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Abstract

In routing games, agents pick their routes through a networkto minimize their own delay. A primary
concern for the network designer in routing games is the average agent delay at equilibrium. A number
of methods to control this average delay have received substantial attention, including network tolls,
Stackelberg routing, and edge removal.

A related approach with arguably greater practical relevance is that of making investments in im-
provements to the edges of the network, so that, for a given investment budget, the average delay at
equilibrium in the improved network is minimized. This problem has received considerable attention
in the literature on transportation research and a number ofdifferent algorithms have been studied. To
our knowledge, none of this work gives guarantees on the output quality of any polynomial-time algo-
rithm. We study a model for this problem introduced in transportation research literature, and present
both hardness results and algorithms that obtain nearly optimal performance guarantees.

• We first show that a simple algorithm obtains good approximation guarantees for the problem.
Despite its simplicity, we show that for affine delays the approximation ratio of4/3 obtained by
the algorithm cannot be improved.

• To obtain better results, we then consider restricted topologies. For graphs consisting of parallel
paths with affine delay functions we give an optimal algorithm. However, for graphs that consist
of a series of parallel links, we show the problem is weakly NP-hard.

• Finally, we consider the problem in series-parallel graphs, and give an FPTAS for this case.

Our work thus formalizes the intuition held by transportation researchers that the network improve-
ment problem is hard, and presents topology-dependent algorithms that have provably tight approxima-
tion guarantees.

1 Introduction

Routing games are widely used to model and analyze networks where traffic is routed by multiple users, who
typically pick their route to minimize their delay [26]. Routing games capture the uncoordinated nature of
traffic routing. A prominent concern in the study of these games is the overall social cost, which is usually
taken to be the average delay suffered by the players at equilibrium. It is well known that equilibria are
generally suboptimal in terms of social cost. The ratio of the average delay of the worst equilibrium routing
to the optimal routing that minimizes the average delay is called the price of anarchy; tight bounds on the
price of anarchy are well-studied and are known for various classes of delay functions [21, Chapter 18].

However, the notion of price of anarchy assumes a fixed network. In reality, of course, networks change,
and such changes may intentionally be implemented by the network designer to improve quality of service.
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This raises the question of how to identify cost-effective network improvements. Our work addresses this
fundamental design problem. Specifically, given a budget for improving the network, how should the de-
signer allocate the budget among edges of the network to minimize the average delay at equilibrium in the
resulting, improved network? This crucial question arisesfrequently in network planning and expansion,
and yet seems to have received no attention in the algorithmic game theory literature. This is surprising
considering the attention given to other methods of improving equilibria, e.g., edge tolls and Stackelberg
routing.

Our model of network improvement is adopted from a widely studied problem in transportation research
[34] called the Continuous Network Design Problem (CNDP) [1]. In this model, each edge in the network
has a delay function that gives the delay on the edge as a function of the traffic carried by the edge. Specifi-
cally, the delay function on each edge consists of a free-flowterm (a constant), plus a congestion term that
is the ratio of the traffic on the edge to the conductance of theedge, raised to a fixed power. The cost to
the network designer of increasing the conductance of an edge by one unit is an edge-specific constant. Our
objective is to select an allocation of the improvement budget to the edges that minimizes the social cost of
equilibria in the improved network.

The continuous network design problem, along with the discrete network design problem that deals
with the creation (rather than improvement) of edges, has been referred to as “one of the most difficult
and challenging problems facing transport” [34]. The CNDP is generally formulated as a mathematical
program with the budget allocated to each edge and the trafficat equilibrium as variables. Since the traffic is
constrained to be at equilibrium, such a formulation is alsocalled a Mathematical Program with Equilibrium
Constraints (MPEC). Further, since the traffic at equilibrium is itself obtained as a solution to a optimization
problem, this is also a bilevel optimization problems. Bothbilevel optimization problems and MPECs have
a number of other applications and have been studied independent of the CNDP as well (e.g., [7]).

Owing both to the rich structure of the problem and its practical relevance, the CNDP has received
considerable attention in transportation research. Because of the nonconvexity and the complex nature of
the constraints, the bulk of the literature focuses on heuristics, and proposed algorithms are evaluated by
performance on test data rather than formal analysis. Many of these algorithms are surveyed in [34]. More
recent papers give algorithms that obtain global optima [18, 19, 32], but make no guarantees on the quality
of solutions that can be obtained in polynomial time.

In this paper, we consider a model with fixed demands, separable polynomial delay functions on the
edges and constant improvement costs. This particular model, and further restrictions of it, have been the
focus of considerable attention, e.g., [10, 13, 20], and is frequently used for test instances. The model cap-
tures many of the essential characteristics of the more general problems, such as the bilevel and nonconvex
nature of the problem and the equilibrium constraints. Our work thus gives the first algorithmic results with
proven output quality and runtime for the network improvement problem.

Our Contributions. We first focus on general graphs, and show that a simple algorithm that relaxes equi-
librium constraints on the flow gives an approximation guarantee that is tight for linear delays.

• We show that for general networks with multiple sources and sinks and polynomial delays, a simple
algorithm gives anO(d/ log d)-approximation to the optimal allocation, whered is the maximum
degree of the polynomial delay functions. Ifd = 1, this gives a4/3-approximation algorithm.

• We show that the approximation ratio for linear delays is tight, even for the single-commodity case:
by a reduction similar to that used by Roughgarden [27], we show that it is NP-hard to obtain an
approximation ratio better than4/3.

The hardness result crucially depends on the generality of the network topology. The practical relevance
of the network improvement problem then motivates us to consider restricted topologies of networks, for
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which we give both polynomial-time algorithms and further hardness results. We restrict ourselves to single
source and sink networks for the following results.

• In graphs consisting of parallels-t paths with linear delays, we show that even though the problem
is non-convex, first-order conditions are sufficient for optimality. We utilize this property and the
special structure of the first-order conditions to give an optimal polynomial-time algorithm. If each
path consists of a single edge, we give a particularly simpleoptimal algorithm.

• In contrast to our previous hardness result, we show that even in graphs with linear delays and with
very simple topologies consisting of a series of parallel links, calledseries-dipole graphs, obtaining
the optimal allocation for a given investment budget is NP-hard.

• Lastly, in series-parallel networks with polynomial delays, we show that there exists a fully-polynomial
time approximation scheme. Our algorithm is based on discretizing simultaneously over the space
of flows and allocations and showing there is a near-optimal flow and allocation in the discretized
space which can be obtained efficiently for series-parallelnetworks. The discretized flow may not
correspond to the equilibrium flow; however, in series-parallel graphs, we show that the delay at
equilibrium is at most the delay of the discretized flow.

Our work thus presents a fairly comprehensive set of approximation guarantees for the problem of
network improvement. We give tight bounds on the approximability of the problem in general networks,
and optimal and near-optimal algorithms for restricted topologies. Further, we show that the problem is
NP-hard — though weakly so — even in very restricted topologies. Our results thus supplement the work
in transportation research on the problem, by formalizing the intuition that the problem is hard, and giving
tight approximation algorithms for a number of cases.

2 Related Work

Routing games as a model of traffic on roads were introduced byWardrop in 1952 [33]. Beckmann et
al. [3] showed that equilibria in routing games are obtainedas the solution to a strictly convex optimization
problem if all delay functions are increasing, thus establishing the existence and uniqueness of equilibria.
Wardrop’s model, and our work, focuses on nonatomic routinggames where the traffic controlled by each
player is infinitesimal. This is a good assumption for road traffic since an individual driver has negligible
impact on the delay. However, many other models of traffic in routing games are studied as well. For
example, in atomic games, players can control significant traffic; this traffic may be splittable (e.g., [14, 5])
or unsplittable (e.g., [23]), depending on whether a playermay split her traffic among multiple routes.

The problem of obtaining formal bounds on the efficiency of equilibria in games was first studied by
Koutsoupias and Papadimitriou [16]. The price of anarchy — the ratio of the social cost at the worst
equilibrium routing to the social cost of an optimal routing— was later introduced by Papadimitriou [22]
as a formal measure of inefficiency. For nonatomic routing games with the social cost given by the average
delay, the price of anarchy is known to be 4/3 for linear delays [28], andΘ(p/ log p) for delay functions that
are polynomials of degreep [24].

Significant research has gone into the use of tolls to improvethe efficiency of routing games. It is
known that tolls corresponding to the marginal delay of an optimal flow induce the optimal flow as an
equilibrium [3]. More generally, tolls to induce any minimal routing can be obtained as the solution to a
linear program [8, 15, 35]. A similar result for atomic splittable routing games was shown independently by
Swamy [31] and Yang and Zhang [36]. These results compute efficiency without adding tolls to the delay
of the players, and hence disregard the effect of tolls on theutility of the players in this computation. If
tolls are added to the delays in the computation of efficiency, then even for linear delays, it is NP-hard to
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obtain tolls that give better than a 4/3-approximation [6].Since a 4/3-approximation can be obtained by not
applying any tolls, this result says that it is NP-hard to findimproving tolls.

Motivated by Braess’s paradox, where removal of an edge improves the efficiency of the equilibrium
routing, Roughgarden [27] studies the problem of removing edges from a network to minimize the delay at
equilibrium in the resulting network. The problem is strongly NP-hard, and there is no algorithm with an
approximation ratio better thann/2 for general delay functions. Another method studied for improving the
efficiency of routing is Stackelberg routing, which assumesthat a fraction of the traffic is centrally controlled
and is routed to improve efficiency. Obtaining the optimal Stackelberg routing is NP-hard even in parallel
links [25], although a fully-polynomial time approximation scheme is known for this case [17].

The importance of the network improvement problem has caused it to receive significant attention in
transportation research, where the version we are considering is known as the continuous network design
problem’. Early research focused on heuristics that did notgive any guarantees about the quality of the solu-
tion obtained. These were based on sensitivity analysis of the variational inequality to implement gradient-
descent [11], as well as derivative-free algorithms [1]. For a survey of other algorithms and early results on
the continuous network design problem, see [34].

More recent work in the transportation literature has also tried to obtain algorithms that obtain global
minima for the continuous network design problem. Early approaches include the use of simulated anneal-
ing [10] and genetic algorithms [38]. Li et al. [18] reduce the problem to a sequence of mathematical
programs with concave objectives and convex constraints, and show that the accumulation point of the se-
quence of solutions is a global optimum. If the sequence is terminated early, they show weak bounds on
the quality of the solution that are consequential only under strong assumptions on the delay function and
agents’ demands. Wang and Lo [32] reformulate the problem asa mixed integer linear program (MILP)
by replacing the equilibrium constraints by constraints containing binary variables for each path, and using
a number of linear segments to approximate the delay functions. This approach was further developed by
Luathep et al. [19] who replaced the possibly exponentiallymany path variables by edge variables and gave
a cutting constraint algorithm for the resulting MILP. The last two methods were shown to converge to a
global optimum of the linearized approximation in finite time, but require solving a MILP with a possibly
exponential number of variables and constraints.

A variant of the problem where the initial conductance of every edge in the network is zero, and the
budget is part of the objective rather than a hard constraint, is studied by Marcotte [20] and, independent
of our work, by Gairing et al. [12]. Unlike the work cited earlier, these papers give provable guarantees
on the performance of polynomial-time algorithms. Marcotte gives an algorithm that is a 2-approximation
for monomial delay functions and a5/4-approximation for linear delay functions. Gairing et al. present an
algorithm that improves upon these upper bounds, give an optimal polynomial-time algorithm for single-
commodity instances, and show that the problem is APX-hard in general. In our problem, the budget is
a hard constraint, and edges may have arbitrary initial capacities. Our problem is demonstrably harder
than this variant: e.g., in contrast to the polynomial-timealgorithm for single-commodity instances given
by Gairing et al. [12], we show that in our problem no approximation better than4/3 is possible even in
single-commodity instances.

3 Notation and Preliminaries

G = (V,E) is a directed graph with|E| = m and|V | = n. If G is a two-terminal graph, then it has two
special verticess and t called the source and the sink, collectively called the terminals. A u-v pathp =
((v0, v1), (v1, v2), . . . , (vk−1, vk)) is a sequence of edges withv0 = u, vk = v and edges(vi, vi+1) ∈ E. In
a two-terminal graph, each edge lies on ans-t path, and we useP to denote the set of alls-t paths. Given
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verticess′, t′ in graphG, vector(fe)e∈E is ans′-t′ flow of valued if the following conditions are satisfied:

∑

(u,w)∈E
fuw −

∑

(w,u)∈E
fwu = 0, ∀u ∈ V \ {s′, t′}

∑

(s,w)∈E
fsw −

∑

(w,s)∈E
fws = d

fe ≥ 0, ∀e ∈ E .

We use|f | to denote the value of flowf . A path decomposition of ans′-t′ flow f is a set of flows{fp}
alongs′-t′ pathsp that satisfiesfe =

∑

p:e∈p fp, ∀e. A path decomposition for flowf so thatfp > 0 for at
mostm paths can be obtained in polynomial time [2]. Without reference to a path decomposition, we use
fp > 0 to indicate thatfe > 0 for all e ∈ p.

Each edgee ∈ E has an increasing delay functionle(x) that gives the delay on the edge as a function of
the flow on the edge. For flowf and pathp, lp(f) :=

∑

e∈p le(fe) is the delay on pathp. Further,fele(fe)
is the total delay on edgee, and the total delay of flowf is

∑

e∈E fele(fe).

Routing games. A routing game is a tupleΓ = (G, l,K) whereG is a directed graph,l is a vector of delay
functions on edges, andK = {si, ti, di}i∈I is a set of triples wheredi is the total traffic routed by players
of commodityi from si to ti. Each player of commodityi in a routing game controls infinitesimal traffic
and picks ansi-ti pathp on which to route her flow, as her strategy. The strategies induce a flowf i. Let
f =

∑

i f
i, then the delay of a player that selects pathp as her strategy islp(f). In the single-commodity

case,|I| = 1. We say a flowf is a valid flow for routing gameΓ if f =
∑

i∈I f
i where eachf i is ansi-ti

flow of valuedi.
At equilibrium in a routing game, each player minimizes her delay, subject to the strategies of the other

players. The equilibrium in a routing game is also called a Wardrop equilibrium.

Definition 1. A set of flows{f i}i∈I wheref i is ansi-ti flow of valuedi is a Wardrop equilibrium if for all
i ∈ I, for anysi-ti pathsp, q such thatf i

p > 0, lp(f) ≤ lq(f).

We useequilibrium flow to refer to the set of flows{f i}i∈I that form a Wardrop equilibrium. The
equilibrium flow is also obtained as the solution to the following mathematical program. Since the delay
functions are increasing, the program has a strictly convexobjective with linear constraints, and hence the
first-order conditions are necessary and sufficient for optimality. Further, because of strict convexity, the
equilibrium flow is unique.

min
∑

e∈E

∫ fe

0
le(x) dx, s.t.f =

∑

i∈I f
i andf i is ansi-ti flow of valuedi .

Definition 1 then corresponds to the first-order conditions for optimality of the convex program. By
Definition 1, eachsi-ti pathp with f i

p > 0 has the same delay at equilibrium. LetLi be this common path
delay. Then the total delay

∑

e fele(fe) =
∑

i di L
i, wheref =

∑

i∈I f
i and{f i}i∈I is the equilibrium

flow. The average delay is
∑

i di L
i/
∑

i di.

Network Improvement. In the network improvement problem, we are given a routing gameΓ, where the
delay function on each edgee is of the formle(x) = (x/ce)

ne + be. We callce theconductance, 1/ce the
resistance, andbe the lengthof edgee. We assumece ≥ 0 andne > 0, and hence the delay is an increasing
function of the flow on the edge. The delay function on an edge is affine ifne = 1. Each edge has a marginal
cost of improvement,µe. Upon spendingβe to improve edgee, the conductance of the edge increases to
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ce + µeβe. For a given budgetB, a valid allocation is a vectorβ = (βe)e∈E so that
∑

e βe ≤ B andβe ≥ 0
for eache ∈ E. The objective is to determine a valid allocation of the budgetB to the edges to minimize the
average delay obtained at equilibrium with the modified delay functionsle(x, βe) = (x/(ce + µeβe))

ne+be.
Delay functions are affine ifne = 1 on all edges.

Let β = (βe)e∈E be the vector of edge allocations. Since the flow at equilibrium is unique, for any
β, the average delay at equilibrium is unique.L(β) is this unique average delay as a function of the edge
allocations. When considering a flowf other than the equilibrium flow, we useL(f, β) to denote the average
delay of flowf with the modified delay functions. We will also have occasionto allocate budget to units
other than edges, e.g., paths, and will slightly abuse notation to express the average delay in terms of these
units.

Our problem corresponds to the following (non-linear, possibly non-convex) optimization problem:

min
β

L(β), s.t.
∑

e

βe ≤ B, βe ≥ 0 ∀e ∈ E . (1)

We useβ∗ to denote an optimal solution for this problem, and defineL∗ := L(β∗). As is common
in nonlinear optimization, instead of an exact solution we will obtain a solution that is within a specified
additive tolerance ofǫ of the exact solution, i.e., a valid allocation̂β so thatL(β̂)−ǫ ≤ L(β∗). An algorithm
is polynomial-time if it obtains such a solution in time polynomial in the input size andlog(1/ǫ). Since the
problem has linear constraints, the first-order conditionsare necessary for optimality (e.g., [37]). By the
first-order conditions for optimality, for any edgese ande′,

βe > 0 ⇒ ∂L(β)

∂βe
≤ ∂L(β)

∂βe′
. (2)

For any edgee and allocationβ, definece(β) = ce + µeβe. For a pathp, bp =
∑

e∈p be as the
length of pathp. For affine delay functions, definecp(β) = 1/

∑

e∈p
1

ce(β)
as the conductance of path

p, and the resistance of pathp as the reciprocal of the conductance:rp(β) = 1/cp(β). For k ∈ Z+,
[k] := {1, 2, . . . , k}. The following statement is easily verified; it is used oftenin our proofs, hence we state
it formally below for ease of reference.

Fact 2. For x, y, z ∈ R≥0 andk ∈ R>0,

x

y
> k ⇐⇒ x+ kz

y + z
<

x

y
⇐⇒ x− kz

y − z
>

x

y
.

4 Tight Bounds in General Graphs

4.1 Simple approximation algorithms for general graphs

We start with a simple polynomial-time algorithm that givesa good approximation for the general network
improvement problem: with multiple sources and sinks, in general graphs, and with polynomial delay func-
tions. The algorithm follows from the observation that relaxing the equilibrium constraints on the flow
yields a convex problem. Although the algorithm described here is a very natural one and lower bounds for
its performance were given in [20], the upper bounds shown here appear not to have been noticed earlier. In
fact, in the next section we will show that the bound obtainedby this simple algorithm is tight in the case of
affine delay functions.

Consider the following problem:
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COPT: min
x,β

∑

e

xele(xe, βe) s.t.x is a valid flow, andβ is a valid allocation.

It is obvious the constraints for COPT are convex. We now showthat if the delay functionsle(xe, βe) are
polynomial, then the objective is a convex function as well.

Lemma 3. The objective function for COPT with polynomial delays is convex.

Proof. We will show that the Hessian for each term in the summation inthe objective is positive semi-
definite. This will show that each individual term is convex,and hence the objective is convex as well. Each
term in the summation is of the form

l(x, β) :=
xn+1

(c+ µβ)n
+ bx .

We will show thatl(x, β) is a convex function for the proof. The following derivatives are easily obtained:

∂l

∂x
=

(n+ 1)xn

(c+ µβ)n
+ b ,

∂2l

∂x2
=

(n+ 1)nxn−1

(c+ µβ)n
(3)

∂l

∂β
= − nµxn+1

(c+ µβ)n+1
,
∂2l

∂β2
=

(n+ 1)nµ2xn+1

(c+ µβ)n+2
(4)

∂2l

∂β ∂x
=

∂2l

∂x ∂β
= −n(n+ 1)µxn

(c+ µβ)n+1
(5)

The Hessian for functionl(x, β) is given by

H :=

[

∂2l
∂x2

∂2l
∂x∂β

∂2l
∂β∂x

∂2l
∂β2

]

For any vectorα = [α1 α2]
T we will show thatαTHα ≥ 0, which proves the positive semi-definiteness

of H and hence the convexity ofl(x, β). By the expressions from (3), (4) and (5),

αTHα = α2
1

n(n+ 1)xn−1

(c+ µβ)n
+ α2

2

n(n+ 1)xn+1µ2

(c+ µβ)n+2
− 2α1α2

n(n+ 1)µxn

(c+ µβ)n+1

=
n(n+ 1)xn−1

(c+ µβ)n

(

α2
1 + α2

2
x2µ2

(c+ µβ)2
− 2α1α2

xµ

(c+ µβ)

)

=
n(n+ 1)xn−1

(c+ µβ)n

(

α1 − α2
xµ

c+ µβ

)2

≥ 0 .

The solution(x̂, β̂) to problem COPT can thus be obtained in polynomial time. Our approximation
algorithm then simply returns the allocation̂β obtained by solving COPT.

Lemma 4. If the delay function on every edge is affine, then the delay obtained at equilibrium for the
allocation β̂ is a 4/3-approximation to the delay at equilibrium for the optimal allocation β∗. In general if
all delay functions are polynomials of degree at mostp, then the delay obtained at equilibrium for̂β is an
O(p/ log p)-approximation to the delay at equilibrium for the optimal allocationβ∗.
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Proof. Let f∗ be the equilibrium flow obtained for the optimal allocationβ∗, and letf be the equilibrium
flow for allocationβ̂. It is obvious that

∑

e f
∗
e le(f

∗
e , β

∗
e ) ≥ ∑

e x̂ele(x̂e, β̂e). For fixed affine delays, it is
well-known that the total delay of the equilibrium routing is at most4/3 that of the the flow that minimizes
the total delay [28]. Thus,

∑

e fele(fe, β̂e) ≤ 4/3
∑

e x̂ele(x̂e, β̂e). The statement of the lemma for affine
delays follows. Further, the statement for general polynomial delays follows since the total delay of the
equilibrium routing is known to be at mostO(p/ log p) that of the the flow that minimizes the total delay [24].

4.2 A nearly tight lower bound for affine delays

We now show that the upper bounds obtained in the previous section are tight for affine delays, even for
single-commodity routing games. We give a reduction from the problem of 2-Directed Disjoint Paths,
which is known to be NP-complete [9]:

Definition 5 (2-Directed Disjoint Paths (2DDP)). Given a directed graphG and verticess1, s2, t1 and t2,
do there existsi-ti pathspi such thatp1 andp2 are vertex-disjoint?

Note that the 2DDP problem is known to be solvable in polynomial-time if the graph is acyclic [30]
or planar [29]. Our reduction is essentially identical to that given by Roughgarden [27] for the problem of
removing edges from a network to improve the total delay at equilibrium in the resulting network.

In our reduction, we allow the budget to be unbounded. We modify the graph for the 2DDP problem
by adding verticess, t and edges(s, s1), (s, s2), (t1, t) and(t2, t). For all edges except the ones added, we
choosece = 0, be = 0 andµe = 1. Thus none of these edges cannot be used at equilibrium unless it is given
a strictly positive allocation. For edges(s, s1) and(t2, t), we choosece = 1, be = 1, andµe = 1. For edges
(s, s2) and(t1, t), we choosece = 1, be = 0 andµe = 0; thus any allocation to these edges does not affect
the delay function. The demand betweens andt is 1.

We now show that if the given instance of 2DDP contains two disjoint paths, then there exists an al-
location that yields two vertex-disjoints-t paths with delay functionsx + 1 on both, and thus an average
delay of3/2. If two vertex-disjoint paths do not exist, any allocation has average delay at least2 because
the existence of a common vertex leads to inefficient routing, similar to that in the Braess graph.

G

s t

v

s1

s2

t1

t2

x

1 + β

x

1 + β
x

x

Figure 1: The graph for reduction from 2DDP. Each of the edgesin G havece = be = 0 andµe = 1. Edges
(s, s2) and(t1, t) haveµe = 0.

Lemma 6. If G contains two disjoint paths, then there is an allocation forthe CNDP instance constructed
with average delay3/2, otherwise any allocation has average delay at least2.

Proof. If there exist two disjoint paths, we allocate infinite budgets to exactly the edges on these paths,
thus reducing the delay functions on these edges to zero. We additionally allocate infinite budgets to edges
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(s, s1) and(t2, t). Then the flow that routes1/2 on thes-s1-t1-t path and1/2 on thes-s2-t2-t path is an
equilibrium flow of average delay3/2.

Suppose for a contradiction that there do not exist two disjoint paths but the average delay at equilibrium
for an allocation is less than2. LetF be the subset of edges which carry strictly positive flow at equilibrium.
ThenF must contain ans1-t1 path, as well as ans2-t2 path. To see this, note thatF cannot contain an
s-s1-t2-t path, since the delay on this path would be at least 2. However, both(s, s1) and(t2, t) must carry
positive flow. Therefore, there must be ans1-t1 path and ans2-t2 path inF . Since these paths cannot be
vertex-disjoint, letv be the common vertex. Then anys-v path inF must have delay at least 1, and anyv-t
path must similarly have delay at least 1. Hence the delay at equilibrium must be at least 2.

5 Single and Parallel Paths

5.1 Single Paths

We first consider the case whereG is a simples-t path. In this case, we show that the delay at equilibrium
L(β) is a convex function. Thus, obtaining the optimal allocation requires minimizing a convex function
subject to linear constraints, which can be done in polynomial time by, e.g., interior-point methods [4].

Lemma 7. If G is ans-t path, thenL(β) is convex.

Proof. For ans-t pathp, the delay at equilibriumL(β) for an allocationβ isL(β) =
∑

e∈p
d

ce(β)
+be. Since

d andbe are fixed, minimizingL(β) is equivalent to minimizing
∑

e∈p 1/ce(β), which is a convex function,
since eachce(β) is an affine function.

5.2 Parallel Paths

WhenG consists of parallel paths betweens andt, L(β) may not be a convex function ofβ, and Figure 2
gives an example of this nonconvexity. The graph shows the delay at equilibrium as the allocation to edge
1 is increased and allocation to edge 2 is decreased, keepingthe total allocation equal to the budgetB = 3.
We will show that for network improvement, the first-order conditions for optimality are sufficient. Hence,
any solution that satisfies the first-order optimality conditions is a global minimum. We will then use this
characterization to give a continuous greedy-like algorithm that uses the particular structure of the first-order
optimality conditions to obtain an allocation.

10x+ 90 µ1 = 1

5x
µ2 = 0.1

d = 40

(a) The example.
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(b) Graph showing nonconvexity of equilibrium delay.

Figure 2: Example showing nonconvexity of equilibrium delay. BudgetB = 3.

Assume the given graph consists ofm s-t paths. As before,P is the set of alls-t paths. We relabel paths
so thatb1 ≤ b2 ≤ · · · ≤ bm wherebi is the length of pathi, and for simplicity, we assume that all these
inequalities are strict (the case where some inequalities are not strict requires only minor modifications to the
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algorithm and analysis but requires tedious notation). Here, we assume that the equilibrium flow obtained
for the optimal allocationL(β∗) > bm, and hence by definition of the equilibrium flow all paths mustcarry
positive flow at equilibrium. Relaxing the assumption requires us to solve the problem multiple times for
increasing subsets ofP, and we leave this to the appendix.

By Section 5.1, we know how to maximize the conductance of anypathp for a fixed budget. Hence in
the case of parallel paths, we will focus on obtaining an allocation to paths, rather than individual edges on
paths, and assume that once the optimal allocation to paths is known, we can compute the allocation to the
edges. We useβp to denote the (scalar) allocation to pathp, β to denote the vector of allocations to paths,
and usecp(βp) to denote the maximum conductance of pathp obtained for allocationβp.

We first establish the concavity of path conductance.1

Lemma 8. For any pathp, let β′ and β′′ be two vectors of allocations to edges in pathp and define
β(λ) := λβ′ + (1− λ)β′′ for 0 ≤ λ ≤ 1 andcp(λ) := cp(β(λ)). Then

1. cp(λ) is concave.
2. If cp(λ) is not strictly concave at someλ ∈ (0, 1), thencp(λ) is linear for all λ ∈ (0, 1).

Proof. We will find it more convenient in the proof to work with resistances rather than conductances, where
rp(λ) = 1/cp(λ) and for each edgee, re(λ) = 1/ce(λ). Then

dcp(λ)

dλ
= − 1

r2p(λ)

drp(λ)

dλ

and differentiating again,

d2cp(λ)

dλ2
= − 1

r4p(λ)

(

r2p(λ)
d2rp(λ)

dλ2
− 2rp(λ)

(

drp(λ)

dλ

)2
)

= − 1

r3p(λ)

(

rp(λ)
d2rp(λ)

dλ2
− 2

(

drp(λ)

dλ

)2
)

. (6)

We will use Cauchy-Schwarz and the expression ford2rp(λ)/dλ
2 to show that the expression on the right

is nonpositive, which will complete the proof of the lemma. For any edgee, ce(λ) is a linear function ofλ,
and henced2ce(λ)/dλ2 = 0. Equation (6) holds for edges as well as paths, and hence

d2re(λ)

dλ2
=

2

re(λ)

(

dre(λ)

dλ

)2

. (7)

To use Cauchy-Schwarz, define

xe :=
d2re(λ)

dλ2
and ye := re(λ) .

Sincerp(λ) =
∑

e∈p re(λ),

1Note that1/cp(β) is a convex function, since each1/ce(β) is convex. However, this does not imply thatcp(β) is concave,
since the reciprocal of a convex function is not necessarilyconcave, even in the single variable case. For example, bothx2 and
1/x2 are convex forx > 0.

10



rp(λ)
d2rp(λ)

dλ2
=

(

∑

e

ye

)(

∑

e

xe

)

≥
(

∑

e

√
xeye

)2

= 2

(

drp(λ)

dλ

)2

(8)

where the inequality is by Cauchy-Schwarz and the second equality follows since
√
xeye =

√
2 dre(λ)/dλ

from (7). Replacing in (6), we get the proof of the first part ofthe lemma.
For the second part of the proof, assume thatcp(λ) is not strictly concave at̄λ, i.e.,d2cp(λ̄)/dλ2 = 0.

Then the inequality in (8) must be an equality, which again byCauchy-Schwarz is possible if and only if the
vectorsx andy are parallel, i.e.,ye = kxe for all e ∈ E and some constantk. Thusre(λ̄) = kd2re(λ̄)/dλ̄

2,
or from (7),

re(λ̄) = k′
dre(λ̄)

dλ̄

wherek′ =
√
2k. Sincere(λ) = 1/ce(λ), this is equivalent to

1

ce(λ̄)
= − k′

c2e(λ̄)

dce(λ̄)

dλ
, or ce(λ̄) = −k′

dce(λ̄)

dλ
. (9)

We will show now that the vectors(ce(λ))e∈p and (dce(λ)
dλ

)e∈p are parallel for allλ ∈ [0, 1]. Hence the
inequality in (8) is always an equality, andd2cp(λ)/dλ2 = 0 for all λ.

For anyλ, sincece(λ) is a linear function,

ce(λ) = ce(λ̄) + (λ− λ̄)
dce(λ)

dλ
= (λ− λ̄− k′)

dce(λ)

dλ

where the second equality follows from (9). Thus the vectors(ce(λ))e∈p and(dce(λ)
dλ

)e∈p are parallel, and
henced2cp(λ)/dλ2 = 0 for all λ.

The following corollary immediately follows from the first part of the lemma.

Corollary 9. For any pathp and vectorβ of allocations to the edges ofp, cp(β) is concave.

We now obtain an expression for the delay at equilibrium. Foran allocationβ, let x be the flow at
equilibrium and{xp}p∈P be the unique flow decomposition. Thenxp > 0 iff L(β) > bp. SinceL(β∗) > bp,
for each pathp ∈ P, by definition of equilibria,

L(β) =
xp

cp(β)
+ bp . (10)

Multiplying both sides bycp(β), and summing over all paths yields

L(β) =
d+

∑

p∈P cp(β)bp
∑

p∈P cp(β)
. (11)

We now show that ifL(β∗) > bm, the first order conditions for optimality are also sufficient.

Lemma 10. Letβ′ andβ′′ be two valid allocations whereβ′ satisfies the first-order conditions for optimality,
and defineβ(λ) := (1 − λ)β′ + λβ′′ andL(λ) = L(β(λ)). Then eitherL(0) ≤ L(λ) for all λ ∈ [0, 1], or
there is a valid allocationβ so thatL(β) ≤ bm.
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Proof. Our proof proceeds by considering all stationary points inλ ∈ [0, 1]. We will show that ifL(λ) > bm
for all λ ∈ [0, 1], then either any stationary point is a minima, orL(λ) is constant in the interval[0, 1]. In the
former case, since there are no maxima, and maxima and minimamust alternate,L(0) is the only minima in
[0, 1], and hence in either case,L(0) ≤ L(λ) for all λ ∈ [0, 1].

Let λ′ be a stationary point. ThendL(λ′)/dλ = 0. We first show thatd2L(λ′)/dλ2 ≥ 0, and hence
there are no maxima. From (21), and sinceL is a function ofλ rather thanβ, for any pathq ∈ P,

∂L(λ)

∂cq(λ)
=

bq

(

∑

p∈P cp(λ)
)

−
(

d+
∑

p∈P cp(λ)bp

)

(

∑

p∈P cp(λ)
)2 =

1
∑

p∈P cp(λ)
(bq − L(λ)) .

and hence, by the chain rule,

dL(λ)

dλ
=
∑

p∈P

∂L(λ)

∂cp(λ)

dcp(λ)

dλ
=

1
∑

p∈P cp(λ)





∑

p∈P
(bp − L(λ))

dcp(λ)

dλ



 . (12)

DefineA(λ) to be the term in parentheses in (12); thendL(λ)
dλ

= A(λ)/
∑

p∈P cp(λ). Note thatA(λ) = 0

if and only if dL(λ)
dλ

= 0, and henceA(λ′) = 0. Further, for the second derivative, we get

d2L(λ)

dλ2
=

1
(

∑

p∈P cp(λ)
)2





∑

p∈P
cp(λ)

dA(λ)

dλ
−A(λ)

∑

p∈P

dcp(λ)

dλ





(13)

and sinceA(λ′) = 0,

d2L(λ′)
dλ2

=
1

∑

p∈P cp(λ′)
dA(λ′)
dλ

. (14)

We will now show thatA(λ′) is nondecreasing, and hence any stationary point cannot be amaxima. Each

term in the summation forA(λ) is the product ofbp − L(λ) anddcp(λ)/dλ. By assumption,dL(λ
′)

dλ
= 0,

hencebp − L(λ′) is constant and negative. By Corollary 9, the second term is nonincreasing, hence the
product is nondecreasing. Each of the summands is nondecreasing, and henceA(λ′) must be nondecreasing.

Further, if d2L(λ′)/dλ2 = 0, thenA(λ′) must be a constant by (14). Since each summand is non-
decreasing, each summand must in fact be constant, and in particular dcp(λ′)/dλ must be constant, i.e.,
cp(λ

′) must be linear. However, in this case, by the second part of Lemma 8,cp(λ) is linear forλ ∈ (0, 1).
Hence the second derivative is zero in(0, 1), which by integration, and sincedL(λ′)/dλ = 0, forces the first
derivative to be zero in(0, 1); hence,L(λ) is constant in[0, 1].

An optimal algorithm. We now describe an algorithm for minimizing the delay at equilibrium on parallel
paths. In order to describe our algorithm to optimizeL(β), we first show thatL(β) is a strictly monotone
function of the budget to be allocated. That is, the valueL∗(B) := minβ{L(β) : βp ≥ 0 ∀p and

∑

p βp ≤
B} is a strict monotone function of the budgetB. Note that since on every edgee, ce(βe) is strictly
monotone. Hence for every pathp, cp(βp) is strictly monotone as well.
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Claim 11. If L∗(B) > bm, thenL∗(B) is strictly decreasing inB.

We first show the following claim.

Claim 12. Let β′, β′′ be two vectors of allocations to paths inP so thatβ′′
p ≥ β′

p for all p ∈ P and the
inequality strict for somep. Then ifL(β′) > bm, thenL(β′) > L(β′′).

Proof. The proof follows from the observation thatcp(β′′) ≥ cp(β
′) for everyp ∈ Pi, with the inequality

strict for at least one path. IfL(β′′) ≤ bm, the claim is true sinceL(β′) > bm by assumption. Otherwise,

L(β′′) =
d+

∑

p∈P cp(β
′′
p )bp

∑

p∈P cp(β′′
p )

=
d+

∑

p∈P cp(β
′
p)bp +

∑

p∈P
(

cp(β
′′
p )− cp(β

′
p)
)

bp
∑

p∈P cp(β′
p) +

∑

p∈Pi

(

cp(β′′
p )− cp(β′

p)
)

< L(β′)

where the inequality follows from Fact 2 and sinceL(β′) > bi for all i ∈ [m].

Proof of Claim 11.LetB′,B′′ ∈ R>0 withB′′ > B′, and letβ′ be the allocation that minimizesL(β) subject
to the total allocation being at mostB′. Then consider the allocationβ′′ whereβ′′

1 = β′
1 + (B′′ −B′), and

β′′
i = β′

i on the other paths. By Claim 12,L(β′′) < L(β′). Sinceβ′′ is a valid allocation for budgetB′′,
L∗(B′′) ≤ L(β′′) = L∗(B′), and the claim follows.

We now describe our algorithm. The algorithm proceeds by conducting a binary search for the optimal
valueL∗(B). Initially, bm andL(0) are our lower and upper bounds, andL̄ = (bm + L(0))/2.

1. Letβ = 0 be the initial allocation.

2. Increase the allocation to paths inP so that for any pathp, if βp > 0, then

(L̄− bp)
dcp(βp)

dβp
≥ (L̄− bq)

dcq(βq)

dβq
(15)

for all pathsq ∈ P. Continue allocating in this manner untilL(β) = L̄. Note that by Claim 12,L(β)
is strictly decreasing inβ, hence any process that monotonically increases allocations to paths will
obtainL̄ as long as̄L > bm.

3. Let B′ = 1
Tβ′, whereβ′ is the allocation obtained in Step 2. IfB′ = B, thenβ′ is the optimal

allocation for budgetB andL∗ = L̄. If B′ > B, thenL∗(B) > L̄, andL∗(B) < L̄ otherwise.

Step 2 in the algorithm can be implemented by binary search; we give details on the implementation in
the Appendix. To show that the algorithm works, we now prove the correctness of Step 3. We start with the
following claim about the allocationβ′ obtained when Step 2 completes.

Claim 13. LetB′ = 1
Tβ′. Then the allocationβ′ minimizesL(β) for budgetB′, i.e.,L(β′) = L∗(B′).

Proof. The solution obtained satisfies

(L̄− bp)
dcp(β

′
p)

dβp
≥ (L̄− bq)

dcq(β
′
q)

dβq

for all p, q ∈ P with β′
p > 0. SinceL̄ = L(β′), and

∑

p∈P cp(β
′) > 0, this condition is equivalent to
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1
∑

p∈Pi
cp(β′)

(

L(β′)− bp
) dcp(β

′
p)

dβp
≥ 1
∑

p∈Pi
cp(β′)

(

L(β′)− bq
) dcq(β

′
q)

dβq

for all p, q ∈ P with β′
p > 0, which are exactly the first order conditions for minimizingL(β). Then by

Lemma 10,β′ must minimizeL(β) for budgetB′.

It follows from the claim that ifB′ = B, thenβ′ is the optimal allocation forL(β) for budgetB. If
B′ > B, note that by Claim 11,L∗(B) is strictly monotone inB, and hencēL = L∗(B′) < L∗(B), and
similarly if B′ < B, thenL̄ > L∗(B). This proves the correctness of Step 3.

5.3 A simple algorithm for parallel links

We now consider the case whereG is a dipole graph, i.e., parallel edges betweens andt. In contrast to the
algorithm for the more general parallel paths case in Section 5.2, we show that a very simple algorithm gives
the optimal allocation in this case. We prove that there always exists an optimal solution where the entire
budget is spent on a single edge. The algorithm for obtainingthe optimal allocation is then straightforward:
consider each edge in turn, and compute the delay at equilibrium obtained by allocating the entire budget
to that edge. The optimal allocation is to allocate the budget to the edge for which the delay obtained is
minimum.

As before, we assume every edge has flow at equilibrium in every valid allocation. From (10),

L(β) =
d+

∑

e∈E ce(β)be
∑

e∈E cp(β)
. (16)

From the first-order conditions of optimality for (1), it follows that for an optimal allocation, (2) must hold.
We show that if two edgese, e′ have positive allocation in an optimal allocationβ, then decreasing the
allocation on one edge and increasing it on the other does notaffect the delay at equilibrium. Forδ ∈ R, let
β′ be the allocation obtained by increasing the allocation toe by δ and decreasing the allocation toe′ by δ.

Lemma 14. If ∂L(β)
∂βe

= ∂L(β)
∂βe′

, thenL(β) = L(β′).

We will use the expression for the delay at equilibrium in thefollowing proof, obtained from (16) as

∂L(β)

∂βe
=

∂L(β)

∂ce(β)

∂ce(β)

∂βe
= − µe

∑

e′∈E ce′(β)
(L(β)− be) ∀e ∈ E (17)

Proof. Since∂L(β)
∂βe

= ∂L(β)
∂βe′

, from (17),

µe
be − L(β)
∑

r∈E cr(β)
= µe′

be′ − L(β)
∑

r∈E cr(β)
,

or, with some algebraic manipulation,

L(β) =
beµe − be′µe′

µe − µe′
. (18)

Since inβ′, the allocation toe is increased and the allocation toe′ is decreased byδ,
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L(β′) =
d+

∑

r∈E brcr(β) + beµeδ − be′µe′δ
∑

r∈E cr(β) + µeδ − µe′δ
. (19)

From (11) and (18), the numerator above is exactlyL(β) times the denominator. Replacing in (19) thus
yields thatL(β′) = L(β).

The following corollary is obtained since we can start with any optimal allocation that allocates to more
than a single edge and by Lemma 14 successively shift allocation onto a single edge so that we are left with
an allocation on a single edge that yields the optimal delay at equilibrium.

Corollary 15. There exists an optimal allocation where the entire budget is allocated to a single edge.

Proof. Consider an optimal allocationβ∗ of the budget tok > 1 edges and edgese, e′ with strictly positive
allocation. Consider the modified allocationβ′: β′

r = β∗
r for r 6= e, e′; β′

e = β∗
e + β∗

e′ , andβ′
e′ = 0. Thenβ′

is a valid allocation, and sinceβe, βe′ > 0, ∂L(β)
∂βe

= ∂L(β)
∂βe′

by the first-order conditions for optimality. Then

by the lemma,L(β′) = L(β∗). Thus,β′ is an optimal allocation where exactlyk − 1 edges have strictly
positive allocation, and successively removing edges fromthe optimal allocation in this manner gives us the
corollary.

Thus, the simple algorithm given earlier that allocates theentire budget to a single edge is optimal.

6 NP-Hardness in Series-Dipole Graphs

In contrast to the previous section, we show that even in fairly simple networks calledseries-dipole networks,
the network improvement problem is NP-hard. A series-dipole graph consists of a number of subgraphs
consisting of parallel edges (calleddipole graphs) connected in series. In fact, we show that even when each
dipole consists of just two edges, computing the optimal allocation is NP-hard. We will usen to denote the
number of dipoles in the graph.

The delay at equilibrium in a series-dipole graph is the sum of delays on the individual dipoles. Further,
given an allocation of the budget to dipoles rather than individual edges, by Corollary 15 the optimal allo-
cation to the edges can be determined by independently finding the edge in each dipole that minimizes the
delay on the dipole on being allocated the entire budget for the dipole. Hence in this section we consider
allocations to dipoles rather than individual edges, and define an allocationβ = (βi)i∈[n]. Allocation β is
valid if

∑

i βi ≤ B and allβi ≥ 0. Further, defineLi(βi) as the optimal delay in dipolei on being allocated
βi. ThusL(β) =

∑

i Li(βi).
We show that the problem of network improvement is NP-hard bya reduction from partition.

Definition 16 (Partition). Givenn items where itemi has valuevi and
∑

i vi = 2V , select a subsetS of the
items so that

∑

i∈S vi = V .

For theith dipole consisting of edgese1 ande2, the values for the parameters in our construction are as
follows. Letδ = 19/31 andλ = 4

√
2− 1. Then

c1 =
δ

vi
, c2 =

1− δ

vi
, µ1 = λv2i , µ2 = 2λv2i , b1 = (λ+ 2)vi, b2 = 0, demandd = 2(λ+ 2) .

Claim 17. For the instance constructed, there exists an allocationαi = (1 +
√
2)vi for the ith dipole so

that, for any allocationx, Li(x) ≥ Li(αi) + αi − x, with equality if and only ifx = αi or x = αi + vi.
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Proof. Fix a dipolei. Let v = vi andc1, c2, µ1, µ2, b1, b2 andd be the parameters given above. Since each
dipole consists of two parallel edges, by Corollary 15, we only need to consider allocations to a single edge.
Sinceb2 = 0, if Li(x) ≥ b1 then both edges carry flow at equilibrium, otherwise only edge e2 has positive
flow. Hence, from (11),

L(x) =















min

{

d+ b1 (c1 + (x/µ1))

c1 + c2 + x/µ1
,

d+ b1c1
c1 + c2 + (x/µ2)

}

if L(x) ≥ b1

d

c2 + (x/µ2)
otherwise

Define the following functions:

C1(x) :=
d+ b1 (c1 + (x/µ1))

c1 + c2 + x/µ1
, C2(x) :=

d+ b1c1
c1 + c2 + (x/µ2)

, andC3(x) :=
d

c2 + (x/µ2)
.

By definition, thenL(x) = min{C1(x), C2(x), C3(x)}. Defineγ = 2v(5
√
2 + 1) andα = v(

√
2 + 1). We

will show the following properties for these functions:

1. C1(x) + x ≥ γ, with equality if and only ifx = α.

2. C2(x) + x ≥ γ, with equality if and only ifx = α+ v.

3. C3(x) + x > γ.

The proof of the claim then follows from these properties, and from definition ofL(x).
Proof of (1). The proof proceeds by showing thatC1(x)+x is a strictly convex function forx ≥ 0, and then
showing that the function is minimized atx = α andC1(α) + α = γ. For convenience, we differentiate
C1(x) + x− b1, yielding

d (C1(x) + x− b1)

dx
= − 1

µ1

d− b1c2

(c1 + c2 + x/µ1)
2 + 1

It is obvious that the expression on the right is strictly increasing inx, and henceC1(x) is strictly convex.
Setting the derivative to be zero gives

x =
√

µ1(d− b1c2)− µ1(c1 + c2) .

Replacing values for the parameters,

x =

√

v2λ

(

2(λ+ 2)− v(λ+ 2)
1− δ

v

)

− v2λ
1

v

= v

(

√

2λ(λ+ 2)− λ(λ+ 2)
12

31
− λ

)

= v

(

√

2× 31− 31
12

31
− 4

√
2 + 1

)

= v(
√
2 + 1) = α

where the second and third equalities are obtained by replacing the values fort andλ respectively. We now
evaluateC1(α) + α to obtain
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C1(α) + α =
2(λ+ 2) + v(λ+ 2)

(

δ
v
+ v(1+

√
2)

v2λ

)

1
v
+ v(1+

√
2)

v2λ

+ v(1 +
√
2)

= v
2(λ+ 2) + (λ+ 2)

(

t+ (1+
√
2)

λ

)

1 + 1+
√
2

λ

+ v(1 +
√
2)

= v
2λ(λ+ 2) + δ(λ+ 2)λ+ (λ+ 2)(1 +

√
2)

λ+ 1 +
√
2

+ v(1 +
√
2)

= v
62 + 19 + 9 + 5

√
2

5
√
2

+ v(1 +
√
2)

= v(1 + 9
√
2) + v(1 +

√
2) = v(2 + 10

√
2) = γ .

Thus,C1(x) + x is minimized atx = α, andC1(α) + α = γ. SinceC1(x) is strictly convex forx ≥ 0,
C1(x) + x > γ for x 6= γ andx ≥ 0.
Proof of (2). Our proof is very similar to the proof forC1(x). We observe thatC2(x) + x is strictly convex
for x ≥ 0. We show thatC2(x) + x is minimized atx = α+ v, and thatC2(α+ v) + α+ v = γ. By strict
convexity,C2(x) + x > γ for x 6= α+ v andx ≥ 0, completing the proof.

DifferentiateC2(x) + x gives us

d (C2(x) + x)

dx
= − 1

µ2

d+ b1c1

(c1 + c2 + x/µ2)
2 + 1

Again, the expression on the right is strictly increasing, and henceC2(x) is strictly convex. Setting the
derivative to be zero gives

x =
√

µ2(d+ b1c1)− µ2(c1 + c2)

=

√

2v2λ

(

2(λ+ 2) + v(λ+ 2)
δ

v

)

− 2v2λ
1

v

= v
(

√

2λ(λ+ 2)(2 + δ)− 2λ
)

= v
(

9
√
2− 2(4

√
2− 1)

)

= v(
√
2 + 2) = α+ v .

We evaluateC2(α+ v) + α+ v to obtain

C2(α+ v) + α+ v =
2(λ+ 2) + v(λ+ 2) δ

v
1
v
+ α+v

2v2λ

+ α+ v

= v
4λ(λ+ 2) + 2δλ(λ + 2)

2λ+ α+v
v

+ α+ v

= v
124 + 62×19

31

8
√
2− 2 + 2 +

√
2
+ v(2 +

√
2) = v9

√
2 + v(2 +

√
2) = γ .

This completes the proof for (2).
Proof of (3). We show that the minimum value ofC3(x) + x is strictly larger thanγ. Differentiating
C3(x) + x,
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d (C3(x) + x)

dx
= − 1

µ2

d

(c2 + x/µ2)
2 + 1

and hence,C3(x) + x is minimized when

x =
√

dµ2 − µ2c2 .

Let x′ denote this value that minimizesC3(x) + x. Then

C3(x) + x ≥ d

c2 + x′/µ2
+ x′

=
√

dµ2 +
√

dµ2 − µ2c2

= 2
√

2(λ+ 2)2v2λ− 2v2λ
1− t

v

= 4v
√
31− 2v(4

√
2− 1)

12

31
> γ .

We choose our budgetB = V +
∑

i αi. Claim 17 is illustrated in Figure 3, which depicts the optimal
delay at equilibriumLi(x) in dipole i as a function of the allocationx to the dipole. By Corollary 15, for
a single dipole it is always optimal to assign the entire budget to a single edge. Further, from (16) and
the first-order conditions for optimality it can be obtainedthat the budgets for which it is optimal to assign
to a fixed edge form a continuous interval, and the delay at equilibrium as a function of the allocation is
convex in these intervals. This is depicted by the two convexportions of the curve in Figure 3. Our proof
of hardness is based on observing that our construction fromClaim 17 puts the entire curve above the line
y = Li(αi) + αi − x except at pointsx = αi andx = αi + vi where the curve is tangent to the line.

Li(x)

Li(αi)

Li(αi)− vi

αi αi + vi
x

Figure 3: TheLi(x) curve for dipolei is tangent to liney = Li(αi) + αi − x at exactly two points,x = αi

andx = αi + vi.

Lemma 18. The optimal delay for the constructed instance and the givenbudget is
∑

i Li(αi) − V if and
only if the given instance of partition has a solution.

Proof. For any allocation{βi}i∈[n], the delay obtained at equilibrium is the sum of the dipoles.Thus
L(β) =

∑

i Li(βi). By Claim 17,L(β) ≥ ∑

i(Li(αi) + αi − βi). Since
∑

i βi ≤ B = V +
∑

i αi,
L(β) ≥ ∑

i Li(αi) − V . We will show that this lower bound is achieved if and only if the instance of
partition has a solution.
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Suppose the instance has a solutionS ⊆ [n]. Then for the network improvement instance, allocate
βi = αi to each dipolei 6∈ S, andβi = αi + vi to each dipolei ∈ S. For this allocation, by the claim,

L(β) =
∑

i∈S
(Li(αi) + αi − αi − vi) +

∑

i 6∈S
(Li(αi) + αi − αi)

=
∑

i∈[n]
Li(αi)−

∑

i∈S
vi =

∑

i∈[n]
Li(αi)− V

completing the proof in this direction. For the other direction, suppose the instance of network improvement
has an allocationβ that achieves the lower bound. Then the inequality in Claim 17 must hold with equality
for each dipole. Hence for each dipole, eitherβi = αi, orβi = αi + vi. LetS be the set of dipoles with the
latter allocation. Then

L(β) =
∑

i 6∈S
Li(αi) +

∑

i∈S
(Li(αi)− vi) =

∑

i

Li(αi)− V

where the first equality is by Claim 17 and the second equalityis because the allocation achieves the lower
bound in the lemma. It follows immediately that

∑

i∈S vi = V , and henceS is a solution to the partition
instance.

7 An FPTAS for Series-Parallel Graphs

In the previous section, we have shown that even for limited network topologies, obtaining the optimal
allocation is weakly NP-hard, and thus these topologies areunlikely to have optimal polynomial time al-
gorithms. We now show that for a large class of graphs with a single source and sink, we can obtain in
polynomial time near-optimal algorithms for network improvement. Specifically, we present an FPTAS2

for the network improvement with bounded polynomial delayson a two-terminal series-parallel graph. Our
algorithm is based on appropriately discretizing the spaceof budgets and flows on each subgraphH of the
graphG. We then obtain the allocation and flow that minimizes the maximum delay over all paths with
positive flow in this discretized space. Although the discretized flow obtained will not be an equilibrium
flow, by Lemma 20, this maximum delay will be an upper bound on the delay of the equilibrium flow for
the allocation obtained. We will show that the delay of the discretized flow is a good approximation to the
optimal delay.

We start with a definition for series-parallel graphs and of the corresponding decomposition tree.

Definition 19 (Series-parallel graph). A single edgee = (s, t) is a series-parallel graph with sources and
sink t. Further, if two graphsG1 andG2 are series-parallel graphs with source and sinks1, t1 and s2,
t2 respectively, then they can be combined to form a new series-parallel graph by either of the following
operations:

1. Series Composition: Merget1 ands2 to obtain graphG, and lets1 andt2 be the new source and sink
of G;

2. Parallel Composition: Merges1 ands2 to obtain a new sources, andt1 andt2 to obtain a new sinkt
in the resulting graphG.

2A fully polynomial-time approximation scheme (FPTAS) is a sequence of algorithms{Aǫ} so that, for anyǫ > 0, Aǫ runs in
time polynomial in the input and1/ǫ and outputs a solution that is at most a(1 + ǫ) factor worse than the optimal solution.

19



The recursive definition of a series-parallel graph naturally yields a binary tree called thedecomposition
treeof the series-parallel graph. The root of the tree corresponds to graphG, and the leaves correspond to the
edges ofG. Each internal node corresponds to the subgraph obtained bythe series or parallel composition
of the subgraphs corresponding to the children. In the following discussion, a subgraph of series-parallel
graphG is a graph obtained during the recursive construction, and hence corresponds to a node in the
decomposition tree. We usesH andtH to denote the source and sink of subgraphH. We useH1 ∼ H2 to
denote the series composition ofH1 andH2, andH1||H2 to denote the parallel composition.

We first show that in a series-parallel network, the equilibrium flow minimizes the maximum delay over
all paths that have positive flow.

Lemma 20. Let f be the equilibrium flow in routing gameΓ on series-parallel graphG, andg be anys-t
flow of valued. Thenmaxp:fp>0 lp(f) ≤ maxp:gp>0 lp(g).

We use the following result about flows in series-parallel graphs. We omit a formal proof, which follows
immediately by induction on the graph.

Lemma 21. LetG be a directed two-terminal series-parallel graph with terminals s andt, andf , g be two
s-t flows satisfying|g| ≥ |f | and |g| > 0. Then there exists ans-t path p such that∀e ∈ p, ge > 0 and
ge ≥ fe.

Proof of Lemma 20.By Lemma 21, it follows that

max
p:gp>0

lp(g) ≥ min
p

lp(f) .

Sincef is an equilibrium flow, all paths carrying positive flow have minimum delay, and the lemma follows.

Given a parameterǫ > 0, defineν := maxe ne as the maximum exponent of the delay function on any
edge. Letλ := ǫ2/m2 be our unit of discretization, where as beforem = |E|. For clarity of presentation,
we assume that1/λ is integral. For any subgraphH of G andk ∈ Z+, we define the set of discretized
allocationsAǫ(H, k) as the set of all valid allocations of budgetkBλ to edges inH, so that the allocation to
each edge is either 0 or an integral multiple ofBλ. We defineFǫ(H, k) as the set of all validsH -tH flows
on the edges ofH of valuekdλ, that are additionally either zero or an integral multiple of dλ on every edge.
More formally,

Aǫ(H, k) :=







(βe)e∈E(H) : ∀e ∈ E(H), βe = keBλ for ke ∈ Z+ and
∑

e∈E(H)

βe = kBλ







Fǫ(H, k) :=
{

(fe)e∈E(H) : f is ansH -tH flow of valuekdλ and∀e ∈ E(H), fe = kedλ for ke ∈ Z+

}

As usual, letβ∗ be the optimal allocation, andf∗ andL∗ be the equilibrium flow and delay for allocation
β∗. We initially make the assumption thatβ∗

e ≥ λB/ǫ on every edge, and will remove this assumption later.
We first show that optimizing over flows and allocations in thediscretized space is sufficient to obtain a
good approximation to the optimal delay.

Lemma 22. There exists floŵf ∈ Fǫ(G, 1/λ) and allocationβ̂ ∈ Aǫ(G, 1/λ) that satisfy

max
p:f̂p>0

∑

e∈p
le(f̂e, β̂e) ≤ (1 + ǫ)νL∗/(1 − ǫ)ν .
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We first show the following claim. The proof uses the fact thatfor any flowf on an acyclic graph, a
path-decomposition{fp}p∈P of flow f can be obtained so that at mostm pathsp ∈ P have strictly positive
flow.

Claim 23. There exists floŵf ∈ Fǫ(G, 1/λ) that satisfiesf̂e ≤ (1 + ǫ)f∗
e for all e ∈ E, and allocation

β̂ ∈ Aǫ(G, 1/λ) that satisfieŝβe ≥ β∗
e (1− ǫ).

Proof. We will assume we are givenf∗ andβ∗ and will constructf̂ and β̂ that satisfy the conditions of
the claim. We start with the allocation̂β. On each edge, we roundβ∗

e down to the nearest multiple of
λB to obtainβ̂e on these edges. On an abitrary edgee1, we allocateβ̂e1 = B −∑e 6=e1

β̂e. Note that by
assumption,1/λ is integral. Since the allocation to every other edge is an integral multiple ofBλ, so is the
allocation to edgee1. Allocation β̂ is obviously a valid allocation of budgetB, and thusβ̂ ∈ Aǫ(G, 1/λ).
Further, sinceβ∗

e ≥ Bλ/ǫ on every edge by assumption,ǫβ∗
e ≥ λB, and thus on every edge

β̂e ≥ β∗
e −Bλ ≥ β∗

e − ǫβ∗
e = β∗

e (1− ǫ) .

Allocation β̂ is thus the required allocation.
To obtain flowf̂ , we start with a flow decomposition{f∗

p}p∈P so that at mostm paths inP havef∗
p > 0.

There is some pathp with f∗
p ≥ mdλ/ǫ in this decomposition. Call this pathq. Then on every path except

q, we roundf∗
p down to the nearest multiple ofdλ to obtainf̂p for that path, and assign the remaining flow

d −∑p 6=q f̂p to pathq. Since we assume1/λ is integral and the flow on every other path is an integral

multiple of dλ, so is the flow on pathq. Flow f̂ is then a flow of valuev with the flow on every edge
an integer multiple ofdλ, and hencef̂ ∈ Fǫ(G, 1/λ). Further, on every edgee 6∈ q, f̂e ≤ f∗

e . Since
f∗
q ≥ ǫmdλ/ǫ,

f̂q ≤ f∗
q +mdλ ≤ f∗

q + ǫf∗
q = (1 + ǫ)f∗

q .

Hence for any edgee ∈ q,

f̂e =
∑

p∈P,p 6=q

f̂p + f̂q ≤
∑

p∈P,p 6=q

f∗
p + (1 + ǫ)f∗

q ≤ (1 + ǫ)f∗
e .

Flow f̂ is thus the required flow.

Proof of Lemma 22.We will show the lemma is true for floŵf and allocationβ̂ obtained in Claim 23. Note
that for any edgee, f̂e > 0 only if f∗

e > 0. Then for any pathp with f̂e > 0 on every edgee ∈ p,

∑

e∈p
le(f̂e, β̂e) =

∑

e∈p

(

f̂e

ce + µeβ̂e

)ne

+ be

≤
∑

e∈p

(

(1 + ǫ)f∗
e

ce + (1− ǫ)µeβ∗
e

)ne

+ be

≤
(

1 + ǫ

1− ǫ

)ν
(

∑

e∈p

f∗
e

ce + µeβ∗
e

+ be

)

=

(

1 + ǫ

1− ǫ

)ν

L∗ .
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where the last equality is becausef∗
e > 0 for every edgee ∈ p.

We utilise the recursive structure of series-parallel graphs to give a dynamic programming algorithm to
obtain an optimal flow and allocation in the discretized spacesFǫ andAǫ respectively. For subgraphH and
k, l ∈ [1/λ], defineD(H, k, l) recursively as follows.

D(H, k, l) :=















0, if l = 0
le(dlλ,Bkλ), if l > 0 andH = e
minu∈[k]∪{0}{D(H1, u, l) +D(H2, k − u, l)}, if H = H1 ∼ H2.
minu∈[k]∪{0}, v∈[l]∪{0}{max{D(H1, u, v),D(H2, k − u, l − v)}}, if H = H1 ‖ H2.

From the definition,D(H, k, l) corresponds to a division of flowdlλ and budgetBlλ between its subgraphs
H1 andH2 so that the assignment to each subgraph is a multiple ofdλ for the flow andBλ for the budget.
Hence, by recursion,D(H, k, l) corresponds to an allocation of flow and budget to each edge ofH, so
that the flow on each edge is an integral multiple ofdλ and the budget allocated to each edge is a multiple
of Bλ. Further the total budget allocated iskBλ and the value of the flow inH is ldλ. By dynamic
programming on the series-parallel decomposition tree forG, D(G, 1/λ, 1/λ) can then be computed in
timeO(m/λ2) = O(m3/ǫ2). For the following lemma, for subgraphH, flow f and allocationβ, define

lH(f, β) = max
sH−tH pathsp:fp>0

∑

e∈p
le(fe, βe) .

Lemma 24. For any subgraphH andk, l ∈ [1/λ],

D(H, k, l) = min
f∈Fǫ(H,l), β∈Aǫ(H,k)

lH(f, β) .

We omit a formal proof of the lemma, which follows from the recursive definition ofD(H, k, l). We
now show that ifβ∗

e ≥ λB/ǫ on every edge, the allocation obtained forD(G, 1/λ, 1/λ) is a near-optimal
allocation.

Theorem 25. Givenǫ′ > 0 and an instance of CNDP in a series-parallel graph so that theoptimal alloca-
tion satisfiesβ∗

e ≥ ǫ′B/(6νm2), we can obtain in timeO(m3ν2/ǫ′2) a valid allocationβ̂ so that the delay
at equilibrium for this allocation is at most(1 + ǫ′)L∗.

Proof. Chooseǫ = ǫ′/(6ν), and let f̂ ∈ Fǫ(G, 1/λ) and β̂ ∈ Aǫ(G, 1/λ) be the flow and allocation
that obtains delayD(G, 1/λ, 1/λ). By the recursive construction given,̂f and β̂ can be obtained in time
O(m3ν2/ǫ′2). By Lemmas 24 and 22,

D(G, 1/λ, 1/λ) ≤
(

1 + ǫ

1− ǫ

)ν

L∗ ≤ (1 + 3ǫ)νL∗ = (1 +
ǫ′

2ν
)νL∗ ≤ (1 + ǫ′)L∗ .

Let f be the equilibrium flow with allocation̂β, andg = f̂ . Then by Lemma 20,

L(f, β̂) ≤ max
p:gp>0

lp(g) = D(g, 1/λ, 1/λ) ≤ (1 + ǫ′)L∗ .

Givenǫ′ > 0, defineα := ǫ′/(6νm2). To remove the assumption thatβ∗
e ≥ αB on every edge, consider

an allocationβ̃e := β∗
e (1 − α) + αB. Then β̃ is a valid allocation. Letf̃ be the equilibrium flow for

allocationβ̃. Thenβ̃ satisfies the conditions for Theorem 25, and henceL(f, β̂ ≤ (1 + ǫ′)L(f̃ , β̃). Further,
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L(f̃ , β̃) ≤ L(f∗, β̃) ≤ 1

(1− α)ν
L(f∗, β∗) ≤ (1 + ǫ′)L∗

where the first inequality follows from Lemma 20, the second inequality follows from the proof of Lemma 22,
and the third by definition ofα andν. Thus,L(f, β̂ ≤ (1+ǫ′)2L∗ whereβ∗ is no longer restricted. Choosing
ǫ′ appropriately yields the required approximation ratio.
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Appendix

Proofs from Section 5.2

Removing assumption about all paths being used at equilibrium. Recall we order paths so thatb1 ≤
b2 ≤ · · · ≤ bm, wherebi is the length of pathi and there arem s-t paths, and assume the inequalities are
strict. DefinePi := ∪j≤ipj, i.e.,Pi is the set of paths with length at mostbi. Thus,P1 ⊂ P2 ⊂ · · · ⊂ Pm.
It is easy to see that the equilibrium flow for any allocation has strictly positive flow on exactly the edges in
Pi for somei.

Let Pk be the set of paths with strictly positive flow at equilibrium. By a similar derivation as for (11),
the delay at equilibrium is given by

L(β) =
d+

∑

p∈Pk
cp(β)bp

∑

p∈Pk
cp(β)

. (20)

For an allocationβ, since we do nota priori know the set of paths used in the optimal solution, we will
consider all possible sets of paths. To formalize this, for an allocationβ, define

Mi(β) :=
d+

∑

p∈Pi
cp(β)bp

∑

p∈Pi
cp(β)

(21)

For allocationβ if Pi is the set of paths used in the resulting equilibrium, then by(20),L(β) = Mi(β). We
show that knowingMi(β) for eachi ∈ [m] also allows us to obtainL(β).

Claim 26. For allocationβ if bi < Mi(β) ≤ bi+1, thenL(β) = Mi(β).

Proof. We will show that ifbi < Mi(β) ≤ bi+1 then there is an equilibrium flowf with delayMi(β). By
the uniqueness of equilibrium flow, the claim must then be true.

For pathp ∈ Pi, let fp = (Mi(β)− bp) cp(β), andfp = 0 for p 6∈ Pi. Then

∑

p

fp = Mi(β)
∑

p∈Pi

cp(β)−
∑

p∈Pi

cp(β)bp = d
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where the second equality follows from the definition ofMi(β) in (21). Further, eachfp ≥ 0, sinceMi(β) ≥
bp for p ∈ Pi. Thusf is a valid flow. To see thatf is also an equilibrium flow, note that for any path with
strictly positive flow, the delay is exactlyfp/cp(β) + bp = Mi(β), while any path with zero flow has delay
at leastbi+1 ≥ Mi(β).

For any budgetB, defineM∗
i (B) := minβ{Mi(β) : β ≥ 0, 1Tβ ≤ B}, i.e.,M∗

i (B) is the minimal
value ofMi(β) over all valid allocations. Then ifM∗

i (B) > bi, replacingL(β) by Mi(β), bm by bi, andP
by Pi, our algorithm in Section 5.2 returns the allocationbeta that minimizesMi(β).

In order to use this algorithm, we need to knowk so that the set of paths used by the equilibrium for the
optimal allocation is exactlyPk, since in this case the minima ofL(β) andMk(β) coincide.

Since we do not knowk, we use the following iterative algorithm. Start withi = 1, and obtain the
allocationβ′ = minβ Mi(β). If Mi(β

′) ≤ bi+1, we stop;β′ is then the allocation that minimizesL(β), and
k = i. If Mi(β

′) > bi+1, we increasei and repeat the process.
To show the correctness of this process, we use the followinglemma.

Lemma 27. For i < m and any budgetB, if M∗
i (B) > bi+1, thenM∗

i+1(B) > bi+1.

Proof. Let β′ andβ′′ be valid allocations that minimizeMi(β) andMi+1(β) respectively. We will prove
the contrapositive. Then by assumptionMi+1(β

′′) ≤ bi+1. Further,

Mi(β
′) ≤ Mi(β

′′) =
d+

∑

p∈Pi
cp(β

′′)bp
∑

p∈Pi
cp(β′′)

≤
d+

∑

p∈Pi+1
cp(β

′′)bp
∑

p∈Pi+1
cp(β′′)

= Mi+1(β
′′)

where the first inequality is sinceβ′ minimizesMi(β) and the second inequality follows from the contra-
positive of Fact 2, by settingk = bi+1 andz = ci+1(β

′′).

To see that the process given above obtains an optimal allocation β∗, let Pk be the set of paths used
by equilibrium for the optimal allocation. Suppose our process ends fori < k, then it must have found
an allocationβ′ so thatMi(β

′) ≤ bi+1. Since the process did not terminate ati − 1,M∗
i−1(B) > bi and

hence by Lemma 27Mi(β
′) > bi. Thusbi < Mi(β

′) ≤ bi+1, and hence by Claim 26,L(β′) = Mi(β
′) ≤

bi+1 < L(β∗), where the last inequality is becausePk is the set of paths used by equilibrium for the optimal
allocationβ∗ andbk ≥ bi+1. This is obviously a contradiction, sinceL(β∗) is minimal.

Further, the process must stop fori = k, since there exists an allocationβ∗ with L(β∗) ≤ bi+1. The
process is hence correct, and will obtain the optimal allocation.

Implementing Step 2 of the algorithm. Given L̄, our problem is to obtain an allocationβ that satis-
fies (15) andL(β) = L̄. To obtain such an allocation, we will use a binary search procedure together with a
concave relaxation of the original problem for which the first-order conditions exactly correspond to (15).

Consider the following optimization problemP (B), with variables(βp)p∈P and parametrized by the
budgetB:

max
∑

p∈P
(L̄− bp)cp(βp)

subject to(βp)p∈P being a valid allocation for budgetB. The first-order conditions for this problem are
exactly (15). Further, for each pathcp(βp) is a concave function, and hence the objective is concave. Thus
for a given budgetB the problem can be solved to obtain the optimal allocation. We now show that by
increasing the budgetB, we can obtain a monotone solutionβ to P (B).
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Claim 28. LetB′′ > B′, andβ′ is an optimal solution toP (B′). Then there is an optimal solutionβ′′ to
P (B′′) that satisfiesβ′′

p ≥ β′
p on all pathsp.

Proof. Let α′′
p be an optimal solution toP (B′′). If α′′

p ≥ β′
p on all pathsp, we are done. Otherwise, letq be

a path such thatα′′
q < β′

q. SinceB′′ > B′, there is a pathr such thatα′′
r > β′

r. Then, by Corollary 9,

(L̄− bq)
∂cq(α

′′
q )

∂βq
≥ (L̄− bq)

∂cq(β
′
q)

∂βq
,

(L̄− br)
∂cr(α

′′
r )

∂βr
≤ (L̄− br)

∂cr(β
′
r)

∂βr
.

Further, by the first-order conditions for optimality, sinceβ′
q > 0 andα′′

r > 0,

(L̄− bq)
∂cq(β

′
q)

∂βq
≥ (L̄− br)

∂cr(β
′
r)

∂βr
,

(L̄− br)
∂cr(α

′′
r )

∂βr
≥ (L̄− bq)

∂cq(α
′′
q )

∂βq
.

It immediately follows that all the above inequalities mustbe equalities, and further, for any pathp,

∂cp(β
′
p)

∂βp
=

∂cr(α
′′
p)

∂βp
. (22)

Consider the allocationβ′′, constructed as follows. Letβ′′ = β′ initially. Then for p = 1, 2, . . . ,m
wherem is the number of paths, ifα′′

p > β′
p, β′′

p = β′′
p +min{α′′

p − β′
p, B

′′ −∑q∈[m] β
′′
q }. Thenβ′′

p ≥ β′
p

for all pathsp. Further,β′′
p lies betweenβ′

p andα′′
p, and hence by concavity of conductance and (22), for all

pathsp,

∂cp(β
′′
p )

∂βp
=

∂cp(α
′′
p)

∂βp
.

Also, since
∑

q β
′
q = B′ and

∑

q max{α′′
q , β

′
q} ≥ B′′, it follows that

∑

q β
′′
q = B′′. Thus allocationβ′′

satisfies the first-order conditions for optimality ofP (B′′), and sinceP (B′′) is a concave maximization
program,β′′ is also an optimal solution that satisfies the conditions of the claim.

We now use the following binary search procedure. LetBl = 0 andBh = mB be the lower and limits
on the budget, and̄B = (Bl + Bh)/2. SolveP (B̄), and letβ̄ be the optimal solution. IfL(B̄) < L̄, set
Bl = B̄, B̄ = (Bl + Bh)/2, add constraintsβ ≥ β̄ to P (B̄) and solve again. Similarly ifL(B̄) > L̄, we
setBh = B̄, B̄ = (Bl +Bh)/2, add constraintsβ ≤ β̄ toP (B̄) and solve again.

Let β′ andβ′′ be the solution toP (B′) andP (B′′) with B′ > B′′. The added bounds onβ ensure that
β′ ≥ β′′, and since

∑

p β
′
p = B′ at optimality, for some pathp β′

p > β′′
p . By Claim 12,L(β′) < L(β′′).

Hence the binary search procedure must obtain a budgetB̄ and an allocation̄β so thatL(β̄) = L̄. Further,
by Claim 28,β̄ satisfies the KKT conditions for the original problem, and hence satisfies (15) as well.
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