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Abstract—Power amplifiers (PAs) often exhibit instabilities
leading to frequency division by two or oscillations at incom-
mensurate frequencies. This undesired behavior can be detected
through a large-signal stability analysis of the solution. However,
other commonly observed phenomena are still difficult to predict
and eliminate. In this paper, the anomalous behavior observed
in a Class-E PA is analyzed in detail. It involves hysteresis in
the power-transfer curve, oscillation, and noisy precursors. The
precursors are pronounced bumps in the power spectrum due to
noise amplification under a small stability margin. The correction
of the amplifier performance has required the development of
a new technique for the elimination of the hysteresis. Instead
of a trial-and-error procedure, this technique, of general appli-
cation to circuit design, makes use of bifurcation concepts to
suppress the hysteresis phenomenon through a single simulation
on harmonic-balance software. Another objective has been the
investigation of the circuit characteristics that make the noisy pre-
cursors observable in practical circuits and a technique has been
derived for their elimination from the amplifier output spectrum.
All the different techniques have been experimentally validated.

Index Terms—Bifurcation, class-E amplifier, hysteresis, noisy
precursor, stability, synchronization.

I. INTRODUCTION

POWER amplifiers (PAs) often exhibit unstable behavior
from a certain level of the input power [1]–[4]. Frequency

divisions by two and oscillations at incommensurate frequen-
cies can be predicted through a large-signal stability analysis
of the amplifier solution [4]–[7]. In a previous work by the au-
thors [4], techniques were also presented for the efficient deter-
mination, through bifurcation detection, of the circuit parame-
ters giving unstable behavior. Oscillatory and chaotic solutions
were analyzed in detail, which enabled the derivation of a suit-
able stabilization technique. However, other phenomena, whose
origins are difficult to identify, are also commonly observed
in the measurement of PAs. This study has been motivated by
the anomalous behavior of a Class-E PA [8]. In the interme-
diate input-power range, this circuit exhibited pronounced noise
bumps at frequencies different from the input-drive frequency,
which degraded the amplifier performance. The bumps were ob-
servable for a relatively large input-power interval until an oscil-
lation was suddenly obtained. The frequency of this oscillation
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mixed with the input-drive frequency to give rise to side-
bands whose frequencies were surprisingly different from the
central frequencies of the previous noise bumps.

As will be shown, the observed phenomenon involves hys-
teresis in the power-transfer curve and sideband noise amplifica-
tion [9], the latter giving rise to the spectrum bumps, also called
noisy precursors [10]. These undesired phenomena may also
be obtained in PAs for communications in which linearity and
spectral purity are essential. The hysteresis causes sudden spec-
tral growth and disrupts the linearity of amplifiers. The noisy
precursors degrade the spectral purity and, particularly, bumps
around the input-drive frequency may give rise to interference
with other channels.

The in-depth investigation of the undesired behavior of PAs
requires the combination of different analysis techniques, some
of which will be presented here for the first time. The hys-
teresis in the curve is due to the existence of a
multivalued section in the solution curve traced versus as
a result of infinite-slope points or turning points [11], [12] oc-
curring in this curve. When using harmonic balance (HB), the
multivalued solution curve can be traced by means of a suit-
able continuation technique, like the switching-parameter algo-
rithm [11]–[13]. Here, a technique will be presented to obtain
the multivalued curve in commercial HB software, unable to
pass through the tuning points. However, the actual goal of the
designer is the suppression of the hysteresis phenomenon, which
is generally carried out through a trial-and-error procedure. In
order to improve the design efficiency, a new technique is pro-
posed here allowing the removal of the turning points through
a single simulation on commercial HB. It relies on the tracing
of a turning-point locus on the plane defined by the input power
and a suitable stabilization parameter.

As already discussed, high-power bumps were observed
in the output power spectrum of the Class-E PA. In previous
studies, these bumps have been related to noise amplification
coming from a small stability margin [9]. The circuit resonant
frequencies have low damping and, under the continuous noise
perturbations, give rise to bumps in the output power spectrum.
If a circuit parameter, such as the input power, is varied and
the near-critical poles approach the imaginary axis, the noise
bumps become narrower and higher. If the poles cross the
imaginary axis, a bifurcation occurs and, from this parameter
value, the bumps become distinct spectral lines. One of the
objectives of this study is the study of this phenomenon in PAs.

The continuous pole displacement, approaching the imagi-
nary axis, takes place in any circuit evolving to an unstable
regime. However, the noisy precursors are not always observ-
able. Another aspect that will be investigated here is the reason
for the observation of this phenomenon in particular circuits
only. Pole-zero identification [6], [7] will be applied to follow
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Fig. 1. Schematic of the class-E PA at 7.4 MHz [8].

the evolution of the system poles, which will be related to the
noise amplification. The output noise spectrum will be simu-
lated with both the conversion-matrix approach [14] and the en-
velope transient [15], [16]. The latter enables a prediction of
nonlinear phenomena occurring for high-power bumps or in the
immediate neighborhood of the bifurcation. A technique will
also be presented for the elimination of noisy precursors from
the amplifier output spectrum.

This paper is organized as follows. In Section II, the mea-
surements of the Class-E PA, with anomalous behavior, are pre-
sented. In Section III, the amplifier solution and its stability are
analyzed versus the input power. In Section IV, the noisy pre-
cursors are simulated with the conversion-matrix approach and
the envelope transient. In Section V, a general technique for the
elimination of hysteresis in the curve of PAs is pre-
sented and applied to the Class-E PA. Experimental confirma-
tion is also shown. In Section VI, a technique for the elimination
of noisy precursors is presented and applied to the Class-E PA
with experimental verification.

II. EXPERIMENTAL MEASUREMENTS ON

THE CLASS-E PA

The schematic of the Class-E PA is shown in Fig. 1. The
output capacitance and a resonant tank composed of
and fulfill the Class-E tuning together with the transistor
driven as a switch [17], [18]. The resonant tank is slightly mis-
tuned from the operating frequency MHz to present
a zero-voltage switching characteristic to the drain voltage. In
order to suppress the second harmonic level below 40 dBc,
a second harmonic trap ( and ) is used at the output.
This also performs the output impedance transformation to 8 ,
an appropriate load impedance for switching operation. In ad-
dition, a low-pass filter ( and ) is added to suppress
VHF harmonic components from the output spectrum at least
40 dB below the fundamental. The amplifier achieves an output
power of 360 W with a gain of 16.1 dB and a drain efficiency of
86.1% at 7.4 MHz, when it is driven with sufficient input power
for saturated operation. The input voltage standing-wave ratio
(VSWR) is 1.7.

We observe different phenomena in the measurements of the
Class-E amplifier. As the input power increases from zero, only
leakage output power at the input-drive frequency is initially
obtained. This is in good agreement with the fact that the tran-
sistor in the switching amplifier is not turned on below a cer-
tain level of input power. From the input power W,
noise bumps of relatively high power then arise in the spec-
trum. There are three bumps centered about kHz and

, respectively [see Fig. 2(a)]. As the input power is fur-
ther increased, decreases and the bumps about become
closer. The bump power also increases [see Fig. 2(b)] until,
at W, an oscillation is obtained at the frequency

MHz [see Fig. 2(c)], which is quite different from .
From this power value, the circuit operates in a self-oscillating
mixer regime, at the two fundamentals and [see Fig. 2(c)].
The high phase noise indicates a low quality factor of the oscil-
lation. The oscillation frequency is close to , which gives
rise to spectral lines at short frequency distance from the oscil-
lation harmonics.

At the power value W, a frequency division by 7
is obtained [see Fig. 2(d)]. The synchronization at
is maintained for the input-power interval from 0.89 to 0.92 W.
The synchronization capability at this high-harmonic order also
indicates a low quality factor of the oscillation. When the power
level is higher than W, the circuit behaves again as a
self-oscillating mixer. Finally, at W, the oscillation is
extinguished and, from this power value on, the amplifier oper-
ates in the desired periodic regime [see Fig. 2(e)]. For reasons to
be given later, we did not notice hysteresis in these initial mea-
surements. When reducing the input power from power levels
above 1.7 W, all the transitions between the different regimes
seemed to occur for the same indicated values.

As stated in the introduction, the noise bumps are due to noise
amplification about the natural frequencies of the circuit when
the stability margin is small. Thus, the spectral lines due to the
oscillation should be generated at frequencies near ,
with a integer, which are the central bump frequencies. How-
ever, in the Class-E amplifier, there is a substantial difference
between the bump frequency and oscillation frequency .
To give an explanation of this and other observed phenomena,
several analysis techniques will be combined in Section III.

III. NONLINEAR ANALYSIS OF THE CLASS-E PA

The analysis of the Class-E amplifier will be carried out in
three different steps. Initially, its power-transfer curve will be
obtained through an HB continuation technique. In a second
step, stability-analysis techniques will be applied to study the
amplifier stability along the resulting solution curve. Finally, the
oscillatory solution will be analyzed using two-tone HB.

A. Analysis of the Power-Transfer Curve

A discontinuity was observed when sweeping the input
power, which indicated a possible hysteresis phenomenon.
This is caused by turning points or infinite-slope points of the
solution curve, at which the Jacobian matrix of the HB system
becomes singular [11]. The used commercial HB software is
unable to pass through the turning points. To overcome this
difficulty, an auxiliary generator (AG), consisting of a voltage
source and an ideal bandpass filter [11], is introduced into
the circuit. This AG will operate at the input-drive frequency

and must not perturb the circuit steady-state
solution. This is ensured by imposing a zero value to its cur-
rent–voltage relationship , where
and are the current and voltage of the AG, respectively.
The equation is solved through error-minimization or
optimization procedures with the HB system as the inner loop.
In the curve sections with low slope with respect to the input
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Fig. 2. Measured output power spectrum of the class-E PA for different input power values. Resolution bandwidth = 3 kHz. (a) P = 0:5 W. Pronounced
noise bumps are observed about the frequencies f = 560 kHz and f � f . (b) P = 0:8 W. The bump frequency f is lower and its power is higher.
(c) P = 0:83 W. An oscillation suddenly arises at the frequency f = 1 MHz. (d) P = 0:89 W. Frequency division by 7. The seventh harmonic of the
oscillation is synchronized to the input frequency. (e) P = 4:0 W. Proper operation of the amplifier.
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Fig. 3. Multivalued P � P curve of the class-E PA, obtained with the
AG-based switching-parameter technique. The section in which the amplifier
behaves in self-oscillating mixer regime is indicated by stars.

power, this power is used as the sweep parameter and the equa-
tion is solved in terms of the AG amplitude and its phase

. In the sections with high slope, the sweep parameter is
switched to the AG amplitude and the equation is solved
for and . In the Class-E PA, the AG is connected to
the transistor drain terminal. Using the described technique, it
has been possible to obtain the multivalued curve of
Fig. 3.

The next step will be the stability analysis of the amplifier pe-
riodic solution along the multivalued curve of Fig. 3, which will
be carried out through a sequential application of the pole-zero
identification technique [4], [6], [7]. For the Class-E amplifier,
a small-signal current source at the frequency is connected
at the transistor drain terminal in order to obtain the required
impedance function [6] through the conversion matrix
approach. Note that the poles of a periodic solution are nonuni-
vocally defined because adding any integer multiple of
gives another pair of poles with the same real part. These extra
poles provide no additional information so only poles between

and will be considered here.
Initially, the input power is varied from W to

W, in a 0.01-W step, following the section
of Fig. 3 with a jump between and . The pole-zero

identification technique is sequentially applied to each periodic
solution obtained with HB. For the calculation of , we
consider the frequency interval from 1 kHz to 2 MHz. The re-
sulting pole locus is shown in Fig. 4(a), where the two pairs of
poles, i.e., and , closest to the imagi-
nary axis are represented. The pair is initially much
closer to this axis than .

As increases, both and move
rightwards at very different velocity . The displacement
of is faster than that of , which remains in
the neighborhood of the axis for all the considered values.
For W, due to the jump, there is a discontinuity
in the pole locus and an anomalously large shift is obtained in

, whereas the pair is no longer present.
From this power value, the pair is located on the
right-hand side of the complex plane. The amplifier periodic
solution is unstable, as the pair of poles gives rise
to an oscillation at about MHz.

For a detailed study of the pole variations, the sections around
the turning points are also analyzed: and

of Fig. 3. Note that, unlike the case of
Fig. 4(a), does not increase monotonically along these sec-
tions. The pole-zero identification technique is applied to the
solution curve obtained with the AG-based parameter switching
technique.

Fig. 4(b) shows the pole evolution along the section
. The pair of complex conjugate poles approaches

the imaginary axis without crossing it. For clarity, only the evo-
lution of the poles is presented. The considered fre-
quency interval is 0 to 300 kHz. As the input power increases,
the two complex conjugate poles remain close to the imagi-
nary axis and from 0.780 to 0.789 W, move nearly vertically,
approaching each other, until they meet on the real axis. This
gives rise to a qualitative change in the pole configuration, as
the two complex conjugate poles become two real ones and

from this power value. By further increasing the power, the
two real poles move in opposite directions. The pole moves
to the right and crosses the imaginary axis at W.
This is the power value at which the turning point is obtained
in the curve of Fig. 3, which corresponds with the
fact that a pole at zero implies a singularity of the HB Jacobian
matrix [11]. From this point, the amplifier periodic solution is
unstable.

Fig. 4(c) shows the evolution of the two sets of poles
and , along the section

of the curve. The considered frequency interval
is 0–1.5 MHz. After passing through zero, moves further
right, turns, and crosses the imaginary axis through zero again
at W, corresponding to the turning point . The
entire section between and of the curve is un-
stable because the pole is on the right-hand side of the com-
plex plane for the section.

For the same section in Fig. 4(c), the
poles move to the right, approaching the imaginary
axis. At W, they cross to the right-hand side of the
complex plane. A Hopf bifurcation [11], [19] is obtained,
giving rise to an oscillation at about MHz. As is fur-
ther increased, the poles move to the right, turn, and cross again
the imaginary axis at W. At this power value, a Hopf
bifurcation is obtained, which extinguishes the oscillation.

The analysis in Fig. 4 is in correspondence with the measure-
ments of Fig. 2. For the input-power interval 0.5–0.789 W, the
first pair of complex conjugate poles is very close
to the imaginary axis and the small stability margin explains, as
will be shown in Section IV, the observation of the noisy pre-
cursors. Actually, the pole frequency agrees with the bump
frequency . As the input power increases, the pole frequency
decreases, which explains the decrease of the bump frequency
observed in the measurements. At W, the turning
point is encountered, which ordinarily would give rise to a
jump leading to the upper section of the periodic-solution curve.
However, this periodic solution is already unstable when the
jump takes place because the second pair of complex-conjugate
poles with MHz is on the right-hand side of
the complex plane (see the section indicated by stars in Fig. 3).
Thus, an oscillation at about MHz is obtained from this
power, which is in agreement with the measurement results.
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Fig. 4. Pole evolution along the P � P curve of Fig. 3. (a) Section � � � � � of Fig. 3. The two pairs of poles � � j2�f and � � j2�f closest
to the imaginary axis are represented. (b) Section � � T � � . The complex-conjugate poles � � j2�f approach each other and meet on the real axis. They
become two different real poles  and  and, from that point, follow opposite directions. One of the real poles crosses the imaginary axis at P = 0:790 W,
corresponding to the turning point T , and the solution becomes unstable. (c) Section � � T �H � � � � . The real pole  crosses the imaginary axis back
to the left-hand side at P = 0:777W, corresponding to the turning point T . The pair of complex conjugate poles � � j2�f crosses the imaginary axis to the
right-hand side at the Hopf bifurcation H , obtained for P = 0:781 W.

In fact, this explains why the hysteresis of Fig. 3 was not ini-
tially detected in the measurements. The sudden variation of the
output power was attributed solely to the oscillation. In addition,
the hysteresis interval was too small to actually observe the dif-
ference between the input power values at which the oscillation
was generated and extinguished.

B. Analysis of the Oscillatory Solution

For the input-power interval from 0.781 to 1.45 W, the ampli-
fier operates in a self-oscillating mixer regime with the signal at
the drive frequency mixing with the oscillation at . Using
the AG technique [11], it has been possible to obtain the evolu-
tion of the oscillatory solution versus the input power, which is
represented in Fig. 5(a). Two different curves are traced. One

provides the power variation at the oscillation frequency. In-
creasing the input power, this curve arises at the Hopf bifurca-
tion and vanishes at the Hopf bifurcation . The second
curve provides the output power at the input-drive frequency
when the circuit is oscillating. This curve joins the amplifier pe-
riodic solution at the two input-power values corresponding to

and . The dashed curve shows the unstable amplifier pe-
riodic solution when the circuit is oscillating.

For the considered input frequency MHz, no har-
monic synchronization of the oscillation frequency to the
input-drive signal has been observed in simulation, which is
attributed to modeling inaccuracies. However, for a somewhat
higher frequency MHz, a frequency division by 7,
has been obtained versus . For the simulation of this divided
solution of high order, an AG is connected to the drain terminal
in parallel. The AG frequency is determined by the input-drive
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Fig. 5. (a) Bifurcation diagram of the class-E PA versus the input power P .
The dashed curve represents the output power of the unstable periodic solution.
For the self-oscillating mixer regime, the power variations at both the oscillation
frequency and input-drive frequency are represented. The turning points and
Hopf bifurcations are also indicated. (b) Synchronization diagram versus P
for frequency division by 7. The closed curve with butterfly shape represents
the synchronized solution. This solution is unstable in the dashed-line sections.
The power at the oscillation frequency, outside the synchronization region, is
also traced.

source and given by . Instead, the AG phase
has to be calculated, due to the harmonic relationship between

and [20].
The application of the above technique to the Class-E ampli-

fier provides the closed curve of Fig. 5(b),
where the output power at is represented versus . The
turning points and give rise to jumps between the different
stable sections. The output power at , outside the synchroniza-
tion range, is also represented. The resulting paths approach the
closed curve near the synchronization points and .

IV. ANALYSIS OF NOISY PRECURSORS

Here, a simplified mathematical model is provided for the
noisy precursors. The analysis techniques, based on the conver-

sion matrix and envelope transient, will also be discussed. These
techniques will be applied in a detailed study of the noise bumps
in the Class-E PA.

A. Precursor Model and Analysis Techniques

Let the stable periodic solution at be considered. If
a small-amplitude perturbation is applied, an exponential tran-
sient will lead back to the original solution . This transient
will be dominated by the pole or a pair of complex conjugate
poles with the smallest real part, in absolute value [11]. As-
suming the dominant poles are , the smaller the ,
the longer the transient at the frequency . Under continuous
noise perturbations, bumps will appear in the spectrum about
the frequencies [21].

If a parameter is varied and the near-critical poles
approach the imaginary axis, the noise bumps will be-

come higher and narrower. If the poles cross the axis, a bifurca-
tion will be obtained, with the bumps turning into distinct spec-
tral lines. Due to this fact, the bumps have been called noisy pre-
cursors [9], [10]. The phenomenon can also be explained as a re-
sult of negative-resistance parametric amplification [22]. Under
the effect of the pumping signal, the nonlinear capacitances will
exhibit negative resistance about the circuit resonance frequen-
cies . Prior to the bifurcation, the absolute value of this
negative resistance will be smaller than the positive resistance
exhibited by the embedding circuit. At the bifurcation, the pos-
itive resistance equals the negative one. From this point on, the
negative resistance will be dominant and the solution will be un-
stable [23].

Following [9] and [21], it is possible to relate the precursor
power with the stability margin and the frequency detuning from
the central values . Assuming white noise perturba-
tions, the output noise spectrum can be approximately modeled
as follows:

(1)

where only the dominant poles are taken
into account. The coefficients and depend on the
system linearization about the steady-state regime and the input
noise sources. There are pairs of Lorentzian lines, centered
about the resonance frequencies . The height of these
lines increases for lower , which means smaller distance
from the critical poles to the imaginary axis. Higher power is
also obtained as the frequency approaches the critical values

. It must also be noted that the linearization becomes
invalid in the immediate neighborhood of the bifurcation.

When using HB, the noisy precursors can be analyzed
with the conversion matrix approach [14] or the envelope
transient [15], [16]. The applicability of the conversion matrix
is limited to a relatively low precursor power in order for
the linearization about the noiseless solution to be valid. For
higher power, the circuit nonlinearities will give rise to gain
saturation and other effects [9]. The envelope transient [15],
[16] should be used instead, expressing the circuit variables as

. Prior to the bifurcation, the time
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Fig. 6. Validation of sideband amplification. Frequency variation of the
current gain from the channel-noise current source to the amplifier output,
calculated with the conversion matrix approach. Three different P values
have been considered.

variation will be exclusively due to the noise perturba-
tions. For the analysis to be accurate, the integration step must
be small enough to cover the noisy precursor band about the
near-critical frequency . The power spectrum is calculated
using a periodogram technique.

B. Application to the Class-E Amplifier

To validate our initial assumption of sideband amplification
occurring in this circuit, the conversion-matrix approach will be
applied to analyze the gain about the near-critical frequencies

, , and with corresponding to the imag-
inary part of the pair of poles in Fig. 4. The gain
from the channel-noise source to the circuit output is initially
considered. For this gain analysis, the noise source is replaced
with a deterministic current source of small amplitude. Its fre-
quency is swept about , , and in three different
analyses, calculating the conversion gain at the three considered
sidebands.

As a representative case, Fig. 6 shows the gain variation about
, , and when sweeping the current source about
. Three different values are considered. Note that the con-

version-matrix approach is applied about a different steady-state
solution for each value. Qualitatively, the gain curves have
the Lorentzian shape of (1), except for the asymmetries about
the central bump frequencies, which cannot be predicted with
this model. The central frequency of the amplification bands
changes with due to the variation of . Extremely high
gains will not be physically observed because small changes in

cause large gain variations. Furthermore, nonlinear effects
occur in the immediate neighborhood of the bifurcation.

For W, the gain curves are centered about
490 kHz, in agreement with the pole frequency at this par-
ticular power value. The highest gain corresponds to the upper
sideband . For the higher power values ( W
and W), the central frequency decreases in good

Fig. 7. Analysis of noisy precursors. Comparison of the simulated output
spectrum using the conversion-matrix and envelope-transient method. Higher
power is obtained at the upper sideband, in agreement with the higher gain
value obtained in Fig. 6.

correspondence with the pole displacement of Fig. 4(a) and
also with the experimental observations in Fig. 2(a) and (b).
The sideband gain increases more rapidly than the lower fre-
quency gain, also in agreement with Fig. 2(a) and (b). Similar
qualitative behavior is obtained when sweeping the current
source about or : the gain increases and bump
frequency decreases with the input power, showing the highest
gain at the upper sideband. The behavior is also similar when
the gain analysis is applied to other noise sources. Note that
the purpose of this gain analysis is just to validate our initial
assumption of sideband amplification.

For the actual noise analysis, all the different noise sources
must be simultaneously considered: the channel noise, the
thermal noise from resistive elements, and the noise from the
input-drive source, which has been modeled from experimental
measurements. The available source providing the necessary
power for the switching operation of the amplifier has high
noise and constitutes the largest noise contribution. The results
obtained with both the conversion-matrix approach and en-
velope transient are compared in Fig. 7. The good agreement
indicates that no relevant nonlinear effects are taking place in
the system for this operation condition. The power of the upper
sideband about is higher than that of the lower sideband,
which corresponds with the gain analysis of Fig. 6 and the mea-
surements. As has been verified in simulation, noisy precursors
of lower power are still obtained when using an input-drive
source of higher spectral purity.

The Class-E amplifier combines two characteristics that con-
tribute to the practical observation of the precursors. The near-
critical poles have small derivative so they remain
close to the imaginary axis for a relatively large interval.
Also, the gain from the noise sources to the circuit output is
high, as shown in Fig. 6. This gain is critical in allowing the
precursors to be observed. For other amplifiers operating close
to instability, the gain is usually too low and the precursors are
below the noise floor of the measurement system.
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V. ELIMINATION OF THE HYSTERESIS IN THE CURVE

As already discussed, the hysteresis is due to the existence
of turning points in the curve. Thus, the hysteresis
can be suppressed if we remove these turning points. Taking the
curve in Fig. 3 as an example, the two turning points occur at

W and W with a difference of 0.013 W.
These points can be removed by making them approach each
other and eventually meet in a single point, corresponding to
a “cusp” bifurcation through the variation of a suitable circuit
parameter . This parameter can be either an existing circuit
component or an added one for the hysteresis elimination. At
the “cusp” bifurcation [19], [24], the two turning points meet
and, for a further variation of the parameter, disappear from the
solution curve, due to the continuity of the system. This conti-
nuity also ensures a limited disturbance of the original amplifier
response.

As already stated, the Jacobian matrix of the HB system be-
comes singular at the turning points due to the existence of a
real pole at zero . In [11], it was shown that the Jacobian
matrix associated to the nonperturbation equation also
becomes singular at these points. When simulating the amplifier
periodic solution, this Jacobian matrix is given by

(2)

where and are the real and imaginary parts of ,
respectively. The derivatives are calculated through finite differ-
ences using HB.

The cusp point is a co-dimensional 2 bifurcation, requiring
the fine tuning of two parameters [19]. One parameter will be

and the other, the stabilization element . In the plane de-
fined by these two parameters, the locus of turning points is
given by

(3)

The above system contains four real unknowns in three real
equations, so a curve is obtained in the plane . All the
points in this curve have a real pole at zero .

The curve defined by (3) will be traced from the initial value
corresponding to the original circuit. In the case of

a multivalued curve like the one in Fig. 3, for , there
will be two different turning points. Provided there is enough
sensitivity to , the two turning points will vary versus and,
at given , they will meet in a cusp point, obtained for
the input power . At the cusp point, the two following
conditions are satisfied for the real pole :

(4)

Note that all the rest of turning points, composing the locus
defined by (3), fulfill , as they give rise to a qualita-
tive stability change in the solution curve. The second condition
in (4) comes from the fact that the unstable section between the

turning points does not exist any more due to the merging of
these points so the real pole does not cross the imaginary axis.
Instead, it is tangent to this axis at the origin. For a further
variation (in the same sense), the solution curve will exhibit no
turning points and the hysteresis will be eliminated.

We can implement this technique on a commercial HB sim-
ulator. It requires the consideration of the original circuit, plus
two identical copies. An AG will be connected to each of the
three circuits, with different values of the AG amplitude and
phase in each of them. The two copies will enable the calcula-
tion of the derivatives that compose the Jacobian matrix (2). The
first of the three circuits operates at the nominal values
and and must fulfill the conditions (3). One of the copies
operates at and , and is used for the cal-
culation of the derivative . The other copy oper-
ates at and , and is used for the calculation
of the derivative . The three circuits are solved si-
multaneously in a single HB simulation. In order to obtain the
turning-point locus in the single simulation, the phase is
swept, optimizing , , and in the nominal circuit in
order to fulfill the conditions (3).

After inspection of the Class-E amplifier schematic, it was
considered that the variation of the elements in the output low-
pass filter, composed of and , should not strongly af-
fect the drain efficiency and output power. Their possible in-
fluence on the turning points of the curve was ex-
amined. The capacitance was taken as a stabilization pa-
rameter . The turning-point locus fulfilling (3) was
traced in the plane defined by and for three different

values.
The results are shown in Fig. 8. The two values obtained

for each and are the ones corresponding to the turning
points in the particular curve. For the original ampli-
fier, nH and pF, the turning points, indi-
cated with dots in Fig. 8, are the same as those in Fig. 3. As can
be seen, the range of values for which the curve
exhibits turning points decreases with larger . For each
value, as decreases, the two turning points approach each
other until they meet at the cusp point . For smaller ,
no turning points exist so no hysteresis phenomenon should be
observed in the circuit.

The results of Fig. 8 have been verified by tracing the
curves for nH and different values

between 80 and 100 pF (Fig. 9). For pF, two
turning points are obtained at the power values predicted by the
locus of Fig. 8, and a hysteresis phenomenon is observed. For

pF, the two turning points are closer, in agreement
with Fig. 8, and a narrower hysteresis interval is obtained. For

pF, the two turning points meet at the cusp point
. For pF, no hysteresis is observed. The small

disturbance of the original characteristic by the
application of this technique should also be noted. Similarly
small disturbance can be expected regardless of the particular
circuit. It is due to the continuity of the system, evolving
smoothly when the stabilization parameter is varied.

For pF, with no hysteresis, a wider variation
has also been considered for pole-zero identification. For low

, there are two pairs of complex-conjugate poles
and , as in the original circuit. As increases, the
poles approach each other, merge, and split into two
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Fig. 8. Locus of turning points in the plane defined by the stabilization
parameter C and the input power P . The two power values obtained for
each L and C correspond to the two turning points of P � P curves,
like the ones in Fig. 3. For C smaller than the value corresponding to the
cusp point, no turning points are obtained and no hysteresis phenomenon is
observed.

Fig. 9. Elimination of the hysteresis phenomenon with L = 257 nH. The
hysteresis interval becomes narrower as the capacitance C is reduced, in
agreement with the loci in Fig. 8. For capacitor values smaller than C =

85 pF, corresponding to the cusp point of this locus, no hysteresis is observed.

real poles at W that never cross the imaginary axis to
the right-hand side. Although the distance of to the
imaginary axis has increased, the precursors are still obtained in
simulation. On the other hand, for values below 50 pF, the
instability at MHz, due to the pair of complex-conjugate
poles , is not observed. This is a beneficial effect
of the modification of the output low-pass filter. Thus, in order
to obtain a curve without hysteresis and oscillation,
capacitor values below 50 pF must be chosen.

The validity of the new technique has also been experimen-
tally verified. Maintaining nH, the capacitor value

was changed to below 50 pF. The experimental
curves of the stabilized amplifier with and pF
are shown in Fig. 10, where they can be compared with the orig-
inal curve exhibiting a jump. Note that only the curves without
oscillation are presented for the stabilized PA. The oscillation

Fig. 10. Measured P � P transfer characteristics before and after the
elimination of the hysteresis. For the stabilized PA, only the curves without
oscillation are presented.

was suppressed for a capacitor value smaller than 30 pF. Al-
though this value is lower than the one obtained in simulation
(50 pF), there is a good qualitative agreement with the predic-
tions of Fig. 9. The reduction of value eliminates the hys-
teresis with minimum disturbance of the power-transfer curve.
As the capacitor value decreases, the intermediate range of the
curve becomes smoother and shifts to the right in similar manner
to Fig. 9.

For a chosen capacitor value pF, all the output har-
monic levels were suppressed more than 50 dB below the funda-
mental so the low-pass filter still fulfills the original purpose. No
oscillation was observed when varying the input power, but the
bumps were still noticeable in the spectrum, both corresponding
to the simulations. Thus, an additional technique is needed for
the elimination of the noisy precursors. This will be presented
in Section VI.

VI. ELIMINATION OF NOISY PRECURSORS

From the analysis of Section IV, the precursors of the Class-E
amplifier are due to the proximity of the pair of poles
to the imaginary axis with for all the values. Ac-
cording to (1), for a reduction of the precursor power, we need
to move away from the axis. A possible technique is the par-
allel connection of a resistance to the transistor drain terminal.
This will increase the real part of the input admittance looking
from the drain terminal at , and move the near-critical poles

leftward, which will give rise to the increase of the
stability margin.

On the other hand, the resistance at the transistor output will
substantially degrade the drain efficiency and output power of
the amplifier. To avoid this degradation, an inductor of rela-
tively high value is connected in series with the resistor. Thus,
the correction network is composed of a stabilization resistance
of 33 , an inductor of 4 H, and a dc-blocking capacitor of
80 nF in series. This network is connected in parallel at the drain
terminal. With the addition of the inductor, the impedance ex-
hibited at will be large, and little current will flow at that
frequency.
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Fig. 11. Corrected amplifier. Frequency variation of the current gain from the
channel-noise current source to the circuit output, calculated with the conversion
matrix approach.

Fig. 12. Measured output power spectrum of the corrected amplifier at
P = 0:95 W. The noise from the input-drive source is still present about
f . However, the noise bumps have disappeared, which validates the proposed
correction technique.

Due to the fact that the resonance frequency is relatively
close to , the impedance of the inductor at will affect the
system poles. To analyze this influence, the pole locus versus

has been retraced. The introduction of the inductance re-
moves the former complex-conjugate poles . Instead,
it creates a new pole pair also close to the imagi-
nary axis, with being significantly smaller than for the
entire range. However, the observation of the precursors is
also strongly dependent on the gain from the noise sources to
the amplifier output at the near-critical frequencies

. This gain has also been analyzed with the results
of Fig. 11. Compared with Fig. 6, there is a substantial gain de-
crease for all the values. This is due to high attenuation of the
embedding circuit at the much lower value of the near-crit-
ical frequency. The gain curves about the input-drive frequency
maintain the Lorentzian shape. Similar low-gain values are ob-
tained when sweeping the current source about or

.

Fig. 13. Comparison of the measured gain and drain efficiency versus the
output power between the original and corrected amplifiers. The input power
is 9 W for saturated switching operation in the entire measurements.

The elimination of the precursors has been experimentally
confirmed. No precursors or instability were obtained in the
measurements for the entire range of input power and drain bias
voltage, which is in agreement with the simulations. Fig. 12
shows a representative measurement of the output power spec-
trum corresponding to W. The noise coming from
the input-drive source is still present about , but unlike the
spectrum of Fig. 2(b), no noise bumps are observed about or
at low frequency. The measured gain and drain efficiency of the
corrected amplifier is shown in Fig. 13. Compared with the orig-
inal amplifier, the degradation of the drain efficiency is below
1.5% for all output power levels. The gain is almost same be-
cause of the saturated switching operation of the amplifier.

VII. CONCLUSION

In this study, techniques have been presented for the in-depth
analysis of complex instability phenomena in PAs. They have
enabled the understanding of the anomalous behavior of a
Class-E PA, involving hysteresis in the curve, noisy
precursors, self-oscillation, and harmonic synchronization. A
general technique has been provided for the efficient elimina-
tion of hysteresis in the curve of PAs. It is based
on the tracing of a turning point locus in the plane defined by
the input power and one stabilization parameter. The technique
has been applied to the Class-E amplifier with good results.
The noisy precursors have also been analyzed and the circuit
characteristics that determine their practical observation have
been investigated. A technique has been presented for their
efficient elimination from the output power spectrum, which
has been successfully applied to the Class-E PA.
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