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Abstract - A group of unitary matrices is called 
fixed-point-free (fpf) if all non-identity elements of 
the group have no eigenvalues at unity. Such groups 
are useful in multiple-antenna communications, es- 
pecially in multiple-antenna differential modulation, 
since they constitute a fully-diverse constellation. In 
[l] all finite fpf groups have been classified. In this 
note we consider infinite groups and, in particular, 
their most interesting case, Lie groups. Two such fpf 
Lie groups are currently widely used in communica- 
tions: the group of unit modulus scalars, from which 
various phase modulation schemes, such as QPSK, are 
derived, and the 2 x 2 orthogonal designs of Alam- 
outi, on which many two-transmit-antenna schemes 
are based. In Lie-group-theoretic jargon these are re- 
ferred to as U(1) and SU(2). A natural question is 
whether there exist other fpf Lie groups. We answer 
this question in the negative: U(1) and SU(2)  are all 
there are. 

I. SUMMARY 
One method to communicate with multiple antennas is to 

differentially encode the transmitted data using unitary ma- 
trices at the transmitter, and to differentially decode without 
knowing the channel coefficients at the receiver. Since chan- 
nel knowledge is not required at the receiver, such schemes are 
ideal when channel tracking is undesirable and/or infeasible- 
either because of rapid changes in the channel characteristics 
or because of limited system resources. 

The probability of error of mistaking the transmitted uni- 
tary matrix L$ with another unitary matrix in the signal con- 
stellation, say Vel, at high SNR is dominantly dependant on 
Idet(& - &!)I. Therefore the problem of constellation de- 
sign reduces to the following: given M t ransmi t  an tennas  and 
t ransmi t  rate R, f ind a set  V = {VI ,..., VL} of L = 2 M R ,  
M x M uni tary  matrices ,  such  that  t he  minimum of the  abso- 
lute value of t he  de t e rminan t  of t he i r  pairwise differences i s  as 
large as  possible. Any constellation V with the property that 
the determinants of the pairwise differences are all nonzero, is 
called f u l l y  diverse. 

In its full generality, exact solutions to the design problem 
appear to be intractable. To break the logjam, [l] investi- 
gated the case where V forms a group under matrix multi- 
plication. In this case, the condition that the constellation 
be fully-diverse reduces to the condition that the group be 
fixed-point-free. 

Definition 1 (Fixed-Point-Free Group) A group 6 i s  
called fixed-point-free ( f p f )  if it has  a representat ion as una- 
t a r y  matrices  w i th  the  property  tha t  t he  representat ion of each 
non-un i t  e l emen t  of t he  group has  n o  eigenvalue a t  un i t y .  
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[l] classifies all f i n i t e  fpf groups, some of which result in 
constellations with excellent performance. However, the best 
constellations are not obtained for very high rates or for a large 
number of antennas. This brings up the question of whether 
there exist any inf ini te  fpf groups? It turns out that there do 
(and they are widely-used in communications), though they 
were never thought of as fpf groups. 

The first is U(1), the group of unit-modulus complex 
scalars: e j W ,  w E [ 0 , 2 ~ [ .  It is used in PM, FM, single-antenna 
differential modulation, etc., and its optimal constellations are 
the well known T-PSK signals. The second is SU(2) ,  the group 
of 2 x 2 unit-determinant unitary matrices. It corresponds 
to Alamout’s well known orthogonal design for two-transmit- 
antenna systems, which has also been suggested for multi- 
antenna differential modulation. 

But are there any other infinite fpf groups? Using Levi’s 
decomposition of all Lie algebras, along with Cartan’s classi- 
fication of all semi-simple Lie algebras, we have been able to 
answer this question for Lie groups. 

Theorem 1 (All Fixed-Point-Free Lie Groups) T h e  
on ly  f p f  L i e  groups are U(1) and  SU(2) .  T h e i r  only  f p f  irre- 
ducible representations are 1- and  2-dimensional ,  respectively. 

This is a negative result: the only fpf Lie groups are the 
ones currently employed in practice. Therefore our investiga- 
tion has not led to any new group or new constellation. How- 
ever, it suggests the following venue for further work and in- 
vestigation: relax the fpf condition and classify all Lie groups 
whose non-unit elements have no more than k > 0 unit eigen- 
values. ( k  = 0 corresponds to fpf groups.) Since in designing a 
constellation of finite size one needs to sample the Lie group’s 
underlying manifold, the rationale is that if k is small then 
there is a good chance that the resulting sampled constella- 
tion will be fully diverse. As a first step in this direction, we 
have obtained the following result. 

Theorem 2 (Lie Groups with Unitary Representations) 
A L i e  group has  a representat ion as  un i tary  matrices  i f ,  and  
only  af, at as a compact semi-s imple group o r  the  direct s u m  
of U(1) and  a compact  semi-s imple group. 
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