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ABSTRACT: We study complex Chern-Simons theory on a Seifert manifold M3 by embedding
it into string theory. We show that complex Chern-Simons theory on M3 is equivalent to
a topologically twisted supersymmetric theory and its partition function can be naturally
regularized by turning on a mass parameter. We find that the dimensional reduction of this
theory to 2d gives the low energy dynamics of vortices in four-dimensional gauge theory, the
fact apparently overlooked in the vortex literature. We also generalize the relations between
1) the Verlinde algebra, 2) quantum cohomology of the Grassmannian, 3) Chern-Simons
theory on ¥ x S! and 4) index of a spin® Dirac operator on the moduli space of flat
connections to a new set of relations between 1) the “equivariant Verlinde algebra” for a
complex group, 2) the equivariant quantum K-theory of vortex moduli spaces, 3) complex
Chern-Simons theory on ¥ x S and 4) the equivariant index of a spin® Dirac operator on
the moduli space of Higgs bundles.
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1. Introduction

In recent years, there has been a lot of work on realizing conformal theories in two dimensions
and Chern-Simons theories with complex gauge groups on the world-volume of branes in string
theory. Most of these constructions, though, focus on “non-compact” (irrational) theories.



In particular, such a central element in two-dimensional CFT as the Verlinde formula [1] has
not yet found its home in supersymmetric brane configurations.

The Verlinde formula is a simple and elegant expression for the number of conformal
blocks in a 2d rational CFT on a Riemann surface ¥. The number depends only on the
topology of X, an integer number £ called the “level”, and a choice of a compact Lie group
G that in most of our discussion we assume to be simple. For instance, when ¥ is a closed
Riemann surface of genus g and G = SU(2) the Verlinde formula reads:

' k—|—2 g—1 k+1 . 7Tj 2—2g
dimH(X,; SU(2)x) = <2> Z<81nk+2> (1.1)

=1

This expression and its generalization to arbitrary G have a number of remarkable properties.
First, for a fixed g the expression on the right-hand side is actually a polynomial in k.
Moreover, even though the coefficients of this polynomial are, in general, rational numbers,
at every k € Z it evaluates to a positive integer number (= number of conformal blocks).

The space H that appears in the Verlinde formula (1.1) can be also viewed as the Hilbert
space associated to quantization of a symplectic manifold (Mga(X; G), kw) that we briefly
review in section 4. Despite many realizations of quantization problems in superstring theory
and SUSY field theories [2-6], a simple quantization problem that leads to (1.1) has not been
realized. In this paper, not only we realize the Verlinde formula (1.1) as a partition function
of a certain brane system, but we also propose its vast generalization based on the embedding
in superstring theory.

In particular, we wish to re-create a “complexification” of the beautiful story that involves
a number of exactly solvable theories, centered around the Verlinde formula:

dimH(Z; G, k) = Zos(S' x %) (1.2a)
= dim H°(M, L) (1.2b)
= / e E) A Td(M) (1.2¢)
M
= Zaga(X) (1.2d)
= ZA-model(Gr(Na k’)) (126)
= dim Hom(B', Be.) (1.2f)
= dim Hom(B', Be.) (1.2g)

The first line here simply follows from the fact that the problem of quantizing (Mga (2; G), kw

—

is what one encounters in Chern-Simons gauge theory. The latter theory is topological [7,8
and, therefore, has trivial Hamiltonian H = 0, so that dimension of its Hilbert space can be
computed via path integral on S' x ¥. The second line is the result of geometric quantization
of the moduli space M = Mjg,(3; G) of classical solutions with the prequantum line bundle
L, and (1.2c¢) follows from a further application of the Grothendieck-Riemann-Roch theorem.

Then, (1.2d) relates it to the partition function of the G/G gauged WZW model [9],
and (1.2e) is based on the relation [10] to the partition function (more precisely, a certain



correlation function) of the topological A-model on ¥ with the Grassmannian target space
Gr(N, k). Finally, (1.2f) and (1.2g) follow from representing the Hilbert space H® as the
space of open strings in the A-model [2] of complexification of M, namely Mg,(2; Gc), and
in the B-model [5] of its mirror Mg, (3; “Gc), where “G denotes the GNO or Langlands
dual group.

Unlike the classical phase space M = Mg, (X; G), its complexification Mg, (2; Ge) is
non-compact and, therefore, the corresponding Hilbert space H(X; G, k) is infinite-dimensional.
This fact is well known in the study of Chern-Simons theory with complex gauge group and
all related problems where Mg, (X; G¢) shows up. Thus, it is unclear what the analogue
of (1.1) and (1.2) might be if we naively replace a compact group G by its complexification
Gc. However, by identifying Mgt (X; G¢) with the Hitchin moduli space, we argue that the
infinite-dimensional Hilbert space H(3; Gc, k) comes equipped with a natural Z-grading:

(%5 Ge, k) = EPHn (1.3)

ne’

such that each graded piece, H,, is finite-dimensional. This allows us to introduce the graded
dimension of H(X; G, k), which we call the “equivariant Verlinde formula”:

dimg H(%; G, k) o= Y 1" dimH,, (1.4)

where t = e~#. We then generalize each line in (1.2) and, in particular, formulate several new
TQFTs in three and two dimensions that compute the graded dimension (1.4). For example,
for G = SU(2), g = 2 and large enough k, the equivariant Verlinde formula gives
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where a careful reader can recognize (1.1) as the degree-0 piece, i.e.
Ho = H(E;GL k). (1.6)

Also, one can verify that the coefficient of " is always a positive integer, agreeing with its
interpretation as dimension of H,. (In writing the t-expansion (1.5) we assumed that k is
sufficiently large; the exact formula (7.51) is given in section 7 and always yields positive
integer coefficients for all k.)



As we explain in the rest of the paper, the equivariant Verlinde formula provides a
connection between SUSY theories — e.g. realized on world-volume of various brane systems
— and quantization, namely quantization of compact spaces, such as Mg, (X; G) and Bung,
as well as their non-compact counterparts, such as Mag,;(3; G¢) and the Hitchin moduli space.
In particular, there are two 3d A/ = 2 theories that will play an important role throughout
this paper: the so-called “Lens space theory” T[L(k,1); ] and the mass deformation of 3d
N = 4 sigma-model:

= 2 theory T[S x S';
3d N = 2 theory T[L(k,1); 5] 3d NV =2 theory T[S x S; §]

i -model with t t
super-Chern-Simons at level k sigma-model with target My (1.7)

1 f 1
with adjoint field ® of mass and a real mass § for U(1)s

flavor symmetry

To compute the equivariant Verlinde formula, the first theory needs to be put on ¥ x S and
topologically twisted, while the latter theory leads to an expression for (1.4) in terms of the
equivariant integral over the Hitchin moduli space. The former is also equivalent to the IR
limit of 3d /' = 2 SQCD with an adjoint multiplet that can be found on the world-sheet
of half-BPS vortex strings. Thus, familiar vortex strings know about t-deformation of the
Verlinde algebral

Now we present a more detailed outline of the paper and summary of the results.

1.1 Outline of the paper

In section 2 we state the problem and introduce a one-parameter deformation of complex
Chern-Simons theory on Seifert manifolds.

The two theories (1.7) are special cases of T'[Ms; 3], where M3 is an arbitrary Seifert
manifold. As we explain in section 2, when M3 is a Seifert manifold, the corresponding 3d
N = 2 theory T'[Ms] has a special flavor symmetry that we call U(1)g. Turning on the real
mass [ for this flavor symmetry gives a family of 3d N/ = 2 theories T'[Ms; 8] which, via 3d-
3d correspondence provide a definition and natural regularization of complex Chern-Simons
theory on Ms. Then, in section 2.1, we give the second, equivalent definition of complex
Chern-Simons on Mj as a standard topological twist of the 3d N' = 2 theory T[L(k,1); 3] on
Ms. (Evidence for this equivalence is presented in section 5.)

Section 3 relates exactly soluble theories described in this paper to familiar brane con-
structions in type ITA and type IIB string theory. On one hand, it will give us a concrete
description of the Lens space theory T'[L(k,1); 3] as summarized in (1.7) and, on the other
hand, will link our story to the classical problem about vortices on a plane, R? = C. Non-
compactness of the plane leads to non-compactness of the vortex moduli space, which often is
an obstacle in defining its topological and geometric invariants. This problem is easily cured
in the equivariant setting, equivariant with respect to the rotation symmetry of the plane.
In particular, it leads us to identify the equivariant quantum K-theory of the vortex mod-
uli space with the “equivariant Verlinde algebra” for complex Chern-Simons theory (whose
explicit form is described in section 7) and provides an analogue of (1.2e).



Section 4 gives a precise definition of the graded dimension (2.12) via 3d-3d correspon-
dence and shows that it can be written as an equivariant integral over the Hitchin moduli
space. This provides an analogue of (1.2¢). The same graded dimension will be computed in
other sections from a variety of different viewpoints.

In section 5 we demonstrate that S-deformed complex Chern-Simons theory is equivalent
to a certain twist of 3d N = 2 theory T[L(k,1); 3]

twist of T[L(k,1); 8l on| | B-deformed complex (18)
a Seifert manifold M3 ~ | Chern-Simons on Ms '

and compute its partition function (2.15) on ¥ x S! using the standard localization techniques.
This gives a “three-dimensional” calculation of the equivariant Verlinde formula and, as such,
can be regarded as a “complexification” of (1.2a).

The goal of section 6 is to establish the
analogue of (1.2d) for the graded dimen-
sion (1.4). We call the resulting 2d TQFT
“equivariant G/G gauged WZW model”.
In section 7, we formulate this theory as
a set of gluing rules, by associating the
“equivariant Higgs vertex” to each pair of

pants, as in Figure 1. In this section, we
Figure 1: A genus-2 Riemann surface can be de-

also discuss t-deformation and categorifi-
composed into two pairs of pants.

cation of the Verlinde algebra.

In fact, 3d and 2d topological theories
that compute (1.4) are part of a larger family of TQFTs labeled by R € Z. In three dimen-
sions, R can be identified with the R-charge of the adjoint multiplet ® in the twisted theory
T[L(k,1);]. This leads to a generalization of (1.8). Via reduction to two dimensions, we
obtain a large family of new TQFTs that generalize gauged WZW model. Certain special
values of R correspond to models that have been previously studied from different viewpoints.

From this perspective, sections 4 and 7 are all about the special case R = 2. Section 5
talks about general R, but most of the concrete formulae are written for R = 2. This is well
compensated in section 6 whose main goal is to describe the family of 2d TQFTs on 3 for
general R. Then, in section 6.1.1 we again focus on R = 2 that gives the equivariant G/G
model (EGWZW) and whose partition function computes the equivariant Verlinde formula.
Similarly, in section 6.1.2 we focus on R = 0 which gives the G/G gauged WZW-matter model
(GWZWM).

In total, in this paper we present five independent and concrete ways to compute the
equivariant Verlinde formula:

e a three-dimensional computation in a topologically twisted 3d N' = 2 theory on M3 =
¥ x St (section 5);



e a computation based on 3d-3d correspondence that leads to an equivariant integral over
the Hitchin moduli space My (sections 4 and 7);

a two-dimensional computation in the equivariant G/G model on ¥ (section 6.1.1);

another two-dimensional calculation in the abelian 2d theory on the Coulomb branch
(section 6.2);

yet another two-dimensional calculation based on pair-of-pants decomposition of 3 and
the “equivariant Higgs vertex” (section 7).

It would be nice to add to this list a computation based on the 4d N/ = 2 Lens space
index [11,12]. Also, in section 3.2 we outline a generalization of (1.2e) that allows to compute
the equivariant Verlinde formula in the twisted theory on the vortex world-sheet. It would be
nice to carry out the details of this approach and make contact with the equivariant vortex
counting in [13].

2. Fivebranes on Riemann surfaces and 3-manifolds

Our starting point is the following configuration of M-theory fivebranes:

space-time: L(k, 1), x T*M3 x R?
U (2.1)
N fivebranes: L(k,1)p, x Ms

that is also used e.g. in 3d-3d correspondence. Here, M3 is an arbitrary 3-manifold, embedded
in a local Calabi-Yau 3-fold 7% M3 as the zero section. As a result [14], the three-dimensional
part of the fivebrane world-volume theory is topologically twisted. Namely, the topological
twist along Ms is the so-called Blau-Thompson twist [15,16]. It preserves four real super-
charges on the fivebrane world-volume, so that the effective theory in the remaining three
dimensions of the fivebrane world-volume (which are not part of Ms) is 3d N' = 2 theory.
This theory is usually denoted T[Ms] since it depends on the number of fivebranes in (2.1)
and on the choice of the 3-manifold M3. (Sometimes, one simply writes T[M3] when the
number of fivebranes is clear from the context, or denotes this theory T'[M3; G].)

The effective 3d N = 2 theory T [Ms3] can be further put on a curved background [17,18],
in particular on a squashed Lens space L(k,1)y:

Lk, 1)y == {(z,w) € C?, V|z> + b 2|w|* = 1}/Z . (2.2)

where the action of Zj, is generated by (z,w) — (e2™/*z, e=2/ky). Then, reversing the
order of compactification, it has been shown [19,20] that the effective 3d theory on Ms is the
complex Chern-Simons theory, confirming the conjecture of [13,21] (see also [22-26]).



Therefore, one can reduce the six-dimensional (2,0) theory in two different ways, sum-
marized by the following diagram:

6d (2,0) theory on L(k, 1), x M3
e N\
3d N = 2 theory T[M3] complex Chern-Simons
on L(k, 1), theory on M3

(2.3)

and the statement of 3d-3d correspondence is that physics of complex Chern-Simons theory
on Mj is encoded in the protected (supersymmetric) sector of the 3d N = 2 theory T'[M3].
For instance, SUSY vacua of the theory T[M3] are in one-to-one correspondence with the
complex flat connections on Mj;. Various supersymmetric partition functions of T[Ms; G]
compute quantum Gc invariants of Ms, e.g. the vortex partition function (on R% x S1)
gives the perturbative partition function of complex Chern-Simons theory labeled by a flat
connection «:

Zyr (ha) = Z&g(Ms; h). (2.4)

Similarly, and closer to the setup in (2.1) that we shall use in this paper, the partition function
of 3d N = 2 theory T[Ms3] on the squashed Lens space is equal to the full partition function

of complex Chern-Simons theory on Mj at level (k,o = k%):
k,o
Doy L0k, 1)) = 2857 [M3; GL(N,C)] . (2.5)

This correspondence, relating partition functions of a supersymmetric theory with those of
a TQFT, is obviously a very interesting one. However, there is much to be understood on
both sides. On the right-hand side, one basic problem is to produce a simple and effective
technique to compute partition function of complex Chern-Simons theory on arbitrary 3-
manifolds (see [27-29] for some steps in this direction). On the “supersymmetric” left-hand
side of the 3d-3d correspondence, the main problem is to develop tools for building the theory
Tn[Ms] associated with a given Ms3. Previous attempts to tackle this problem either address
only a certain sector of the theory Tn[Ms] that does not capture all SUSY vacua / flat
connections [21,24] or build the full theory T [Mjz] only for particular 3-manifolds [30] and,
therefore, are not systematic.

In particular, one motivation for our work is to understand T [Ms] for Seifert 3-manifolds
which, aside from the abelian case discussed in [31, sec. 2.2], escaped attention in 3d-3d corre-
spondence. A Seifert manifold is the total space of a circle V-bundle over a two-dimensional,
closed and orientable orbifold X3,

Stes M- %, (2.6)

Although all computations in this paper can be easily generalized to arbitrary Seifert man-
ifolds, for simplicity and concreteness we often carry out explicit computations in the basic
example of a product Mz = ¥ x S! explaining how generalizations can be achieved.



With M3 = X x S!, the eleven-dimensional geometry (2.1) becomes:

symmetries: U(l)n SU(2)r
Q Q
space-time: Lk, 1), x T*Y x St x R3 (2.7)
U
N fivebranes: L(k, 1), x ¥ x St

Now, one needs to do the topological twist only along a Riemann surface 3 which is embedded
in the local Calabi-Yau 2-fold T*¥ in a supersymmetric way as the zero section. In particular,
it preserves half of supersymmetry on the fivebrane world-volume, which now also includes
the S' factor. Interpreting this S' as the M-theory circle, the above system of fivebranes
reduces to N D4-branes, which carry maximally supersymmetric bd super-Yang-Mills on
their world-volume. A further reduction of 5d super-Yang-Mills on a Riemann surface with
a partial topological twist along ¥ C T*3 requires gauge field and its superpartners to obey
certain equations on Y. This partial twist was studied exactly 20 years ago [32,33] and the
corresponding BPS equations turn out to be the Hitchin equations [34], so that the effective
3d N = 4 theory is a sigma-model with Hitchin moduli space My (X;G) as the target. In
recent years, this setup was also used in connection with the geometric Langlands program,
AGT correspondence, etc.

To summarize, when M3 = X x S! the effective 3d theory Ty[X x S1] has N' = 4
supersymmetry and the R-symmetry group is enhanced to SU(2)r x SU(2)n. A subgroup
of this R-symmetry group can be easily identified with isometries of the M-theory geometry:
SU(2)g is the double cover of the rotation group SO(3) acting on the last factor R? in (2.7),
while U(1)n (= a subgroup of SU(2)y) acts on the cotangent fiber of T*X.

One can introduce new parameters by weakly gauging these symmetries. We will be
interested in a “canonical mass deformation” of T[% x S!] which gives a N = 2 theory that
in (1.7) we denoted T[X x S'; 8]. This deformation can be done to any 3d A/ = 4 theory by
regarding it as a 3d N’ = 2 theory, whose R-symmetry group U(1)g: is generated by j?\, + jf’%,
and weakly gauging U(1)s generated by j?v — jj)’%. Here we use jfv,Rvi = 1,2,3 to denote the
generators of SU(2)n x SU(2)g.

Note, from the viewpoint of N' = 2 supersymmetry, U(1)g is a flavor symmetry that acts
on the sigma-model target My (X; G) as:

U)s: (A,®)— (A e?D) (2.8)

where each point in Mg (X;G) is represented by a Higgs bundle (A, ®), see section 4 for a
brief review. Weakly gauging this U(1)s symmetry deforms N = 4 sigma-model with target
Mpy(3;G) to a N = 2 theory T[X x S'; 8] with the same field content, but where half of
the fields have (real) mass 8. This deformation of T[S x S!] can be realized in the brane
geometry (2.7) by introducing 2-background on both the two-dimensional cotangent fiber of
T*% and on R? C R? with the equivariant parameters 8 and —J3, respectively. We continue
the discussion of 3d A/ = 2 theory T[% x S*; ] in section 4.



| 5d | SO(5)L x SO(5)g | field | SO(2), x U(1), x U@y x U(l)g |

A 0 +2 0 0
Add (5,1) Ag 0 0 0 0

B +2 0 0 0

¢ 0 0 +2 0
¢*4 (1,5) ) 0 0 0

Y 0 0 0 +2
A% (4,4) A +1 +1 +1 +1

Table 1: The spectrum of 5d A = 2 super-Yang-Mills theory on S? x ¥ x St.

Now, let us consider what this deformation means on the other side of the 3d-3d corre-
spondence, i.e. for the complex Chern-Simons theory on M3. When M3 = ¥ x S! and 8 =0
we have ordinary (undeformed) complex Chern-Simons theory, whose partition function on
¥ x S computes the dimension of the Hilbert space associated to X:

Zcs[B x S Ge] = dimHes(Z; Ge) (2.9)

The space Hcg(2; Ge) is infinite-dimensional due to non-compactness of the gauge group
and one needs to regularize it in order to make sense of the above expression. We will do so
by considering the graded dimension with respect to a Z-grading on Hcg(2; Ge) induced by
the circle action U(1)g. We call the resulting TQFT the “S-deformed complex Chern-Simons
theory”. Note, that S-deformed complex Chern-Simons theory is well-defined not only on
¥ x S! but also on arbitrary Seifert manifolds since this is the class of 3-manifolds for which
one finds the extra symmetry U(1)g.

In order to understand how U(1)g acts on the fields of complex Chern-Simons theory, we
can follow e.g. [19] and reduce the six-dimensional (2,0) theory on the Hopf fiber of L(k,1)
to obtain 5d N = 2 super-Yang-Mills theory on S? x (X x S!). The Lorentz and R-symmetry
group SO(5)r, x SO(5)g of the five-dimensional theory is broken down to

SO(5)L X SO(5)R — SO(Q)L X SO(3>L X U(l)N X SU(Q)R. (2.10)

Here SO(2)y, is the Lorentz symmetry factor associated with S2, while the second SO(3)y, is
the Lorentz factor associated with ¥ x S'. If we choose the metric on ¥ to be independent
of St, the holonomy group is reduced from SO(3) to U(1). So in order to do the topological
twist along 3, we only need to use a U(1)r, subgroup of SO(3)r, and identify the new Lorentz
group U(1)" with the diagonal subgroup of U(1); x U(1)y. Also, the Q-background picks out
a U(1)r subgroup of SU(2)g. In Table 1, we summarize how the fields in 5d super-Yang-Mills
decompose and transform under SO(2);, x U(1)p x U(1)n x U(1)g.

After the topological twist, the scalar ¢ becomes a one-form on . In fact, A = A + i¢
and Ay = Ap+i¢g can be identified with the components of the connection of complex Chern-
Simons theory along 3 and S! directions, respectively. The U(1)s symmetry (2.8) does not



act on A, Ag or ¢p but acts on ¢ by rotating its two components (¢1, ¢2):

) o1 cosf - @1 —sinf - ¢
0eU(l)s : (¢2> — (sinH-qSl—{—cosH-qbg)' (2.11)

As it is precisely ¢, the imaginary part of the complex gauge connection, that gives rise
to divergence in (2.9), one might hope that the Z-grading of the Hilbert space Hcs(2; Ge)
induced by U(1)s symmetry could provide the desired regularization. Indeed, as we show
below, for each value of the Z-grading, the corresponding component of the Hilbert space
Hcs(X; Ge) is finite-dimensional, so that the partition function of the S-deformed complex
Chern-Simons theory is a polynomial in t = e~ that gives the graded dimension (1.4) of the
Hilbert space:

dimg Hes(2;Ge) = Zes[E x SYGe, A, (2.12)

The coefficient of ¢ counts the dimension of the subspace that has eigenvalue n with respect
to the symmetry U(1)g.

In Chern-Simons theory with compact gauge group G, the Verlinde formula [1] is an
explicit expression for Zgg[X x S1; G] and one of our primary goals in this paper is to obtain
its analog — which we call the “equivariant Verlinde formula” — for Chern-Simons theory
with complex gauge group Gg¢. In contrast to the Verlinde formula that depends on the
choice of the gauge group G, level k, and topology of 3, the equivariant Verlinde formula in
addition depends also on 8. Already at this stage one can anticipate some of its properties
and behavior in different limits of 3:

e When 8 — 400, we expect the equivariant Verlinde formula to reduce to the usual
Verlinde formula, because in this limit the only contribution to (2.12) comes from the
singlet sector with respect to U(1)g and the contributions involving field ¢, which is
charged under this symmetry, are typically suppressed. Hence, in this limit the (-
deformed complex Chern-Simons theory with gauge group G¢ becomes Chern-Simons
theory with compact gauge group G. So the equivariant Verlinde formula is a one-
parameter deformation of the usual Verlinde formula.

e When 5 — 0, we expect the equivariant Verlinde formula to be divergent because in
this limit 8 will not provide any regularization for Chern-Simons theory with a complex
gauge group Gc.

Combining these two points together, one can view the equivariant Verlinde formula as an
interpolation between the Verlinde formula with group G and with group Gc.

2.1 Two different approaches to complex Chern-Simons theory

In general, there are two standard ways to preserve supersymmetry on a curved space M:

e Deformation. One way to preserve supersymmetry is to modify the supersymmetry
algebra. An effective way of doing this is to couple the theory to supergravity and find

,10,



consistent background values for these auxiliary fields [17]. This approach requires M
to have non-trivial symmetries.

e Topological Twisting. Another way is to perform a topological twist [35]. In a theory
realized on world-volume of branes, this operation corresponds to embedding M as a
calibrated submanifold in a special holonomy space [14]. This approach does not require
M to have a symmetry.

Recall our eleven-dimensional geometry (2.7):

N fivebranes: L(k, 1), x X x St
N
space-time: L(k, 1), x T*Y x St x  R3 (2.13)
O O
symmetries: Ul)n SUQ2)r

We too have two possible ways to formulate the S-deformed complex Chern-Simons theory
living on ¥ x S! as a topological theory with BRST symmetry. The first is to do “deformation”,
which means to reduce 6d (2,0) theory on L(k, 1) as in [19], but now in the presence of the
Q-background. The second, much easier approach is to do a topological twist along L(k, 1),
just like we did it along Ms3.

In the eleven-dimensional geometry, this can be conveniently achieved by combining the
R3 factor with L(k, 1) to obtain T*L(k,1). As the cotangent bundle of a Lens space is trivial,
there is no topological obstruction to doing so, although we do need to modify the metric of
R3 so that the total space has a Ricci-flat metric. In other words, now L(k,1) is embedded
as a special Lagrangian submanifold inside a non-compact Calabi-Yau 3-fold:

N fivebranes: Lk 1), x % xSt
N N
space-time: T*L(k,1), x T*Y x St (2.14)
O O
symmetries: SU(2)r U(l)n

In order to introduce the equivariant parameter 3, we need to single out a R? 3 subspace of
R? to turn on the Q-background. So, now we also need to specify how this R? is fibered over
L(k,1). Lens spaces are particular examples of Seifert manifolds. Thus, L(k,1) is the total
space of a degree k S'-bundle over CP!. If we take REB to be the cotangent fiber of CP!,
then the two sides of 3d-3d correspondence are treated on equal footing! and this is exactly
what we will do.

To summarize, the S-deformed complex Chern-Simons theory on ¥ x S! can be described
as the topological twist of the 3d N = 2 “Lens space theory” T'[L(k,1); 8], and our next task

'In this paper we focus on the special case M3 = ¥ x S*, but it can be replaced with a more general Seifert
manifold. And L(k, 1) can also be replaced with a more general Seifert manifold, making the two sides of the
correspondence completely symmetric.
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is to identify this theory and analyze its dynamics. Among other things, this gives another
possible way to define the graded dimension (1.4) or the partition function of the -deformed
complex Chern-Simons theory (2.12):

dimg Hes(X;Ge) = Zes[E x SY;Ge, ] = ;V[Vfggjilm [Zx S . (2.15)

In section 5 we present further evidence for the proposed relation (1.8) by calculating partition
function and comparing with the prediction of 3d-3d correspondence, i.e. with the equivariant
integral over the Hitchin moduli space.

3. Branes and vortices

The theories studied in this paper describe low-energy physics of certain brane configurations
in type IIA and type IIB string theory. In particular, type IIB brane configuration will help
us to identify the Lens space theory T'[L(k,1); 5] and its type IIA dual will make contact with
the dynamics of vortices in 4d ' = 2 SQCD with U (k) gauge group.

3.1 “Lens space theory” T'[L(k,1)] from brane constructions

The reduction of the 6d (2,0) theory on L(k,1) can be most easily performed by regarding
the Lens space as the total space of a T? torus fibration over an interval. At each endpoint
of the interval, the torus degenerates to a circle. The first homology group of the torus is

H(T) =787 (3.1)

generated by [a] and [b]. Regarding the Lens space L(k,1) as a Hopf fibration over CP'
la (2.6), we can also identify [a] with the homology class of the Hopf fiber and [b] with the
latitude circle of the base CP! which shrinks on both end of the interval, see Figure 2.

interval

Figure 2: CP! can be viewed as the total space of a circle fibration over an interval, with degenerate
fibers at the endpoints of the interval.

Then, in representing L(k, 1) as a T2-fibration over the interval, the vanishing cycle at
one endpoint of the interval is homologous to [b], whereas non-trivial topology of the Hopf
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fibration requires the vanishing cycle at the other endpoint of the interval to be [b] + k[a].
This torus fibration is illustrated in Figure 3. Note, near the left endpoint of the interval, the
base CP! looks like a cigar and the total space of its cotangent bundle can be identified with
a Taub-NUT space, such that [b] is the S! fiber that vanishes at the Taub-NUT center.

(1,0)-cycle (1,k)-cycle
degenerates degenerates

Figure 3: The Lens space L(k, 1) can be viewed as the total space of a 2-torus fibered over an interval.
Near each endpoint of the interval, a particular cycle of the torus degenerates.

Now we are ready to reduce our 11-dimensional setup (2.14) on the torus T?. Our choice
of space-time coordinates is summarized in the following table:

space-time | 0 | 1 | 2 |3 |4 5 6 7181]19 |10
M5 =1 =1.1. . _ o
geometry by St R% Ruopt | Interval R? 5 T2

We use (20, 2!, 2%) to parametrize ¥ x S, which for now we assume to be flat, until we
are ready to implement the topological twist along ¥. We use (22, 2%) to parametrize the
cotangent fiber R% of ¥. And we let the Hopf fiber S* (a-cycle of the torus) to be parametrized
by a periodic coordinate z¥ and its cotangent space Ryopf to be parametrized by x®. We use
2% to be the coordinate on the interval base of the torus bundle, and (27, 2%) to be coordinates
on the cotangent space R? P of CP!, where CP! is the base of the Hopf fibration. Lastly, we

choose the b-cycle to be parametrized by z'°.

Type IIB brane configuration

We are going to use a famous duality between M-theory on a 2-torus and type IIB string
theory on a circle, so that the SL(2,7Z) duality group of type IIB theory has a nice geometric
interpretation as the mapping class group of the T2. What happens to M5-branes supported
on L(k,1), x ¥ x S! upon this reduction?

The fivebranes wrapping a torus give rise to a stack of N D3-brane and the boundary
condition it satisfies demands that we have a NS5-brane on one side of the interval and a
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N D3's
/

NS5 (1,k)-fivebrane

Figure 4: The NS5-D3-(1,k) brane system in type IIB string theory.

(1, k)-fivebrane on the other side of the interval:

space-time | 0 | 1 | 2 | 3 |4 |5 |6 |7]8]9
N D3’s — | — | — - . - H
3.2
TSTRR IS B R — R R R (3:2)
(1,k)-brane | — | — | — | — | — [\ | - | - | - |\

This brane configuration is illustrated in Figure 4 and can be equivalently derived as follows.
As we pointed out earlier, near the left endpoint of the interval, the base CP' looks like
a cigar and the total space of its cotangent bundle can be identified with a Taub-NUT space,
such that [b] is the S! fiber that vanishes at the Taub-NUT center. Reducing M-theory on
the circle fiber of the Taub-NUT space gives rise to a D6-brane, while N Mb5-branes become
N D4-branes. In the coordinate system described above, the D6-brane is located at the
Taub-NUT center:
=2"=2%=0. (3.3)

In other words, its world-volume spans the space-time directions 0123459. And it is easy to
see that the D4-branes are extended along 01269. This is summarized in the table below:

space-time | O | 1 | 2 | 3 | 4 |5 |6|7|8]| 9
D4 [ I I ) A T
D6 ] =

Here we are looking at the geometry near the left endpoint of the interval 2% so the D4-branes
appear to be semi-infinite in 2% direction. Then, we perform a T-duality along the Hopf fiber
direction parametrized by z°. The D6-brane turns into a D5-brane with world-volume 012345,
while D4-brane becomes a D3-brane spanning 01236. For convenience we perform S-duality,
which replaces D5 with NS5-brane while leaving D3’s invariant. We can perform a similar
analysis near the right end-point of the interval and obtain N D3’s ending on another NS5.
But this picture at the right endpoint of the interval is in a different SL(2,7Z) duality frame of
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type IIB theory; in the original frame we will have a (1, k)-fivebrane instead of a NS5-brane.
Also, the (1, k)-brane is rotated in the (2%, 2%) plane

(1,k)-brane: 2% =2"=2%=0, ka®=2", (3.4)

since it can be decomposed into a NS5-brane in 012345 and k D5-branes in 012349, as illus-
trated in Figure 5.

(1,k)-brane
kDS'S/ *
N D3' X
NS5 > NS5

Figure 5: The (1,k)-brane in Figure 4 is a bound state of a NS5-brane and k D5-branes.

To summarize, our M-theory setup (2.14) is dual to type IIB brane configuration (3.2)
illustrated in Figures 4 and 5. In particular, 3d N' = 2 Lens space theory T[L(k,1)] can
be identified with the theory on D3-branes in Figures 4 and 5. Besides 3d N = 2 vector
multiplet it contains a N' = 2 chiral multiplet ® in the adjoint representation of the gauge
group G' = U(N) that corresponds to the motion of D3-branes in directions 2% and z*. Weakly
gauging the U(1)z symmetry (2.11) that rotates 2% and x* gives a real mass 3 to ®:

5Smass = / Prd*0 o7 ot (3.5)

Thus, we end up with the theory described in (1.7). (Here, 8 plays the role of mass parameter
and, hence, is dimensionful. Starting from section 4, a dimensionless “equivariant parameter”
£ will also appear. As they are related simply by a 2mrRg1 factor, with Rg1 being the radius
of the Seifert S* fiber, to avoid clutter we use the same symbol 3 for both quantities.)

Type ITA brane configuration

Our main application of the Lens space theory T'[L(k,1); 3] in this paper is that its twisted
partition function on M3 = X x S! gives the equivariant Verlinde formula. In particular, in
sections 6 and 7 we will study the circle reduction of this theory to 2d TQFT on 3. The
latter is what we are going to call equivariant G/G gauged WZW model and has a nice
interpretation in our brane construction. Namely, it corresponds to a T-duality along the S!
direction parametrized by z2. Upon this T-duality, N D3-branes in Figure 5 transform into
N D2-branes in directions 016, while £ D5-branes turn into £ D4-branes in directions 01349.
The resulting type ITA brane configuration is shown in Figure 6 and describes vortices in
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U (k) four-dimensional SUSY gauge theory:

2d N = (2,2) “vortex theory” on D2-branes

U(N) SQCD with k fundamental chiral multiplets (3.6)
and one adjoint chiral multiplet ® of mass

N D2's

k D4's

A\

NS5

Figure 6: The NS5-D2-NS5-D4 brane system in Type IIA string theory obtained by dimensionally
reducing the system in Figure 4.

The type IIB and type ITA brane configurations in Figures 5 and 6 will be extremely
useful to us for analyzing 3d N = 2 theory T[L(k, 1); 8] and its reduction to 2d, respectively.
In particular, we can use either UV or IR limit of these theories to study topological twist
on a Riemann surface Y. In the analogous problem that involves 4d N' = 2 gauge theory,
the twist of the UV theory leads to Donaldson invariants, whereas topological twist of the IR
limit leads to Seiberg-Witten equations. Similarly, we can obtain different expressions for the
equivariant Verlinde formula (and equivariant Verlinde algebra) by implementing topological
twist at different energy scales.

If we perform topological twist in the UV theory, we obtain a 3d TQFT discussed in
section 5. On the other hand, if we follow 3d N' = 2 theory T[L(k,1); 3] to the IR, then we
do not even need to perform the topological twist: for generic values of 5 # 0 the theory
has a mass gap and in the IR automatically flows to a TQFT that we call equivariant G/G
gauged WZW model. As we show next, there is yet another phase of the Lens space theory
T[L(k,1); 5] that relates it to a classical problem about vortices.

3.2 Vortices and equivariant G/G gauged WZW model

Although exactly soluble field theories discussed in this paper have a natural home in math-
ematical physics, they can be also realized in Nature.

In particular, we claim that the low-energy effective theory of N vortices in 4d N = 2
SQCD with U(k) gauge group and Q-background in the plane orthogonal to the vortex world-
sheet is the equivariant G/G model. Furthermore, we claim that the equivariant Verlinde
algebra (i.e. the algebra of Wilson loops in S-deformed complex Chern-Simons theory) whose
explicit form will be discussed in section 7 is given by the equivariant quantum K-theory of
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V&, the moduli space? of N U (k) vortices on the plane R? 2 C. Here, the word ‘equivariant’
means equivariant with respect to the rotation symmetry of the plane; this is precisely our
symmetry U(1)g. In the physics literature, this equivariant K-theory of vortex moduli spaces
was first discussed in [13].

This provides an equivariant generalization of a beautiful story discovered by Witten [10]
that relates the ¥ x S! partition function of U(NN) Chern-Simons theory at level k (i.e. the
Verlinde formula) and the algebra of Wilson loops (i.e. the Verlinde algebra) to the quantum
cohomology of the Grassmannian Gr(N, N+k). Our equivariant generalization of this relation
can be derived by starting with a “big theory”:

3d N =2 U(N) super-Chern-Simons theory at level g

+ k& chiral multiplets Q4= .. 1 in the fundamental representation (3.7)

+ 1 massive chiral multiplet ® in the adjoint representation with mass 5.

Because the gauge group is U(N), we can turn on an FI parameter ¢ and analyze the vacuum
structure as a function of (. We will show that, as { varies, this theory interpolates between
the Lens space theory in (1.7) and 3d N = 2 sigma-model with the vortex moduli space Vi j
as a target and a potential that makes Vy . effectively compact.

In order to analyze the vacuum structure of this theory, we need to study the scalar
potential as a function of scalar fields, which are the following. Let o;, : = 1,2,..., N be
the eigenvalues of a scalar field o in the NV = 2 vector multiplet. The scalar components of
Q4 will be denoted ¢ 4 and assembled into a N x k matrix ¢. And the adjoint superfield ®
contains a N x N matrix of scalar fields <pij .

A similar 3d N = 2 theory without the adjoint multiplet ® was discussed in [36]. In the
regime ¢ < 0 it has a unique supersymmetric vacuum where o acquires an expectation value

o= —%Id. (3.8)

This gives a positive mass to all fundamental chiral multiplets @) 4. Integrating these chiral
multiplets out leaves us with A/ = 2 U(N) super-Chern-Simons theory at level k. On the
other hand, if ¢ > 0 then one has ¢ = 0 and the D-term equation is now

¢-Id=qq". (3.9)

For k > N, the moduli space of solutions to this equation is the Grassmannian Gr(N, k) and,
therefore, the low energy physics is described by A/ = 2 Grassmannian sigma model. If one
puts low-energy theories for both ¢ < 0 and ¢ > 0 on ¥ xS! and performs the topological twist,
one arrives at the conclusion that U(N);_y Chern-Simons theory® on ¥ x St is equivalent to

2Notice, that in the usual notation for the vortex moduli space k stands for the number of vortices, while
N is the rank of the gauge group, whose role is reversed in our notations here.

3N = 2 U(N)i super-Chern-Simons theory is equivalent to U/ (N);_x bosonic Chern-Simons theory because
integrating out gauginos in the adjoint representation shifts the level by — V.
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topological A-model of Gr(V, k). Put in other words, the Verlinde algebra can be identified
with the quantum cohomology ring of the Grassmannian. So this argument reproduces the
main result of [10].

Now let us add the massive adjoint chiral multiplet ®. For ( < 0, the supersymmetric
vacuum characterized by

”_ _%Id (3.10)

still exists and gives a mass to all the @ 4’s. However, the mass of ® still comes entirely from
(3.5). Indeed, the only other potential contribution to the mass of its scalar component ¢ is
the term

llo,¢l|”, (3.11)

but the identity matrix commutes with any value of . Similar argument shows that fermions
in the ® multiplet also remain massless as o gets a vev. Therefore, for ( < 0, after integrating
out all the fundamental multiplets Q 4, the low-energy effective theory is described by N = 2
U(N)y, super-Chern-Simons theory with an adjoint chiral superfield ® of (real) mass 3, which
is precisely our 3d N/ = 2 theory Tx[L(k, 1); 8]. Hence, we showed that Ty [L(k,1); 3] can be
identified with the ¢ < 0 phase of the “big theory” (3.7).
On the other hand, in the regime ¢ > 0 the D-flatness condition of the theory (3.7) looks
like
¢-1d = qq" + [0, 7). (3.12)

Therefore, the low-energy physics is described by an N = 2 sigma-model with the target
space

Ve =2 {(@.0)[¢-1a = aq' + [, o1} UN). (3.13)

This space is conjectured by Hanany and Tong [37] to be homeomorphic to the moduli space
Vi of N U(k) vortices on R?. Hence, for ¢ > 0 the low-energy physics of (3.7) is described
by N = 2 sigma-model with the target space Vy ; and a potential

V= 8ol (3.14)

that comes from the mass of ®, ¢f. (3.5). Putting the low-energy theories for both { < 0 and
¢ >0on X x S! and performing the topological twist leads to the following conclusion:

The B-deformed complex Chern-Simons theory on S' x X is equivalent to a topological
sigma-model to the vortex moduli space Vy i equipped with the potential (3.14).

Note, one can perform different topological twists on X parametrized by different as-
signments of the R-charge to the adjoint multiplet ®. This leads to a large family of quasi-
topological theories in three dimensions, only one of which (for R = 2) happens to be related
to complex Chern-Simons theory. It is interesting, though, to study the entire family of
such theories, related to different variants of the equivariant quantum K-theory as shown
here. Reduction of this family to 2d TQFTs labeled by R € Z will be discussed in detail in
section 6.
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It would be interesting to derive the equivariant G/G model on the vortex world-sheet
via the anomaly inflow [38] from 4d V' = 2 SQCD with U (k) gauge group (and Q-background
in the plane orthogonal to the vortex world-sheet). A similar question for half-BPS surface
operators in 4d gauge theory with A" = 4 supersymmetry was studied in [39].

4. Equivariant integration over Hitchin moduli space

In this section we consider the “supersymmetric” (i.e. left) side of the 3d-3d correspondence
(2.3) when M3 = X x S* or, more generally, a Seifert manifold. This, in particular, will give
the precise meaning to the graded dimension in (2.12) and show that it can be written as the
equivariant integral over the Hitchin moduli space.

As explained in section 2 and summarized in (1.7), 3d N = 2 theory T[Z x S%; 3] is a
sigma-model with the Hitchin moduli space My as a target and a real mass for the U(1)g
flavor symmetry, whose action is described in (2.8) and (2.11).

4.1 Quantization of Hitchin moduli space

The dimension of the Hilbert space of Chern-Simons theory with compact gauge group G can
be naturally expressed as an integral over the moduli space of flat connections Mg,¢. Let A
be the connection on a principal G-bundle over a Riemann surface X and Fj its curvature.
Then the moduli space of flat connections is

Miai (35 G) = {AlFa = 0} /G, (4.1)

where G is the group of gauge transformations. This space is equipped with a natural sym-

plectic form [40]:
1

W= . Tr 0ANSA, (4.2)
where § is the de Rham differential on Mg,;. With this particular normalization w is the
generator of the integral cohomology group H?(Mgat, Z).

The classical phase space of Chern-Simons theory at level k£ on ¥ is precisely the sym-
plectic space

(Mﬂat(z; G), k:w) (4.3)

and the Hilbert space Hcs(2; G, k) can be obtained by quantizing it [8]. In fact, Mg.(2; G)
is a compact Kaher space as the complex structure of ¥ defines a complex structure on
Mgt (X; G) that is compatible with w. As a consequence, one can apply the technique of
geometric quantization [41] to identify Hcg(X; G) with the space of holomorphic sections of
a “prequantum line bundle” £®F:

Hos (%3G, k) = HO (Maai (55 G), £5F) (4.4)

where L is the universal determinant line bundle with curvature w. The index theorem,
combined with the Kodaira vanishing theorem for the higher cohomology groups, relates the
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dimension of the Hilbert space to the index of a spin® Dirac operator and then to an integral
over Mg (X; G):

dim Hes (25 G k) = x(Mga, L) = Index(Ppon) = / Td(Mgas) A, (4.5)
Mat

where Td (Mg, (X; G)) is the Todd class of Mgy (X; G).
Now let us consider Chern-Simons theory with complex gauge group G¢. The classical
phase space is a symplectic manifold

(Mﬂat(E; Gc) = MH(Z; G), kwr + O'wK) . (46)

Here My (X; G), later abbreviated as My, is the moduli space of G-Higgs bundles over ¥ [34]:

Fa=ono =0 } /G, (4.7)

Mg (3;Ge) = {(A’ ¢) dad = dilqﬁ =0

The adjoint-valued one-form ¢ € Q!(X, adg) is precisely our field ¢ that appeared earlier in
Table 1. The Hitchin moduli space is hyper-Kéhler: it comes equipped with three complex
structures (I, J, K) and three real symplectic forms:

wp = 4%2 / Tr (SANSA — 66A50) (4.8)
by

wy = 271r2 /E Tr (5AA%50) (4.9)

i — 271(2 [ T (54n00) (4.10)

This space can be viewed as a natural complexification of Mg, (2; G) and it is birationally
equivalent to T* My.;. The canonical determinant bundle £ also extends naturally to a line
bundle over My that we continue to call £. The curvature of £ is now w;. (This extension
of £ from Mg, (2; G) to My is one of the key elements in the “brane quantization” of the
moduli space of flat connections [2].)

Just as in quantization of (4.3), the quantization of (4.6) leads to a Hilbert space whose
dimension can be formally expressed as an integral over My similar to (4.5):

dim Hes(3; Ge, k) :/ Td(Mpg)AePwrtows (4.11)
My

However, as the Hitchin moduli space is non-compact, the integral above is divergent, in-
dicating that the Hilbert space associated with complex Chern-Simons theory is infinite-
dimensional.

An interesting feature of the Hitchin moduli space is that it admits a circle action with
compact fixed point loci which, anticipating connection with earlier discussion, we shall call
U(1)g. This action was used by Hitchin [34] to study topology of the moduli space of Higgs
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bundles and in the literature sometimes referred to as “the Hitchin action”. The corresponding
vector field V' on My is generated by the Hamiltonian:

1
p= g [ Tr(onso). (4.12)

with the symplectic form wy:
op = 2mywy. (4.13)

Indeed, one can see that this action, rotating the Higgs fields ¢, is exactly (2.11) that rotates
the cotangent space of 3 where the field ¢ lives. Using this U(1)g action, we can regularize
the divergent integral in (4.11) by converting it to an equivariant integral. First we define the
equivariant differential associated with the Hamiltonian U(1)g action on Mp:

D =06+ 2Py . (4.14)

Here 3 is the generator of
H¢, (pt) = H*(CP*>) = C[3], (4.15)

assigned degree 2 in the equivariant cohomology to make D homogeneous. We have chosen
[ for this equivariant parameter, so that it can be identified with the mass parameter in the
previous discussion. Then, the equivariantly closed extension of wry is

wr = wr — Bu, (4.16)

which satisfies
Dwr=0. (4.17)

Because wg is not invariant under U(1)g, we set o to zero in (4.11). In the original
problem of quantizing (4.6) it means that we set the “imaginary part” of the complex Chern-
Simons theory to zero. Since all the relevant characteristic classes have equivariant extensions,
it is natural to replace the divergent integral (4.11) with an equivariant integral that computes
the equivariant index:

/MH ch (£®k) ANTd(Mp) = Index(Pron) ~ Indexgi(Prer; B) = /

[ (c®k, 5) ATd(My, B).

(4.18)
In particular, the equivariant Chern character

ch(LE, B) = exp (ki) = exp (kwr — k) (4.19)

exponentially suppresses the contribution of parts far away from Mg, (2; G) C My, where
1> 0. Therefore, one may hope that a positive value of 5 provides the desired regularization
of the naive expression (4.11).

Using the Atiyah-Bott localization formula [42] one can rewrite the right-hand side of
(4.18) as an integral over the critical manifolds, Fy, of u:

kw
Indexg: (Ppak, ) = e nlF) Td(Fg)ne™r

L (4.20)
= , L (1 — e=m)
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which is manifestly convergent as all critical manifolds are compact. In the denominator we
used the splitting principle to decompose the normal bundle of F}; into line bundles L; whose
equivariant Chern classes are 1+ z; + (n;.

The equivariant index (4.20) is going to be our definition for the graded dimension of the
Hilbert space of complex Chern-Simons theory (2.12):

dlm,BH(Z7G(C7k) = ZCS[E X SI;G(Cakvﬁ] (421)

— indexg: (Dper: B) = / Td(My, B)A exp(kddy)
Mp

Note, every quantity in this formula, except for the first one (viz. the partition function of
complex Chern-Simons theory with 3 deformation) has precise mathematical definition and
at this stage can in principle be computed directly. In section 7 we perform the equivariant
integration explicitly in the case of G = SU(2) for some punctured Riemann surfaces and
obtain the SU(2) “equivariant Verlinde algebra” generalizing the usual Verlinde algebra.

However, this direct approach becomes progressively more complicated as the rank of
the gauge group gets larger and larger. Our goal is to evaluate (4.21) indirectly, using 3d-3d
correspondence (2.3) to compactify the fivebrane theory on L(k,1) first and then use string
dualities of section 3 to derive the exact solution of the -deformed complex Chern-Simons
theory on M3 = ¥ x S! (and, more generally, on Seifert manifolds). We hope that many
alternative ways for computing the integral (4.21) presented in this paper can shed light on
the singularity structure of the moduli space of Higgs bundles (when the rank and the degree
are not coprime).

Before we proceed, let us point out that in [43] a similar integral over M g which computes
the “equivariant volume”

Volg(Mp) :/ exp(wr) (4.22)
My

was studied using the “topological Yang-Mills-Higgs model”. This model was later analyzed
in detail in [44,45]. As the equivariant index is the K-theoretic lift of the equivariant volume,
we expect [-deformed complex Chern-Simons theory to share a lot of similarities with the
Yang-Mills-Higgs model. In particular, it should have a BRST symmetry. One way to obtain
a theory with BRST symmetry is to start with a supersymmetric theory and perform a
topological twist. As we will see in the next section, this is indeed the case: the [-deformed
complex Chern-Simons theory on ¥ x S! is equivalent to a topologically twisted 3d N = 2
supersymmetric gauge theory.

5. f-deformed complex Chern-Simons

5.1 Complex Chern-Simons theory from topological twist

Since general 3d N/ = 2 theories have R-symmetry group U(1) they can not be twisted
on general 3-manifolds with holonomy group SO(3). However, if M3 is a Seifert manifold
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equipped with a metric such that the U(1)g Seifert action* is an isometry, then the holonomy
group is reduced to U(1) and one can twist 3d N/ = 2 theory on M3. After the twist, the
resulting “semi-topological” theory does not depend on the choice of metric, as long as U(1)g
is still an isometry of that metric. Equivalently, upon the dimensional reduction on a circle
fiber it gives truly topological theory in two dimensions. In [46], K&llén put N/ = 2 super-
Chern-Simons theory on Seifert manifold by doing precisely this kind of twist. Later, Ohta
and Yoshida generalized this to N' = 2 Chern-Simons-matter theories and studied partition
functions of such theories on Seifert manifolds [47].

Here, we apply this to a particular 3d N' = 2 theory, namely T'[L(k,1); 3] that one finds
after reduction of the 6d (2,0) fivebrane theory on a Lens space. As any other 3d N = 2
theory, T[L(k,1);3] can be twisted on ¥ x S! or more general Seifert manifolds. Then,
according to section 2, this twisted theory will be precisely the sought-after “g-deformed G¢
complex Chern-Simons theory” at level k. At this stage, from the definition in section 2 we
know the following three facts about this S-deformed G¢ complex Chern-Simons theory at
level k:

1. For 8 — 400 it reduces to Chern-Simons theory with compact gauge group G at level k.
2. For 8 — 0 it becomes Chern-Simons theory with non-compact gauge group Gg.

3. For general 3, we would expect the theory to produce the equivariant integral (4.20)
over the Hitchin moduli space M if we put it on ¥ x S7.

Now we demonstrate that 3d A = 2 theory T[L(k,1); 3] twisted on ¥ x S! indeed satisfies
all these criteria, thereby verifying (1.8). Then, in subsection 5.2 we compute its partition
function (2.15) using localization.

5.1.1 The limit 8 — +o0 and compact group G

In the f — 4o0 limit, the adjoint chiral multiplet ® in T'[L(k,1); 8] can be integrated out
and it will produce a shift of the Chern-Simons level k — k' = k + hg, where hy is the dual
Coxeter number of the Lie algebra g. Then we are left with A" = 2 super-Chern-Simons theory
with gauge group G at level k. This theory can be further reduced to pure bosonic Chern-
Simons theory after integrating out gauginos A, AT and bosonic fields o, D. The functional
determinant associated with gauginos is not well defined and one needs to regularize it. A
standard way to do this is to add a Yang-Mills term to the theory and send the Yang-Mills
coupling to infinity. Using this regularization, which is natural from the brane picture, the
functional integral over gaugino fields will produce a further shift k¥’ — k, see e.g. [48].

Notice that expectation values of physical observables in Chern-Simons theory at level k
usually depend on k' = k + hy, which comes from gluon loops. Combined with this, there are
in total three level-shifting effects, which are summarized below.

“by translation on the Seifert fiber in (2.6)
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1. Integrating out N' = 2 adjoint chiral multiplet with large positive mass shifts the level
by +hg.

2. Integrating out gauginos in super-Chern-Simons theory shifts the level by —h,.

3. Integrating over gauge fields to compute partition function or expectation values of
physical observables effectively renormalizes the level by +hg.

The effects of 1 and 2 cancel each other so that T[L(k,1); 5 — oc] is equivalent to pure
bosonic Chern-Simons theory at level k.

5.1.2 The limit 8 — 0 and complex group G¢

In this limit T'[L(k,1); ] is a superconformal theory and topological twist is crucial in order
to produce a TQFT. (In general, a gapped theory is expected to flow to a TQFT in the infra-
red even without a topological twist.) The topological twist of N/ = 2 super-Chern-Simons
theory with general matter content on a Seifert manifold is discussed in [47]. In particular, on
¥ x St a chiral multiplet will yield two BRST-multiplets (¢, 1) and (x,n). Here ¢ and n are
bosons while ¥ and x are fermions. Regarded as fields on 3, they are respectively sections of

(p,0) €T [QO(Lg ®C)], (5.1)
(x,n) €T [Q'(Lg)],

where Lg is the Lie algebra of the loop group LG. Using the complex structure of the Riemann
surface, one can decompose (,7) into (1,0)-forms (x,,7n,) and (0, 1)-forms (xz, 7z). Similarly,
the components of a vector multiplet (A, \, 0, D) now become (A, Az, Ao, Az, Az, Ao, 0, D).
(See appendix of [47] for definitions of these fields and their transformation rules.) In what
follows, we will focus on the matter part which comes from the chiral multiplet ®. The

corresponding BRST transformations are®

Q()D = wv Q¢ = _iDOQO — 0 )
Qx:=nz, Q. = _i(DO + U)Xz + BXz (5'2)
Qxz =1z, Qnz=i(Do+0)xz+ Bx=-

However, this is not the only possible twist of the 3d N' = 2 theory T[L(k,1); 3]. The
twist described above corresponds to assigning R-charge® R = 0 for ®. Since the new Lorentz
group of the Riemann surface U(1) is taken to be the diagonal subgroup of U(1)z, x U(1)%,
this assignment makes the scalars ¢ to remain scalar after the twist. As T[L(k,1); ] has
no F-term interactions” and the U(1)}, R-charge assignment for ® is unconstrained, nothing
prevents us from considering more general integer values of R. In particular, what turns out

®Notation in [47] differs from ours by z <+ Z. The notation used here is chosen to agree with that in gauged
WZW-matter model, which will be discussed below.

50ur convention is such that the superspace coordinates 6 has R-charge 1.

"Recall, that the real mass is given by a D-term.
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to be related to complex Chern-Simons theory is the case of R = 2. When R = 2, the fields
are sections of:

(p,9) € T [Q(Lg)] , (5.3)
(x,m) € T [Q(LgeC)] ,

and we will write them in components as (¢., ¢z, ¥, ¥z, x,n). The BRST transformations

are:

Q. =Y., QY. = _(DO + U)‘PZ + B,
Quz = vz, QUuz = (Do +0)pz + By=, (5.4)
QX =1, Qx = —i(Do+0o)n.

Now we describe the relation between this twisted SUSY theory and complex Chern-
Simons theory, whose action at level (k,0) = (k,0) is

SE0(A, ¢) = g / <A/\dA + %A/\A/\A - ¢dA¢) , (5.5)
where A = A + Apdz® and ¢ =9+ ¢odx® are gauge fields in 3d. We see that the part
involving Higgs field ¢, which will eventually be identified with the adjoint scalar Lagrangian
in T[L(k,1); 8 = 0], is well separated from the gauge field Lagrangian.

At this stage, there are two obvious disconnects with the twist of N' = 2 theory T[L(k, 1)].
First of all, the U(1)3 flavor symmetry is missing in complex Chern-Simons theory. Secondly,
complex Chern-Simons theory is invariant under a larger gauge group G¢. The two difficulties
actually cancel each other as we will see next.

We first rewrite the action (5.5) in the geometry ¥ x S':

SEO (A, ¢, Ao, o) = L / Tr (AADA + 2A0ANANA + 2A0NdA — 2¢0Adad — SADGD) .
Y xSt

o drm
(5.6)
Here Dy is the covariant derivative along the S* fiber of the Seifert manifold or ¥ x S in our
basic example. The integral over ¢g can be explicitly carried out and gives a delta function
that implements the constraint

dad=0. (5.7)

After integrating out ¢o, the Lagrangian is invariant under U(1)g, but the condition above is
not. A natural way to cure this problem is to impose the gauge choice

dip=0. (5.8)

Note, the above two equations are also two of the three Hitchin equations. After these steps,
the only term in the Lagrangian that depends on ¢ is proportional to

Do . (5.9)

,25,



In the twisted 3d N = 2 theory T[L(k,1); 8 = 0], the whole matter part of the action is
@-exact, and nothing prevents us from changing it into another ()-exact term, such as

%Q (P27 — Y Npz) = VA2 + . ADopz. (5.10)

After integrating out 1, gauginos A, scalars ¢ and D, we obtain precisely the complex Chern-
Simons action. (Notice, that the shifts of level caused by 1 and A cancel each other.)

5.2 Equivariant Verlinde formula

The Verlinde formula is usually written as a sum over highest weight integrable representations
of the loop group LG at level k (see e.g. (1.1) for G = SU(2) in which case it is simply a sum
over j=1,2,...,k+1):

. Awt !
A = . 11
J € Lak (W x Ok + h)Art> (5.11)

Here hg is the dual Coxeter number of the Lie algebra g and the prime means that the fixed
points are removed. It is natural to expect that the equivariant Verlinde formula, defined
as the partition function of S-deformed complex Chern-Simons theory (2.12), takes a similar
form.

Now, once we established the equivalence of the S-deformed complex Chern-Simons with
the twist of 3d N' = 2 theory T'[L(k, 1); 3] described in the previous subsection, we can use the
standard localization techniques to compute its partition function. Thus, one can follow e.g.
the techniques of [47] to calculate the partition function of 5-deformed complex Chern-Simons
theory not only on ¥ x S' but on any Seifert manifolds M3, and with arbitrary R-charge
assignment for adjoint chiral multiplet ®. Here, for simplicity, we focus on the particular case
of R =2 and M3 = ¥ x S'. Generalization of the equivariant Verlinde formula to arbitrary
value of R € Z will be discussed in the next section from a 2d perspective.

Using the localization procedure described in [47], one can express the whole partition
function as a path integral over two-dimensional abelian fields

H (1 _ eQﬂ'i(aaab))l_h] =3d

«

1
ZP=S[S:U(N), k,t] = W / Do DN\DA,

N N1 k
X exp {z/ ((k+N)aa—Zab+2) F“+4/\a/\>\a]}, (5.12)
z b=1 g

where (04, Mg, Ag),a = 1,2,..., N are fields living on ¥ and valued in the Cartan of u(N).

The important factor =39 is the matter contribution to the path integral

_ det,, {—wo _ w}

dety[~iLy — L]

—_
—

(5.13)

—

where Ly is the Lie derivative along the Seifert fiber and ¢ = 27 Rg1 is the circumference
of the Seifert S! fiber. If we set Z3d to a constant by sending A3 to infinity, the rest of the
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path integral is exactly the partition function of Chern-Simons theory on ¥ x S and it gives
the ordinary Verlinde formula. Hence, the functional determinant (5.13) contains interesting
information about how equivariant Verlinde formula depends on the deformation parameter
£ and we now evaluate it.

First we decompose x and ¢ into Fourier modes

x(z,%,0) mezz —imb (5.14)
meZ
v(z,%,0) Z om(z,Z)e” M.
mEZ
These modes are sections of
Xm € T[Q%(Z, g ® C)], (5.15)

pm € LIQN(E, 9)).

Then (5.13) can be decomposed into

dety[~iLo — ad (2£2) — P [ 2rm <2m> z’ﬁ] Index 04 (a)
Lo = e =) - = . (5.16
11 detp[~iLo —ad (%) — 7] HIL = ¢ 210

o meZ

meZ

Here a runs over all roots of g. From this expression, it is easy to see that ¢ only enters
as a normalization factor, in agreement with the TQFT nature of the g-deformed complex
Chern-Simons theory.

After ignoring a normalization factor that does not depend on the deformation parameter
(3, the functional determinant is

+00 1—h—a(n)
g3 = H {(oz(27m) +iB) H [(27rm)2 — (a(270) + 2}3)2} } ) (5.17)

o m=1

Here we also used the index theorem
Index 0al(q) =1 —h — a(n), (5.18)

with the last term being the degree of the line bundle labeled by «

a(n) = ;Tr/EaaFa. (5.19)

The infinite product over m gives a sine function:
+o00 C 2 L—h—a(n)
2
=3d _ H [(a(ZTrG) 4 26) H (27Tm) <1 — WW)]

2
- o] (2mm)

. 1—h—a(n) —h—aln
x H [2 sin <a(7ra) + Zf)} = H ‘1 — e2m'a(o)—ﬁ‘1 h—a(n) ~ (5.20)
«

o
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Introducing t = e#, we decompose the contribution of abelian fields (product over zero roots
in [],,) from that of non-abelian fields (product over non-zero roots):

E3d '—*3d '—3(1 (521)

—ab ' —nab>

where the abelian functional determinant, modulo a normalization factor®, is given by

1
=3d _
Eip = —(1 — t)N(h—l)’ (5.22)

while the non-abelian contribution is

1—h—a(n)
E?lgb = H MOc (07 t) ’ (523)
a#0
with

My(o,t) = 1 — te?me), (5.24)

The non-abelian contribution Ei‘ib can be further decomposed into
230, = [] Mao, ) - em2r s alPlos e, (5.25)

a#0

The part that depends on F' can be combined with another term in (5.12):

/ < k+ N)o Zab+ ) Fe (5.26)
b))

to give
z/ CaF, (5.27)
X

where
27rw,, —te 2mioy,
Calo )—’“Ua—*E:lOg (team_ezm) (5.28)

Performing functional integral over A, and over non-zero modes of A, in (5.12) gives a col-
lection of delta-functions requiring (, to be an integer:

> 6(Ca — L) (5.29)
lo€Z
Then we integrate over o,’s. The delta-functions produce a factor

Z det 0|

doy,
{o}e{Bethe}

(5.30)

8We did not keep track of the overall normalization constant, but it can be easily restored by demanding
that 8 — 400 gives back the usual Verlinde formula.
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Here {Bethe} stands for the set of solutions to the following Bethe ansatz equations:

) e27riaa _ te?m’ab
2mikoa H (> =1, forallofa=1,2,...,N. (5.31)

t627m'oa _ eZm’ab
b#a

The set of solutions to the Bethe ansatz equations is acted upon by the Weyl group, and after
modding out by this symmetry, the solutions are labeled by Young tableaux with at most N
rows and k£ columns. Notice that the Bethe ansatz equations are the same for all choices of
the R-charge assignment to the adjoint chiral multiplet ®.

Further integrating over the zero modes of )\, gives a factor

o h
‘ af;:, (5.32)
Therefore, the partition function is
1 o, 1
ZP=CS(S;U(N), Ky t) = et | 2 : : : :
( ) ( )a ’ ) Z (1 _ t)N € aGb H (627”0“ _ teQmab) (627”‘7“ _ eZmob)

{o}€{Bethe} a#b

(5.33)
This “equivariant Verlinde formula” enjoys many interesting properties, some of which extend
the remarkable properties of the ordinary Verlinde formula, ¢f. (1.1). In the next section,
we present yet another derivation of this formula, from the two-dimensional point of view.
Furthermore, we extend it to an entire family parametrized by the choice of the R-charge
assignment of ® and then make various comments about this general result.

6. A new family of 2d TQFTs

In the previous section, we have seen that twisted 3d N = 2 theory T[L(k, 1); 3] on ¥ x S! can
be viewed as a one parameter deformation of complex Chern-Simons theory and it provides a
natural way to regularize the latter theory. In fact, there is an entire family of twisted theories
labeled by R € Z, the R-charge of the adjoint multiplet ® in 3d N' = 2 theory T[L(k,1); 5].

In this section, we wish to study dimensional reduction of this family to two dimensions.
In particular, we find a new family of 2d TQFTs labeled by R € Z that generalize G/G
gauged WZW model and compute their partition functions on an arbitrary Riemann surface
>.. In certain special cases, we can compare our results to the previous literature.

6.1 Equivariant G/G gauged WZW model

We know from section 3.2 that the low-energy dynamics of T'[L(k,1); /] is given by a topo-
logical sigma-model to the vortex moduli space with a potential. In the limit 3 — +oo,
the effective target space of the sigma-model becomes the Grassmannian and the topological
sigma-model is equivalent to G/G gauged WZW model. Our next goal is to give an equiv-
ariant generalization of the gauged WZW model, which we call the “equivariant G/G gauged
WZW model”.
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The Lagrangian formulation of this theory can be directly obtained by dimensional re-
duction of the S-deformed complex Chern-Simons theory on S, but we won’t follow this ap-
proach. Instead, we write down the Lagrangian formulation of the equivariant G/G gauged
WZW model and then show that it leads to the same partition function on X as the (-
deformed complex Chern-Simons theory on ¥ x S*.

The fields in the ordinary, non-equivariant G /G model are (A, \, g), where A is the gauge
field, g € G = Map(%, G) is a group-valued field, and A is an auxiliary Grassmann 1-form
in the adjoint representation that is required to make the BRST symmetry manifest. The
BRST charge @4 depends on g and takes the following form [49]:

QA = X
Qg)\(lvo) — (Ag)(lvo) — A1L0) (6.1)
QA®) = — (47)™ 400,

where
A9 =gt Ag + g tdyg. (6.2)
At level k, the action of the G/G model is
BS6/(A A 9) = KS(A,) — KT (4,) + - [ T, (63)
TJs
with the first term on the right-hand side being the kinetic term
1
Sclg,A) = — ¢~ / Tr (g~ dagh*g~ " dag), (6.4)
>
and the second term being the topological term
1 _ 3 1 _
I(g,A)=— [ T ! — — | Tr (Adgg™* + AAY). :
(9,4) 12W./; r[(g dg)} 4ﬂ_/£ (Adgg™" + AAY) (6.5)

Here, B is a handlebody with 0B = .
Now we add the chiral multiplet

D = o+ 0.0F + 0°F, (6.6)

and perform the topological twist. In order to do this, just like in three dimensions, we need
to assign R-charge R to the superfield ® under U(1)y. The brane construction discussed in
section 3 naturally leads to R = 2, but one can consider more general situations, where R is
an arbitrary integer.

Identifying the diagonal subgroup of U(1)r x U(1)y with the twisted Lorentz group
makes ¢ a section of QO(E,KR/Q), Y+ a section of QO (E,K(R_l)/2i1), and I a section of
HO(%, KR/2-1) where K is the canonical bundle of the Riemann surface ¥. So, after the
twist we end up with two BRST-multiplets that come from ®:

(0= v7) € T[22, K77 (6.7)

(x=v"n=F) €T [Q°(x, K™,
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along with their complex conjugate (o', ") and (x,n) from ®T.

For R = 2, the fields (x,n) are scalars while (¢, ) are (1,0)-forms, which indeed corre-
sponds to the geometry of M5-branes wrapped on ¥ C T*Y. Similarly, for R = 0, the fields
(¢,1) are scalars, while (x,n) are (0,1)-forms. This choice of the R-charge corresponds to
the geometry of ¥ x C. We come back to the detailed discussion of these two choices after
describing the family of 2d TQFTs labeled by arbitrary (even) integer values of R.

At this stage, one can proceed in many different ways to study this family of TQFT’s
parametrized by R. For example, one can take a “top-down approach” by starting with the
UV Lagrangian of the N' = (2,2) SQCD with a massive adjoint chiral superfield ® and study
the resulting model after topological twist using localization.? However, since our goal is to
generalize the gauged WZW model, we would like to have an explicit Lagrangian formulation
that resembles the gauged WZW model. In fact, this is already partially achieved in the
literature. As it turns out, for R = 0, the theory becomes the G/G gauged WZW-matter
model that was introduced in [50]. Here, we generalize the approach of [50] to formulate an
entire family of such theories with a general value of R. We shall refer to this new TQFT as
the “equivariant G/G model”.

The fields of the equivariant G/G model with general R are (A, \, ¢,%,n,x,g), where
A, p,n, g are bosons and the rest are fermions. The BRST charge Q) acts on the fields in
the following way:

(0,1)
QoA = A, QuuaAHO = (4910 — AT, G AOD — — (A7 1) +AOY,
g
Qg =, Qe =t(¢?) — o, (<PT> (6.8)
g
Qe X =1, Quen =t — X, (XT)
Qg9 =0,
where

A9 = g Ag + g 'dg,
¢! = g g,
=9 "'xg.

The action of Q44 in (6.8) is almost exactly the same as in [50], except that spins of fields
(6.7) depend on R. Also, notice that our conventions here slightly differ from [50] by 7 <> '
and y < x.

The square of the BRST charge Q(Qg’t) = L(4,) defines a bosonic transformation on the
space of fields and the action of the theory needs to be invariant under it. In gauged WZW-
matter model, the action consists of the original action of gauged WZW model and a Q4 -
exact term:

Sawzwm = Sawzw + Q(g.)(S"), (6.9)

9An example of this theory, for R = 2, is the world-volume theory on D2-branes in Figure 6.
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and the theory does not depend on S’ as long as the latter satisfies
LS =0. (6.10)

The freedom of choosing different forms of S’ can be used to localize the partition function.
In the equivariant G/G model with general R, the action also takes the form (6.9):

Sr-pawzw = Sawzw + Q4. (S"), (6.11)

with S” obeying

LS =0. (6.12)

g,t
There are different ways to explain why the BRST transformation and the Lagrangian take
this particular form. For example, one can start with the Lagrangian and BRST transforma-
tion of the S-deformed complex Chern-Simons theory and compactify on a circle to directly
derive the equivariant G/G model. Or, one can start with the UV theory (3.6) in 2d and
analyze the IR limit following [10]. Here we will follow a simplified version of the latter ap-
proach to illustrate that (6.8) and (6.11) — which may seem a little strange at a first glance
— are, in fact, what one should expect.

The Lagrangian of the UV theory (3.6) consists of two parts. The first part is N = (2, 2)
U(N) SQCD with k fundamental chiral multiplets, which in the IR flows to gauged WZW
model. In the IR, the field g is identified with the scalar component o of the vector multiplet:

g~ o. (6.13)

In analyzing the low-energy fate of the second term, we can assume g = 1. Then, only the
mass term remains, and we have

SR—EGWZW(A7 )\7 90,7% X9 = 1) = kSGWZW(Aa )‘79 = 1) + /dQ’z (mQSOSOT + mwa> .
(6.14)
Indeed, the above action is invariant under ()(; ;) and the second term can be written as

m
[ (meoet  mont) =Quas = [ @[5 Quy (0 —wel)]. (©19)
if we set the IR mass to be
m=1-—t. (6.16)
It is easy to verify that
LapnS =0. (6.17)

This simplified situation with g = 1 tells us that the form of the BRST-transformation (6.8),
which has no derivative terms, and the form of the action (6.11), where the extra fields only
enter via BRST exact terms, are indeed expected.

Now we proceed to find the partition function of the equivariant G/G model with G =
U(N) and general R. As one would expect, this theory shares a lot of similarities with the
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gauged WZW-matter model that corresponds to R = 0 and the localization computation is
very similar, except that the spin assignments of various fields can be different. So, instead
of repeating everything in section 3 of [50], we only sketch the computation and point out
how these two theories are different. First we modify S’ to be symmetric in the two BRST-
multiplets (¢,1) and (x,7) (cf. equation (3.15) and (3.16) in'? [50)):

Smatter (ga A7 ®, 7/)7 m, X) - Q(g,t)S'
1
= il T_ T T T
Qg) [47T/ETY (sm/) el +xn' = nx )] (6.18)

_ ;ﬁ/ {(p — 167, 9) + (1, 8) + (x — tx%,x) + ()} -
b

Here (-, ) stands for the inner product and its definition for each field is clear from the context.

Now, following [51], we perform the abelianization and integrate out the off-diagonal
components of g, A and A. After abelianization, g belongs to the Cartan torus, generated by
H* a=1,2,...,N:

N
g =exp <2m’ > aaH“> , (6.19)

a=1
and the fields (A, ), g) are replaced by the abelian fields (Ag, Ag, 04). Notice that the principal
U(1)N-bundle may be non-trivial; it is characterized by the flux (ng,...,ny):
! (6.20)
Ng = — .
a 27T . a

and we need to sum over all flux sectors. The theory after abelianization is a BF-model with
B valued in Cartan torus, coupled to the rest of the fields (¢, %, x,n). As all these matter
fields have Gaussian action, they can be integrated out explicitly. We first decompose them

into Cartan-Weyl basis that diagonalizes the adjoint action of g = ¢>™:

N
= @aH"+> paE* (6.21)
a=1 «

N
X = ZXaHa + ZXaEav
a=1 «
where a’s are the roots of su(/N) and
Ad 2nic (BE®) = 2™ pe, (6.22)

Upon this decomposition, the trivial adjoint u(/N) bundle now splits into a direct sum of line
bundles CV @ @a V, and the fields ¢, and x, take values in

Yo €T [QO(E,KR/2 ® Va)]

Xa €T [QO(E,KR/2—1 ®Va)] .

1"We believe there should be no factor of k multiplying Smatter that appears in [50].
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Integrating out matter fields valued in the Cartan gives a functional determinant

N
Det, (1 —t)
=2d X
=2d _ 2
ab E[Detw(l—t)’ (6.23)
while integrating out the matter fields valued in V,’s will leave us with another functional
determinant:
Det o,t) - M_q(0,t)]
—2d X al\V,
6.24
~mab ™ H Det,, [M 1) - M_o(0,1)] (6:24)
where, as in section 5.2,
My(o,t) =1 — te?miel), (6.25)

Since x is fermionic, the functional determinant associated to it appears in the numerator,
while the bosonic determinant for the fields ¢ appears in the denominator. Up to this point,
everything is independent of R-charge assignment of the chiral multiplet ® and, in fact, all
dependence on the choice of R is encoded in this functional determinant.

As xq and @, both contain two degrees of freedom, the numerator and the denominator
almost cancel. They don’t cancel completely because the number of zero modes is different
for these two fields. This difference can be computed using the Hirzebruch-Riemann-Roch
theorem:

dim Q°(2, K21 @ V,) — dim Q°(2, K2 9 V,)
1-R

=1—-h+(1—-R/2)(2h—2) — a(n) = —x(X) - — a(n).

Here h is the genus, x(X) = 2 — 2h, and the last term «(n) is the degree of the line bundle
Vi, which can be written as an integral

1 1
o afF) = — EaaFa. (6.26)

a(n) = 2

As a result, the first functional determinant is simply

N
Za(R) = [J(1 - ) X5 = (1 - pNE-D0O-R), (6.27)

i=1
and the second functional determinant becomes

Det (1 0) O' t)

‘—‘nab (h D(1-R)—a(n)
Dety o,t) - M_a o, t

@
= H Ma O',t (h=1)(1-R) e 21r fz F)log Mo .
«
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The partition function for general R is now (cf. (3.29) in [50]):

. 1-h
H (1 _ 627rz(0a—ab)> ] ZabZnab

1
ZE = [S;U(N), k,t] = T / Doy DA\DA,

con{i [ |(@rmm-Sar Y2 e L e

The F*-dependent part of =,,;, combines with other terms in the exponent that are propor-

tional to F'® to give
27rw'a —te 2mioy,
C ( ) = ]{JO'a —_ Zlog <t62ﬂ_loa_e2ﬂ_lob> . (629)
Integrating over A, and over non-zero modes of A\, gives a collection of delta-functions re-

5 66— 1), (6:30)

lo€EZ

quiring (, to be integral:

Then we integrate over o,’s. The delta-functions will produce a factor of

ac |-
Y det a—ca (6.31)
{o}e{Bethe} Tb
Here {Bethe} stands for the set of solutions to the following Bethe ansatz equations:
orike 627riaa o teQﬂiab
(& aH(tBQWI_QQm)):l’ fOrallOfa:1,2,...7N. (632)

b#a

The set of solutions to Bethe ansatz equations is acted upon by the Weyl group, and after
the quotient by this symmetry, the solutions are labeled by Young tableaux with at most N
rows and k£ columns. Notice that the Bethe ansatz equations are the same for all choices of
R-charge assignment.

Further integrating over the zero modes of )\, gives a factor

0 |"
‘301, (6.33)
Therefore, the partition function is
h—1
; i\ 1R
8C (627”0“ _ t62mab)
R 5. _ N(1-R) a
A (Za U(N)> kvt) - Z (1 t) d t 80’5 H 627ri0a _ €2m'crb
{o}€{Bethe} a#b

This is the partition function of the equivariant G/G model with a general R-charge assign-
ment. Now we proceed to discuss two important cases R =2 and R = 0.
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6.1.1 R =2 and the equivariant Verlinde formula

As we emphasized earlier, the brane constructions in section 3 naturally lead to R = 2, which
is the case that we are mostly interested in. The corresponding 2d TQFT is the equivariant
G /G model whose partition function gives the equivariant Verlinde formula:

9Ca

1
Zeawzw (X2 U(N), k,t) = Z (=L det
{o}€{Bethe}

1
H (627riaa _ t€2ﬂ'i0’b) (627ri0'a _ 6271'1'0’;))

doy, i

It has several nice properties:

e For t = 0 (8 — +00), the “equivariant Verlinde formula” turns into the ordinary
Verlinde formula, as one can directly verify.

e In the limit ¢ — 1 (8 — 0), the equivariant Verlinde formula diverges as
Z ~ (1 — t)~(h=1)-dim(@), (6.34)

This is indeed what one would expect from the geometry of the Hitchin moduli space,
that (up to higher codimension strata) looks like 7% Mg,¢. Notice, the order of the pole
in the above formula, (h—1)-dim(G), is precisely the complex dimension of the cotangent
fiber, whose non-compactness causes the divergence of the equivariant integral (4.18) in
the limit ¢ — 1.

e The equivariant Verlinde formula should be a power series with integer coefficients,
because it is defined as the graded dimension of the Hilbert space of complex Chern-
Simons theory, c¢f. (1.4) and (2.12). This is indeed the case, as we explicitly verify for
G = SU(2) in section 7, where a cutting and gluing approach is developed to calcu-
late the same partition function from basic building blocks that only involve rational
functions of ¢ that can be written as power series with integer coefficients.

e In the limit k¥ — 400, with k- 3 fixed, the equivariant Verlinde formula turns into the
formula for the equivariant volume of M, or equivalently, the partition function of the
topological Yang-Mills-Higgs model in [43].

To the best of our knowledge, the equivariant Verlinde formula associated with the choice
R = 2 is novel. In [44] and [45], a model named “generalized G/G gauged WZW model”
was proposed. Although it shares some similarities with the equivariant G/G model, the
BRST-transformation rules, the Bethe ansatz equations and the partition function are all
different. It would be interesting to see what the geometric interpretation of the generalized
G/G model is, as well as study its embedding into critical string theory as we have done in
section 3.

For the other special value of R = 0 we get the G/G gauged WZW-matter model of
Okuda and Yoshida, which did appeared in the mathematical literature, albeit in a completely
different form (as we explain next).
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6.1.2 R =0 and gauged WZW-matter model

For R = 2, the field x is a scalar and ¢ is a 1-form. When R = 0, their spin assignments
are reversed, cf. (6.7). Therefore, the h-dependent parts of the functional determinants are
simply inverted when one goes from one case to the other:

1 1

Zan(R=2) = — - , 6.35
b( ) :ab(R — O) (1 — t)N(h—l) ( )

1 r 1-h

= =2)= ————— = M, . .
nab(R ) Eilab(R _ 0) -1;[ (Uv t) (6 36)
Here
1 (h=1)(R-1)

Ean(R) = | ][ Ma(o,t) (6.37)

is the part of =, that does not depend on F,. So, the partition function of the G/G gauged
WZW-matter model is

h—1
627|'an _ teQwia'b

ICa
H 627riaa _ 627riab : (638)
#b

doy,

ZawzwMm(B;U(N), k,t) = Z (1—t>Ndet‘
{o}€{Bethe}

a

It was verified numerically in [50] that, for small values of k, N and h, the G/G gauged
WZW-matter model gives a 2d TQFT whose corresponding Frobenius algebra is the “de-
formed Verlinde algebra” constructed by Korff in [52]. Korff’s construction is motivated by
the g-boson model and uses the cylindric generalization of skew Macdonald functions.

In fact, the partition function of the gauged WZW-matter model appeared in the math-
ematical literature even earlier! It can be identified with an index formula for the moduli
stack of algebraic Gc-bundles over ¥ first conjectured by Teleman [53] and later proved by
Teleman and Woodward [54]. As we mentioned earlier, considering the index associated to
the prequantum line bundle £ over Bung.(X) — which is basically Mga(X; G) away from
stacky points — gives the Verlinde formula. Telemann and Woodward then considered higher
rank bundles over Bung.(3). In particular, they considered the following bundle:

M(TM) @ LZF € KO(M,Q)[t] (6.39)

where \; stands for the total lambda class, defined as follows. For a vector bundle V' over
space X, let A'(V) be the K%class of AV, then

MV) =1+t (V) +2X2(V) + ... € K°(X,Q)[t]. (6.40)

One can explicitly check that, at least for G = U(N), the index of this bundle can be identified
with the partition function of the gauged WZW-matter model, modulo a sign convention for
the equivariant parameter:

trw = —there - (6.41)

— 37 —



6.2 Relation to Bethe/Gauge correspondence

In [55-57], Nekrasov and Shatashvili proposed a relation between integrable models and
supersymmetric gauge theories with four supercharges. In this paper, we are concerned with
two types of 3d N = 2 theories: T[L(k,1); 8] and T[X x S'; B]. Of course, these two theories
are special cases of T[Ms; 3], where Ms is an arbitrary Seifert manifold.

The theory T[X x St; 8], which was the subject of section 4, does not have a Chern-Simons
term; it is a canonical mass deformation of 3d N' = 4 theory. The relation between theories
of this type and integrable models was also explored in [58,59]. Here, we shall focus on the
Lens space theory T[L(k,1); 3].

Although Okuda and Yoshida [50] found a relation between the gauged WZW-matter
model and the g-boson model, the connection to SUSY gauge theory was missing. The
results of our work fill this gap. In particular, according to our discussion in section 5.1, the
gauged WZW-matter model is precisely 3d N = 2 theory T[L(k,1); 8] twisted on ¥ x S*.
This kind of scenario was discussed by Nekrasov and Shatashvili in [60], and we now embed
T[L(k,1); 5] into the framework of Bethe/Gauge correspondence following their work.

From the matter content (1.7) of T'[L(k,1); 3], one can easily write down the effective
twisted superpotential:

N

N 1 .

Wer(0) = (k+ N)mi Y02+ =— > Lip {te%”(“a*"ﬂ . (6.42)
a=1 a#b

Here the first term is the contribution of the 2d N = 2 vector multiplet, while the second
comes from the massive adjoint chiral multiplet. And

t=e"*P, (6.43)

where / is the circumference of the S' Seifert fiber. The Bethe ansatz equation is given by

8Weff
exp 90

]:egazl, foralla=1,2,...,N. (6.44)

The topological action is

F,+

OWogr 1 0%Weg o b
/E [ a5 NN+ UOR (6.45)

where the last term involves the Euler density R and the dilaton coupling;:
U(0) = Ugauge(0) + Unmatter (), (6.46)

such that
Ugange (o) = D log (1 — (o)), (6.47)
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and
Unatter () = (RQ_1> Tr aqj [log (1 —te™7)] . (6.48)

Here and throughout the paper, R is the U(1)y R-charge assigned to ® and, in fact, this
is the only place where R enters our formula. For the two choices of R-charge assignment
discussed in sections 6.1.1 and 6.1.2 we have:

U0 = —uU(0)F2, (6.49)

Then, the partition function of the topologically twisted theory is written as a sum over

> 7 . (6.50)

One can check that this expression indeed agrees with the partition function obtained above.

solutions to the Bethe ansatz equation:

O2Weog

R . 3] 1y = ~U" (o)
Z (T[L(k7 1)76]7EXS) Z <6 det 80'(180'(;

{o}e{Bethe}

In particular, it gives the equivariant Verlinde formula for R = 2 and the partition function
of the gauged WZW-matter model for R = 0.

Fach summand in the partition function of the twisted SUSY gauge theory should be
mapped to the squared norm of a Bethe state on the integrable model side. (Bethe states have
a natural normalization and their norms are physical quantities.) As was checked in [50], the
summands in the partition function of gauged WZW-matter model indeed correspond to the
squared norms of Bethe states of g-boson model. Naturally, this raises a series of questions:
What about the partition functions of topological theories with R # 0?7 What is their meaning
on the integrable model side? Is R = 0 “special”?

It would be also interesting to study (quantum) spectral curves for 3d N' = 2 theories
T[L(k,1); 8] and T[Ms3; 5] following [58, sec. 5]. The spectral curves for these theories are
expected to be spectral curves of integrable systems related to the ones discussed here by
spectral duality. In particular, it should provide a candidate for the spectral duality of the
g-boson model, and it would be interesting to make contact with [61].

7. t-deformation and categorification of the Verlinde algebra

In previous sections, we focused on the partition function of S-deformed complex Chern-
Simons theory on ¥ x S' — the equivariant Verlinde formula — and have shown that it can
be derived in at least three different ways (the first is intrinsically three-dimensional and the
other two are two-dimensional):

1. Section 5.2: Starting with the 3d N/ = 2 theory T[L(k,1); 3] one can perform a topo-
logical twist on ¥ x S' and compute the partition function using localization a la [47].

2. Section 6.1: One can first reduce twisted T[L(k, 1); 8] to 2d to obtain the equivariant
G/G gauged WZW model on ¥ and apply localization techniques and compute its
partition function as in [50].
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3. Section 6.2: One can first compactify T'[L(k,1); 5] on a circle and obtain the low-
energy effective N' = (2,2) abelian gauge theory governed by the twisted effective
superpotential as a function on the Coulomb branch. Then one can twist this 2d theory
and compute its partition function following [60].

Naturally, next step is to go beyond partition function and incorporate operators. Indeed,
one would expect Wilson loops to play very interesting role in complex Chern-Simons theory,
just as they do in ordinary Chern-Simons theory. Recall that in Chern-Simons theory with
compact gauge group G, Wilson loops are labeled by integrable representations of the loop
group LG and their fusion rules give the Verlinde algebra, which basically describe how the
tensor product of two representations decomposes. Then one can ask what the analog of this
story in f-deformed complex Chern-Simons theory is.

It turns out that a finite 8 simply deforms the Verlinde algebra to what we call the
“equivariant Verlinde algebra”. For example, the usual fusion rule for G = SU(2) at level
k =9 for two fundamental representations

202=1a3 (7.1)

is deformed into

22 = ! 14 13@ t mat27@ a 9 (7.2)
1 —¢2 1—t 1—t 1—t 1—¢27 '

Clearly, in the limit ¢ — 0 (8 — oo) one recovers (7.1). Expressions like (7.2) are ubiquitous
in computations of refined BPS invariants and categorification of quantum group invariants
[62,63]. In fact, just like in those examples, each coefficient on the right-hand side of (7.2)
is a graded dimension (1.4) of an infinite-dimensional vector space V; that appears as a
“coefficient” in the OPE of line operators in 3d:

202=FPV;®(2j+1) (7.3)

In other words, as explained e.g. in [64,65], replacing ¥ x S by ¥ xR leads to a categorification
in a sense that numerical coefficients are replaced by vector spaces (whose dimensions are the
numerical coefficients). In the present case, we obtain a categorification of the equivariant
Verlinde algebra since the “coefficients” in the OPE of line operators on ¥ x R are indeed
vector space, namely V; in our case. In the present example, (7.3) is a categorification of
(7.2) with



where dimg(x) = dimg(z4) = 2, dimg(x1) = dimg(z2) = dimg(x3) = 1, and {n} denotes the
degree shift by n units.

Of course, one can obtain the deformed algebra such as (7.2) by computing the partition
function on ¥ x S with insertion of multiple Wilson loops that lie along the S* fiber direction,
using similar localization techniques as in previous sections. This problem will be studied more
systematically elsewhere. In this section, we will analyze a simplified version of this problem
with G = SU(2) using a completely different method. Namely, we evaluate the equivariant
integrals over Hitchin moduli space directly for some simple Riemann surfaces and build the
TQFT using cutting and gluing.

7.1 “Equivariant Higgs vertex”

In order to perform cutting and gluing, it is important to generalize everything to punctured
Riemann surfaces. We use X, , to denote a Riemann surface with genus h and n ramification
points p1,p2,...,pn € 2. Here we only consider “tame” ramification discussed in detail
in [64,65]. Near each puncture p,, the ramification data is specified by a triple denoted as'!
(a, a7, ax) € T3, where T = U(1) is the Cartan torus of G = SU(2). However, our approach
only applies directly to cases where oy = ag = 0, as U(1)g, which we use to regularize the
non-compactness of the moduli space, acts on ay + iax by multiplying it with a phase. In
order to make it invariant under U(1)g, we need to impose the condition oy = ag = 0. In
the following, we simply use «, to denote aj associated with the ramification point p,..
Then the moduli space of ramified Higgs bundles Mg (3, ; a1, a2, ..., o) can be iden-
tified with the moduli space of flat SL(2,C) connections over ¥, with boundary condition
that near a puncture p,, only the real part A of the connection A = A + i¢ develops a
singularity
A~ a,.df. (7.5)

Equivalently, we demand the holonomy around each puncture p, to be in the same conjugacy

e2miora® _ oy [m (O"" 0 )] . (7.6)
0 —a

The action of the affine Weyl group on «’s leaves the conjugacy class of the monodromy

class as

invariant. So without loss of generality, we assume all a;’s to live in the Weyl alcove [0, %]

As in the unramified case, we can consider the problem of quantizing Mg (X n; a1, g, ..., ay)
with symplectic form kw; and our goal is to identify a 2d TQFT whose partition function
is the dimension of the Hilbert space H(Xj n; a1, a2, ..., ay,). This TQFT — which we call
SU(2) “equivariant Verlinde TQFT” — is equivalent to the equivariant G/G model of section
6.1.1 specialized to the choice of G = SU(2), but formulated in a different way, via cutting
and gluing.

1This triple is denoted as (v, B,7) in [64,65]. Here we use a different notation to avoid confusion with the
equivariant parameter 3.
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Table 2: Building blocks of a 2d TQFT.

Any 2d TQFT can be formulated in a set of Atiyah-Segal axioms, which assign a Hilbert
space V to a circle S' and an element in Hom(V®",C) to a punctured Riemann surface
Yhn- In particular, if n = 0, the TQFT assigns to a genus-h Riemann surface an elements
in Hom(C,C). This element is determined by the image of 1 € C, which is precisely the
partition function in physicists’ language.

Two-dimensional TQFTs are particularly simple, as any Riemann surface, punctured or
not, can be cut along circles to be decomposed into three basic ingredients: the cap, the
cylinder and pair of pants, cf. Figure 1. One only needs to determine how the TQFT functor
acts on the three basic building blocks. If we find a basis e,, (or in physicist’s notation {(u|})
of V, then the TQFT assigns “metric” n*” to a cylinder, “fusion coefficients” f#*P to a pair
of pants, and a distinguished state ey € V' to a cap. This is summarized in table 2.

Topological invariance requires the “equivariant Higgs vertex” f*? to be symmetric in
the three indices. Also, as a four-holes sphere can be decomposed into two pairs of pants in
different ways, the fusion coeflicients have to satisfy the commutativity relation:

fmulmnplmfmwm — f/t1l/2p1nplp2 fH2vip2 (7'7)

P12 is the inverse metric naturally defined on V*®2. Using these properties,

Here 1p,p, = (n7")
it is easy to prove that a 2d TQFT is equivalent to a commutative Frobenius algebra. For the
equivariant Verlinde TQFT, the corresponding algebra is the “equivariant Verlinde algebra”,
the one parameter generalization of the Verlinde algebra that we alluded to.
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Before figuring out what V,n*¥, f**? and ey are, we first see what the prediction from
the equivariant gauged WZW model looks like. First of all, the dimension of V' should be the
number of solutions to the Bethe ansatz equations

dimV = Zeawzw [T%SU(2)]) = > L. (7.8)
{Bethe}

The Bethe ansatz equations for SU(2) can be obtained!? by combining the two equations for
U(2):

2mioq 2mio
omik e —te B
e2miko (te27ricr1 — 627”,02) =1 (79)
2o 2mioq
omik e —te B
e2miko? (te27ri02 — 627”,01) =1 (710)
into a single equation satisfied by
1 1
= —(01 — € 10,-|. 7.11
7= ylor-on) e 03] (1)

So the Bethe ansatz equation for SU(2) is simply

2mio —27io \ 2
. —t
em“<e‘z) = 1. (7.12)

t€27ri0' _ 6727”‘0'

In the limit 8 — 400 (t — 0), the equivariant Verlinde TQFT becomes the ordinary
Verlinde TQFT (i.e. G/G WZW model) and the Bethe ansatz equation becomes:

e47ri(k+2)a - 1. (713)

There are k + 1 solutions to this equation, namely:

<n—%?rm,l—Qank. (7.14)

One can verify that this number of solutions is independent of 8 and will always be k+ 1. So,
regardless of the value of 3, the Hilbert space V of a 2d TQFT is always k 4+ 1-dimensional.
There is one subtle point that is worth mentioning. In the literature there is some
confusion about the “end point contribution” to the Verlinde formula. Namely, I = —1 and
[ = k+1 also give valid solution to the equation (7.13) and they indeed appear in localization
computation (see e.g. [51]). However, their contribution is divergent if genus h > 1, and
it was argued that they should be simply ignored. Our approach gives a different point of
view on this issue. For any positive value of , solutions o_; and o4 are never inside
the interval [0, %} and, therefore, they never contribute to the equivariant Verlinde formula.

12There are two ways of eliminating the U(1) factor. Apart from the one described here, one can also set
o1 = —o2. This corresponds to U(2)/U(1) = SU(2)/Zz = SO(3).
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When 8 — +00, we have o_; — 0 from the left and o+ — % from the right. If we think of
the ordinary Verlinde formula as the 5 — oo limit of the equivariant Verlinde formula, then
we should never include the contributions associated to o_; and op4;. Similar phenomena
happen when 8 — 0. In that limit, o9 and o} move toward the endpoints of [0, %] But as
they will always be inside the interval, one should always include their full contributions.

The fact that V is finite dimensional is also expected from the geometry of the Hitchin
moduli space. If there is no puncture, then Mg (3, ,,; SU(2)) with symplectic form kwy is
always quantizable. However, if we add punctures, kw; may not have integral periods over
all 2-cycles of My (Xpn; a1, a2, ...,a,), and this will be an obstruction to quantization. So,
a’s need to satisfy certain integrality conditions that we now analyze.

In general, the moduli space of ramified Higgs bundle can be conveniently viewed as
a fibration of coadjoint orbits over the moduli space of unramified Higgs bundles. More
concretely, in the case of G¢ = SL(2,C), we have

T*CPS, X ... x T*CPL  — My (Sha;an,q, ... an)
1 (7.15)
MH(Zh,n)a

where T*CP}, = Q,, is the orbit of o, in s[(2,C) under adjoint action. Then integrality of
the periods of kwy is translated to the following condition:

/ kwr = 2ka, € Z. (7.16)
CPL,

If we introduce

Ar = 2kay € [0, k)], (7.17)

then there are k + 1 possible values of A, for each puncture p,, corresponding to k 4 1 states
(AI's in V. And this indeed agrees with the prediction of the equivariant gauged WZW
model. These states correspond to point-like defects on the Riemann surface, and from the
three-dimensional point of view, these defects are Wilson loops along the S! fiber direction
of ¥ x St

Another prediction from physics is that the partition function of the equivariant Verlinde
TQFT — or, equivalently, the value of the equivariant integral (4.18) over My — can be
naturally written as a sum over solutions to Bethe ansatz equation. Similar phenomenon was
already pointed out back in [43], but it was never verified or properly understood. Next, we
will construct the TQFT and see how Bethe ansatz equation for SU(2) naturally arises when
one attempts to diagonalize the fusion rules.

7.2 Equivariant Verlinde algebra from Hitchin moduli space

In order to derive the “equivariant Higgs vertex” f**2%3 we do the equivariant integra-
tion over the Hitchin moduli space Mg (20 3; o1, a2, av3) associated with the three-punctured
sphere. The virtual dimension of this space is 2 x (3h — 3 + n) = 0, so we expect it to be

— 44 —



a collection of points which makes the equivariant integration very easy. We first consider
the limit f — +oo. In this limit, the equivariant integral becomes an ordinary integral
over the moduli space of SU(2) connections and simply counts the number of points in
M = Mg (o,3; SU(2), a1, a2, 3). In fact, this moduli space is either a point or empty. So
the fusion coefficient fgfiii
moduli space is that quantizability condition is slightly more subtle, as the coadjoint orbits

is either 1 or zero. One special thing about this zero-dimensional

CIP’})Z_’S are no longer real 2-cycles. More precisely, in addition to requiring (aq, oo, a3) to
satisfy integrality condition:

(A1, A2, A3) = 2k(ag, a9, a3) € Z3, (7.18)

one also needs to require A\; + Ao + Az to be even. Then, the condition for fﬂ)‘l_;\jég to be
1 is that (A1, A2, A3) satisfies both the quantization condition and the “triangle inequality”.
We now explain the second condition more precisely, which is important for the equivariant
generalization later.

When quantization condition is satisfied, the triple (A1, A2, A3) corresponds to an integer
point in the cube {(z,y, 2)|0 < z,y,z < k}. There is a tetrahedron inside this cube with four

faces given by the following four equations:
do =M+ +XA3—2k=0
di =X M—X—X3=0
do =X —A3—X1 =0
ds = A3 — A1 — A2 =0. (7.19)

Define the distance of a point (A1, A2, A3) to the tetrahedron faces as, see Figure 7:

AN = max(do, dl, dg, dg) (720)
We also define another quantity
AN
Ao = ——. 21
a=o (7.21)

If AX < 0, then the point is either inside the tetrahedron or on the boundary of it and
Maar (20,3, SU(2)) is a point. If AX > 0, then the point is outside the tetrahedron and
Mot (X0,3;5U(2)) is empty. We call this condition “triangle inequality” for the following
reason: when d; > 0 or do > 0 or d3 > 0, the three A’s won’t be able to form a triangle. The
situation dy > 0 corresponds to the case when the triangle is too large to live in SU(2), which
is a compact group.

Combining the quantization condition with the AX < 0 condition, we obtain the fusion
coefficient in the  — 400 limit:

(7.22)

Frdada _ 1 if A\; + A2 + A3 is even and A\ <0,
0 otherwise.
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Figure 7: The definition of AX and AN = A)\/\/g.

We now consider the case of finite 8. The geometry of the relevant Hitchin moduli
space My is described in detail in [66]. What differs from the f — +oo case is that
Mp(Eo,3; 01, a2, 3) is never empty and is always a point. This is consistent with a gen-
eral property of moduli space of parabolic Higgs bundles: the topology only depends on the
quasi-parabolic structure. Then, the equivariant integral

| T gy (723)
My
simply becomes
e Bk — o=BAN2 _ 4AN/2 (7.24)
where
o = Aa (7.25)

is the value of the moment map for U(1)g at that point [66]. So we have the fusion coefficients

1 if A1 + A9 + Az is even and AX <0,
Furors = § € PAMZHE N 4+ Ao + )3 is even and A\ > 0, (7.26)
0 if A1 + A2 + A3 is odd.

The next thing one needs is the metric n* associated to a cylinder. As the Hitchin
moduli space My (X02; SU(2)) has negative virtual dimension, one needs to be careful when
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trying to make sense of the equivariant integral. Alternatively, one can deduce n** from the
equivariant Verlinde number associated with other Riemann surfaces. For example, one can
consider the four-holed sphere and do the integration over My (3¢ 4; SU(2)). This moduli
space is an elliptic surface with the elliptic fibration over C, which is precisely the Hitchin
fibration. The only singular fiber is the “nilpotent cone”, the fiber over zero of the Hitchin
base C, and has Kodaira type I§ (or, affine D, in physicists’ notation), see e.g. [65] for details.
These nice properties make the equivariant integration easy to do. But instead of presenting
the results of this computation, we directly give the form of the metric that is obtained by
combining this result with the fusion coefficients:

A = diag{l —t2, 1—t, 1 —t, ..., 1—t, 1 —t*}. (7.27)

k — 1 entries that are all (1 —¢)

Notice that because My (£0,2; SU(2)) has virtual complex dimension —2, n has a first order
zero when t — 1, instead of a pole. Also, the metric is diagonal and only becomes the identity
matrix when ¢t = 0.

Once we know f and 7, it is easy to find the state ()| from the consistency of the gluing
rules (attaching a cap to a pair of pants should give cylinder):

Fro = ppv. (7.28)

And one finds
(O] = (0] — (2], (7.29)

when k£ > 2. For k = 1 and k = 0, (0] = (0| and one can further verify that the Verlinde
TQFT is not deformed by turning on 3 in these two cases.
Before proceeding further it is convenient to introduce a normalized basis {(A| = (1 )\)1/ o\
in which TQFT “metric” 7 is the identity. In this basis, the commutativity relation (7.7)
becomes simply
R e (7.30)

The above relation can be interpreted as the mutual commutativity of k + 1 matrices [fY],
[f1, ..., [f*Y], where
(12 = fhee, (7.31)
isa (k+1) x (k+ 1) matrix.
Now, that we have all the building blocks of the equivariant Verlinde TQFT, we can
calculate any correlation function on any Riemann surface. However, the basis {(0], (1],
... (k|}, or its normalized version, is not the most convenient for this purpose. One would

like to work in a different basis {(0|, (1], ..., (k|} where the fusion rules are diagonalized.
Namely, in the normalized basis, the matrices [f°], [f!], ..., [f¥] are mutually commutative
and simultaneously diagonalizable, with {(0], (1], ..., (k|} being the set of eigenvectors. As

the fusion coeflicients f#? are completely symmetric in the three indices, in the diagonal
basis we have
fHYP ~ 0555 (7.32)
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where 44 is the “3d Kronecker delta function” (equal to 1 when a = b = ¢ and zero otherwise).
Before attempting to find this new basis, we first briefly comment on its normalization.
There are two possible choices: we can choose either

FI7P = 8555, (7.33)

or
" = oL, (7.34)

If the first normalization is chosen, this basis is what mathematicians would call the “idem-
potent basis” of the equivariant Verlinde algebra and it coincides with the basis formed by
“Bethe states”. We will work with the second choice of normalization, where one does not
need to distinguish between upper and lower indices.

7.3 Bethe Ansatz equation from the fusion rules

The standard way to find the eigenvectors of a set of commuting matrices is to first pick
a linear combination of the matrices and to solve for the eigenvalues. At this point, one
may (correctly) anticipate that the characteristic polynomial equation of a particular linear
combination of [f]’s gives the Bethe ansatz equation. Indeed, this is true and that matrix is

[fB] = [f1] — t[f3], (7.35)

when k > 3. For k = 2, [fg] = [f1] does not depend on (3 at all. As it turns out, 8 only
appears in the normalization factor when k = 2, making this case uninteresting. So from now
on, we assume that k£ > 3. Written in the matrix form, fp is

0 VI+t 0 0 0 - 0
Vitt 0 1 0 0 - 0
0 1 0 1 :
[f5] = 0 0 1 0o |. (7.36)
0 0 0 1 0
: : 1 0 i+t
0 0 - 0 0 VIi+tt 0

The characteristic polynomial equation for [fg] is
det (xl1) — [f5]) = 0, (7.37)

where [I] is the identity matrix of size (k+ 1) x (k+1). By expanding this determinant along
the first and last column, it is easy to find that

det (z[I] — [fB]) = 2?Ap_1 — 22(1 + ) Ap_o + (1 + £)* Ak_s, (7.38)

— 48 —



where A, is a polynomial in z defined as the determinant of a n X n matrix

x -1 0 0 0 --- 0
-1 2 -1 0 0 --- 0
0 -1 = -1
A, = det 0O 0 —1 . . 0 . (7.39)
0 O oz =10
A -1 =z -1
o 0 -0 0 -1 x

Using the initial condition Ay = 1 and A; = x, along with the recursion relation
AnJrl == l’An - An,1 (740)

that can be derived by expanding the determinant along the first column, one finds

sin [27(n + 1)o] ‘

A, = 741
" sin 2wo ( )
Here we made the following change of variables

xr = 2cos2no. (7.42)

Then, one finds the characteristic polynomial equation (7.37) to be

GAmiko (627”“ —te 27””) . (7.43)

t627ri0' _ 672771'0'

This is exactly the Bethe ansatz equation (7.12) for the equivariant SU(2)/SU(2) gauged
WZW model!

For 0 < t < 1, the equation (7.43) always has k + 1 real solutions o7, l =0, 1,..., k inside
the interval (O, %) So we can assume oy < 01 < ...0k. As we mentioned previously, in the
limit ¢ — 0, the Bethe ansatz equation (7.43) becomes

e47ri(k+2)o - 1. (744)

And in the other limit ¢ — 1, the Bethe ansatz equation (7.43) becomes
etmikoe — (7.45)

This agrees with the fact that the quantum shift of the level k£ in Chern-Simons theory with
complex gauge group is zero [2].

There is another interesting property satisfied by the Bethe ansatz equation (7.43). If
o € (0,3) is a solution to (7.43), then 1 — o is also a solution. So the k + 1 roots {o;} are

naturally paired. As a consequence, if k is even, oy, /5 = % is always a solution.
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Now we have the eigenvalues z; = 2 cos2mo; that are solutions to (7.43), and the next
step is to find the eigenvectors (I|. In the normalized basis, they are (k + 1) x 1 matrices [v]
that can be obtained by solving the linear equation

[fB][v] = mi[v)]. (7.46)
It is easy to find

V14 tsin27o;
sin4mo;
sin 6o} — tsin 2woy

[v] = sin 8wo; — tsin4dmwoy . (7.47)

sin 2kmwo; — tsin2(k — 2)woy
sin 2(k+1)mo;—tsin 2(k—1)mwoy

V1+t
Here ( is a normalization factor
C’fQ = ‘1 — tetmion ’2 F ;— 2 + 2t cos 4oy — 212 . (7.48)
In the new basis, the fusion rules are:
F7P = Ngbgos (7.49)

Explicitly, the “eigenvalues of the fusion rules” N;’s are

1
Ny = : 7.50
: V1 —t-sin2mo; |1 — tedinor |2 ( )

In particular, from gluing 2h — 2 copies of pairs of pants (as in Figure 1), it immediately

follows that on a closed Riemann surface > the partition function is
k

Z(Spik,t) =Y NP2 (7.51)
=0

h—1
B 1 zk: k42 n 2t cos 4oy — 22 1 2h=2
(1 =)t — 2 |1 — tetion|? sin 2oy |1 — tedmion| ’

We call this the “SL(2,C) equivariant Verlinde formula”. It is easy to check that for ¢ = 0 it
indeed reduces to the SU(2) Verlinde formula. In the special case of h = 0, we have

Z(S%k,t) ZNA Z| ) = (¢lo) =1 — 2. (7.52)

For generic values of ¢, this formula gives a non—tr1v1al identity satisfied by roots of the Bethe
Ansatz equation.
To a n-punctured Riemann surface, the 2d TQFT functor assigns a vector in (V*)®”

k
Z(Shni kyt) =y NPE(]em, (7.53)
=0
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