
But q ( r ,  L ’ )  can now be argued  to  be  independent 
of L’ since  the self trapped polymer will repeatedly 
go through  every  point of its  density; it will, of 
course,  still  be  a  function of L.  Since V is  short 
range  one  may now approximate by writing 

where w is L V L - ~ .  This now gives a functional 
integral  in  the  Markov  form so that  one  can  break 
the  functional  integral  up  to L at  an  intermediate 
I,’ and define 

There will be positive and  negative  eigenvalues. 
As L’ + a only the positive ones  survive  and  unless 
the  largest  positive  eigenvalue  tends  also  to  zero 
the whole  expression will diverge i.e., this  eigen- 
value  is  brought  to  zero by the normalization. 
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Thus  one  is  led  to  the  eq (5.6) in  which C‘ now 
takes  the role  usually taken by the  eigenvalue, 
and  since q will not depend  on L’, q can be identified 
with  it: 

I have  been  greatly  helped by discussions  with 
Professor G. Gee,  Professor C. Domb,  Professor 
M. E. Fisher  and Dr. J. Mazur. 

6. References 
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Some Comments on Techniques of Modern  Low-Temperature  Calorimetry 

I.   M. Firth 

University of St. Andrews, St. Andrews, Scotland 

Introduction 

Precision  calorimetry  at low temperatures  started 
in 1929 when  a  sensitive  phosphor-bronze  ther- 
mometer  was  made by Keesom  and  Van  Den  Ende 
[l]. This  led  shortly  to  the  discovery of the  heat 
capacity  connected  with  the  superconductive 
phase  transition [21 and  also  the  electronic  heat 
capacity  in  metals [ 3 ]  was  discovered  and  found t o  
be in reasonable  agreement  with  the  theoretical 
predictions.  Recently  with  the  use  ,of  carbon 
resistance  thermometers [4] and  a-c  bridge  lock-in 
amplifier  methods of measurement [SI, a new era 
of precision has  been  entered.  This  has  allowed 
the  more  exciting  phase  transitions  at low tempera- 
tures t o  be  checked.  This  era  has  come  oppor- 
tunely for at a  recent  meeting in Washington  on 
“Phenomena in the  Neighborhood of Critical 
Points” [6] i t  was  emphasized  that  to  obtain  agree- 
ment  with  theoretical  predictions  very  great  care 
and  precision  must  be  taken in experimental  meas- 
urements, not  only of heat  capacities, but of all 
properties  related t o  such  critical  phenomena: 
e.g., magnetization,  thermal  conductivity,  optical 
and  neutron  diffraction. 

I n  considering t h e  present situation in calorim- 
etry, i t  is useful to review the way i n  which the 
main  requirements of  low temperature  calorimetry 
were  introduced.  Although  Gaede [7] used  a  metal 
calorimeter  isolated  somewhat  from its surroundings 
it was  Nernst [81 who recognized  a few years  later 
in 1909, that on account of surroundings  there 
was  usually a temperature  gradient  inside  a  calorim- 
eter which  would prevent  making  accurate,  or  often 
meaningful,  measurements.  To  obviate  this he 
placed  the  calorimeter in  a vacuum  realizing  that, 
radiation  being  small  at low temperatures, it was 
possible t o  obtain  excellent  thermal  isolation  and 
reduce  the  above  error  to  a  minimum. 

Of course, it was  necessary to change  the  tem- 
perature of the  calorimeter  and  to  do  this  he  used 
an  exchange  gas,  noting in the  course of his  work 
the  drawback of remnant  gas on the  thermal isola- 
tion and,  absorbed  gas  on  the  calorimeter  on  the 

heat  capacity  measured.  Temperature  was  meas- 
ured by  a platinum  resistance  thermometer  the 
wire of which  also  acted as the  electrical  heating 
element  for  the  calorimeter.  Measurements  with 
this  arrangement  were  uncertain  even  with  the  most 
careful  calibration of the  resistance,  because of 
irregular  changes in the  resistance of the  platinum 
wire  heating  the  calorimeter.  Nernst  avoided 
this  disadvantage  and  at  the  same  time  made  his 
method  more  simple, by measuring  the  variations 
of temperature  resulting  from  electrical  heating by 
using  a  thermocouple [91. One  junction  was fixed 
to  the  calorimeter  and  the  other lay on  a  lead  block 
also in the  vacuum  chamber,  figure 1. The  heat 
capacity of lead being  large,  the  temperature of the 
block remained  nearly  constant  and  any  small  drift 
took place slowly and uniformily so that  the  tem- 
perature of that  junction  could  be  corrected. A 
copper  shield  that  enclosed  the  calorimeter  was 
soldered  to  the  lead  block  and  this  refinement  was  a 
great  improvement  on  the  open  calorimeter. 
Nernst  could  measure  temperature  to 0.1 O K  and 
specific  heat  to - 2 percent. 

It is easy to see from  this  arrangement how adi- 
abatic  methods  developed.  The  thermal  insulation 
of this  device  can  never  be  perfect so long as  there 



is a  temperature  difference  between the  calorimeter 
and  the  shield.  But, by heating  the  shield so that 
the  temperature  difference  is  zero  at all times,  i.e., 
there is  no voltage  across  the  thermocouple,  there 
will be  no  heat  input to the  calorimeter by radiation 
or by conduction  along  its  supporting  threads. All 
heat  that is applied  to  the  calorimeter  through  the 
heater  then  goes  completely  towards  raising  its 
temperature  and no  corrections  have  to be made for 
heat  losses:  a  correction  has  to  be  added  because 
of the  joule  heating in the  heater  leads  but i t  has 
been  shown  rigorously  that  half  the  heat  generated 
in the  leads  goes  into  the  calorimeter [ IO] .  In 
adiabatic  schemes  a  second  thermometer is re- 
quired t o  measure  the  temperature of the  calorim- 
eter. 

Methods 

Nernst  used  a  constant  heat  input t o  his  calorim- 
eter  but  since  then  intermittent  heating  has  often 
been  used in adiabatic  calorimetry.  However, 
recently in accurate work  on some  phase  transi- 
tions e.g.. Buckingham  and  Fairbank [11] on  the 
superfluid  transition in He4,  Schiffman  et al. [121, 
on  superconducting  transitions,  a  preference  has 
been  shown  again  for  constant  heating  methods. 
There  are  two  reasons  for  this  preference. I n  
measuring  the  input of heat  during  a  pulse  where 
the  pulse  may  be  only  a  few  seconds in  duration, 
the  current  through,  and  the voltage  across,  the 
heater  are difficult to  measure  accurately.  The 
power  is  often of the  order of a  few  ergs  per  second 
which  means  that  currents of a  few  microamps 
and  voltages of a few  millivolts have  to  be  measured 
with  devices  that  have  a  short  response  time. 
Secondly,  after  the  pulse,  the  recorded  temperature 
will not  settle  down  for  some  time,  and in any  case 
the  temperature  immediately  after  the  pulse  is 
difficult  to  ascertain.  It is important  to  know  what 
this  temperature is after  the  pulse  and how it is 
drifting  with  time so that  meaningful  extrapolations 
can  be  made  to  the  middle of the  heating  pulses  to 
measure  the  temperature  increment  caused by the 
pulse.  Schiffman [13] has  observed  that in the 
same  temperature  range,  from  pulse  to  pulse,  the 
calculated  heat  capacities of the  calorimeter  may 
not  be  consistent.  Where  measurements on solids 
are  carried  out,  “overheating”  may  easily  occur 
(as  Parkinson  and  Quarrington  [14]  have  described) 
because of the  small  thermal  conduction of the solid. 
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This  gives  more  uncertainty  about  the  temperature 
of  the  sample  for it will always  be  less  than  that 
measured for the  calorimeter.  Corrections for. 
overheating  can  be  applied  but  extrapolation of the 
temperature  drift  curves on  both  sides of the  heat 
pulse  are  more  uncertain. It should  be  stated. 
however,  that  where  the  extraneous  heat  input  to 
the  calorimeter is large  only  the  pulse  method  may 
be  useful. 

It is usual to measure  temperatures in the 
range 0.3 to 5 O K  with  an  a-c  bridge,  using  a  high 
gain  lock-in  amplifier as detector,  and  a  carbon  re- 
sistor  as  the  temperature  sensitive  arm of the 
bridge [4, 5]. Commercial  carbon  radio  resistors, 
especially  made  to  be  temperature  insensitive  at 
room temperature  were  found  some  years  ago  to  be 
most  usefully  sensitive at low temperature.  Bridges 
of  this  type  can  detect  changes of lO-7  O K ,  that is 
0.02R in 46 kR when  the  resistor is chosen  with 
care. 

In  the  advanced  scheme of Schiffman  et al. 1121, 
during  continuous  heating  the  bridge is repeatedly 
unbalanced by very  small  steps in  a  sense  that  the 
bridge  returns to balance  as  the  heating  progresses. 
The  time  taken  between  successive  balances is 
measured by electronic  counters.  The  temperature 
j u m p  between  balances is small  and so the  heat 
capacity is related  linearly to the  power  input  and 
the  time  intervals.  There is  no doubt  about  extrap- 
olating  the  heating  curve  as  there is in the  pulse 
method, for this  is  an  inherent  feature of this 
method. 

The  same  method  can  be used t o  evaluate teh 
extraneous  heat i n p u t  t o  the  calorimeter.  Heating 
is stopped  and  the  temperature drift observed in 
the  same way. It is a  simple  matter  to  examine 
the  stray  heat input  at different  temperatures i n  
the  range  under  study.  More  consistent  data on  
the  heat  leak is also  obtained by repeating  measure- 
ments with varying  electrical  heat  inputs  knowing 
that  the  heat  capacity  remains  constant, so obtain- 
ing  the  heat  leak  from  a  difference  equation,  figure 2. 

With careful  attention t o  the  points  that follow i n  
this  discussion,  leaks  as low as 1-10 erg per  minute. 
a temperature  sensitivity of 10-6 t o  l O - 7  O K  and 
an  accuracy in measuring  the  heat  capacity of 0.05 
percent  can  be  obtained. 

An  interesting  experimental  feature of the  con- 
tinuous  heating  method  can  be  noted  here. If the 
continuous  record of the output of the  bridge is 
simultaneously  differentiated.  a  direct  recording 
is obtained  that  is. t o  first approximation.  propor- 
tional t o  the  heat  capacity.  This is so because 
over  small  increments of temperature both  the 
temperature  response of the carbon  resistance 
thermometer  and the response of the  off-balance 
voltage of the bridge, with respect t o  the  resistance 
thermometer  arm,  are  practically  linear.  Directly 
monitoring  the  heat  capacity in this way is often 
useful in observing  a  singularity in  the  temperature 
dependence of the heat  capacity  that  characterizes 
so many  critical point phenomena. 

The  best possible radiation  shield is one  that 
encloses t h e  calorimeter  within the vacuum  space. 
I he temperature of the shield must  be monitored, 
compared t o  that of the  calorimeter  and  adjusted 
t o  it b y  a controlled  heater in adiabatic  schemes. 
For temperatures  above 20 O K  the comparison  is 
conveniently done by two  thermocouples.  Below 
this  temperature  comparison by temperature  sen- 
sitive resistors is difficult because i t  would  be  most 
difficult t o  make a matched pair: in the  case of 
commercial carbon resistors,  choosing  a  matched 
pair  would be almost impossible I n  this  tem- 
perature  range.  therefore,  the  shield  very  often is 
held at  some mean temperature  close to that  being 
investigated. This is a  perfectly  satisfactory  tech- 
nique  when the range of measurement is small, 
so often the  case i n  studies on  critical  phenomena. 
In fact,  where teh bath  temperature  can  be  adjusted, 
and  adequately  controlled,  the  shield  may  be  dis- 
posed of completely,  the  walls of the  vacuum  cham- 
ber  acting  as  the  “adiabatic”  shield.  This  omission 
restricts  the  versatility of the  apparatus for i t  is 
difficult t o  adjust liquid helium t o  above 4.2 OK, 

because  the  vapor  pressure  is  higher  than 1 atm, 
or to just  above 2.2 O K  where  boiling  takes  place 
vigorously. 

Hence for greatest  versatility  an  independent 
shield  should  be used Germanium  thermometers 
[15]  are  very useful in measuring the temperature 
of the  shield  for  they  can  be  calibrated  under 
repeated  cycling t o  room  temperature  to 0.05 

percent  and  they  respond t o  changes in  temperature 
in SO msec.  The  temperature  controlling  system 
must  be  smooth  and  accurate in operation,  or  as 
Nernst  emphasized [9], the  heat  leak will fluctuate 
randomly. In  certain  applications  a  temperature 
guard  ring  from  which  the  calorimeter is suspended 
may  be sufficient to  reduce  heat  leaks:  all  electrical 
leads  and  other  connections  to  the  calorimeter  are, 
of course  locked to i t .  

RF Effects 

It  was  not  realized  until  the  report of Ambler 
and  Plumb [16] that  there is often  considerable 
eddy  current  heating in calorimeters  caused by 
commercial  radio  transmitters,  particularly  those 
in the  television  bands.  Although  the  situation 
in the U.K. is not quite  as  serious  as  that in the U S . ,  
because of the  greater  restriction on the  number of 
T.V. channels,  there will be  very  few  laboratories 
now that  are  not  within SO miles of some  transmitter. 
Television  transmitters  have  a  very  small  vertical 
beam  angle  and  generally  have  some  horizontal 
directivity.  Consequently  they  have  a  high  aerial 
gain so that  the  effective  radiated  power  may  be 
as  much  as SO0 kW. At a  distance of 10  miles 
the rf radiation  density  would  be,  therefore,  about 
10 4 erg  sec”m2,  and  at SO miles,  as  much  as  4 10’ 
erg  sec-1m-2 . I n  a poorly screened  system, with 
many  earth  loops, if only a  small  part of this is 
picked  up by the  equipment  connected to the 
calorimeter there w o u l d  be an overwhelming con- 
tribution to the  otherwise  small  extraneous  heat 
input t o  the  calorimeter. 

It would  be  possible t o  enclose  the  whole  ap- 
paratus in an rf shielded  cage  but this is incon- 
venient  and  expensive. In preference,  other 
precautions  should be taken:  as  much  equipment  as 
possible  should  be  operated  from  battery  supplies; 
leads  should  be  screened with a  solid,  continuous 
conductor-  normal  braided  screening is effective 
in  keeping rf fields in, but is quite  useless in exclud- 
ing  them;  necessary  removable  joints in the  leads 
should  be  made by connectors  that  give  complete 
screening  and  force  the  connector  pins  together 
with great  pressure. 

Vibrations 

This is  only  one of the  extraneous  heat  inputs 
that  can  be  avoided  with  careful  experimental  plan- 
ning. Others  arise from  vibrations of the whole ap- 
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paratus o r  of the calorimeter on its suspension 
system. Good isolation o f '  the cryostat from the 
laboratory  can be achieved by using a massive 
frame mounted on supports whose period o f  oscil- 
lation  is  very low.  Coil springs wi th  a dampening 
cushion of crimped  knitted  stainless steel mesh 
is good but  an  air  or  water  hydraulic  suspension 
will give a very long  period. the pressure of the 
fluid being  adjusted  accordingly.  Where the cryo- 
stat bath is pumped t o  reduce its temperature 
the  periodic  fluctuation in gas pressure in the 
pumping  line  caused by the periodic  pumping  action 
of rotary  pumps,  can be eliminated by using a large 
baffle volume o r  a system of plumbing  that causes 
destructive  interference of the  periodic  pressure 
fluctuations  at the cryostat head. Vibration along 
the  pipes  must be  removed  before the cryostat 
suspension by massive  clamping or ingenious bel- 
lows systems.  Isolation not o n l y  reduces the 
acoustical  heat  input  but  removes the experi- 
menter's  dependence on the random  noisy  doings  of 
his colleagues! 

be recorded. Often  constantan wire is u s e d  as the 
heater  element but i n  t h e  range 1 t o  5 O K  this wire 
shows a large variation i n  resistance. The exter- 
nal heater current control  circuitry can be chosen 
s o  that  the  power  input is least  sensitive t o  this 
change i n  resistance. 

Accuracy 

To obtain the highest long term accuracy. the 
important parts of the measuring equipment must 
be placed i n  a thermostatically controlled, r o o m  
temperature bath. The a-c bridge for temperature 

circuit are the most important  Remembering 
that a change of 1 part i n  10 6 i n  the  calorimeter 
thermometer is t o  be measured. the other arms o f  
the a-c bridge must be stable t o  this amount. Con- 
sidering the temperature  coefficient of standard 
resistances to be 0 . 0 0 1  percent per '(:. a local 
change in laboratory  temperature o f  0 . 1  "C will be 

measurement and the heater supply and control 

It is  customary now to use mechanical  heat 
switches  instead of low pressure  exchange  gas 
to c o o l  the  calorimeter  and t o  make  adjustments 
of its  temperature. To achieve good thermal c o n -  
tact  over the switch at low temperatures the pres- 
sure  between  calorimeter  and bath has to be large 
even  though the contact  surfaces  are coated with 
indium,  which  remains  somewhat  plastic  even  at 
low temperatures.  Raising the calorimeter by the 
supporting  threads  does not generally  produce 
sufficient  contact  force and upon  release  gives rises t o  
wild pendulum  oscillations of the  calorimeter.  For 
an  average  calorirneter  swinging  over 1" these 
oscillations  add 102  ergs  to  the  calorimeter  and 
equilibrium  may not be established  for  many 
minutes. The use of a  metal  bellows  piston t o  
l i f t  the calorimeter  on  to  the heat switch  enables 
a large  contact  force  to be exerted  and allows  con- 
trolled  slow  release  on  to the  suspension  threads 
without causing  oscillations. 

Heating 

As only a few ergs  per  second  are  required in 
heating  the  calorimeter  during  heat  capacity  meas- 
urements,  a  mercury  battery  is  a  very  convenient 
source of stable  heater  current. The current  and 
voltage  to  the  heater  can be monitored,  or if the 
heater  resistance  can be reliably  calibrated  in  the 
working  temperature  range,  only  the  current  need 

236 

sufficient t o  reduce the required accuracy. The 
accuracy is also hampered by the seeming impos- 
sibility of finding a switch for the other arms of 
the  bridge t h a t  does have a reproducible  contact 
resistance on repeated cycling 

The accuracy o f '  the whole experiment depends 
largely on the accuracy of calibration of the ther- 

t o  how the original equation  of Clement and Quinell 
1 . 2 1 .  representing the temperature response of 
carbon resistors. can be improved. The more 

Moody and Rhodes 1181 who introduced an expres- 
sion involving a large number of adjustable param- 

mometer. There have been many suggestions as 

notable of these have been by Hoare 1171 and 

eters i n  the form - 1 - K ) " .  I / = ( ) .  I .  2. . . . 

I This expression allows easy recalculation t o  

high accuracy of a l l  the parameters after each 
calibration and removes the necessity to use cor- 
rection graphs. Having  an  exact  description of 
the temperature response facilities subsequent 
conversion of resistance t o  temperature in calcula- 
tions t o  determine the heat capacity. 

In this expression the best values for the 
coefficients are determined by minimizing 

where 7'; is the absolute 

temperature  obtained from accurate vapor pressure 
measurements, 7';ii teh temperature given by the 
above expression  from  measurements of resistance 

i =  1 
7'; 7;i; 

and N the number of pairs of 7' and R used in the 
calibration Minimizing this quantity leads t o  

the linear si simultaneous equations f o r  a n and does 
not give undue emphasis t o  an) region i n  the tem- 
perature range. Moody and  Rhodes found i t  

terms  than this did not reduce significantly the 
rms deviation between experimental and calculated 
values of temperature. 

An important  part o f  this  calibration  procedure 
is  that a computer was programmed t o  perform the 
calculations. The rms  deviation was calculated 
and  calibration  points  that  were  above  a  preset 
value, for  a given value of u. were  rejected:  the re- 
sponse  parameters  were then recalibrated  until 
the allowed deviation was not exceeded. 

unnecessary to go beyond n = 3 because more 

Automatic  Evaluation of Heat 
Capacity 

I There can be few workers now who  calculate 
manually the heat  capacity  from  experimental 
data:  the  repetitive  calculation i n v o l v e d  can be 
better  done, i n  less time, by computer.  With a 
well designed  method of undertaking the experi- 
ment,  data  can be recorded automatic-ally so reduc- 

the energy  input  can be monitored by repeatedly 
recording  the  current  to the calorimeter  heater: 
the  time  between  known  small  temperature  jumps 
is easily available.  The  temperature  drift. caused 
by extraneous  heat  input,  can be recorded  similarly, 
as can t h e  thermometer  calibration  information, 
except  here the bath temperature would be recorded 
against  a  definite  balance  condition of the a-c bridge. 

The computer  programme  could be in three  parts. 
Firstly, the calibration  calculation of the  carbon 
resistance  thermometer;  secondly, the heater  input, 
extraneous  heat  input  and  temperatures  of the calo- 
rimeter would be found;  and  thirdly,  the specific. 
heat would  be  computed.  After  taking  experi- 
mental  results  for  some 12 hr,  the final results  should 
be obtained in about 30 min of computer  time. 
This  is  to be compared with 30 to  40  hr  by  manual 
calculations. 

To take  full  advantage of this  modification of 
calorimetric  practice  both  techniques  and  data 
recording  proceedings  have  to be carefully  con- 
sidered.  Precautions  must be taken  to  ensure  that 
necessary  information  is not thrown  away  in  the 
process o f  recording  and that sufficient checks  are 
included in the whole  process,  from  apparatus  to 
final results, s o  that meaningful  results  are  obtained. 
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the  errors in  recording  large  amounts of data. References 

In  the  continuous  or  intermittent  techniques the 
methods of recording  data  automatically  are d i f -  [ [ I W. H .  Keesom and J .  N.  Van Den Ende, Leiden Comm. 

[2] W .  H. Keesom and 1'. H. Van Laer, Physica 5, 193 (1938). ferent.  intermittent  method  being more difficult. 
No, 203C (1929). 

Here,  for  each  heating  period the duration, and [3] J. A. Kok and W .  H. Keesom, Physica 1, 175 (1934). 

voltages  to the heater  are  recorded  to give the energy 
[4] J .  R. Clement and E. H .  Quinel l .  Phys. R e v .  92, 258 (1953). 

input  and so must be the  values of pairs of tempera- 
151 C. I;. Kellers The specific heat of liquid  helium near the 

lambda point. PhD  Thesis, Duke University (1960). 
ture and time during the drift  periods before and [ 6 ]  Phenomena i n  the Neighborhood of  Critical  Points, NBS 

after  the  heating  pulse.  Care  must be taken  how- [71 W. Gaede, Physik.  Zeitscher, 4, 105 (1902). 
Misc. Publ. 273. 

ever, not to  record  any  overheating  for only those 
181 A. Eucken, Physik.  Zeitscher. 10, 586 (1910); W. Nernst, 

parts of the drift  curve  that  are  linear will allow a 1 9 1  W. Nernst, Zeitscher, f. Elektrochem. 20, 357  (1914). 

middle of the  heating  pulse. It is  clear  from  the Phys. 3, 80 (1061). 

discussion of Parkinson  and  Quarrington [141 that 
this  purposeful  neglect of important  data  cannot [13] C. A .  Schiffman,  private communication. 

lead t o  results of great  accuracy.  However,  auto- 

I 

Ann. d Physik 36, 395  (1911). 

computer  to be programmed to extrapolate to  the [ I l l  M. J. Buckingham and W. M.  Fairbank, Prog. Low Temp. 
[10] W. Mercouroff. Cryogenics 3, 171 (1963). 

1121 C. A. Schiffman, J .  F. Cochran. M .  Garber and G. Pearsall, 
Rev. Mod. Phys. 36, 127 (1961). 

114.1 D. H. Parkinson and J. E. Quarrington, Proc. Phys. Soc. A 
67.569 (1964). 

matic  schemes  using  intermittent  methods  have [15] I;. J .  Low, Advan.  Cryog. Eng. 7, 514 (1061). 

been  devised [ 1 0 1 .  

niques Of Schiffman et al. 1121, automatic  methods 1181 D. E. Moody and P. Rhodes, Cyrogenics 3, 77 (1963). 

(16) E. A. Ambler and H. Plumb, Rev.  Sci. Instr. 31, 656 

From  what  has  been  said  already  about the tech- 1\71  F. E. Hoare, Proc. Phys. Soc. B, 68, 388 (1955). 
(l9V2). 

[19] H. J. Blythe, T. J .  Harvey. I;. E. Hoare, and D. E. Moody. 
could be used  here  to  obtain  meaningful  records: Cryogenics 4, 28 (1964). 

237 




