show  examples of the  third  step.  The 

*The a anomalous specific heat at the superconducting transition in Sn was measured 
very accurately by Kellers and Fairbank. Their data can almost exactly be repro- 
duced by (5) with Tc=3.7230 °K A = O  and ( S T , )  '=2.:39x 10 1. This fact can 

temperatures, 
be supposed as another support for the Gaussian distribution of the local transition 
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value of 6 is adjusted in the  last  step to reproduce 
the bill shape  as  truly  as  possible. 

We have  examined  about 30 phase  transitions  of 
the second  kind,  mainly  magnetic,  and  have  suc- 
ceeded t o  carry  through  the  analysis up  to the 
final step in about  one  fourth of these  cases. 
Figures 10 [ l l ] ,  11  151,  12 [13], 13 [14], and 14 [15] 
show examples of the final results.  The  agreement 
between the  observed  and  calculated  values is 
satisfactory in at least two cases,  terbium  and 

CoClr.6Hr0. In the  other  cases we can’t  say 
anything  definite  without  reservation.  Table 1 
collects  the  numerical  results of our analyses. 

Now  we would  like  to  point  out  the  following 
features  common to  all  the  magnetic  transitions 
taken up  in table 1. First, [ A  I/A is less  than  one 
half. This  seems  to  be  one of the  characteristics 
of three-dimensionally  coupled  spin  systems ‘% 

I Even when the spins substantially couple two-dimensionally, we observe that this 
ratio is less than one half. It becomes larger than unity o n l y  when the spins couple 
essentially one-dimensionally, 



Secondly,  the  half-width of the Gaussian  distribu- 
tion, divided by To, is always of the order of magni- 
tude of lo-:$. ‘Thirdly, the  degree of pinching, 
6/To, also  has the same  order of magnitude, lo-’%, 
and  is  almost  always  less  than (6 To)”. This 
fact has been preventing us from  directly  observing 
the pinched  logarithmic  anomaly. 

As regards the origin of pinching  in  the  logarith- 
mic  anomaly in an  ideally  homogeneous  system,  we 
would like  to  propose  the following explanation. 
As is well known, a transition of the second  kind 
is  accompanied with an  anomalous  expansion. 
Now the  transition  temperature TA is a “temperature 

dependent  quantity,”  as  Heller  and Benedek put 

it  in their  Phys. Rev. Letters [17]. To make  the 
discussion  more  specific, let us  assume  that, when 
we approach the transition  point  from  the high tem- 
perature  side, t h e  sample  contracts and the value o f  
the  exchange  coupling  increases. This means  that. 
i f  we stay at a  distance  from  the  transition  point, we 
overestimate  the  distance  therefrom.  When we 
are in the low temperature side, we  again over- 
estimate it for  the  same  reason.  Since  the  anom- 
alous  expansion  is  really  large  only  in the closest 
neighborhood of the  transition  point,  the  shift of‘ 

the  estimated  transition  point  from the real  transi- 
tion point is almost  constant, s o  long  as  we  stay 
outside this narrow  region. We identify this con- 
stant  shift  with  our 6. Then  the  thermal  expansion 
effect  may be separated off by neglecting 6 in the 
expression  for  the  symmetric  part of specific. 1 
heat at constant  pressure  to get that of specific heat 
at  constant  volume. This interpretation leads us 
to the  important  conclusion  that, i f  the system is 

ideally  homogeneous,  the  specific  heat  at  constant 

singularity in addition t o  a discontinuity describ- 
able by a  step  function. 

Before  closing  our  report, we would like t o  add 
a  few  words: The conclusion of the present  analysis 
is  tentative  and  the possibility o f  some  other kind I 

of singularity still remains in the cases other than 
terbium  and CoCl2 .6H-O. To establish our 
conclusion  more  definitely, w e  have  to  make  further 
investigations  from b o t h  the experimental and 
t  heoretical  sides. 

volume  has  a  symmetrical  nonpinched Iogarithmic i 
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