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Abstract. —

In this paper, we study the local geometry at a prime p of a certain class of (PEL)

type Shimura varieties. We begin by studing the Newton polygon stratification of
the special fiber of a Shimura variety with good reduction at p. Each stratum can be

described in terms of the products of the reduced fiber of the corresponding Rapoport-
Zink space with some smooth varieties (we call the Igusa varieties), and of the action

on them of a certain p-adic group Tα, which depends on the stratum. (The definition

of the Igusa varieties in this context is based upon a result of Zink on the slope
filtration of a Barsotti-Tate group and on the notion of Oort’s foliation.) In particular,

we show that it is possible to compute the étale cohomology with compact supports of

the Newton polygon strata, in terms of the étale cohomology with compact supports
of the Igusa varieties and the Rapoport-Zink spaces, and of the group homology of

Tα. Further more, we are able to extend Zariski locally the above constructions to

characteristic zero and obtain an analoguous description for the étale cohomology of
the Shimura varieties in both the cases of good and bad reduction at p. As a result

of this analysis, we obtain a description of the l-adic cohomology of the Shimura
varieties, in terms of the l-adic cohomology with compact supports of the Igusa
varieties and of the Rapoport-Zink spaces.

2000 Mathematics Subject Classification. — 11G18,14G35.
Key words and phrases. — Shimura varieties, Barsotti-Tate groups, Rapoport-Zink spaces, Lang-
lands correspondences.

Partially supported under a I.N.d.A.M. Fellowship .



2 englishELENA MANTOVAN

Résumé (Sur certaines variétés de Shimura associoées à des groupes uni-
taires)

Dans cet article, nous étudions la géométrie locale, en un premier p, d’une cer-

taine classe de variétés de Shimura de type PEL. Nous commençons par étudier la
stratification par le polygone de Newton de la fibre spéciale des variétés de Shimura

ayant bonne réduction en p. Chaque strate peut être décrite en termes de produits des

fibres réduites des espaces de Rapoport-Zink correspondants avec certaines variétés
lisses, les variétés d’Igusa, et de l’action sur ces objets d’un certain groupe p-adique

Tα, qui dépend de la strate. Nous montrons en particulier qu’il est possible de cal-
culer la cohomologie étale à support compact des strates du polygone de Newton, en

termes de la cohomologie étale à support compact des variétés d’Igusa et des espaces

de Rapoport-Zink, et de l’homologie des groupes de Tα. De plus, nous parvenons à
étendre localement (au sens de la topologie de Zariski) les constructions précédentes à

la caractéristique nulle et à obtenir une description analogue de la cohomologie étale

des variétés de Shimura, dans les cas de bonne comme de mauvaise réduction en p.
Comme conséquence de cette étude, nous obtenons une description de la cohomolo-

gie l-adique des variétés de Shimura, en termes de la cohomologie l-adique à support

compact des variétés d’Igusa et des espaces de Rapoport-Zink.
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1. Introduction

In this paper, we study a certain class of (PEL) type Shimura varieties. These
varieties arise as moduli spaces of polarized abelian varieties, endowed with an action
of a division algebra and a level structure. Their l-adic cohomology is the object of a
conjecture of Langlands.

In [29] Rapoport and Zink introduce local analogues of the Shimura varieties,
which are (PEL) type moduli spaces for Barsotti-Tate groups, in the category of rigid
analytic spaces. These spaces can be used to give rigid analytic uniformizations of
isogeny classes of abelian varieties inside the corresponding Shimura varieties. In
[28] Rapoport reports a conjecture of Kottwitz for the l-adic cohomology groups
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with compact supports of the Rapoport-Zink spaces. This conjecture is “heuristi-
cally compatible” (in the sense of the p-adic uniformization given in [29]) with the
corresponding global conjecture on Shimura varieties.

In [14] Harris and Taylor prove the local Langlands conjecture by studying a partic-
ular class of (PEL) type Shimura varieties. In their work, they analyse the reduction
mod p of the Shimura varieties via the notion of Igusa varieties. These varieties arise
as finite étale covers of the locus, inside the reduction of the Shimura varieties with no
level structure at p, where the Barsotti-Tate group associated to the abelian variety
lies in a fixed isomorphism class. Their analysis strongly relies on the fact that, for
the class of Shimura varieties they consider, the pertinent Barsotti-Tate groups are
one dimensional, and thus Drinfeld’s theory of elliptic modules applies.

For general (PEL) type Shimura varieties such an assumption on the dimension
of the Barsotti-Tate groups which control the deformation of the abelian varieties
does not hold. On the other hand, it might be possible to describe the geometry
and the cohomology of general (PEL) type Shimura varieties by combining together
Harris-Taylor’s and Rapoport-Zink’s techniques. We consider the Newton polygon
stratification of the reduction of the Shimura varieties, which is defined by the loci
where the Barsotti-Tate group associated to the abelian variety lies in a fixed isogeny
class. The idea is to analyse each Newton polygon stratum along two main “di-
rections”: one corresponding to deforming the abelian varieties without altering the
isomorphism class of the associated Barsotti-Tate group, the other corresponding to
varying the abelian varieties inside one isogeny class.

In this paper, we carry out this plan for a simple class of (PEL) type Shimura
varieties and, as a result, we obtain a description of the l-adic cohomology groups
of the Shimura varieties, in terms of the l-adic cohomology with compact supports
groups of the Igusa varieties and of the Rapoport-Zink spaces, in the appropriate
Grothendieck group, for any prime number l 6= p.

More precisely, the class of (PEL) type Shimura varieties we are interested in arises
as the class of moduli spaces of polarized abelian varieties endowed with the action of
a division algebra and with a level structure associated to the data (E,B, ∗, V,<,>)
where:

– E is an imaginary quadratic extension of Q in which the prime p splits (we write
(p) = u · uc);

– B is a central division algebra over E of dimension h2 which splits at u;
– ∗ is a positive involution of the second kind on B;
– V = B viewed as a B-module;
– <,>: V × V → Q is a non degenerate alternating ∗-hermitian pairing.

We denote by G the algebraic group over Q of the automorphisms of V which
preserves <,> up to scalar multiple, and by G1 the algebraic subgroup of G of the
automorphisms which preserves <,>, i.e. 0 → G1 → G→ Gm → 0. Finally, we also
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assume

G1(R) = U(q, h− q),

for some integer q, 1 ≤ q ≤ h − 1. (For q = 0, h the corresponding class of Shimura
varieties has good reduction at the prime p.)

We remark that when q = 1 the above class of Shimura varieties is a subclass of
the one studied by Harris and Taylor in [14] (namely, the case when the totally real
part of the ground field is trivial).

For any sufficiently small open compact subgroup U ⊂ G(A∞), we call the Shimura
variety of level U the smooth projective scheme XU over SpecE, of dimension q(h−
q), which arises as the moduli space of polarized abelian varieties endowed with a
compatible action of B and with a structure of level U , classified up to isogeny (see
[24]).

Our goal is to study the virtual representation of the group G(A∞)×WQp :

H(X,Ql) =
∑
i≥0

(−1)ilim
−→ UH

i
et(XU ×E (Ênru )ac,Ql).

We obtain the following theorem.

Theorem 1 (Main Theorem). — There is an equality of virtual representations
of the group G(A∞)×WQp

:

H(X,Ql)Z×p =
∑
α,k,i,j

(−1)k+i+j lim
−→ Vp

Ext kTα−smooth

(
Hi
c(M

rig
α,Vp

,Ql(−D)),Hj
c (Jα,Ql)

)
where:

– D = q(h− q) is the dimension of the Shimura varieties;
– the action of Z×p on H(X,Z/lrZ) is defined via the embedding

Z×p ⊂ Q×p × (Bopu )× = G(Qp) ⊂ G(A∞);

– α varies among all the Newton polygons of height h and dimension q;
– for each α, Tα is a p-adic group of the form Tα =

∏
iGLri

(Di) for some finite
dimensional division algebras Di/Qp;

– Hj
c (Jα,Ql) are representations of Tα×G(A∞,p)×(Q×p /Z×p )×(WQp/IQp) associ-

ated to the l-adic cohomology with compact support groups of the Igusa varieties,
for all j ≥ 0;

– Hk
c (Mrig

α,Vp
,Ql) are the l-adic cohomology with compact supports groups of the

rigid analytic Rapoport-Zink space of level Vp, for all k ≥ 0 and any open com-
pact subgroup Vp ⊂ G(Qp)/Q×p ; as the level Vp varies, they form a direct limit
of representations of Tα ×WQp

, endowed with an action of G(Qp)/Q×p .

In the following, we outline in more detail the content of this paper.
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In [24] Kottwitz proves that the Shimura varieties without level structure at p, i.e.
associated to a subgroup U of the form

U = Up(0) = Up × Z×p ×O×Bop
u
,

admit smooth integral models over SpecOEu
(OEu

= Zp). We denote by X̄ = X̄Up(0)

the reduction XUp(0) ×SpecZp SpecFp of a Shimura variety with no level structure at
p and by A the universal abelian variety over X̄. It follows from the definition of the
moduli space and Serre-Tate’s theorem that the deformation theory of the abelian
variety A over X̄ is controlled by a Barsotti-Tate group of height h and dimension q
over X̄, which we denote by G/X̄ (G ⊂ A[p∞]).

In [25] Oort studies the Newton polygon stratification of a moduli space of abelian
varieties in positive characteristic. This is a stratification by locally closed subschemes
which are defined in terms of the Newton polygons of the Barsotti-Tate groups asso-
ciated to the abelian varieties. (Newton polygons associated to Barsotti-Tate groups
were first introduced and studied by Grothendieck in [13] and Katz in [21]). For any
Newton polygon α of dimension q and height h, the associated stratum X̄(α) is the
locus where the Barsotti-Tate group G has constant Newton polygon equal to α, i.e.
constant isogeny class.

The first step towards the main theorem is to notice that the decomposition of X̄
as the disjoint union of the open Newton polygon strata X̄(α) induces an equality of
virtual representations of the group G(A∞)×WQp

:∑
i≥0

(−1)iHi(X,Ql) =
∑
i≥0

(−1)iHi(X̄,Ql) =
∑
α

∑
j≥0

(−1)jHj
c (X̄

(α),Ql).

Thus, we may restrict ourself to study each Newton polygon stratum separately.
Since we are assuming q ≥ 1, to each isogeny class of Barsotti-Tate groups of di-
mension q and height h correspond possibly many distinct isomorphism classes. It
is a result of Oort that, for any given Barsotti-Tate group H over F̄p, with Newton
polygon equal to α, the set of geometric points x of X̄(α) such that Gx ' H is a closed
subset of X̄(α)× F̄p. Moreover, the corresponding reduced subscheme of X̄(α)× F̄p is
a smooth scheme over Spec F̄p, which is called the leaf associated to H and is denoted
by CH .

In this work, we focus our attention on a distinguished leaf Cα = CΣα inside each
Newton polygon stratum, which we call the central leaf, and define the Igusa varieties
as covering spaces of the central leaf Cα. Before introducing the definition of Igusa
variety, we recall a result of Zink (see [30]). This result extends the classical result
in Dieudonné’s theory of p-divisible groups which states that any p-divisible group
defined over a perfect field is isogenous to a completely slope divisible one, i.e. to a
direct product of isoclinic slope divisible p-divisible groups. In [30] Zink shows that
over a regular scheme of characteric p any p-divisible group with constant Newton
polygon of slopes λ1 > λ2 > · · · > λk is isogenous to a p-divisible group G which
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admits a filtration (called the slope filtration)

0 = G0 ⊂ G1 ⊂ · · · ⊂ Gk = G

whose factors Gi = Gi/Gi−1 are isoclinic slope divisible p-divisible groups of slope λi.
In particular, it follows from Zink’s work that the Barsotti-Tate group G over Cα
admits a slope filtration (see remark 2.14).

Definition 2. — For any positive integer m, we define the Igusa variety of level m,
Jα,m, over Cα to be the universal space for the existence of isomorphisms

jim : Σi[pm] → Gi[pm]

which extend étale locally to any higher level m′ ≥ m (we denote by Σi the isoclinic
piece of Σα of slope λi, for each i).

The notion of Igusa varieties was first introduced by Igusa in [16] in the theory of
elliptic curves and used to describe the reduction at a bad prime p of modular curves
(see [22]). In [14], Harris and Taylor introduce and study a higher dimensional
analogue of the Igusa curves which they use to describe the reduction at a bad prime
p of Shimura varieties. We remark that, both in the classical theory of modular curves
and in the case of the Shimura varieties considered by Harris and Taylor in [14], the
Igusa varieties are finite étale covers of the whole open Newton polygon stratum, and
not of the central leaf. This is because, in the case when G is one dimensional, there
is a unique leaf inside each open Newton polygon stratum, namely the whole stratum
itself. We prove that, for any integer m > 0, the morphism Jα,m → Cα is finite,
étale and Galois. (The definition of the Igusa varieties can be easily given over other
leaves of X̄(α) × F̄p, namely over any leaf associated to a completely slope divisible
p-divisible group.)

As mentioned, our idea is to study the Newton polygon stratum along two “di-
rections”: one corresponding to deforming the abelian varieties without altering the
isomorphism class of the associated Barsotti-Tate group, the other to varying the
Barsotti-Tate group (and the associated abelian variety) inside its isogeny class. The
first one is related to the leaves of Oort’s foliation (and thus to the Igusa varieties),
the latter corresponds to the Rapoport-Zink spaces.

Following the work of Rapoport and Zink ([29]), to the Barsotti-Tate group Σα we
associate a formal scheme Mα = MΣα

over Ẑnrp = W (F̄p), which is formally locally
of finite type. It arises as a moduli space for Barsotti-Tate groups H/S together with
a quasi-isogeny β : Σα × S̄ → H × S̄ over the reduction modulo p S̄ of S, classified
up to isomorphisms of Barsotti-Tate group H/S (S is a scheme over Ẑnrp on which p
is locally nilpotent). We call Mα the Rapoport-Zink space with no level structure,
associated to α. For any pair of positive integers (n, d), we denote by Mn,d

α the closed
formal subscheme ofMα over which pnβ is an isogeny with kernel contained in Σα[pd],
and by M̄n,d

α its reduced fiber over F̄p.
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For any set of positive integers m,n, d, with m ≥ d, and all integers N ≥ d/δB

(where δ ∈ Q and B ∈ N are two numbers which depend on the Newton polygon α),
we define some morphisms πN : Jα,m ×Spec F̄p

M̄n,d
α → X̄(α) × F̄p. (The definition of

the map πN is based on the observation that the iterated action of Frobenius on a
Barsotti-Tate group makes the slope filtration more and more split.) When n = d = 0,
the morphism π0,0

m is simply the structure morphism qm : Jα,m → Cα ↪→ X̄(α) × F̄p
(the space M̄0,0

α is just a point, namely the point corresponding to the pair (Σα, id)
over F̄p). We prove that the morphisms πN : Jα,m ×Spec F̄p

M̄n,d
α → X̄(α) × F̄p are

finite, and surjective on geometric points for m,n, d sufficiently large. Moreover, they
are compatible with the projections among the Igusa varieties and with the inclusions
among the Rapoport-Zink spaces, and also πN+1 = (FrB×1)πN , for all N (we denote
by Fr the absolute Frobenius on X̄). Further more, there is a natural way of defining
a Galois action on the Igusa varieties and on the Rapoport-Zink spaces, which is
compatible under the morphisms πN with the Galois action on the Newton polygon
strata.

One may hope to also endow the system of covers Jα,m×Spec F̄p
M̄n,d

α of X̄(α)× F̄p
with an action of the group Tα of quasi-isogenies of Σα over F̄p, leaving the morphisms
πN invariant (such an action exists for example on geometric points). From the
definitions we have an action of subgroup Γα = Aut (Σα) of Tα on the tower of
Igusa varieties, and a natural action of Tα on the space M̄α. We show that the
diagonal action of Γα on the system of covers Jα,m×Spec F̄p

M̄n,d
α extends to an action

of a certain submonoid Γα ⊂ Sα ⊂ Tα which leaves the morphisms πN invariant.
Moreover, the action of Sα on the systems of covers Jα,m ×Spec F̄p

M̄n,d
α induces an

action on the étale cohomology with compact supports groups, and this action extends
uniquely to a smooth action of the entire group Tα. As a result of the analysis of the
action of Tα on the cohomology groups, we prove the existence of a spectral sequence
of Galois representations

⊕i+j+k=nToriHr(Tα)

(
Hk
c (M̄α,Z/lrZ),Hj

c (Jα,Z/lrZ)
)
⇒ Hn

c (X̄(α) × F̄p,Z/lrZ),

where Hj
c (Jα,Z/lrZ) = lim

−→ mH
j
c (Jα,m,Z/lrZ).

As we let the level structure away from p vary, the action ofG(A∞,p) on the Shimura
varieties with no level structure at p preserves the above constructions. Therefore, the
above spectral sequences give rise to an equality of representations of G(A∞,p)×WQp∑

i+j+k=n

lim
−→ Up ToriH(Tα)

(
Hk
c (M̄α,Ql),Hj

c (Jα,Up ,Ql)
)

=

= lim
−→ Up Hn

c (X̄(α)
Up(0) × F̄p,Ql).

We are left to study the case of Shimura varieties with level structure at p. Our
idea is to extend the above construction to characteristic zero and to compare the
Shimura varieties with level structure to the product of some smooth lifts of the
Igusa varieties with the Rapoport-Zink spaces of the same level. More precisely, we
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are interested in studying the associated vanishing cycles sheaves as we can then use
them to compute the l-adic cohomology of these spaces in characteristic zero in terms
of the cohomology of their reduction in positive characteristic.

We denote by X (resp. Cα) the formal completion of X along X̄ × F̄p (resp.
Cα × F̄p), and by Jα,m the finite étale cover of Cα corresponding to Jα,m/Cα. We
denote by Xrig

M over Xrig the rigid analytic space associated to the Shimura variety
with structure of level M at p and by Mrig

α,M over Mrig
α the Rapoport-Zink space of

level M .
For m ≥ d+ t, we construct some morphisms

πN (t) :
(
Jα,m ×Spf Ẑnr

p
Mn,d

α

)
(t) → X (t),

such that (πN (t))red ◦ (1×FrNB) = πN , for all N ≥ (d+ t)/δB, which are compatible
with the projections among the lifts of the Igusa varieties and with the inclusions
among the Rapoport-Zink spaces, and which extend Zariski locally to the formal
schemes in characteristic zero. (For any formal scheme Y over Spf Ẑnrp , we write Y(t)
for the subscheme defined by the t-th power of an ideal of definition I of Y, p ∈ I.)
For m ≥ d+ t+M , we prove that for any affine open V of Jα,m ×Spf Ẑnr

p
Mn,d

α there
exists a formally smooth morphism πV over V lifting πN (t)|V (t) with the property
that

Xrig
M ×X rig,πV

V rig 'Mrig
α,M ×Mrig

α ,pr2|V
V rig.

The existence of the morphisms πN (t), and of the corresponding local liftings to
characteristic zero, enable us to compare the vanishing cycles sheaves (in the sense
of Berkovich’s [2] and [3]) of the Shimura varieties and of the Rapoport-Zink spaces
when level structure at p is considered. More precisely, as the level at p varies, we
obtain a system of compatible equalities of representations of G(A∞,p)×WQp∑

i,j,k,q

(−1)i+j+k+q lim
−→ UpToriH(Tα)

(
Hk
c (M̄α,M , R

qΨη(Ql)),Hj
c (Jα,Up ,Ql)

)
=

=
∑
n,q

(−1)n+qlim
−→ Up Hn

c (X̄(α)
Up(M) × F̄p, RqΨη(Ql)),

It is easy to see that, as α varies among the Newton polygons of dimension q

and height h, the right hand side computes the l-adic cohomology groups of the
Shimura variety of level M . It is more subtle to realise that the cohomology groups
of the special fibers of the Rapoport-Zink spaces, with coefficients in the vanishing
cycles sheaves, compute not the cohomology of the Rapoport-Zink spaces but its
contragredient dual, up to Tate twist.

As the level M varies, the above equalities piece together in the statement of the
main theorem.

The author will like to thank R. Taylor suggesting the topic of this paper, and for
his inestimable help with all the phases of its realization. She is also very grateful
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to B. Conrad, J. de Jong, L. Fargues, T. Graber and F. Oort for many enlighting
mathematical discussions and for carefully reading early drafts of this paper.

2. Preliminaries

In this section, we shall introduce the definitions and results which are the starting
point of our work. In particular, we shall define the class of (PEL) type Shimura vari-
eties we study. These are some smooth projective varieties defined over an imaginary
quadratic extension of Q, which arise as moduli spaces of polarized abelian varieties
and which admit smooth integral models at p, in the cases when no level structure at
p is considered. (We shall follow the definitions given by Harris and Taylor in [14]).

In section 2.2, we shall focus our attention on the reduction in positive characteristic
of the Shimura varieties with no level structure at p and introduce in this context the
Newton polygon stratification. This stratification was defined by Grothendieck in [13]
and extensively studied by Oort in the general context of moduli spaces of abelian
varieties (see [25]). Inside each Newton polygon stratum, we shall distinguish some
smooth closed subschemes which are defined by fixing the isomorphism class of the
p-divisible group associated to the abelian variety. These are the leaves of Oort’s
foliation (see [26]). We shall also point out a certain isomorphism class of p-divisible
groups for any given Newton polygon, whose corresponding leaf (the central leaf) will
play an important role in our analysis.

From the theory of Barsotti-Tate groups, we shall recall the definition of some
(PEL) type moduli spaces introduced by Rapoport and Zink (in [29]) and also the
notion of slope filtration. The slope filtration of a Barsotti-Tate group over a perfect
field of characteristc p was first studied by Grothendieck (see [21]). Here, we shall
recall some recent results of Zink which study the case of a Barsotti-Tate group over
a smooth scheme of characteristic p (see [30]). We shall also introduce the notion
of level structure on a Barsotti-Tate group, as a specification of Katz’s and Mazur’s
notion of full set of sections on finite flat group schemes (see [22]).

Finally, we shall recall some results of Berkovich on the theory of vanishing cycles
in the context of rigid-analytic spaces associated to some special formal schemes (see
[2] and [3]).

2.1. Shimura varieties. — In this section we shall introduce the simple unitary
group Shimura varieties which are studied in this paper. This class is a sub-class of
the Shimura varieties introduced by Kottwitz in [23] and contains a sub-class of the
class studied by Harris and Taylor in [14] (see section 2.1.8).

We shall follow the exposition and notations of Chapter IV in [14].

2.1.1. Let E be an imaginary quadratic extension of Q in which the prime p splits.
We denote by c the complex conjugation in Gal(E/Q) and by u, uc the two primes of
E above p.
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Let B over E be a division algebra of dimension h2 such that:

– E is the center of B;
– B splits at u;
– there is a positive involution of the second kind ∗ on B.

(We recall that an involution on B, ∗ : B → Bop, is said of the second kind if
z∗ = zc for all z ∈ E, and is positive if trB/Q(xx∗) > 0 for all x ∈ B×.)

The above conditions on B imply that Bu = B ⊗E Eu is isomorphic to Mn(Qp).
We fix such an isomorphism Bu ' Mn(Qp) and denote by OBu the maximal order
of Bu corresponding to Mn(Zp) ⊂Mn(Qp). Then, there is a a unique maximal Z(p)-
order OB in B which is stable under the involution ∗ and such that (OB)u = OBu

.
We also define ε ∈ OBu to be the idempotent element which maps, under the above
isomorphism, to the matrix with entries equal to 1 in position (1, 1) and 0 every where
else.

2.1.2. Let V denote the B⊗Bop-module underlying B and choose a non-degenerate
∗-hermitian alternanting pairing <,> on V . This choice defines an involution of the
second kind # on Bop by

〈(b1 ⊗ b2)x, y〉 = 〈x, (b∗1 ⊗ b#2 )y〉

for all x, y ∈ V , b1 ∈ B and b2 ∈ Bop.
Let us denote by q (0 ≤ q ≤ h) the positive integer such that the pairing <,> on

V ⊗Q R has invariant (q, h− q). We assume q 6= 0, h. This is equivalent to assuming
that the corresponding class of Shimura varieties has bad reduction at p.

2.1.3. Let G be the algebraic group over Q (resp. A∞) defined by

G(R) = {(λ, g) ∈ R× × (Bop ⊗R)× | gg# = λ},

for any Q-algebra (resp. A∞-algebra) R.
There is a distinguished normal subgroup G1 of G, namely the subgroup of the

automorphisms of V which preserves the pairing <,>, i.e.

0 → G1 → G→ Gm → 0,

where the morphism ν : G→ Gm is defined by (λ, g) 7→ λ. Then,

G1(R) ' U(q, h− q).

Let A∞ denote the finite adels of Q. We observe that G(A∞) naturally decomposes
as G(A∞,p)×G(Qp). Moreover, since (p) = u · uc in E, we can identify

Bop ⊗Q Qp = Bopu ×Bopuc ,

and thus any (λ, g) ∈ G(Qp) can be written uniquely as (λ, g1, g2) ∈ Qp ×Bopu ×Bopuc

with (g1g
#
2 , g2g

#
1 ) = (λ, λ). There is a natural isomorphism

(Qp)× × (Bopu )× → G(Qp)

which is defined by (λ, g1) 7→ (λ, g1, λ(g#
1 )−1).
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2.1.4. Let us recall the following definitions about abelian schemes (see [14], Lemma
IV.1.1, p. 93, and Section IV.4, p. 112).

Let S be a E-scheme and A/S an abelian scheme of dimension h2. Suppose that
there is a morphism i : B ↪→ End(A)⊗Z Q. Then Lie(A) is a locally free OS-module
of rank h2 with an action of B and it decomposes as

Lie(A) = Lie+(A)⊕ Lie−(A),

where Lie+(A) (resp. Lie−(A)) is the module Lie(A)⊗OS⊗EOS and the map E → OS
is the natural map (resp. the complex conjugate of the natural map). Both Lie+(A)
and Lie−(A) are locally free OS-modules.

Definition 2.1. — We call the pair (A, i) compatible if Lie+(A) has rank qh.

Suppose now that S is a OEu -scheme, A an abelian scheme over S and i : OB ↪→
End(A)⊗Z Z(p).

Definition 2.2. — We call the pair (A, i) compatible if Lie(A)⊗Zp⊗OE
OEu

is locally
free of rank qh.

We remark that, if p is locally nilpotent on S, then the pair (A, i) is compatible
if and only if the Barsotti-Tate group G = εA[u∞] is a q-dimensional Barsotti-Tate
group, (ε ∈ OBu

is the idempotent defined in section 2.1.1). In fact, in this case, we
can identify Lie(A[u∞]) = Lie(A) ⊗Zp⊗OE

OEu as OBu -modules, and thus we have
Lie(G) = εLie(A[u∞]) as OEu

= Zp-modules. It follows that saying that the pair
(A, i) is compatible is equivalent to say that Lie(G) is locally free of rank q, since we
also have the equalities

OBu
⊗Zp

Lie(G) = OBu
⊗Zp

εLie(A[u∞]) = Lie(A[u∞]) = Lie(A).

On the other hand, saying that Lie(G) is a locally free Zp-module of rank q is equiv-
alent to saying that the Barsotti-Tate group G has dimension q.

It follows from the fact that A/S has dimension h2 that A[u∞] has height h2 (half
the height of A[p∞]) and thus that G has height h.

2.1.5. Let U be an open compact subgroup of G(A∞). We shall define a functor XU

on the category of pairs (S, s), where S is a connected locally noetherian E-scheme and
s is a geometric point on S, to sets. We define XU (S, s) to be the set of equivalence
classes of quadruples (A, λ, i, µ̄) where:

– A is an abelian scheme over S of dimension h2;
– λ : A→ A∨ is a polarization;
– i : B ↪→ End(A)⊗Z Q such that (A, i) is compatible and λ ◦ i(b∗) = i(b)∨ ◦λ for

all b ∈ B;
– µ̄ is a π1(S, s)-invariant U -orbit of isomorphisms of B⊗Q A∞-modules µ : V ⊗Q

A∞ → V As which takes the pairing<,> on V ⊗QA∞ to a (A∞)×-scalar multiple
of the λ-Weil pairing.
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Two quadruples (A, λ, i, µ̄) and (A′, λ′, i′, µ̄′) are equivalent if there exists an
isogeny β : A→ A′ which takes λ to a Q×-multiple of λ′, i to i′ and µ̄ to µ̄′ (see [24],
p. 390).

If s′ is a second geometric point on S then XU (S, s) is canonically in bijection with
XU (S, s′) (see [24], p. 391). Therefore XU can be viewed as a functor on the category
of connected locally noetherian E-schemes to sets. Moreover, we can extend XU on
the category of locally noetherian E-schemes by setting XU (S) =

∏
iXU (Si) for any

S =
∐
i Si with Si connected for all i.

2.1.6. We say that an open compact subgroup U of G(A∞) is sufficiently small if
there exists a prime x in Q such that the projection of U in G(Qx) contains no
elements of finite order other than 1. If U is sufficiently small then the functor XU

on the category of locally noetherian E-schemes to sets is represented by a smooth
projective scheme XU/E (see [24], p. 391).

If V ⊂ U then there is a natural finite étale morphism XV � XU and if V is
normal in U this map is Galois with Galois group U/V .

2.1.7. Moroever, there is a natural action of the group G(A∞) on the system of
Shimura varieties defined by composition on the right with the isomorphism µ : V ⊗Q
A∞ → V As. More precisely, for any g ∈ G(A∞) and any open compact sufficiently
small subgroup U of G(A∞), there exists a natural finite étale morphism

g : XU → Xg−1Ug

defined by setting (A, λ, i, µ̄) 7→ (A, λ, i, µg).

2.1.8. We remark that when q = 1 the class of Shimura varieties we have introduced
is a sub-class of the class of Shimura varieties studied by Harris and Taylor in [14]
(and thus the geometry and the cohomology of these Shimura varieties is already
known). More precisely, for q = 1, we recover the sub-class corresponding to the case
when the totally real extension of Q inside the ground field is trivial.

2.1.9. Let Up be a sufficiently small open compact subgroup of G(A∞,p) (i.e. there
exists a prime x 6= p in Q such that the projection of Up in G(Qx) contains no elements
of finite order other than 1). For any non-negative integer m we define

Up(m) = Up × Z×p × ker
((
OBop

u

)× → (
OBop

u
/um

)×)
.

It is a sufficiently small open compact subgroup of G(A∞).
We call XUp(m) a Shimura variety with structure of level m at u (or with no level

structure at u if m = 0).

2.1.10. The Shimura varieties with no level structure at u admit smooth integral
models over SpecOEu

(see [24], chapter 5, pp.389–392). For completeness, we recall
Kottwitz’s construction in this context.
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We define a functor XUp on the category of pairs (S, s), where S is a connected
locally noetherian OEu

-schemes and s is a geometric point on S, to sets. We set
XUp(S, s) to be the set of equivalence classes of quadruples (A, λ, i, µ̄p) where:

– A is an abelian scheme over S of dimension h2;
– λ : A→ A∨ is a prime-to-p polarization;
– i : OB ↪→ End(A)⊗Z Z(p) such that (A, i) is compatible and λ ◦ i(b∗) = i(b)∨ ◦λ

for all b ∈ OB ;
– µ̄p is a π1(S, s)-invariant Up-orbit of isomorphisms of B ⊗Q A∞,p-modules µp :
V ⊗Q A∞,p → V pAs which takes the pairing <,> on V ⊗Q A∞,p to a (A∞,p)×-
scalar multiple of the λ-Weil pairing (we denote by V pAs the Tate space of As
away from p).

Two quadruples (A, λ, i, µ̄p) and (A′, λ′, i′, (µ̄p)′) are equivalent if there exists a
prime-to-p isogeny β : A→ A′ which takes λ to a Z×(p)-multiple of λ′, i to i′ and µ̄ to
(µ̄p)′.

As in 2.1.5 XUp(S, s) is canonically independent on s. We denote again by XUp the
induced functor on the category of connected locally noetherian OEu

-schemes. We
also extend XUp to all locally noetherian OEu

-schemes as in 2.1.5.
The functor XUp on the category of locally noetherian OEu -schemes to sets is

represented by a projective scheme XUp overOEu
and there is a canonical isomorphism

XUp ×SpecOEu
SpecEu = XUp(0) ×SpecE SpecEu

(see [14], p. 113).

Proposition 2.3. — Let Up be a sufficiently small open compact subgroup of
G(A∞,p). Let x be a closed point of XUp ×OEu

k(u)ac, associated to a quadruple
(A, λ, i, µ̄p).

The formal completion (XUp ×OEu
OÊnr

u
)∧x is the universal formal deformation

space of the Barsotti-Tate group G = εA[u∞]/k(u)ac = F̄p, thus

(XUp ×OÊnr
u

)∧x ' SpfW (F̄p)[[T1, . . . , Tq(n−q)]].

Proof. — By definition, the completion (XUp × OÊnr
u

)∧x is the formal deformation
space for deforming (A, λ, i). By Serre-Tate Theorem, this is the same as deforming
(A[p∞], λ, i), and since λ : A[u∞] → A[(uc)∞] is an isomorphism, this is also the same
as deforming (A[u∞], i). Finally, we observe that deforming the OBu

-module A[u∞]
is equivalent to deforming the Zp = εOBu -module G = εA[u∞].

Since the Barsotti-Tate group G has dimension q and height h, its formal defor-
mation space is isomorphic to SpfW (F̄p)[[T1, . . . , Tq(n−q)]] (see [17]).

Corollary 2.4. — For any sufficiently small open compact subgroup Up of G(A∞,p),
the Shimura variety XUp is a smooth projective scheme over OEu

.
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2.1.11. If V p ⊂ Up then there is a natural finite étale morphism XV p � XUp which
is compatible with the map XV p(0) � XUp(0) defined in 2.1.5. Moreover, if V p is
normal in Up then the map is Galois with Galois group Up/V p (see [14], Lemma
IV.4.1, part (6)).

There is a natural action of the group G(A∞,p) on the integral models of the
Shimura varieties, which is compatible with the action we previously defined on the
Shimura varieties. More precisely, for any g ∈ G(A∞,p) and any open compact suffi-
ciently small subgroup Up of G(A∞,p), there exists a natural finite étale morphism

g : XUp → Xg−1Upg

defined by setting (A, λ, i, µ̄) 7→ (A, λ, i, µg), and whose restriction to the generic
fibers is the morphism

g : XUp(0) → Xg−1Up(0)g,

we defined in section 2.1.7.

2.1.12. We remark that the above action of G(A∞,p) on the integral models of the
Shimura varieties extends to an action of G(A∞,p) × Q×p ⊂ G(A∞), also compatible
with the previously defined action on the generic fibers.

In fact, let g ∈ Q×p and Up be an open compact sufficiently small subgroup of
G(A∞,p). Then, we have g−1Up(0)g = Up(0). Let us assume valp(g) ≤ 0 and define
a morphism

g : XUp → XUp

by setting (A, λ, i, µ̄) 7→ (A/A[(uc)−valp(g)], λ′, i′, µ̄′), where the structures on the
abelian variety A/A[(uc)−valp(g)] are induced by the ones on A via the isogeny g :
A � A/A[(uc)−valp(g)], i.e.

– λ′ is the unique prime-to-p polarization such that g∨ ◦ λ′ ◦ g = p−valp(g)λ;
– for all b ∈ OB , we have g−1 ◦ i′(b) ◦ g = i(b) ∈ End(A)×Z Z(p);
– µ̄′ = µ ◦ g.
Let us choose v ∈ OE such that valu(v) = 0 and valuc(v) = −valp(g). Then

the isogeny v : A → A gives rise to an equivalence between the quadruples
(A/A[(uc)−valp(g)], λ′, i′, µ′) and (A, λ, i, µ ◦ v). It follows that the morphism
g : XUp → XUp is indeed an isomorphism and also that on the generic fibers it
restricts to the morphism

g : XUp(0) → Xg−1Up(0)g,

defined in section 2.1.7.

2.1.13. Let us reinterpret some of the above definitions and results in terms of the
cohomology of the Shimura varieties.

Let l be a prime number, l 6= p, and consider the constant abelian torsion étale
sheaf Z/lrZ, for any integer r ≥ 1.
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For any level U ⊂ G(A∞), we consider the étale cohomology of the Shimura vari-
eties over Eu with coefficients in Z/lrZ, Hi

et(XU ×E (Ênru )ac,Z/lrZ), for any integer
i ≥ 0. They form an A-R l-adic system, we write

Hi
et(XU ×E (Ênru )ac,Ql) = lim

←− r
Hi
et(XU ×E (Ênru )ac,Z/lrZ)⊗Zl

Ql.

For any U ′ ⊂ U , the natural morphisms XU ′ → XU give rise to some morphisms

Hi
et(XU ×E (Ênru )ac,Ql) → Hi

et(XU ′ ×E (Ênru )ac,Ql).

The groups Hi
et(XU ×E (Ênru )ac,Ql), together with the above morphisms, form an

inductive system. For all i ≥ 0, we write

Hi(X,Ql) = lim
−→ U H

i
et(XU ×E (Ênru )ac,Ql).

For any g ∈ G(A∞), the morphisms g : XU → Xg−1Ug also give rise to some
morphism among the l-adic cohomology groups of the Shimura varieties, and morever
the induced morphisms piece together in an isomorphism of the direct limitHi(X,Ql).
These isomorphisms define an action of G(A∞) on the groups Hi(X,Ql), for all i,
and moreover it is easy to see that this action commutes with the natural action of
the Weil group WEu

= WQp
(Eu = Qp). Further more, the Hi(X,Ql) are admissible

representations of the product WQp ×G(A∞).
In the following, we are interested in studing the virtual representation of WQp ×

G(A∞)

H•(X,Ql) =
∑
i

(−1)iHi(X,Ql).

We will also work with torsion coefficients and, for any integer r ≥ 1, consider the
Z/lrZ-representations of WQp ×G(A∞)

Hi(X,Z/lrZ) = lim
−→ U H

i
et(XU ×E (Ênru )ac,Z/lrZ),

for all i ≥ 0. Let us remark that these representations are smooth, but not a priori
admissible.

2.2. Newton polygon stratification. — In [25] Oort introduces a statification
on the reduction in characteristic p > 0 of a moduli space of abelian varieties. This
stratification is called the Newton polygon stratification and is defined in terms of
the Newton polygons of the Barsotti-Tate groups associated to the p-torsion of the
abelian varieties. In particular, each Newton polygon stratum is characterized by
the property that the Barsotti-Tate group over it has constant Newton polygon, i.e.
costant isogeny class. When Barsotti-Tate groups considered have dimension greater
than one, to each isogeny class correspond many isomorphism classes. In [26], Oort
defines some closed subvarieties inside each Newton polygon stratum, which are the
loci where the Barsotti-Tate groups associated to the abelian varieties have constant
isomorphism class. We refer to these varieties as the leaves of Oort’s foliation.
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In this section we shall recall the definitions of the Newton polygon stratification
and of the leaves, in the context of the Shimura varieties introduced in 2.1. Moreover,
we shall give an alternative proof of the fact that the leaves are closed and smooth
subvarieties of the Newton polygon strata.

2.2.1. Let Up be as in 2.1.10 and denote by X̄ the reduction XUp ×SpecOEu
Speck(u),

where k(u) is the residue field of OEu
(k(u) = Fp).

Let A be the universal abelian variety over X̄. It follows from the definition of the
moduli space that there is a natural action of OB on A and therefore an action of
OBu

on A[p∞]. Let ε ∈ OBu
be the idempotent element defined in 2.1.1 and write

G = εA[p∞]. G is a Barsotti-Tate group of height h and dimesion q over X̄ (see section
2.1.4). For any point x of X̄ we denote by α(x) the Newton polygon of Gx.

Proposition 2.5. — (see [25], section 2.3, p. 387) Let α be a Newton polygon of
height h and dimension q. The set of the points x of X̄ such that α(x) ≤ α (i.e. such
that no point of α(x) is stricly below α) is a closed subset of X̄.

We denote by X̄ [α] the corresponding reduced subscheme of X̄ and call it the closed
Newton polygon stratum determined by α.

We also define the open Newton polygon stratum X̄(α) = X̄ [α] − ∪β<αX̄ [β].

2.2.2. The following definition of a leaf is due to Oort, who also proved that the
leaves are closed smooth subvarieties of the Newton polygon strata (see [26]). Here,
we provide an alternative proof of these facts in our context. More precisely, we now
show that the leaves are locally closed smooth subvarieties of the Newton polygon
strata. Later, in proposition 4.7, we will prove that the leaves are indeed closed. We
thank A. Vasiu for suggesting to us the proof of proposition 2.7.

Lemma 2.6. — Let H be a Barsotti-Tate group defined over a finite extension k0 of
Fp. Let X be a scheme over F̄p ⊃ k0 and G/X a Barsotti-Tate group.

Then, the set

CH = {x ∈ X|Gx ×k(x) k(x)ac ' H ×k0 k(x)ac}

is a constructible subset of X.
Moreover, if we further assume that X = X0 ×k0 F̄p, for some k0-scheme X0, and

G is the pullback of a Barsotti-Tate group over X0, then the set CH is a constructible
subset of X0.

Proof. — In [31], Zink proves that, for any positive integer N , the functor YN =
YH,N , defined as

YN (T/X) = { isomorphisms GT [pN ] ' HT [pN ]},

is represented by a scheme of finite type over X.
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Thus, in particular, CH,N = im(YN → X) is a constructible subset of X,

CH,N = {x ∈ X|Gx[pN ]× k(x)ac ' H[pN ]× k(x)ac}.

Moreover, Zink also proves that, for any algebraically closed field K/F̄p, there
exists a positive integer NK such that

CH,N (K) = CH,NK
(K) = {x ∈ X(K)|Gx ' H ×K},

for all N ≥ NK .
In particular, for K = F̄p and N0 = NF̄p

, we have that for all N ≥ N0

CH,N (F̄p) = CH,N0(F̄p) = {x ∈ X(F̄p)|Gx ' H × F̄p}.

Since the subsets CH,N are constructible, the above equalities imply that CH,N =
CH,N0 , for all N ≥ N0, and thus

CH = {x ∈ X|Gx × k(x)ac ' H × k(x)ac} = CH,N0

and is a contructible subset of X.
Finally, in order to show that the subscheme CH is a constructible subset of X0, it

suffices to observe that the set of closed points of CH is stabilized by the action of the
Galois group Gal(F̄p/k0) (which follows from the fact that the Barsotti-Tate groups
G0 and H are defined over X0/k0 and k0, respectively).

Proposition 2.7. — Let H be a Barsotti-Tate group over a finite extension k0/Fp,
of height h and dimension q. We denote by α the Newton polygon of H, by X̄(α) the
associated open Newton polygon stratum and by G the universal Barsotti-Tate group
over X̄(α).

Then there exists a unique reduced locally closed subscheme CH of X̄(α) × k0 such
that for any geometric point x ∈ X̄(α) × k0 we have Gx ' H if and only if x ∈ CH .

Moreover, the scheme CH is smooth.

Proof. — By the previous lemma, we know that the set

CH = {x ∈ X̄(α) × k0| Gx × k(x)ac ' H × k(x)ac}

is constructible. Thus, it remains to prove that the set CH is locally closed (in which
case it inherits a unique structure of reduced locally closed subscheme), and moreover
that, as a subscheme of X̄(α) × k0, CH is smooth.

Let us fix an algebraically closed field Ω/F̄p with trascendence degree of the con-
tinuum (thus all the point of X̄(α) can be viewed as Ω-points).

Since C = CH ×Ω is constructible, C is a finite union of locally closed sets Ci with
irreducible closure. Moreover, for each closed point x of C, the ring O∧

X̄×Ω,x
and the

restriction of G over it are independent of x. For simplicity, we denote this ring by A
and its Barsotti-Tate group by G/A. For any prime ideal P of A (neccessarly closed),
we choose a morphism fP : A→ Ω with ker fP = P (such a morphism exists since Ω
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has degree of the continuum). We denote by J the intersection of all primes P of A
such that fP ∗G ' H.

Let x0 be a smooth closed point of C, i.e. x0 is in the closure of only one Ci,
say C0, and it is a smooth point of C0. Let I0 denote the ideal in OX̄×Ω,x0

defining
OC0,x0 . Then, a prime ideal P of O∧

X̄×Ω,x0
contains I∧0 if and only if it contains I0,

or equivalently if and only if fP ∗G ' H. As C0 is by definition reduced we have

I∧0 = ∩P⊃I0P.

It follows that, under an isomorphism (G,O∧
X̄×Ω,x0

) ' (G,A), the ideal I∧0 corresponds
to the ideal J . In particular, the ring A/J is formally smooth and a prime ideal P of
A contains J if and only if fP ∗G ' H.

Now let x ∈ Ci − Cj be a closed point such that x ∈ C̄j (the closure of Cj). Let
P ′ be the prime ideal of OX̄×Ω,x defining C̄j and let Jx be the ideal of O∧

X̄×Ω,x
which

corresponds to J under an isomorphism (G,O∧
X̄×Ω,x

) ' (G,A). Since P ′ is a prime
in C we have P ′∧ ⊃ Jx. Thus, for any other prime P ⊃ P ′, we have P∧ ⊃ Jx and
so fP∧ ∗G ' H, i.e. P ∈ C. Hence, there exists a neighbourhood Ux of x in X̄ such
that Ux ∩ C̄j is contained in C. We conclude that for any point x in C, there exists
a neighbourhood Ux in X̄ such that Ux ∩ C̄ = C. Thus C is a locally closed subset
of X̄, and by definition is contained in X̄(α) (thus, it is also a locally closed subset of
X̄(α)).

Moreover, if x is any point of C and I ⊂ OX̄×Ω,x is the ideal defining C, then (as
C is reduced) I∧ is the intersection of the prime ideals of O∧

X̄×Ω,x
which contain I, i.e.

the intersection of prime ideals P such that fP ∗G ' H. Thus, under an isomorphism
(G,O∧

X̄×Ω,x
) ' (G,A), I∧ corresponds to J and we see that C is formally smooth at

x and hence smooth.

2.2.3. We remark that both the definition of the Newton polygon stratification and
the definition of Oort’s foliation of the Newton polygon strata are independent of
the level structure away from p. Thus, as the level Up of the structure away from p

varies, the corresponding morphisms among the reductions of the Shimura varieties
preserve the Newton polygon startification and also Oort’s foliation. Analogously, the
action of the group G(A∞,p) on the Shimura varieties with no level structure at p also
respects the Newton polygon strata and the leaves inside them. We thus obtain, by
restriction, an action of the group G(A∞,p) on the Newton polygon strata (resp. on
the leaves) via finite étale morphisms (see section 2.1.11).

2.3. Some distinguished Barsotti-Tate groups. — In this section we shall de-
fine a distinguished p-divisible group Σα over Fp, for each Newton polygon α of
dimension q and height h. The associated leaf Cα = CΣα

inside the corrisponding
Newton polygon stratum X̄(α) is called the central leaf and it will play an important
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role in our work. In this section, we shall also discuss some of the properties of the
group of the quasi-selfisogenies of Σα (for all α).

2.3.1. We start by recalling the definition of a certain simple isoclinic p-divisible
group Σλ over Fp, for any given slope λ ∈ Q (0 ≤ λ ≤ 1). The definition of Σλ is
introduced by de Jong and Oort in [19] (Paragraph 5.3, p. 227).

Let λ be a rational number, 0 ≤ λ ≤ 1 and write λ = n
m+n (with n,m relatively

prime). We describe the p-divisible group Σλ over Fp by its covariant Dieudonné
module M(Σλ). This is the free Zp-module with basis e0, e1, . . . , em+n−1 on which
the actions of F and V are given by F (ei) = ei+n and V (ei) = ei+m for all i (for any
non-negative integer j we write ej = plei if j = i+ l(m+ n) with 0 ≤ i ≤ m+ n− 1
and l ≥ 0). The p-divisible group Σλ has height m+ n and is isoclinic of slope λ.

We denote by t the endomorphism of M(Σλ) (and also the corresponding isogeny
on Σλ) which maps ei to ei+1 for all i. It is an isogeny of degree p and tm+n = p.

Proposition 2.8. — (see [19], Lemma 5.4, p. 227) We choose r, s ∈ Z such that
rm+ sn = 1. For every algebraically closed field k of characteristic p we have

End ((Σλ)k) = W (Fpm+n)[t]

where xt = tσs−r(x) for all x ∈W (Fpm+n) (we denote by σ the Frobenius map). The
ring End ((Σλ)k) is a non-commutative discrete valuation ring with uniformizer t and
valuation define by logp deg(·)

We write Oλ = W (Fpm+n)[t] and Dλ = Oλ[1/p]. Dλ is a central simple algebra
over Qp of rank (n+m)2 and invariant λ, and Oλ is a maximal order inside Dλ.

2.3.2. For convenience, we also recall de Jong’s and Oort’s Isogeny theorem. This
result illustrates one of the properties which make isoclinic p-divisible groups easier
to understand than general p-divisible groups.

Theorem 2.9. — (see [19], Corollary 2.17, p. 217-218) Let A be a noetherian com-
plete local domain with algebraically closed residue field k, normal and with field of
fractions K of characteristic p. Let G be an isoclinic p-divisible group over SpecA.

Then there exists a p-divisible group G0 over Spec k and an isogeny over A

G0 ×Spec k SpecA→ G.

2.3.3. An isoclinic p-divisible group G of slope λ is called slope divisible if there
exists an integer b > 0 such that p−λbF b is an isogeny, or equivalently an isomorphism
between G and G(pb).

It follows from the definition that the p-divisible groups Σλ are slope divisible, for
all λ.
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2.3.4. Let α be a Newton polygon of dimension q and height h, and denote by
λ1 > λ2 > · · · > λk its slopes. For each i, we denote by ri the multiplicity of the
slope λi in α and define the Barsotti-Tate groups

Σiα = Σ⊕ri

λi
and Σα = ⊕iΣiα.

Thus, for all i, Σiα are slope divisible isoclinic p-divisible groups of slope λi defined
over Fp, and Σα is a p-divisible group over Fp with Newton polygon equal to α.
Moreover, the p-divisible group Σiα may be identified with the isoclinic pieces of Σα
(see section 2.4).

2.3.5. For every algebraically closed field k of characteristic p we have

(End k(Σα)⊗Zp Qp)× =
∏
i

GLri (Dλi) .

We write Tα for the group of the quasi-selfisogenies of Σα, i.e. Tα =
∏
i GLri

(Dλi
),

and Γα for the group of the automorphism of Σα, i.e. Γα =
∏
i GLri

(Oλi
) (Γα ⊂ Tα).

2.3.6. We now fix a Newton polygon α of dimension q and height h (and write
Σ = Σα). In the following, we analyse in more detail the group T = Tα and, in
particular, we introduce a certain submonoid S = Sα of T , where S ⊃ Γ = Γα. (The
role of the submonoid S will be explained in section 3.4.)

Let ρ ∈ T . For any i = 1, . . . k we denote by ρi : Σi → Σi the quasi-selfisogeny of
Σi induced by ρ and define:

ei = ei(ρ) = e(ρi) = min{m ∈ Z | pmρi is an isogeny}

and
fi = fi(ρ) = f(ρi) = max{m ∈ Z | (pmρi)−1 is an isogeny}.

We also write e = e(ρ) = maxi ei(ρ) and f = f(ρ) = mini fi(ρ). It follows from
the definitions that e and f are respectively the minimal and maximal integers such
that peρ and (pfρ)−1 are isogenies.

It is easy to see that if ρ−1 is an isogeny then fi, ei are respectively the maximal
and the minimal integers such that

Σi[pfi ] ⊂ ker(ρ−1
i ) ⊂ Σi[pei ].

In particular, ei ≥ fi for all i.

Definition 2.10. — We define S ⊂ T to be the subgroup

S = {ρ ∈ T | ρ−1 is an isogeny, ei ≤ fi−1, 1 < i ≤ k}.

2.3.7. For all i = 1, . . . k, we denote by ti ∈ End (Σλi
) the uniformizer we defined in

section 2.3, and write τi = t⊕ri
i ∈ End (Σi = Σ⊕ri

λi
). We define fr to be the isogeny

of Σ = ⊕iΣi

fr = ⊕iτai
i ,
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where the ai denote the numerators of the slopes λi (written in minal form), for all
i. Equivalently, fr is the unique isogeny which fits in the following commutative
diagram (see section 2.3.7)

Σ
F

}}{{
{{

{{
{{ fr

��@
@@

@@
@@

@

Σ(p) Σ.
'
ν

oo

where we may identify Σ and Σ(p), via ν, since the Barsotti-Tate group Σ is defined
over Fp.

2.3.8. If B = lcm(b1, . . . , bk), where the bi are the denominators of the rational
numbers λi (written in minimal form), then it follows from the definition of the
morphism fr that frB = ⊕ipλiB and, in particular, that frB is in the center of T
(for all i, λiB ∈ Z).

Lemma 2.11. — Maintaing the above notations.
The set S is a submonoid of T and has the properties that the quasi-selfisogenies

p−1, fr−B ∈ S and also that T =< S, p, frB >.

Proof. — To see that S is a submonoid of T , it suffices to remark that

ei(ωρ) ≤ ei(ρ) + ei(ω) and fi(ωρ) ≥ fi(ρ) + fi(ω),

which follow easily for the definitions.
It is also clear from the definition of S that p−1, fr−B ∈ S. In fact, we have

ei(p−1) = 1 = fi−1(p−1) and ei(fr−B) = λiB > fi−1(fr−B) = λi−1B,

for all i = 2, . . . k.
We now show that T =< S, p, frB >.
For any ρ ∈ T , there exists m ∈ Z≥0 such that pmρ−1 is an isogeny, i.e. such that

ρ = pmω with ω−1 an isogeny (ω = p−mρ). Moreover, for any isogeny ρ we have

ei(pnρ) = ei(ρ)− n and fi(pnρ) = fi(ρ)− n,

and thus ρ satisfies the conditions ei(ρ) ≥ fi−1(ρ), for all 1 < i ≤ k, if and only if pnρ
does for some integer n.

Then, it suffices to prove that for any isogeny ρ there exists a positive integer m
sucht that frmBρ satisfies the above inequalities. This fact follows directly from the
following inequalities:

ei(frmBρ) ≤ ei(ρ) +mλiB and fi−1(frmBρ) ≥ fi−1(ρ) +mλi−1B,

where λi < λi−1, for all i = 2, . . . k.
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2.4. Slope filtration. — Dieudonné’s classification of p-divisible groups implies
that any p-divisible group defined over a perfect field is isogenous to a direct product
of slope divisible isoclinic p-divisible groups. In [30] Zink investigates what remains
true if the perfect field is replaced by a ring of characteric p. In particular, Zink
shows that over a regular scheme of characteric p any p-divisible group is isogenous
to a p-divisible group which admits a filtration by p-divisible subgroups which factors
are slope divisible isoclinic p-divisible groups ordered with the decreasing order of the
slopes.

In this section we shall recall some of the definitions and results from [30]. For
completeness, let us mention that this result over a smooth curve was previously
established by Katz in [21], and also that, more recently, it was extended by Oort
and Zink to the case over a normal scheme (see [27]).

2.4.1. Let H be a p-divisible group over a scheme S of characteristic p and λ ∈ Q.
We say that H is slope divisible with respect to λ if there are positive integers a, b
such that λ = a

b and the quasi-isogeny p−aF b : H → H(pb) is an isogeny. If H isoclinic
and slope divisible of slope λ then the above isogeny is in fact an isomorphism.

Theorem 2.12. — (see [30], Theorem 7, p. 9) Let S be a regular scheme over Fp.
Let H be a p-divisible group over S with constant Newton polygon. We denote by
λ1 > λ2 > · · · > λk the slopes of H.

Then there is a p-divisible group G over S which is isogenous to H, and which has
a filtration by closed immersions of p-divisible groups:

0 = G0 ⊂ G1 ⊂ · · · ⊂ Gk = G

such that for each i the factor Gi/Gi−1 is isoclinic of slope λi and Gi is slope divisible
with respect to λi.

We say a p-divisible group with the properties described for G completely slope
divisible and call its filtration the slope filtration.

We remark that any isogeny among two p-divisible groups endowed with slope
filtrations respects the filtrations.

In fact, suppose φ : G → H is an isogeny among p-divisible group endowed with
a slope filtration over a reduced scheme S of characteristic p. When k = 1, the
statement is trivial, so we may assume k ≥ 2. Moreover, using induction on k, it
suffices to prove the statement for k = 2.

First, we assume S = SpecK and we consider the morphism

φ1 : G1 ↪→ G→ H � H2.

By Diedonné’s theory, there is no non zero morphism between two isoclinic Barsotti-
Tate groups with different slopes (see [30], p.13). Thus, the morphism φ1 is identically
zero, or equivalently the isogeny φ maps G1 to H1.
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For obtaining the same result in the general case, it suffices to remark that the
above considerations imply that (φ1)x vanishes for any point x in S. Thus, the
morphism φ1 over S is zero.

Finally, we remark that from the existence of an isogeny ψ such that φψ = pd, for
some d, we deduce that the induced morphisms φi are isogenies, for all i.

2.4.2. We conclude this section with the following two remarks which will play a key
role in our definition of Igusa varieties (see section3).

Remark 2.13. — (see [27]) Let G be a Barsotti-Tate group over a fieldK of positive
characteristic p. Then, G is completely slope divisible if and only if G ×K L is
completely slope divisible, for some L ⊃ K.

Remark 2.14. — (see [30], proof of Theorem 7, p. 15) Let G be a Barsotti-Tate
group over a connected regular scheme S over Fp. Let η be the generic point of S
and assume that Gη is completely slope divisible (i.e. admits a slope filtration as in
theorem 2.12).

Then, the Barsotti-Tate group G over S is also completely slope divisible.

2.5. Rapoport-Zink spaces. — In [29] Rapoport and Zink formulate moduli
problems of (PEL) type for Barsotti-Tate groups, associated to any decent Barsotti-
Tate group over a perfect field k of characteristic p. They prove that the corresponding
moduli spaces exist in the category of rigid analytic spaces over the fraction field of
the Witt vectors of k and, in the cases when the moduli problems impose no level
structures, they admit integral models in the category of formal schemes over W (k).

In this section we shall recall their constructions together with some of the main
results in the case which is our interest.

2.5.1. Let X be a decent Barsotti-Tate group over a perfect field k of characteristic p.
(We recall that a Barsotti-Tate group is called decent if it arises by base change from
a Barsotti-Tate defined over a perfect field.) To X we associate a functor M = MX
on the category of schemes S over W = W (k) such that p is locally nilpotent on S to
sets. For such a scheme S, we denote by S̄ the closed subscheme defined by the sheaf
of ideals pOS , and we view it as a scheme over Spec k.

We define M(S) to be the set of equivalence classes of pairs (H,β) where:

– H is a Barsotti-Tate group over S;
– β : XS̄ → HS̄ is a quasi-isogeny.

Two pairs (H,β) and (H ′, β′) are equivalent if the quasi-isogeny β′◦β−1 : HS̄ → H ′
S̄

lifts to an isomorphism between H and H ′ over S.

Theorem 2.15. — (see [29], Theorem 2.16, p. 54) The functor M is represented
by a formal scheme over SpfW , which is formally locally of finite type.
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For any other Barsotti-Tate group X′ and isogeny φ : X′ → X, there is a canonical
isomorphism between the corresponding Rapoport-Zink spaces

φ∗ : MX →MX′

(H,β) 7→ (H,β ◦ φ).

2.5.2. For any pair of positive integers n, d, we denote by Mn,d the subfunctor of
M defined by the condition that pnβ is an isogeny and its kernel is contained inside
X[pd] (or equivalently, both pnβ and pd−nβ−1 are isogenies). The functor Mn,d is
represented by the p-adic completion of a scheme of finite type over SpfW and can
be identified to a closed formal subscheme of M, of finite type over SpfW . Moreover,
it follows from the definitions that, in the sense of Zariski sheaves, we have

M = lim
−→ n,dMn,d.

We call the spaces Mn,d the truncated Rapoport-Zink spaces. (Let us remark that
the truncated Rapoport-Zink spaces we use are not exactly the ones introduced in
[29], paragraph 2.22, p. 58. For any pair of positive integers n, d, Rapoport and
Zink consider the closed subfunctor Mn,d of M defined by the condition that pnβ
is an isogeny of degree less than or equal to pd. Thus, there are natural inclusions
Mn,d ⊂Mn,d ⊂Mn,dh.)

We observe that, for any other Barsotti-Tate group X′ and isogeny φ : X′ → X,
the corresponding isomorphism φ∗ : MX → MX′ does not preserve the truncated
Rapoport-Zink spaces (nor the open subspaces we define below).

2.5.3. For any pair of positive integers n, d, we define:

Un,d = {t ∈Mn,d | ∃V ⊂M open, t ∈ V ⊂Mn,d}.

It follows from the fact that M is formally locally of finite type that the Un,d form
an open cover of M, i.e.

M = ∪n,d Un,d,
where the Un,d are open formal subschemes of M, of finite type over SpfW .

2.5.4. Let us assume from now on that the field k is algebraically closed and write K
for the fraction field of W . We denote by Mrig the rigid analytic space associated to
the formal scheme M. In [29] Rapoport and Zink introduce a tower of rigid analytic
coverings of Mrig over SpmK. We now recall their construction (see [29], paragraph
5.34, pp. 254–256).

We first recall the following result.

Proposition 2.16. — (see [29], Proposition 5.17, p. 237). The rigid analytic space
Mrig over SpmK is smooth.

Let x ∈ Mrig(L) be represented by the pair (H,β) ∈ M(OL). The p-adic Tate
modules Tp(H), for the points x ∈Mrig, piece together in a locally constant Zp-sheaf
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for the étale topology on Mrig. We denote this sheaf by T . Namely, for all integers
n ≥ 0, Tp(H)⊗Zp/pn is the generic fiber of the finite flat group scheme H[pn], which
is étale.

For any open compact subgroup U ⊂ GLn(Zp), we defineMrig
U to be the finite étale

covering of Mrig parametrizing the classes modulo U of trivializations of T /Mrig,

α : T → Znp (mod U).

We remark that if

U = U(M) = {A ∈ GLn(Zp)|A ≡ 1n(mod pM )}

the space Mrig
U(M) parametrizes the classes of trivializations of the generic fiber of the

pM -torsion of the universal Barsotti-Tate group over M.

2.5.5. If U ′ ⊂ U , then there is a natural morphism Mrig
U ′ → Mrig

U . More generally,
for any two subgroups U ′, U , an element g ∈ GLn(Qp) such that g−1U ′g ⊂ U gives
rise to a morphism

g : Mrig
U ′ →Mrig

U .

2.5.6. Let T denote the group of quasi-selfisogenies of X over k and σ the Frobenius
automorphism of W (we also denote by σ its extension to K and the Frobenius
automorphism of k).

There is a natural action of the group

GLn(Qp)× T × FrobZ

on the system of Rapoport-Zink spaces, where the action of GLn(Qp) × T is linear
and the action of FrobZ is σ-semilinear.

2.5.7. We first define the action of T on the formal scheme M defined by

(H,β) 7→ (H,β ◦ ρ), ρ ∈ T

(see [29], section 2.33, p. 64). We remark that, for any other Barsotti-Tate group X′

and isogeny φ, the isomorphism φ∗ : MX → MX′ commutes with the action of the
group of the quasi-selfisogenies, where we identify TX with TX′ via the isomorphism
ρ 7→ φ−1ρφ, for all ρ ∈ TX.

The action of T on M induces an action of T on Mrig, which extends canonically
to an action of T on the covers Mrig

U , for all level U ⊂ GLn(Zp). In fact, for any
level U , let us denote a point t ∈ Mrig

U (L), for some extension L of K, by a triple
(H,β, [α]), where H is a Barsotti-Tate group defined over the ring of integers OL
of L, β : X → H ×OL

k a quasi-isogeny, and [α] the U -orbit of an isomorphism
α : Tp(H) → Znp . Then, for any ρ ∈ T , we define

ρ : Mrig
U →Mrig

U

(H,β, [α]) 7→ (H,β ◦ ρ, [α]).
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It is clear that the above action of T on the system of the Rapoport-Zink spaces
Mrig

U commutes with the previously defined action of GLn(Qp).

2.5.8. We now introduce the σ-semilinear action of Frobenius. Let us recall that
defining a σ-semilinear automorphism of the formal schemeM is equivalent to defining
an isomorphism of formal schemes over W

Frob : M→M(p),

where M(p) denotes the pullback under σ of M.
If we identify the space M(p) with the Rapoport-Zink space associated to the

Barsotti-Tate group X(p)/k, then we can describe the morphism Frob in terms of its
universal property. The morphism Frob is defined by

(H,β) 7→ (H,β ◦ F−1),

where F : X → X(p) is the Frobenius morphism of the Barsotti-Tate group X (see
[29], section 3.48, pp. 100-101).

We observe that Frob is indeed an isomorphism, since we can define its inverse by
setting

(G, ρ) 7→ (G, ρ ◦ F ).

Moreover, it is easy to see that this action commutes with the action of T . In fact,
for any quasi-selfisogeny ρ ∈ T , the equality F ◦ ρ = ρ(p) ◦ F implies

Frob ◦ ρ = ρ(p) ◦ Frob : M→M(p).

Finally, we remark that the automorphism Frob of M gives rise to an auto-
morphism of Mrig, which is also σ-semilinear and which extends canonically to σ-
semilinear automorphisms of the covers Mrig

U , for all level U ⊂ GLn(Zp). If we denote
a point on Mrig

U by a triple (H,β, [α]) as before, then, for all level U , we define

Frob : Mrig
U → (Mrig

U )(p)

(H,β, [α]) 7→ (H,β ◦ F−1, [α]).

It is clear that the action of Frob on the system of the Rapoport-Zink spaces Mrig
U

commutes with the previously defined action of GLn(Qp), and thus gives rise to an
action of the group GLn(Qp)× T × FrobZ.

2.5.9. Let us remark that, if we restrict our attention to the reduced fiber M̄ of M
over k, then the action of T × FrobZ extends to an action of the product

T × FrobZ × FrN,

where Fr is also a σ-semilinear endomorphism of M̄, namely the relative Frobenius.
As before, we describe Fr as a k-linear morphism

Fr : M̄ → M̄(p),
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where M̄(p) is the pullback under σ : k → k of M̄. If we identify the space M̄(p) with
the reduced fiber of the Rapoport-Zink space associated to the Barsotti-Tate group
X(p)/k, then the morphism Fr is defined by setting

(H,β) 7→ (H(p), β(p)),

where H(p) and β(p) : X(p) → H(p) are the pullbacks under σ of H and β : X → H,
respectively.

We observe that indeed the relative Frobenius Fr commutes with the action of
T × FrobZ. For any ρ ∈ Tα,

(βρ)(p) = β(p)ρ(p),

and also
(βF−1

X )(p) = β(p)(F−1
X )(p) = β(p)F−1

X(p) ,

where FX and FX(p) are the Frobenius morphism on X and X(p), respectively.

2.5.10. We now focus our attention of the Rapoport-Zink space Mα = MΣα
over

W (F̄p), associated to the Barsotti-Tate Σα/F̄p, for any given Newton polygon α of
dimension q and height h (see section 2.3.4).

Let Tα be the group of the quasi-selfisogenies of Σα/F̄p. In section 2.5.7 and 2.5.8,
we defined the action of Tα × FrobZ on Mα. It follows from the definition that this
action does not preserve the truncated Rapoport-Zink spaces Mn,d

α ⊂ Mα. In the
following, we analyze how this action moves the truncated Rapoport-Zink spaces.
(We remark that, in particular, the action of the subgroup Γ = Aut (Σα) preserves
the truncated Rapoport-Zink spaces.)

2.5.11. Let ρ ∈ Tα and write e = e(ρ) and f = f(ρ) (see section 2.3.6). It is not hard
to see that if (H,β) ∈Mn,d then (H,βρ) ∈Mn+e,d+e−f . In fact, it follows from the
definitions that both pn+eβρ = (pnβ)(peρ) and pd−f−n(βρ)−1 = (pfρ)−1(pd−nβ−1)
are isogenies.

Thus, for each ρ ∈ Tα and any pair of integers n, d, the action of Tα on Mα give
rise to morphisms

ρ : Mn,d
α →Mn+e,d+e−f

α

such that for any positive integers n′, d′, with n′ ≥ n and d′ ≥ d,

in+e,d+e−f
n′+e,d′+e−f ◦ ρ = ρ ◦ in,dn′,d′

where we denote by in,dn′,d′ the natural inclusion of Mn,d
α in Mn′,d′

α .
Moreover, the restrictions of the above morphisms associated to ρ ∈ Tα give rise

to morphisms
ρ : Un,d → Un+e,d+e−f ,

which are open embeddings of formal schemes over W (F̄p).
On the other hand, from the equality p = FV = V F we deduce that, for all positive

integers n, d,
Frob : Mn,d

α → (Mn+1,d+1
α )(p) = (M(p)

α )n+1,d+1,
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and also that
Frob : Un,d → (Un+1,d+1)(p).

In fact, if pnβ and pd−nβ−1 are isogenies, then pn+1βF−1 = pnβpF−1 and
pd−nFβ−1 are also an isogenies.

2.5.12. Let us now consider the reduced fibers M̄α and M̄n,d
α of Mα and Mn,d

α

respectively, for all n, d. Then, M̄α and M̄n,d
α are reduced schemes over F̄p (the

latter of finite type over F̄p, for all n, d), and there is an action of T ×FrobZ×FrN on
M̄α. From the above discussion, we already know how the action of T ×FrobZ moves
the spaces M̄n,d

α , let us now remark that the action of Fr respects the truncated
Rapoport-Zink spaces.

In fact, if a quasi-isogeny β : Σ → H is such that pnβ with kernel contained in
Σ[pd], then the same holds for the quasi-isogeny β(p) : Σ(p) → H(p). Equivalently, for
all positive integers n, d, the relative Frobenius morphism maps the scheme M̄n,d

α to
M̄n,d (p)

α .
Let us also remark that the action of Γ on the reduced fiber M̄n,d

α of the trun-
cated Rapoport-Zink spaces is particularly simple. More presecisely, for any n, d the
subgroup Γd ⊂ Γ of the automorphisms of Σα which induce the identity on Σα[pd]
acts trivially on M̄n,d

α . Indeed, for any γ ∈ Γd and any (H,β) ∈ M̄n,d, there exists
γ̄ ∈ Aut (H) such that (pnβ) ◦ γ = γ̄ ◦ (pnβ), thus the pair (H,β) is equivalent to the
pair (H,β ◦ γ).

2.5.13. We observe that, depending of the choice of the Barsotti-Tate group Σ/Fp in
its isogeny class, there is another natural isomorphism frob between Mα and M(p)

α ,
namely the isomorphism defined as

frob : Mα →M(p)
α

(H,β) 7→ (H,β ◦ ν−1),

where ν : Σα → Σ(p)
α is the natural identification over Fp (see section 2.3.7).

Differently from Frob, the action of frob preserves the truncated Rapoport-Zink
spaces Mn,d

α (and thus also the open Un,dα ) inside Mα, but is not compatible with
the action of Tα. In fact, for any ρ ∈ Tα, we have

ν−1 ◦ ρ(p) ◦ ν = fr ◦ ρ ◦ fr−1,

which is equivalent to

ρ(p) ◦ frob = frob ◦ (fr ◦ ρ ◦ fr−1) : Mα →M(p)
α .

On the other hand, since frB is in the center of T , the same equality shows that
the morphism frobB does commute with the action of T .

Finally, it follows from the definitions that

Frob = frob ◦ fr−1,
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since the equality ν ◦ fr = F implies that

β ◦ F−1 = β ◦ fr−1 ◦ ν−1,

for any Barsotti-Tate group H and any quasi-isogeny β : Σ → H.

2.5.14. We reinterpret the above definitions in terms of the l-adic cohomology
with compact supports of the Rapoport-Zink rigid analytic spaces associated to the
Barsotti-Tate group Σα.

Let l be a prime, l 6= p, and consider the constant abelian torsion étale sheaf
Z/lrZ, for some integer r ≥ 1. For any open compact subgroup U of GLn(Zp) and
any integer i ≥ 0, we consider the i-th étale cohology group with compact supports
of the rigid analytic space Mrig

U with coefficients in Z/lrZ,

Hi
c(M

rig
U ×K K̂ac,Z/lrZ).

For any U ′ ⊂ U , the natural projection Mrig
U ′ → Mrig

U give rise to a morphism
between the corresponding cohomology groups and therefore the cohomogoly groups
of the Rapoport-Zink spaces piece together in a direct limit

lim
−→ U H

i
c(M

rig
U ×K K̂ac,Z/lrZ).

We remark that, since the open subgroups U(M) (for all integers M ≥ 0) form a
cofinal system of compact opens of GLn(Zp), the above limit can be also computed
as a direct limit over the open subgroups U of the form U = U(M), for some positive
integer M , i.e.

lim
−→ U H

i
c(M

rig
U ×K K̂ac,Z/lrZ) = lim

−→ M Hi
c(M

rig
U(M) ×K K̂ac,Z/lrZ).

The action of GLn(Qp)×Tα×FrobZ on the system of Rapoport-Zink spaces gives
rise an action of the GLn(Qp) × Tα × FrobZ on étale cohomology groups, which
naturally extends to an action of GLn(Qp)×Tα×WQp

, where WQp
is the Weil group

of Qp (K = Qnr
p ).

Proposition 2.17. — For all integers i ≥ 0, the Z/lrZ-representation

lim
−→ U H

i
c(M

rig
U ×K K̂ac,Z/lrZ)

of GLn(Qp)× Tα is smooth.

Proof. — Let us write Hi = lim
−→ U H

i
c(M

rig
U ×K K̂ac,Z/lrZ). Then, it follows from

the definitions that, for any open subgroup U of GLn(Qp), we have

(Hi)U = Hi
c(M

rig
U ×K K̂ac,Z/lrZ).

Moreover, let us consider the opens V = Un,d ⊂Mα (for all integers n, d ≥ 0), which
form a cover of opens of finite type of M. Then, for any level U , the associated
open cover of Mrig

U (whose opens V rig
U are the pullbacks under the natural projection
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Mrig
U → Mrig of the rigid analytic spaces associated to the opens V of Mα) is also

formed of opens of finite type and we have

Hi
c(M

rig
U ×K K̂ac,Z/lrZ) = lim

−→ V rig
U
Hi
c(V

rig
U ×K K̂ac,Z/lrZ),

a direct limit of finite modules. FInally, we remark that the action of the subgroup
Γα ⊂ Tα on Hi preserves the subspaces Hi

c(V
rig
U ×K K̂ac,Z/lrZ), for all opens V and

all levels U , and thus

(Hi)U×Γ′ = lim
−→ V H

i
c(V

rig
U ×K K̂ac,Z/lrZ)Γ

′
,

for any level U and any open compact subgroup Γ′ ⊂ Γα.

Maintaining the notations introduced in the above proof, for any integer i ≥ 0 and
open compact subgroup U ⊂ GLn(Qp), we defined the i-th l-adic cohomology group
of Mrig

U as

Hi
c(M

rig
U ×K K̂ac,Ql) = lim

−→ V rig
U

(lim
←− r

Hi
c(V

rig
U ×K K̂ac,Z/lrZ)⊗Zl

Ql).

As the level U varies, the l-adic cohomology groups of the Rapoport-Zink spaces
form a direct system, endowed with an action of GLn(Qp) × Tα. Further more, the
corresponding l-adic representations of GLn(Qp)× Tα

lim
−→ UH

i
c(M

rig
U ×K K̂ac,Ql)

are smooth. (This fact is a direct consequence of the definition.)

2.6. Full set of sections. — In [9] Drinfeld introduces the notion of full level
structure in the context of his theory of elliptic modules. In [22] Katz and Mazur
develop this notion in the context of finite locally free commutative group-schemes.

In this section we shall recall the definition and some basic properties of their
notion of a full set of sections of a finite flat scheme of finite presentation.

2.6.1. Let S be a scheme and Z a finite flat S-scheme of finite presentation and rank
N > 1 (or equivalently Z is finite locally free over S of rank N > 1). For every affine
S-scheme SpecR, the R-scheme ZR = Z ×S SpecR is of the form SpecB where B
is an R-algebra which is as an R-module locally free of rank N . Any f ∈ B defines
an R-linear endomorphism of B. We denote by Norm (f) its determinant and by
det (T − f) its characteristic polynomial, which is a monic polynomial in R[T ] of
degree N .

Definition 2.18. — (see [22], section 1.8.2, p.33) A set ofN points (not necesserally
distinct) P1, . . . PN ∈ Z(S) is a full set of sections of Z/S if either of the following
equivalent conditions is satisfied:

1. for every affine S-scheme SpecR and for every f ∈ B = H0(ZR,O) we have
det (T − f) =

∏N
i=1(T − f(Pi)) in R[T ];

2. for every affine S-scheme SpecR and for every f ∈ B = H0(ZR,O) we have
Norm (f) =

∏N
i=1 f(Pi) in R.
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2.6.2. If Z is a finite étale S-scheme of rank N the above conditions are equivalent
to the following ones:

1. the morphism
∐
i S → Z defined by the N -sections P1, . . . PN is an isomorphism

of S-scheme;
2. for every geometric point Spec k → S the N points (Pi)k ∈ Z(k) are all distinct

(see [22], Lemma 1.8.3, pp. 33-34).

Proposition 2.19. — (see [22], Proposition 1.9.1, p.38) Let Z be a finite flat S-
scheme of finite presentation and rank N > 1. Let P1, . . . PN ∈ Z(S) (not necesserally
distinct).

Then there exists a unique closed subscheme W of S which is universal for the
relation “P1, . . . , PN is a full set of sections of Z/S”, i.e. such that for any S-scheme
T the induced points P1,T , . . . , PN,T ∈ Z(T ) are a full set of sections for ZT /T if and
only if the structure morphism T → S factors through W .

2.6.3. Suppose now that Z is a finite flat S-group scheme of finite presentation and
rank N > 1 and let A be a finite abelian abstract group of order N (e.g. Z is the
pm-torsion of a Barsotti-Tate group over S of height h and A = (Z/pm)h).

Definition 2.20. — (see [22], section 1.10.5, p.44) A group morphism φ : A→ Z(S)
is an A-generator of Z/S if the set of N points {φ(a) | a ∈ A} is a full set of sections
of Z/S.

It follows directly from proposition 2.19 that the functor on S-schemes to sets which
maps T/S to the sets of A-generators of ZT /T is represented by a closed subscheme
W (A,Z/S) of Z ×S · · · ×S Z. In particular, W (A,Z/S) is finite over S.

Moreover, if Z,Z ′ are two isomorphic finite flat S-group schemes of finite presen-
tation and rank N > 1 then W (A,Z) 'W (A,Z ′).

We remark that there is a natural action of the group Aut(A) on the S-scheme
W (A,Z/S), namely the one defined by φ 7→ φ ◦ g, for any g ∈ Aut(A).

2.7. Vanishing cycles. — In [2] and [3] Berkovich constructs and studies the
vanishing cycles functor from the category of étale sheaves on the generic fiber Xη
of a formal scheme X to the category of étale sheaves on the closed fiber Xs of X ,
when the formal scheme X is locally finitely presented over the ring of integers W
of a non archimedean field K with residue field k. In this case, the generic fiber Xη
is an analytic space over K and the closed fiber Xs is a scheme over k. Berkovich
proves that for each pair of formal schemes X ,Y over W there exists an ideal of
definition I of Y such that, if two morphisms ϕ,ψ : Y → X coincide modulo I, then
the morphisms between the vanishing cycles sheaves induced by ϕ and ψ coincide.

In this section we shall recall the definition of the functor that associates to a
formal scheme X locally finitely presented over W a K-analytic space Xη, together
with the definition and some of the relevant properties of the vanishing cycles functor.
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Finally, we shall focus on the construction and properties of the vanishing cycles of
Z/lrZ, for a prime number l 6= p and an integer r ≥ 1 (see [14], pp. 46-47).

2.7.1. We now describe the functor from the category of formal schemes locally
finitely presented over W to the category of K-analyitc spaces which associates to a
formal scheme X its generic fiber Xη over K.

If X = Spf A where A is topologically finitely presented overW , then Xη = SpmAK
where AK = A⊗W K is naturally a stricly K-affinoid algebra.

We define the reduction map π : Xη → Xs by sending a seminorm | · |x on AK to
the prime ideal ker | · |x of Ak = A⊗W k. If Y is a open subset of Xs then π−1(Y) is a
closed analytic domain of Xη and in particular, when Y is a open formal subscheme,
we have π−1(Y) = Yη.

2.7.2. Let X be a formal scheme locally finitely presented over W , we recall the
following two facts.

Proposition 2.21. — (see [2], Lemma 2.1, pp. 542-543, and Proposition 2.3, p.
543)

1. The correspondence Y 7→ Ys induces an equivalence between the category of étale
formal schemes over X and the category of étale schemes over Xs.

2. If φ : Y → X is an étale morphism of formal schemes, then the induced mor-
phism φη : Y → X between the generic fibers is quasi-étale.

2.7.3. For simplicity, we suppose the field K separably closed. The functor Ys 7→ Yη,
which we obtain by composing the functors Ys 7→ Y and Y 7→ Yη, induces a left exact
functor Ψη from the category of étale sheaves over Xη to the category of étale sheaves
over Xs (we recall that any sheaf on the étale site of Xη extend uniquely to a sheaf
on the quasi-étale site of Xη). Ψη is called the vanishing cycles functor of X , and we
denote by RqΨη its right derived functors on the category of étale abelian sheaf on
Xη.

Proposition 2.22. — (see [2], Corollary 4.5, p. 549 and Corollary 5.4, p. 555; and
[3], Corollary 2.5, p. 373 and Theorem 3.1, p. 374) Let X be a formal scheme locally
finitely represented over W and F an étale abelian sheaf on Xη.

1. For any étale morphism Y → X , RqΨη(F)|Ys
' RqΨη(F|Yη

), for all q ≥ 0.
2. For any morphism ϕ : Z → X of formal schemes locally finitely represented

over W , we have

R·Ψη(R·ϕη∗F) ' R·ϕs∗(R·Ψη(F)).

3. If X is a smooth formal scheme and n is relatively prime to char k, then
Ψη(Z/nZ)Xη

= (Z/nZ)Xs
and RqΨη(Z/nZ)Xη

= 0 for q ≥ 1.
4. For any subscheme Y ⊂ Xs, we denote by X∧|Y the formal completion of X

along Y and by F∧|Y the pullback of F over (X∧|Y)η, then (X∧|Y)ηis canonically
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isomorphic to π−1(Y). If F is constructible with torsion orders prime to char k,
then there are canonical isomorphisms

RqΨη(F)|Y ' RqΨη(F∧|Y)

for all q ≥ 0.
5. If X is locally of finite type and all the irreducible components of Xs are proper,

then there is a spectral sequence

Ep,q2 = Hp
c (Xs, RqΨη(F)) =⇒ Hp+q

c (Xη,F).

2.7.4. Let T be a scheme of finite type over W and F be an étale abelian torsion
sheaf on Tη. Suppose X and X ′ are schemes of finite type over T , and let Y ⊂ Xs
and Y ′ ⊂ X ′s be subschemes. Then, any morphism of formal schemes ϕ : X ′ ∧/Y′ → X∧/Y
over T ∧ induces some morphisms of sheaves on Y ′s

ψη(ϕ,F) : ϕ∗s(R
qΨη(F|Xη

))|Ys
→ RqΨη(F|X ′η )|Y′s ,

for all integer q ≥ 0.

Proposition 2.23. — (see [3], Theorem 4.1, p. 382) Let F be an abelian étale
constructible sheaf on Tη with torsion orders prime to char k.

Given the schemes X = X ′ ∧/Y′ and X′ = X∧/Y over T ∧, there exists an ideal of
definition I ′ of X′ such that for any pair of morphisms ϕ, φ : X′ → X over T ∧ that
coincide modulo I ′, we have

ψη(ϕ,F) = ψη(φ,F)

for all q ≥ 0.

Further more, let f : Y ′ → Y. Then, any finite étale formal scheme q : Z → X ′ ∧/Y′ ,
with degree relatevely prime to the torsion orders of F , and any morphism ϕ : Z →
X∧/Y such that ϕs = f ◦ qs induce a morphism

θ(ϕ,F) =
1

deg(q)
Tr ◦ qs ∗ψη(ϕ,F) ◦ i : f∗RqΨη(F|Xη

)|Ys → RqΨη(F|X ′η )|Y′s ,

where Tr : qs ∗RqΨη(F/Z) = qs ∗q
∗
sR

qΨη(F|Xη
)|Ys → RqΨη(F|X ′η )|Y′s is the trace map.

By closely following the argument in [3], one can prove the following mild general-
ization of proposition 2.23.

Proposition 2.24. — Maintaining the notations of proposition 2.23. Given T , F ,
X = X ′ ∧/Y′ and X′ = X∧/Y over T ∧, there exists an ideal of definition I ′ of X′ such that
for any finite étale formal scheme q : Z → X′ and any pair of morphisms ϕ, φ : Z → X

over T ∧ that coincide modulo I ′, we have

Tr ◦ qs ∗ψη(ϕ,F) = Tr ◦ qs ∗ψη(φ,F)

for all q ≥ 0, where Tr : qs ∗R
qΨη(F/Z) = qs ∗q

∗
sR

qΨη(F/X′) → RqΨη(F/X′) is the
trace map.
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In particular, if there exists a morphism f : X′s = Y ′ → Xs = Y such that ϕs =
φs = f ◦ qs and deg(q) is relatively prime to the torsion orders of F , then

θ(ϕ,F) = θ(φ,F)

for all q ≥ 0.

Proof. — Let us first remark that it suffices to find such an ideal I ′ separately for
each q, since all the sheaves are constructible and equal to zero for q ≥ 1+2 dim(Xη).

For any étale morphism Us → Xs (resp. U ′s → X′s, Vs → Zs), we denote by U → X

(resp. U ′ → X′, V → Z) the corresponding étale morphism of formal schemes under
the equivalence of category stated in proposition 2.21.

Our first step is to remark that there exists a finite étale covering {uα : Us,α → Xs}
such that the canonical morphisms

⊕αus !H
q(Uη,F) → RqΨη(F/X)

is surjective. For any Us = Us,α → Xs, we write U ′s = f∗s Us and Vs = q∗sU ′s. Then, the
two morphisms ϕ, φ : Z → X extend to two morphisms from V to U , and V → U ′ is
a finite étale morphism with degree equal to deg(q). Moreover, in order to prove the
statement, it is sufficient to show that the associated morphisms ϕ∗, φ∗ : Hq(Uη,F) →
Hq(Vη,F) satisfy the condition Tr◦ϕ∗ = Tr◦φ∗, where Tr : Hq(Vη,F) → Hq(U ′η,F)
denote the trace map. Further more, we can assume U = Spf (A), U ′ = Spf (B) and
V = Spf (C).

Let a (resp. b) be the maximal ideal of definition of A (resp. B). We observe that
bC is an ideal of definition of C. For any 0 < r < 1, we set

U(r) = {x ∈ Uη||f(x)| ≥ r ∀f ∈ a},

and analogously define U ′(r) ⊂ U ′η and V ′(r) ⊂ Vη. Then, the U(r) (resp. U ′(r),
V (r)) are some affinoid domains which exhaust Uη (resp. U ′η, Vη). For each r, the
morphisms ϕ, φ : V → U and q : V → U ′ induce some morphisms ϕr, φr : V (r) → U(r)
and qr : V (r) → U ′(r). Moreover, it follows from Lemma 6.3.12 in [4], that there exists
r such that the canonical morphism j : Hq(U ′η,F) → Hq(U ′(r),F) is an injection.
We fix such a number r, 0 < r < 1, and consider the following commutative diagram.

Hq(Uη,F)
ϕ∗ --

φ∗
11

��

Hq(Vη,F)

��

Tr // Hq(U ′η,F)
� _

j

��
Hq(U(r),F)

ϕ∗r ..

φ∗r

00 H
q(V (r),F) Tr // Hq(U ′(r),F)

By Theorem 7.1 in [2], there exists ε ∈ S(U(r)) such that ϕ∗r = φ∗r on Hq(U(r),F)
if d(ϕr, φr) < ε. Moreover, without loss of generality we may assume that ε is defined
by triple (U(r), {fi}, {ti}), for some elements fi ∈ A and some ti > 0, 1 ≤ i ≤ m,
i.e. d(ϕr, φr) < ε if maxy∈V (r) |(ϕ∗rfi − φ∗rfi)(y)| ≤ ti, for all i. Then, the ideal of
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definition bn, for any n ≥ 1 such that rn ≤ ti (for all i), possesses the property that,
for any pair of morphisms ϕr, φr : V (r) → U(r) which coincide modulo bn, one has
d(ϕr, φr) < ε (see Lemma 8.4 in [2]).

It follows that for I = bn we have ϕ∗r = φ∗r and thus also Tr ◦ ϕ∗r = Tr ◦ φ∗r . Since
the morphism j is injective, we deduce that Tr ◦ ϕ∗ = Tr ◦ φ∗.

Finally, let us remark that if the morphism ψη(ϕ,F) is an isomorphism then such
is also the induced morphism θ(ϕ,F) on the vanishing cycles sheaves over Y ′ (one
can define its inverse as 1

deg(q)Tr ◦ ψη(ϕ,F)−1 ◦ i).

2.7.5. Let l be a prime number, l 6= p, and r ≥ 1 some integer.
We recall the following result on the vanishing cycles RqΨη(Z/lrZ).

Lemma 2.25. — (see [14], Lemma II.5.6, p. 47) Suppose that R is a complete
noetherian local W -algebra. The natural map

RqΨη(Z/lrZ)Spf R → RqΨη(Z/lrZ)Spf R[[T1,...,Tr]]

is an isomorphism.

The above lemma can be reformulated as follows

Proposition 2.26. — Let X ,Y be two formal schemes, locally finitely represented
over W , and π : Y → X be a smooth morphism.

Then the map:

ψη(π,Z/lrZ) : π∗RqΨη(Z/lrZ)Xη
→ RqΨη(Z/lrZ)Yη

is an isomorphism.

Proof. — It suffices to check that ψη(π,Z/lrZ) induces an isomorphism on fibers.
Thus, let y be a point of Ys and consider the map

ψη(π,Z/lrZ)y : (RqΨη(Z/lrZ)Xη
)π(y) → (RqΨη(Z/lrZ)Yη

)y

It follows from part 5 of proposition 2.22 that

(RqΨη(Z/lrZ)Xη
)π(y) = RqΨη(Z/lrZ)O∧X ,π(y)

and

(RqΨη(Z/lrZ)Yη
)y = RqΨη(Z/lrZ)O∧Y,y

.

To say that the morphism π is smooth at the point y is equivalent to say that there
exists an isomorphism O∧Y,y ' O∧X ,π(y)[[T1, . . . , Tr]], compatible with the morphism
π∗ : O∧X ,π(y) → O∧Y,y. Therefore the previous lemma suffices to conclude.
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3. Igusa varieties

In [14] Harris and Taylor introduce natural analogues of the Igusa curves in the
theory of elliptic modular curves and call them Igusa varieties. These form towers
of finite étale coverings of the open Newton polygon strata in the reduction of the
Shimura variety.

In this section we shall define some varieties we shall also call Igusa varieties which
are the natural generalization of the ones introduced in [14]. These form a tower of
finite étale coverings not of an open Newton polygon stratum but only of the central
leaf inside it. (In the case considered by Harris and Taylor in [14], i.e. when the
dimension of the pertinent Barsotti-Tate group is one, there is a unique leaf inside
each open Newton polygon stratum, which is the stratum itself.)

3.1. The general case. — We shall recall the general construction underlying the
notion of Igusa variety which was introduced by Harris and Taylor in the context of
[14] (see section III.1, pp.70-71).

3.1.1. Let X be a p-divisible groups defined over F̄p (e.g. X = Σλ, 0 ≤ λ ≤ 1, as in
section 2.3).

The functor on F̄p-schemes to groups which maps S to Aut (X[pm]/S) is represented
by a scheme Aut (X[pm]) of finite type over Spec F̄p (for all m). If m1 ≥ m2 then
there is a natural map Aut (X[pm1 ]) → Aut (X[pm2 ]).

For each m we define Aut 1(X[pm]) to be the intersection of the scheme theoretic
images of Aut (X[pm

′
]) in Aut (X[pm]) over all m′ ≥ m. Then the scheme thoeretic

image of Aut 1(X[pm1 ]) in Aut (X[pm2 ]) for m1 > m2 is in fact Aut 1(X[pm2 ]).

3.1.2. Suppose now that S is a reduced F̄p-scheme and H a p-divisible group over
S. We now consider the functor on S-schemes to sets which maps T/S to the set of
isomorphisms over T jm : X[pm]×Spec F̄p

T → H[pm]×S T . This functor is represented
by a scheme Xm(X,H/S) of finite type over S.

We define Ym(X,H/S) to be the intersection of the scheme theorestic images of

Xm′(X,H/S) → Xm(X,H/S)

over m′ ≥ m and write Jm(X,H/S) = Ym(X,H/S)red. We denote the universal
isomorphism over Jm(X,H/S) by

juniv
m : X[pm] → H[pm].

It follows from the definitions that there is a natural action of the group of automor-
phism of X/F̄p on the schemes Jm(X,H/S), for all m, which is defined via composition
on the right of the restrictions to the pm-torsion with the universal isomorphism juniv

m .

3.2. Igusa varieties over the central leaves. — We maintain the notations
established in sections 2.1, 2.2 and 2.3. Inside each open Newton polygon stratum of
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the reduction in characteristic p of the Shimura variety, we consider the central leaf
and define the Igusa varieties as covering spaces of the central leaves.

3.2.1. Let Up be a sufficiently small open compact subgroup of G(A∞,p). We denote
by X the Shimura variety XUp(0) over SpecEu, and write X = XUp . Then, X =
X ×SpecOEu

SpecEu. We denote by X̄ the reduction X ×SpecOEu
Spec k(u), where

k(u) is the residue field of OEu
(k(u) = Fp).

Let α be a Newton polygon of height h and dimension q and Σα be the Barsotti-
Tate group over Fp definede in section 2.3.4. We denote by X̄(α) the open Newton
polygon stratum inside X̄ associated to α and by Cα the central leaf inside X̄(α),
i.e. the leaf associated to Σα. We define the Igusa varieties as covering spaces of the
central leaves Cα (for all α) as follows.

3.2.2. We breifly recall the notation introduced in 2.3.4. Let λ1 > λ2 > · · · > λk be
the slopes of the Newton polygon α. For each i, we denote by ri the multiplicity of
the slope λi in α. We define Σi = Σiα = Σ⊕ri

λi
and Σ = Σα = ⊕iΣiα.

Lemma 3.1. — Aut 1(Σi[pm]) is finite over F̄p and

Aut 1
(
Σi[pm]

)red ' GLri (Oλi/p
mOλi)

Proof. — The same proof of Lemma III.1.5 of [14] (pp.70-71) applys to this lemma
using the result in Proposition 2.8.

We also see that

Jm
(
Σi,Σi/Spec F̄p

)
= Aut 1

(
Σi[pm]

)red ' GLri (Oλi/p
mOλi) .

In fact if S is any reduced scheme over Spec F̄p then

Jm
(
Σi,Σi/S

)
=

(
Jm
(
Σi,Σi/Spec F̄p

)
×Spec F̄p

S
)red

' ((GLri
(Oλi

/pmOλi
))S)red

= (GLri (Oλi/p
mOλi))S

(see [14], section III.1, pp.70-71).

3.2.3. Let us consider the central leaf C = Cα, i.e. the leaf of X̄(α) associated to the
Barsotti-Tate Σ = Σα.

We focus our attention on the Barsotti-Tate group G = εA[u∞] over the central
leaf C = Cα. We denote by Cr the irreducible components of C, by η = ηr the generic
point of Cr and by η̄ = η̄r the associated geometric point (for all r).

It follows from the definition of C that Gη̄ ' Σ× k(η̄) and thus, in particular, that
Gη̄ is completely slope divisible (for any η̄ = η̄r). We deduce, by remark 2.13, that
the Barsotti-Tate groups Gηr

are completely slope divisible, and also, by remark 2.14,
that G/Cr is complete slope divisible, for all r. Thus the same it is true for G over C
(by definition C = ∪rCr , but indeed C =

∐
r Cr, since it is smooth).
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We denote by (0) ⊂ G1 ⊂ · · · ⊂ Gk = G the slope filtration of G over C and by Gi
the subquotients Gi/Gi−1 (i = 1, . . . , k). The Gi are slope divisible isoclinic Barsotti-
Tate group of slope λi, and for all geometric points x ∈ C we have Gix ' Σi. (This
follows from the fact that, for any geometric point x of C, Gx ' Σ and any isogeny
between Barsotti-Tate groups endowed with slope filtrations respects the filtrations.)

Definition 3.2. — For each positive integer m we define the Igusa variety of level
m

Jm = Jm(Σ1,G1/C × F̄p)×C×F̄p
Jm(Σ2,G2/C × F̄p)×C×F̄p

· · · Jm(Σk,Gk/C × F̄p)

and denote by juniv
m,i : Σi[pm] → Gi[pm] the universal isomorphisms over Jm.

If m′ ≥ m then there is a natural surjection qm′,m : Jm′ � Jm over C × F̄p. The
Igusa varieties Jm together with the morphisms qm′,m form a projective system of
schemes over C × F̄p. Moreover, there is a natural action of the group Γ on the tower
of Igusa varieties, which is defined by composition on the left. If we write Γm =∏
i GLri

(Oλi
/pmOλi

) then the action of Γ on Jm factors via the natural projection
Γ � Γm.

Proposition 3.3. — The Igusa variety Jm over C × F̄p is finite étale and Galois
with Galois group Γm.

Proof. — It is sufficient to show that for any closed point x of C × F̄p the following
two conditions hold

– the group Γm acts faithfully and transitively on the points of (Jm)∧x ;
– if y is a point of (Jm)∧x then (Jm)∧y ' (C × F̄p)∧x ;

or equivalently that Jm ×C×F̄p
SpecO∧

C×F̄p, x
' (Γm)SpecO∧

C×F̄p, x
.

Following the argument of Proposition III.1.7 in [14] (pp.73-74) in order to conclude
it suffices to prove the following lemma.

Lemma 3.4. — Maintaining the notations as above. For any closed point x in C×F̄p
and for all i

Gi ×C×F̄p
SpecO∧C×F̄p, x

' Σi ×C×F̄p
SpecO∧C×F̄p, x

.

Proof. — By the Isogeny Theorem of de Jong and Oort (theorem 2.9), and the fact
that over F̄p any two Barsotti-Tate groups with equal Newton polygons are isogenous,
there exists an isogeny

ψ : Σi ×C×F̄p
SpecO∧C×F̄p, x

� Gi ×C×F̄p
SpecO∧C×F̄p, x

over SpecO∧
C×F̄p, x

. We choose an integer d > 0 such that the kernel of the isogeny ψ

is contained in the pd-torsion subgroup.
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Let M̄0,d
Σi be the reduced fiber of the Rapoport-Zink space M0,d

Σi and denote by H
the universal Barsotti-Tate group over M̄0,d

Σi . We consider the subset

Y = {t ∈ M̄0,d
Σi | Ht × k(t)ac ' Σi × k(t)ac}.

It follows from lemma 2.6 that Y is a constructible subset of M̄0,d
Σi . We now show

that Y is finite. In fact, if t ∈ Y , then Ht× k(t)ac ' Σi× k(t)ac and thus there exists
an isogeny φt ∈ End (Σi × k(t)ac) = EndF̄p

(Σi) with kernel contained in Σi[pd] such
that

t = (Ht, βt) ' (Σi, φt).

Thus the map which takes t to φt defines a bijection between Y and the set

EndF̄p
(Σi) ∩ pdEndF̄p

(Σi)−1/Aut F̄p
(Σi) ' Mri (Oλi) ∩ pdMri (Oλi)

−1
/GLri (Oλi) .

Since the set of matrixes 
T a1

T a2 xi,j
. . .

0 T ari


where a1 ≥ a2 ≥ · · · ≥ ari ≥ 0 are integers such that ai ≤ d for all i, and xi,j ∈ Oλi are
such that xi,j = 0 for i < j and val p(xi,j) ≤ aj for i > j, is a system of representatives
of the coset space Mri

(Oλi
) ∩ pdMri

(Oλi
)−1

/GLri
(Oλi

), this set (and therefore Y )
is finite. It follows that there is a reduced finite subscheme Y of M̄0,d

Σi such that, for
any geometric point t of M̄0,d

Σi , t ∈ Y if and only if Ht ' Σi.
By the universal property of the Rapoport-Zink space M0,d

Σi , we have that the pair(
Gi ×C×F̄p

SpecO∧
C×F̄p, x

, ψ
)

defines a morphism of schemes

u : SpecO∧C×F̄p, x
→ M̄0,d

Σi .

Moreover, if we denote by η the generic point of SpecO∧
C×F̄p, x

, then u(η) ∈ Y and
thus, since Y is finite and O∧

C×F̄p, x
a domain, the map u has to factor via a (closed)

point in Y .

Corollary 3.5. — The Igusa varieties are smooth schemes over Spec F̄p.

Proof. — It follows directly from propositions 2.7, and 3.3.

3.2.4. We remark that the definition of the Igusa varieties can be easily given over
any leaf of X̄(α)× F̄p which is associated to a completely slope divisible Barsotti-Tate
group, and moreover the result of proposition 3.3 also holds for those Igusa varieties.
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3.3. The action of G(A∞,p) on the Igusa varieties. — We defined the Igusa
varieties as covering spaces of the central leaf of an open Newton polygon stratum
inside the reduction of a Shimura variety with no level structure at p. In this section,
we shall investigates how the Igusa varieties vary as the level structure away from p

on the Shimura variety varies.

3.3.1. Let α be a Newton polygon of dimension q and height h. For any open compact
(sufficiently small) subgroup Up of G(A∞,p) and any positive integer m, we denote
by

JUp,m = Jα,Up,m

the Igusa variety of level m over the central leaf CUp = Cα,Up of the open Newton
polygon stratum X̄

(α)
Up inside the reduction of a Shimura variety with no level structure

at p and structure of level Up away from p, X̄Up(0).
For all open compact subgroup V p ⊂ Up, the natural projections between the

Shimura varieties X̄V p(0) → X̄Up(0) preserve both the Newton polygon stratification
and Oort’s foliation. Equivalently, they induces some morphisms X̄(α)

V p → X̄
(α)
Up be-

tween the open Newton polygon strata and

qV p,Up : CV p → CUp

between the corresponding central leaves. Moreover, these morphisms are finite and
étale (see section 2.1.10).

It follows from the definition of the Igusa varieties that, for any level m, the mor-
phisms qV p,Up : CV p → CUp give rise to some finite étale morphisms between the
corresponding Igusa varieties of level m,

qV p,Up : JV p,m → JUp,m,

such that qm′,m ◦ qV p,Up = qV p,Up ◦ qm′,m, for any integers m′ ≥ m and for any open
compact subgroups V p ⊂ Up of G(A∞,p).

In fact, for all levels V p,m, let us denote a point x on the Igusa variety JV p,m by a
(4 + k)-tuple (A, λ, i, µ̄; jm,1, . . . , jm,k), where (A, λ, i, µ̄) is the quadruple associated
to the point qm(x) ∈ CV p and jm,i : Σi[pm] → Gi[pm] (for all i = 1, . . . , k) are the
isomorphisms defining the Igusa structures on the isoclinic subquotients Gi of the
Barsotti-Tate group G = εA[u∞]. Then, the morphisms qV p,Up : JV p,m → JUp,m are
defined by

(A, λ, i, µ̄; jm,1, . . . , jm,k) 7→ (A, λ, i, µ̄; jm,1, . . . , jm,k),

where the V p-orbit µ̄ of µ determines a unique Up-orbit (which we still denote by µ̄).

3.3.2. Analogously, for any g ∈ G(A∞,p), the corresponding morphisms between the
reductions of the Shimura varieties

g : X̄Up → X̄g−1Upg
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(see section 2.1.11) preserve the Newton polygon stratification and Oort’s foliation,
and induce some morphisms between Igusa varieties of the same level m,

g : JUp,m → Jg−1Upg,m,

for all m ≥ 0 and Up ⊂ G(A∞,p), which commutes with the projections qm′,m and
qV p,Up . The morphisms g : JUp,m → Jg−1Upg,m are defined by

(A, λ, i, µ̄; jm,1, . . . , jm,k) 7→ (A, λ, i, µ ◦ g; jm,1, . . . , jm,k),

where Up-orbit µ̄ of µ determines a unique g−1Upg-orbit of µ◦ g, which we denote by
µ ◦ g.

3.4. The groups acting on the Igusa varieties. — In this section we investigates
which abstract groups naturally act on the tower of Igusa varieties. More precisely,
we shall show that there is a natural action of the submonoid

Q×p × Sα × FrobN × FrN

of Q×p ×Tα×FrobZ×FrZ on the Igusa varieties, where the action of Q×p ×S is linear
and the actions of Frob and Fr are σ-semilinear (cfr. section 2.5). We also prove
that this action commutes with the previously defined action of G(A∞,p) on the Igusa
varieties.

Let us remark that the action of the monoid S = Sα ⊂ T = Tα (see definition
2.10) on the Igusa varieties Jm/C × F̄p extends the action of the group Γ = Γα, and
also that the action of Q×p on the Igusa varieties is compatible with the action of
Q×p ⊂ G(Qp) on the Shimura varieties (see section 2.1.12).

3.4.1. Let (g, ρ, 1, 1) ∈ Q×p × S × FrobN × FrN and write ei = ei(ρ) and fi = fi(ρ),
for all i (see section 2.3.6), and e = e1. We also assume that −valp(g) ≥ e.

For any positive integer m, such that m ≥ e, we shall define a morphism

(g, ρ, 1, 1) : Jm → Jm−e1 .

We recall that defining such a morphism (g, ρ, 1, 1) on Jm is equivalent to give
a (4 + k)-tuple (B, λ′, i′, µ̄′, jm−e,1, . . . , jm−e,k) over Jm which represents a point of
Jm−e.

Let (A, λ, i, µ̄, j1, . . . , jk) be the universal object over Jm, we write G = εA[u∞]
and denote by Gi its isoclinic subquotients.
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Since ρ ∈ S, then ρ−1 is a well define isogeny and Σ[pfi ] ⊂ ker(ρ−1
i ) ⊂ Σ[pei ] ⊂

Σ[pe]. We consider the following commutative diagram:

Σi Σi[pm−e]? _oo ji◦ρi// Gi

ji(ker(ρ
−1
i ))

[pm−e] �
� // Gi

ji(ker(ρ
−1
i ))

Σi

ρi
−1

OOOO

ρiΣi[pm−e]? _oo

OOOO

//
� _

��

ji(ρiΣi[pm−e])
� � //

OOOO

� _

��

Gi

OOOO

ker(ρ−1
i )

?�

OO

� � // Σi[pm]
ji // Gi[pm] ji(ker(ρ−1

i ))? _oo
?�

OO

where ρi : Σi � Σi is the quasi-isogeny induced by ρ on the isoclinic subquotients and
ji◦ρi is defined as the isomorphism induced by ji on the quotients, for each i = 1, . . . k.
(The inclusion ρiΣi[pm−e] ⊂ Σi[pm] follows from the inclusion ker(ρ−1

i ) ⊂ Σi[pei ] ⊂
Σi[pe].) It is clear that since the isomorphism ji are extendable to any higher leverl
m′, the same holds for the isomorphisms ji ◦ ρi.

For simplicity, we now write Kiρ = ji(ker(ρ−1
i )) ⊂ Gi.

Remark 3.6. — If ρ ∈ S, then there exists a unique subgrop Kρ of G such that the
corresponding subgroups inside the isoclinic subquotients of G are the Kiρ (for all i).
Moreover, we have G[pfk ] ⊂ Kρ ⊂ G[pe1 ].

Let us argue by induction on k. If k = 1, then Kρ = K1
ρ and thus there is nothing

to prove.
If k > 1, we denote by K′ρ the corresponding subgroup of G′ = G/G1, then G′[pfk ] ⊂

K′ρ ⊂ G′[pe2 ]. We define Kρ = pr′| G′[pe2 ]−1(K′ρ) + i1(K1
ρ), i.e. Kρ is the unique

subgroup which fits the following commutative diagram with exact rows. (We remark
that we use the inequality e2 ≤ f1 to deduce that G1[pe2 ] ⊂ K1

ρ.)

0 // G1[pe2 ] // G[pe2 ] // G′[pe2 ] // 0

0 // G1[pe2 ] //
� _

��

K′′ρ //
?�

OO

� _

��

K′ρ //
?�

OO

0

0 // K1
ρ

// Kρ // K′ρ // 0

It is clear from the definition that G[pfk ] ⊂ Kρ ⊂ G[pe1 ], and thus we conclude.

3.4.2. We define the morphism

(g, ρ, 1, 1) : Jm → Jm−e

to be associated to the (4 + k)-tuple (A/〈Kρ〉, λ′, i′, µ̄′, j′m−e,1, . . . , j′m−e,k) where:
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1. (A/〈Kρ〉, λ′, i′, µ̄′) is the quadruple induced by the universal quadruple on Jm via
the projection A → A/〈Kρ〉, where 〈Kρ〉 ⊂ A[p−valp(g)] is a finite flat subgroup
associated to Kρ ⊂ G[pe] ⊂ G[p−valp(g)];

2. j′m−e,i denotes the isomorphism ji ◦ ρi : Σi[pm−e] → (Gi/Kiρ)[pm−e].
The subgroup 〈Kρ〉 ⊂ A[pe] is defined as

(OBu ⊗Zp Kρ)⊕ (OBu ⊗Zp Kρ)⊥ ⊂ A[u−valp(g)]⊕A[(uc)−valp(g)],

and the structures on A/〈Kρ〉 are the ones induced by the structures on A. More
precisely, the polarization λ′ on A/〈Kρ〉 is induced by p−valp(g)λ : A → A∨, and the
level structure is defined as

V ⊗ A∞,p
µ // V pA // V p(A/〈Kρ〉).

3.4.3. It follows from the definition that for any m ≥ m′ ≥ e

qm−e,m′−e ◦ (g, ρ, 1, 1) = (g, ρ, 1, 1) ◦ qm,m′ ,

and that that the above definitions give rise to an action the submonoid

{(g, ρ) ∈ Q×p × S| − valp(g) ≥ e1(ρ)} ⊂ Q×p × S

on the system of Igusa varieties.
We claim that the above action extends to an action of the monoid Q×p × S. To

prove it, it suffices to show that the element (p−1, 1) ∈ Q×p × S acts invertibly on
the Igusa varieties. More precisely, we claim that the element (p−1, 1) acts on Jm as
the element vc ∈ E× ⊂ G(Q) ⊂ G(A∞,p), for any v ∈ E× such that valu(v) = 1,
valuc(v) = 0 and v ≡ 1 mod (uc)m.

In fact, the pertinent subgroup K1 ⊂ G[p] is simply (0) and 〈(0)〉 = A[uc] ⊂ A[p].
Thus, the multiplication vc : A → A gives rise to an isomorphism A/〈(0)〉 ' A, and
under this identification the polarization λ′ is simply λ, the level structure µ′ = vc ◦ µ
and the isomorphisms j′m,i = vc ◦ jm,i = jm,i.

3.4.4. We remark that the above argument also shows that the action of Q×p on
the Igusa varieties is compatible, under the projections qm′,m, with the action of
Q×p ⊂ G(Qp) on the reductions of the Shimura varieties (see section 2.1.12).

3.4.5. Let us now define the action of Fr. As in section 2.5.9, we define the σ-
semilinear action of Fr on the Igusa variaties as a linear morphisms

Fr : Jm → J (p)
m ,

where J (p)
m are the pullbacks under the Frobenius σ : F̄p → F̄p of the Igusa varieties

Jm/F̄p, for all m.
Let us denote by C(p) the pullback of the central leaf C under σ. Then, C(p) can

be identified with the leaf CΣ(p) , and J (p)
m with the Igusa variety of level m over CΣ(p) .

Under the above identifications, the relative Frobenius on the central leaf

Fr : C → C(p)
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is defined by setting

A = (A, λ, i, µ̄) 7→ A(p) = (A(p), λ(p), i(p), µ̄(p)),

where A(p) denotes the pullbacks of A under σ, endowed with the structures induced
from the ones of A.

If G denotes the Barsotti-Tate group associated to an abelian varieties A, then
G(p) is the Barsotti-Tate group associated to A(p) and, for all i

(G(p))i = (Gi)(p).

Then, for any level m, the relative Frobenius on the Igusa variety of level m

Fr : Jm → J (p)
m

is defined by setting

(A, jm,1, . . . , jm,k) 7→ (A(p), j
(p)
m,1, . . . , j

(p)
m,k),

and its action commutes with the action of the monoid Q×p ×S on the Igusa varieties,
i.e.

(j ◦ (g, ρ, 1, 1))(p) = j(p) ◦ (g, ρ, 1, 1)(p),

for all (g, ρ) ∈ Q×p × S.

3.4.6. We define the action of Frob on the Igusa varieties, as an analogue of the
action of Frob on the Rapoport-Zink spaces (see section 2.5.8). As before, we define
the σ-linear action of Frob as a linear morphism

Frob : Jm → J
(p)
m−1,

for all m ≥ 0.
Let us consider the following diagram:

Σi

F

��

Σi[pm]? _oo

��

jm,i

' // Gi[pm] �
� //

��

Gi

F

��
Σi (p) Σi (p)[pm−1]? _oo

jm,iF
−1

' // Gi (p)[pm−1] �
� // Gi (p)

The isomorphisms jm−1,iF
−1 are simply the restriction of the isomorphism j

(p)
m,i

to the pm−1-torsion. Moreover, the subgroups Gi[F ] = jm,i(Σi[F ]) naturally piece
together as the subquotients of the finite flat subgroup G[F ].

Furthermore, we have G[F ] ⊂ G[p] and A[F ] = 〈G[F ]〉 ⊂ A[p]. Thus, analogously
to the above definition of the action of Q×p × S, we set the action of the element
(p−1, 1, F rob, 1) to be defined by the morphism associated to the (6 + k)-tuple

(A(p), λ(p), i(p), µ̄(p), j
(p)
m−1,1, . . . , j

(p)
m−1,k),

or equivalently (p−1, 1, F rob, 1) = qm,m−1 ◦ Fr.
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It follows that the action of Frob on the Igusa varieties is defined as

Frob = (p, 1, 1, 1) ◦ qm,m−1 ◦ Fr,

i.e. by the morphism associated to the (6 + k)-tuple

(A(p), λ(p), i(p), µ̄(p) ◦ (vc)−1, j
(p)
m−1,1, . . . , j

(p)
m−1,k),

where v ∈ E× is an element such that valu(v) = 1, valuc(v) = 0 and v ≡ 1 mod (uc)m

(see section 3.4.3).
It is clear that the action of Frob commutes with the previously defined action of

Q×p × S × FrN, and therefore there is an action of the monoid

Q×p × S × FrobN × FrN

on the system of Igusa varieties. Moreover, it is easy to see that this action commutes
with the previuosly defined action of G(A∞,p).

3.4.7. Let us remark that, as in section 2.5.13, depending of the choice of the Barsotti-
Tate group Σ/Fp in its isogeny class, there is a natural isomorphism between Jm and
J

(p)
m (for any m ≥ 0), which arise from the fact that the Barsotti-Tate group Σ is

defined over Fp, namely
frob : Jm → J (p)

m

(A, jm,i) 7→ (A, jm,i ◦ ν−1
m,i),

where νm,i denotes the restriction to Σi[pm] of the identification ν : Σ ' Σ(p) (see
section 2.3.7).

As in the case of the Rapoport-Zink space, the action of frob is invertible (and
thus defines an effective descent datum on the Igusa varieties), but does not commute
with the action of Tα (though frobB does, see section 2.3.8).

Proposition 3.7. — Maintaining the above notations. We remark that e(p−1) = 1
and we write a = e(fr−B) = λ1B.

1. If m ≥ 1, the element (p−1, p−1, 1, 1) ∈ Q×p × S × FrobN × FrN acts on Jm as

v ◦ qm,m−1,

where v ∈ E× ⊂ G(Q) ⊂ G(A∞,p) is an element such that valu(v) = 1,
valuc(v) = 0 and v ≡ 1 mod (uc)m.

2. If m ≥ a, the element fr−B ∈ S acts on Jm as

(pB , 1, 1, 1) ◦ qm,m−a ◦ frob−B ◦ FrB ,

where Fr : Jm → J
(p)
m denotes the F̄p-linear relative Frobenius on the Igusa

variety.
3. If m ≥ B (and thus m ≥ a since a = λ1B ≤ B), we have

FrobB = qm−a,m−B ◦ frobB ◦ fr−B .
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Proof. — Part (1): By considering the diagram in section 3.4, when ρ−1
i = p, and

the induced isomorphisms ji ◦p are simply the restrictions of ji on the pm−1-torsions.
Moreover, 〈G[p]〉 = A[u] ⊂ A[p] and thus the multiplication v : A → A gives rise to
the necessary identifications.

Part (2): We shall prove the element (p−B , fr−B , 1, 1) acts as qm,m−a ◦ frob−B ◦
FrB . Let us consider the following commutative diagram.

Σi
FB

//
Σi(p

B) Σi(p
B)[pm]? _oo

j
(pB)
m,i

��

Σi
τ

λiB

i // // Σi

(νi)B

OO

Σi[pm]
� ?

OO

jm,i

��

// Σi[pm−a]
νB

m−a,i //

jm,i◦fr−B

��

� ?

OO

Σi(p
B)[pm−a]

� ?

OO

j
(pB)
m−a,i

��
Gi[pm]� _

��

// Gi/Kifr−B [pm−a]
� _

��

' // Gi(p
B)[pm−a]� _

��

Gi // // Gi/Kifr−B

'
��

Gi FB
// Gi(p

B) Gi(p
B)[pmi ]? _oo

By definition of frB = ⊕iτλiB
i ∈ S, we have that νB ◦ frB = FB on Σ, or

equivalently that

(νi)B ◦ τλiB
i = FB

on Σi, for all i. In particular, it follows that ker(FB) = ker(τλiB
i ) as subgroups of Σi,

for all i.
Thus, maintaining the notations as in section 3.4, Kifr−B = Gi[FB ], and Kfr−B =

G[FB ], i.e. there exists an isomorphism between G/Kfr−B and G(pB), compatible
with the projection G → G/Kfr−B and FB : G → G(pB). Moreover, the isomorphisms

jm,i ◦ fr−B can be identified with the restrictions of the isomorphisms j(p
B)

m,i ◦ νBm,i
over the pm−a-torsion subgroups (we denote by νBm,i the restriction of (νi)B to the
pm-torsion subgroups).

Finally, we also have that 〈G[FB ]〉 = A[FB ] ⊂ A[pB ] and thus, the Frobenius
morphism FB : A → A(pB) gives rise to an isomorphism A/〈G[FB ]〉 ' A(pB), which
is compatible with the structures induced on the two quotients by the one on A.
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Part (3): The equality follows from part (2) and the equality

FrobB = (pB , 1, 1, 1) ◦ qm,m−B ◦ FrB .

3.5. The cohomology of the Igusa varieties. — In this section, we shall rein-
terpret some of the above results in terms of the cohomology with compact supports
of the Igusa varieties.

We shall observe that the cohomology groups of the Igusa varieties naturally form a
direct limit, under the morphism corresponding to the projections qm′,m and qV p,Up ,
and also that the action of G(A∞,p)×Q×p ×S×FrobN on the system of Igusa varieties
give rise to an action on the direct limit of the cohomology groups, which extends to
an action of the group G(A∞,p)×Q×p × T × FrobZ.

Thus, the cohomology groups of the Igusa varieties are representations of the group
G(A∞,p)×Q×p × T × FrobZ, or equivalently of G(A∞,p)×Q×p × T ×WQp , where the
action of the Weil group is unramified.

3.5.1. Let l be a prime number, l 6= p, and r ≥ 1 an integer.
For any integer i ≥ 0, we consider the i-th étale cohomology groups with compact

supports of the Igusa varieties JUp,m over F̄p, with coefficient in Z/lrZ,

Hi
c(JUp,m,Z/lrZ),

for any positive integer m and any open compact subgroup Up ⊂ G(A∞,p).
The finite étale morphisms

qm′,m : JUp,m′ → JUp,m

and

qV p,Up : JV p,m → JUp,m,

for all positive integers m′ ≥ m and all open compact subgroups V p ⊂ Up of G(A∞,p),
induces some morphisms between the cohomology groups

(qm′,m)∗ : Hi
c(JUp,m,Z/lrZ) → Hi

c(JUp,m′ ,Z/lrZ),

and

(qV p,Up)∗ : Hi
c(JUp,m,Z/lrZ) → Hi

c(JV p,m,Z/lrZ).

It is easy to see that the i-th cohomology groups of the Igusa varieties, together
with the above morphisms, form an inductive system and we refer to the direct limit

Hi
c(J,Z/lrZ) = lim

−→ m,UpHi
c(JUp,m,Z/lrZ),

as the i-th cohomology group of the Igusa varieties, with Z/lrZ-coefficients.
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3.5.2. Let us now consider the action of G(A∞,p) × Q×p × S × FrobN × FrN on the
system of Igusa varieties (see sections 3.4 and 3.3). It induces an action of G(A∞,p)×
S × FrobN × FrN on the direct limit of the cohomology groups, Hi

c(J,Z/lrZ), and
moreover the action of Fr is trivial.

In fact, for any (g, ρ) ∈ Q×p × S, the morphism (g, ρ) : JUp,m → JUp,m−e induces a
morphism

(g, ρ)∗ : Hi
c(JUp,m−e,Z/lrZ) → Hi

c(JUp,m,Z/lrZ),

for any integer m ≥ e (where e = e(ρ)) and any open compact subgroup Up.
Morover, since (g, ρ)◦qm′,m = qm′−e,m−e◦(g, ρ) and (g, ρ)◦qV p,Up = qV p,Up◦(g, ρ),

the morphisms (g, ρ)∗ give rise to an endomorphism of the direct limit.
Analogously, for every g ∈ G(A∞,p), the morphism g : JUp,m → Jg−1Upg,m induces

a morphism
g∗ : Hi

c(JUp,m,Z/lrZ) → Hi
c(Jg−1Upg,m,Z/lrZ),

for any positive integer m ≥ 0 and any open compact subgroup Up, and, since g ◦
qV p,Up = qg−1V pg,g−1Upg ◦ g and g ◦ qm′,m = qm′,m ◦ g, the morphisms g∗ give rise to
an automorphism of the direct limit.

Similarly, the σ-semilinear morphisms Frob, Fr : Jm → Jm gives rise to an action
on the étale cohomology groups, and moreover, since Frob and Fr commute with the
projections qm′,m and qV p,Up , it induces an action on the groups Hi

c(J,Z/lrZ).
We remark that the above action of Fr on the étale cohomology groups is trivial,

since Fr : Jm → Jm is the absolute Frobenius.

Remark 3.8. — The action of G(A∞,p)×Q×p × S × FrobN on Hi
c(J,Z/lrZ) can be

extended to an action of the group G(A∞,p)×Q×p × T × FrobZ (S ⊂ T ).

Indeed, since T = 〈S, p, frB〉, in order to prove that the action of S extends to an
action of T it suffices to observe that the elements p−1, fr−B ∈ S act invertibly, or
equivalently that the actions of (p−1, p−1), (p−B , fr−B) ∈ Q×p ×S are invertible. Since
the action of (p−1, p−1) on the Igusa varieties is given by the morphism v ◦ qm,m−1,
where v ∈ E× ⊂ G(Q) acts isomorphically, the induced action on the cohomology
groups becomes invertible once one passes to the direct limit. On the other hand, the
element (p−B , fr−B) acts on the Igusa varieties as qm,m−a ◦ frob−B ◦FrB , and thus
the induced action on the direct limit Hi

c(J,Z/lrZ) is invertible. (Since the action
of frob on the Igusa varieties is invertible, such is also the induced action on the
cohomology groups. On the other hand, we already remarked that the action of Fr
on the étale cohomology groups is trivial and, therefore, in particular invertible.)

The same argument proves that to the action of Frob on Hi
c(J,Z/lrZ) is invertible,

since Frob = qm,m−1 ◦ Fr.
In the following, we shall refer to the cohomology groups with compact supports of

the Igusa varieties with coefficients in Z/lrZ as a representation of G(A∞,p)×Q×p ×
T ×WQp

, where the action of the Weil group is unramified (i.e. it factors through the
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projection WQp
� σZ) and the action of σ on the above spaces is defined to be equal

to the action of Frob−1.

Remark 3.9. — Let Up ⊂ G(A∞,p) be an open compact subgroup. For any integer
q ≥ 0, the Z/lrZ-representation of T ×WQp

Hq
c (JUp ,Z/lrZ) = lim

−→ mH
q
c (JUp,m,Z/lrZ)

is admissible.

In fact, for any integer m ≥ 1, let Γm ⊂ Γ be the subgroup of automorphisms of
Σ which restrict to the identity on Σ[pm]. As m vary, they form a cofinal system of
compact open subgroups of T and we have

Hq
c (JUp ,Z/lrZ)Γ

m

= Hq
c (JUp,m,Z/lrZ),

which is finite. (The latter equality follows from the existence of a trace map on
cohomology and the fact that the morphisms qm′,m are finite étale, of l-prime degree.)

Let us remark that, on the other hand, the Z/lrZ-representations Hq
c (J,Z/lrZ) of

G(A∞,p)×Q×p ×T×WQp
are smooth, but not a priori admissible (cfr. section 2.1.13).

For all integers q ≥ 0, we define the l-adic cohomology groups of the Igusa varieties

Hq
c (J,Ql) = lim

−→ Up,m lim
←− r

Hq
c (JUp,m,Z/lrZ)⊗Zl

Ql.

It follows from the definition and remark 3.8 that they are l-adic representations of
G(A∞,p)×Q×p × T ×WQp and, moreover, are admissible.

4. A system of covers of the Newton polygon strata

In this section we shall study the geometry of the open Newton polygon strata X̄(α).
For each Newton polygon α, we shall consider the product of the Igusa varieties Jm
over the central leaf C = Cα with the reduced fiber M̄n,d of the truncated Rapoport-
Zink space Mn,d = Mn,d

α (see section 2.5.10). For any positive integers m,n, d, such
that m ≥ d, we shall construct some morphisms

πN : Jm ×Spec F̄p
M̄n,d → X̄(α) × F̄p,

for all positive integers N sufficiently large. (In the special case of n = d = N = 0,
the morphisms π0 are simply the morphisms

qm : Jm → C × F̄p ↪→ X̄(α) × F̄p,

for all m ≥ 0.)
We shall show that the morphisms πN are finite and surjective on geometric points

for m,n, d � 0. As m,n, d,N vary, the morphisms πN commute with the natural
projections between Igusa varieties and the inclusions between the Rapoport-Zink
spaces, and also πN+1 = (FrB×1)◦πN , for allN (Fr denotes the Frobenius morphism
of X̄(α) over Fp and B the positive integer we defined in section 2.3.8, which depends
only on α).
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4.1. The action of Frobenius on the slope filtration. — The definition of the
morphisms πN is based of the following key observation regarding the action of the
powers of Frobenius on the slope filtration of a Barsotti-Tate group.

4.1.1. If G be a Barsotti-Tate group over a scheme S in characteristic p we denote
by G(p) its twist by Frobenius and by F : G→ G(p) the Frobenius map.

Lemma 4.1. — Let G be a Barsotti-Tate group over a scheme S in characteristic
p. Assume that G has constant Newton polygon α with slopes λ1 > · · · > λk and for
each i denote by bi the denominator of λi (written in minimal form). We also write
B = lcm(b1, . . . , bk) and δ = min (λ1 − λ2, . . . , λk−1 − λk).

Suppose also that G has a slope filtration

(0) ⊂ G1 ⊂ · · · ⊂ Gk = G

over S as in theorem 2.12, and denote by Gi the corresponding subquotients.
Then, for any integer n > 0, there is a canonical isomorphism:

G(pnB)[pnδB ] '
k∏
i=1

Gi
(pnB)

[pnδB ].

Proof. — We prove the lemma by induction on the lenght k of the slope filtration of
G. The case k = 1 is trivial as G = G1 = G1.

For k ≥ 2 we write H = Gk, G′ = Gk−1, λ = λk and λ′ = λk−1. As G is completely
slope divisible, the quasi-isogeny p−λBFB is in fact an isogeny of G, H and G′. In
particular, it is an isomorphism of H, since H is isoclinic of slope λ.

We consider the following commutative diagram

0 // G′ //

p−λBFB

��

G //

p−λBFB

��

H //

p−λBFB

��

0

0 //
G′(p

B) //
G(pB) //

H(pB) // 0.

where the rows are exact and the vertical maps are isogenies. Since the last verti-
cal morphism H → H(pB) is an isomorphism, it follows by the snake lemma that
G′[p−λBFB ] = G[p−λBFB ].

As G′ is slope divisible with respect to λ′ we can factor the isogeny p−λBFB on G′

as p−λBFB = p(λ′−λ)B ◦ p−λ′BFB . Thus G′[p−λBFB ] ⊃ G′[p(λ′−λ)B ] and we have

H[p(λ′−λ)B ] ' G[p(λ′−λ)B ]
G′[p(λ′−λ)B ]

↪→ G

G′[p(λ′−λ)B ]
→ G

G′[p−λBFB ]
' G(pB)

where the composite map is a section of the natural projection

G(pB)[p(λ′−λ)B ] � H(pB)[p(λ′−λ)B ] ' H[p(λ′−λ)B ].

We conclude that

G(pB)[p(λ′−λ)B ] ' G′(p
B)[p(λ′−λ)B ]×H(pB)[p(λ′−λ)B ]
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and therefore by inductive hypothesis (as λ′ − λ ≤ δ)

G(pB)[pδB ] '
k∏
i=1

Gi
(pB)

[pδB ].

Since the above argument holds also if we replace B by nB (for any integer n > 0),
we obtain the stated result.

Corollary 2.14 allow us to apply the previous theorem to the Barsotti-Tate group
G = εA[p∞] over the central leaf C.

Corollary 4.2. — Maintaining the notations of section 3, we denote by G the
Barsotti-Tate group εA[p∞] over the central leaf C. Let d be a positive integer.

Then, for any integer N such that N ≥ d/δB, there is a canonical isomorphism

G(pNB)[pd] '
k∏
i=1

Gi(p
NB)

[pd].

4.2. The morphisms πN . — We denote by M̄n,d over Spec F̄p the reduced fibers
of the truncated Rapoport-Zink spaces associated to the Barsotti-Tate group Σ (see
section 2.5.10). For all set of indexes (m,n, d) ∈ Z3

≥0, such that m ≥ d, we shall
introduce a system of maps

πN : Jm ×Spec F̄p
M̄n,d → X̄(α) × F̄p,

indexed by the positive integers N ≥ d/δB.

4.2.1. By the universal property of X̄(α) to define such a map is equivalent to define
a quadruple (A, λ, i, µ̄) over Jm ×Spec F̄p

M̄n,d such that the Newton polygon of the
Barsotti-Tate group εA[p∞] is constant and equal to α.

We denote by (A, λ, i, µ̄) over Jm×Spec F̄p
M̄n,d the pullback of the universal quadru-

ple over Jm/C and by (H′, βuniv) the pullback of the universal pair over M̄n,d. Over
Jm ×Spec F̄p

M̄n,d we also have the data of the universal isomorphisms

juniv
m,i : Σi[pm] → Gi[pm]

which, by corollary 4.2, induce an isomorphism

juniv
N = ⊕(juniv

m,i )(p
NB)

|[pd]
: Σ(pNB)[pd] →

∏
i

Gi (p
NB)[pd] ' G(pNB)[pd]

for any N ≥ d/δB.
By the definition of the space Mn,d, the kernel of the isogeny pnβuniv : Σ � H′ is

contained in Σ[pd], and thus ker(pnβuniv)(p
NB) ⊂ Σ(pNB)[pd].

We set
K = KN = juniv

N (ker(pnβuniv)(p
NB)) ⊂ G(pNB)[pd].

We also write Ku = (OB)u ⊗Zp K ⊂ A(pNB)[ud], and K⊥u ⊂ A(pNB)[(uc)d] for the
annihilator of Ku ⊂ A(pNB)[ud] under the λ-Weil pairing.
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We set
〈K〉 = Ku ⊕K⊥u ⊂ A(pNB)[pd]

and define the morphism πN to be determined by the quadruple which is the quotient
of the universal quadruple (A, λ, i, µ̄) via the isogeny

A(pNB) � A(pNB)/〈K〉.

It is clear that the abelian variety A(pNB)/〈K〉 inherites the structure of A(pNB).
More precisely, the induced polarization on A(pNB)/〈K〉 is defined as the unique po-
larization pdλ̄ which fits the following commutative diagram

A(pNB)
pdλ(pNB)

//

����

A(pNB)∨

A(pNB)/〈K〉
pdλ̄

//
(
A(pNB)/〈K〉

)∨
,

OO

and the induced level structure away from p is defined as

V ⊗ A∞,p
µ(pNB)

// V p(A(pNB))
v−n(vc)−d+n

// V p(A(pNB)) // V p(A(pNB)/〈K〉),

where v ∈ E× is an element such that valu(v) = 1, valuc(v) = 0 and v ≡ 1
mod (uc)m.

4.2.2. We remark that the above constructions and definitions hold for any finite
flat pd-torsion subgroup K of the Barsotti-Tate group associated to an abelian variety
endowed with a polarization, an action of OB and a level structure away from p.

4.2.3. We observe that in the case n = d = 0, the space M̄0,0 is just a point (namely,
the point corresponding to the pair (Σ, id) over F̄p) and the morphism π0 on the Igusa
variety Jm is simply the structure morphism

qm : Jm → C × F̄p ↪→ X̄(α) × F̄p,

for any m ≥ 0.

4.2.4. Let us denote by Fr the Frobenius morphism of X̄(α) over Fp, i.e. the Fp-linear
morphism defined by

(A, λ, i, µ̄) 7→ (A(p), λ(p), i(p), µ̄(p)),

and by σ the Frobenius of F̄p.

Proposition 4.3. — Let m ≤ m,n ≤ n′, d ≤ d′, N ≤ N ′ be some positive integers
and Up a level away from p.

Let (gp, gp) ∈ G(A∞,p) × Q×p ⊂ G(A∞), (ρ, Frobr, F rs) ∈ S × FrobN × FrN, and
write e = e(ρ) and f = f(ρ).
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1. If m ≥ d and N ≥ d/δB, then on Jm′ ×F̄p
M̄n,d

πN ◦ (qm′,m × 1) = πN .

2. If m ≥ d′, N ≥ d′/δB and d′ − d ≥ (n′ − n)h, then on Jm ×Spec F̄p
M̄n,d

πN ◦ (1× in,dn′,d′) = πN .

3. If m ≥ d and N ≥ d/δB, then on Jm ×Spec F̄p
M̄n,d

πN ′ = (Fr(N
′−N)B × 1) ◦ πN .

4. If m ≥ d and N ≥ d/δB, then on JUp,m ×F̄p
M̄n,d

πN ◦ ((gp, gp)× 1) = ((gp, gp)× 1) ◦ πN .

5. If m ≥ d+ 2e− f and N ≥ (d+ 2e− f)/δB, then on Jm ×Spec F̄p
M̄n,d

πN ◦ ((ρ, Frobr, F rs)× (ρ, Frobr, F rs)) = (Frs × σr+s) ◦ πN .

Proof. — Part (1): It is straight forward that the definition of πN (i.e. the definition
of the isomorphism juniv

N ) depends only on the restrictions the isomorphisms juniv
m,i

over the pd-torsion, for all i. Thus, πN ◦ (qm′,m × 1) = πN .
Part (2): Proving that πN ◦(1×in,dn′,d′) = πN is equivalent to proving that the defini-

tion of the abelian variety A/〈K〉 and its structures, associated to πN , is independent
on n, d.

Let us denote by Kn,d (resp. Kn′,d′) the subgroup of G(pNB) associated to the
morphism πN on Jm ×Spec F̄p

M̄n,d (resp. on Jm ×Spec F̄p
M̄n′,d′).

It suffices to consider the two cases (n′, d′) = (n, d+1) and (n′, d′) = (n+1, d+1).
Let us first consider the case (n′, d′) = (n, d+ 1). The definition of Kn,d = K does

not depend on d, but the definition of 〈K〉 does. In particular, we have

(Kn,du )⊥ = uc(Kn,d+1
u )⊥.

Thus, the isogeny vc : A(pNB) → A(pNB) (where we choose an element v ∈ E× such
that valu(v) = 1, valuc(v) = 0 and v ≡ 1 mod (uc)m) induces an isomorphism

A(pNB)/〈Kn,d+1〉 ' A(pNB)/〈Kn,d〉.

Moreover, the following diagrams commute:

A(pNB)
vc

//

��

pd+1λ(pNB)

++
A(pNB)

pdλ(pNB)
//

��

(A(pNB))∨
(vc)∨

// (A(pNB))∨

A(pNB)

〈Kn,d+1〉
' //

pd+1λ̄

33
A(pNB)

〈Kn,d〉
pdλ̄ //

(
A(pNB)

〈Kn,d〉

)∨ ' //

OO

(
A(pNB)

〈Kn,d+1〉

)∨
OO
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where (vc)∨ = v, and

V ⊗ A∞,p
µ // V p(A(pNB))

v−n(vc)−d+n

//

v−n(vc)−d−1+n

!!

V p(A(pNB)) // V p(A
(pNB)

〈Kn,d〉 )

V p(A(pNB)) //

vc

OO

V p( A
(pNB)

〈Kn,d+1〉 ).

'

OO

Equivalently, the isomorphism

A(pNB)

〈Kn,d+1〉
' A(pNB)

〈Kn,d〉
gives rise to an equivalence between the two corresponding quadruples.

Let us now consider the case (n′, d′) = (n+ 1, d+ 1). By definition of πN , we have
that

Kn,d = p(Kn+1,d+1),

and also
Kn,du = u(Kn+1,d+1

u ) and (Kn,du )⊥ = (Kn+1,d+1
u )⊥.

Thus, the multiplication by v on A(pNB) gives rise to an isomorphism between

A(pNB)

〈Kn+1,d+1〉
' A(pNB)

〈Kn,d〉
,

which indeed gives rise to an equivalence between the two corresponding quadruples
(by an argument completely similar to the previous one).

Part (3): The equality πN ′ = (Fr(N
′−N)B × 1)πN follows from the fact that

juniv
N ′ = (juniv

N )(p
(N′−N)B).

Part (4): By the very definition of the action of G(A∞,p) on the Igusa varieties,
we have that π0 ◦ (gp × 1) = (gp × 1) ◦ π0 on JUp,m, for any level Up,m.

It suffices to remark that, for all gp ∈ G(A∞,p), we have gp ◦Fr = Fr ◦ gp on X̄(α)
Up

to deduce from part (3) that πN ◦ (gp× 1) = (gp× 1) ◦ πN on JUp,m×F̄p
M̄n,d, for all

Up, m ≥ d and N ≥ d/δB.
Analogously, the equality πN ◦ (gp × 1) = (gp × 1) ◦ πN , for any gp ∈ Q×p , follows

easily from the definitions and the observations in section 3.4.3.
Part (5): Let ρ ∈ S (i.e. (1, ρ, 1, 1) ∈ S × FrobN × FrN), then the action of ρ ∈ S

on the spaces Jm ×Spec F̄p
M̄n,d is defined by the morphism

ρ× ρ : Jm ×Spec F̄p
M̄n,d → Jm−e ×Spec F̄p

M̄n+e,d+e−f .

Let us denote by Kρ the unique subgroup of G such that Kiρ ' ji(ker(ρ−1
i )), for all

i (i.e. the morphism ρ on the Igusa varieties is associated to the Barsotti-Tate group
G/Kρ).
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In order to conclude that πN ◦ ((ρ, 1, 1) × (ρ, 1, 1)) = πN , it is enough to observe
that

(jρ)N (ker(βρ)(p
NB)) =

jN (ker(β)(p
NB))

jN (ker(ρ−1)(pNB))
=
jN (ker(β)(p

NB))

K(pNB)
ρ

⊂ (
G
Kρ

)(p
NB),

and that the induced structures on the quotient abelian variety are the same.
Let us now consider the action of the element Frob = (1, F rob, 1) ∈ S × FrobN ×

FrN. We remark that both πN ◦ (Frob × Frob) and (1 × σ) ◦ πN are σ-semilinear,
and thus it suffices to compare the associated linear morphism (which can be done in
terms of the universal property of X̄(α)).

Indeed, it suffices to observe that the following diagram commutes, where H and H̃
denote respectively the Barsotti-Tate groups associated to the morphisms (1×σ)◦πN
and πN ◦ (Frob× Frob).

H′ (pNB) H̃ ' H

Σ(pNB+1)

pnβF−1

OO

Σ(pNB+1)[pm−a]? _oo j
(p)
N // G(pNB+1)[pm−a]

� � // G(pNB+1)

OO

Σ(pNB)

F

OOOO
pnβ

@@

Σ(pNB)[pm]
jN //? _oo

OOOO

G(pNB)[pm]
� � //

OOOO

G(pNB)

OOOO

aa

Finally, the equality πN ◦ (Fr × Fr) = (Fr × σ) ◦ πN is obvious.

4.3. The morphism Π on F̄p-points. — In this section, we shall focus our atten-
tion on the fibers of the morphisms πN over the F̄p-points of X̄(α).

Let us first establish some notations. It follows from the definitions that we have

X̄(α)(F̄p) = {(A, λ, i, µ̄)/F̄p|α(εA[u∞]) = α}/ ∼,

where the abelian varieties A are considered up to prime-to-p isogenies,

J(F̄p) = lim
←−m

Jm(F̄p) = {(B, λ, i, µ̄; j)/F̄p| j : ΣF̄p
→ εB[u∞] isomorphism }/ ∼,

where the abelian varieties B are also considered up to prime-to-p isogenies, and

M(F̄p) = lim
−→ n,dMn,d(F̄p) = {(H ′, β)|β : ΣF̄p

→ H ′ quasi-isogeny }/ ∼,

where the Barsotti-Tate groups H ′ are considered up to isomorphisms.
We observe that the spaces X̄(α)(F̄p) and M(F̄p) are naturally endowed with the

discrete topology and J(F̄p) with the inverse limit topology.
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4.3.1. Let us remark that the action of the group T of the quasi-selfisogenies of ΣF̄p

on M (resp. the action of the monoid S ⊂ T on the Igusa varieties Jm, for all m)
gives rise to a continuous action on M(F̄p) (resp. on J(F̄p)). These two actions are
defined as

ρ : M(F̄p) →M(F̄p)

(H ′, β) 7→ (H ′, βρ),

for any ρ ∈ T , and

ρ : J(F̄p) → J(F̄p)

(B, λ, i, µ̄; j) 7→ (B/〈j ker(ρ−1)〉, λ′, i′, µ̄′; jρ),

for any ρ ∈ S, where the Igusa structure on the abelian variety B/〈j ker(ρ−1)〉 is
defined by the following commutative diagram

ΣF̄p j
//

ρ−1

��

εB[u∞]

����

� � // B

����
ΣF̄p jρ

// εB[u∞]
j ker(ρ−1)

� � // B
〈j ker(ρ−1)〉 ,

the polarization λ′ is defined as the polarization induced by the polarization peλ on B
(where e = e1(ρ)) and the level structure µ̄′ is induced by the level structure (vc)−eµ
on B (for v ∈ E× is such that valu(v) = 1 and valuc(v) = 0.).

It is easy to see that the action of S on J(F̄p) extends to a continuous action of T
(S ⊂ T ). In fact, the above definition extends directly to all the quasi-isogenies whose
inverse is an isogeny, and moreover the action of p−1 ∈ S is invertible. (Indeed, the
element p−1 ∈ S acts as

(B, λ, i, µ̄, j) 7→ (B/B[u], λ′, i′, µ̄′, jp) ∼ (B, λ, i, v(vc)−1µ, jvp−1),

where the above equivalence is induced by the multiplication v : B → B.)

4.3.2. Let (y, z) ∈ J(F̄p)×M(F̄p), and ym ∈ Jm(F̄p) be the image of y under the pro-
jection J(F̄p) → Jm(F̄p)). Let n, d be two positive integers such that z ∈ Mn,d(F̄p).
Then, for any m ≥ d and N ≥ d/δB, we define the point Fr−NBπN (ym, z) ∈
X̄(α)(F̄p). It follows from proposition 4.3 that this point does not depend on the
choice of the integers m,n, d,N . Thus, we can define a map

Π : J(F̄p)×M(F̄p) → X̄(α)(F̄p),

(y, z) 7→ Fr−NBπN (ym, z) ∈ X̄(α)(F̄p),

for any set of integers m,n, d,N such that m ≥ d, N ≥ d/δB and (ym, z) ∈ Jm(F̄p)×
Mn,d(F̄p).
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The morphism Π can be also described as follows. Let y = (B, λ, i, µ̄; j;H ′, β) ∈
J(F̄p)×M(F̄p), and choose two positive integers n, d such that pnβ and pd−nβ−1 are
two isogenies. We define the abelian variety A as

ΣF̄p j
//

pnβ

��

εB[u∞]

����

� � // B

����

H ′
εB[u∞]
j ker(pnβ)

� � // B
〈j ker(pnβ)〉

H A

where the subgroup 〈j ker(pnβ)〉 of B is defined as

(OBu ⊗Zp j ker(pnβ))⊕ (OBu ⊗Zp j ker(pnβ))⊥ ⊂ B[ud]⊕B[(uc)d].

Then, the point Π(y) ∈ X̄(α)(F̄p) is the class of the abelian variety A endowed with
a polarization, a OB-action and a level structure away from p induced by the ones
of B. More precisely, the polarization pdλ̄ of A is the unique prime-to-p polarization
which fits the following commutative diagram

B

����

pdλ // B∨

B/〈j ker(pnβ)〉
pdλ̄ // (B/〈j ker(pnβ)〉)∨

OO

and the level structure of A is defined as

V ⊗ A∞,p
µ // V p(B)

v−n(vc)−d+n

// V p(B) // V p(B/〈j ker(pnβ)〉).

4.3.3. It follows from the definition that the morphism Π is continuous and invariant
under the action of T on J(F̄p)×M(F̄p), since the πN are invariant under the action
of the submonoid S ⊂ T .

Proposition 4.4. — Let x be a point of X̄(α)(F̄p). Then, the fiber Π−1(x) is a free
principal homogeneous space for the continuous action of T .

Proof. — Let us remark that the action of T on J(F̄p)×M(F̄p) gives rise to an action
of T on the fiber Π−1(x), since Π ◦ (ρ × ρ) = Π, for all ρ ∈ T . Moreover, since the
action of T on J(F̄p)×M(F̄p) is continuous thus is the action of T on Π−1(x).

Let us denote by (A, λA, iA, µ̄A) a quadruple associated to x and by H = εA[u∞]
the corresponding Barsotti-Tate group.

We articulate the proof in three steps.
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1. If (B, λB , iB , µ̄B ; j;H ′, β′) is a 7-tuple associated to an element y ∈ Π−1(x),
then the Barsotti-Tate group H ′ is isomorphic to H, or equivalently

(B, λB , iB , µ̄B ; j,H ′, β′) ∼ (B, λB , iB , µ̄B ; j,H, β),

where β = δβ′, for any isomorphism δ : H ′ → H.
2. Any 7-tuple (B, λB , iB , µ̄B ; j,H, β), associated to an element y ∈ Π−1(x), is

equivalent to a 7-tuple of the form

(A/〈γ ker(pnβ)∗〉, λ, i, µ̄; γ̄, H, β),

where n, d are any two integers such that pnβ and pd−nβ−1 are two isogenies,
(pnβ)∗ : H → ΣF̄p

denotes the unique isogeny such that pnβ ◦ (pnβ)∗ = (pnβ)∗ ◦
pnβ = pd, γ ∈ Aut (H), γ̄ : ΣF̄p

→ H/γ ker(pnβ)∗ is the isomorphism induced
by γ, and the structures of A/〈γ ker(pnβ)∗〉 are induced by the ones of A.

3. To any 7-tuple of the form (A/〈γ ker(pnβ)∗〉, γ̄, H, β) one can associate a quasi-
isogeny β̂ : ΣF̄p

→ H in the same equivalent class of β, and the so defined map
between Π−1(x) and QIso(ΣF̄p

,H) is indeed an homeomorphism of T -spaces.
(In particular, Π−1(x) is a free principal homogeneous space for the continuous
action of T since QIso(ΣF̄p

,H) is.)

Step (1): It follows from the definition of Π that the isomorphism j : ΣF̄p
→ G

induces an isomorphism between the quotients H ′ → H.
Step (2): Let us choose a prime-to-p isogeny

ϕ : B/〈j(ker pnβ)〉 → A

which gives rise to an equivalence between the corresponding two quadruple associated
to the point x = Π(y), and consider the following commutative diagram, where γ is
the unique automorphism of H which makes the diagram commute.

Σ
j //

����

pd

��

pnβ

��

G
� � //

����

B

����

pd

��

Σ
ker(pnβ)

j̄ // G
j(ker(pnβ))

� � //

ϕ|G

��

B
〈j(ker(pnβ)〉

ϕ

��
H

����

γ //

(pnβ)∗

��

H

����

� � // A

����
H

ker(pnβ)∗
γ̄ // H

γ(ker(pnβ)∗)
� � // A

〈γ ker(pnβ)∗〉

Σ
j

// G
� � //

ψ|G

OO

B

ψ

OO
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It follows from the commutativity of the diagram that there exists an isogeny

ψ : B → A/〈γ ker(pnβ)∗〉

which fits in the diagram and also that ψ has degree prime to p (since the restriction
of ψ to G give rise to an isomorphism between the pertinent Barsotti-Tate groups).

The isogeny ψ gives rise to an equivalence of 7-tuples

(B, λB , iB , µ̄B ; j;H,β) ∼ (A/〈γ ker(pnβ)∗〉, λ′, i, µ̄′; γ̄, H, β),

where λ′ is the polarization on the quotient A � A/〈γ ker(pnβ)∗〉 induced by the pdλA
and µ̄′ is the level structure induced by p−dvn(vc)d−nµ̄A = vn−d(vc)−nµ̄A (where
v ∈ E× is an element such that valu(v) = 1 and valuc(v) = 0).

Step (3) We now consider the following commutative diagram.

A // //

pd

**A/〈γ ker(pnβ)∗〉 // // A/A[pd] A

H // //
� ?

OO

H/γ ker(pnβ)∗
� ?

OO

// // H/H[pd]
� ?

OO

H
� ?

OO

H

γ

OO

(pnβ)∗
// Σ

γ̄

OO

pnβ̂

44hhhhhhhhhhhhhhhhhhhhhhhhhh
pnβ

// H

γ

OO

It exists a unique quasi-isogeny β̂ : ΣF̄p
→ H in the same equivalent class of β,

which fits in the diagram (i.e. in the diagram β̂ = γβ).
In order to show that the map

f : Π−1(x) → QIso(ΣF̄p
,H)

(A/〈γ ker(pnβ)∗〉, λ′, i, µ̄′; γ̄, H, β) 7→ β̂

is a bijection, it suffices to construct its inverse.
We define the map

g : QIso(Σ,H) → Π−1(x)

β̂ 7→ (A/〈ker(pnβ̂)∗〉, λ′, i, µ̄′; 1̄,H, β̂),

for some integers n, d ≥ 0 such that pnβ̂ and pd−nβ̂−1 are isogenies.
We check that the definition of g(β̂) does not depend on the choice of the integers

n, d. It suffices to consider the two cases when we replace n, d by n, d + 1 and by
n+ 1, d+ 1.

Let us denote by (pnβ̂)∗ and δ the two isogenies such that (pnβ̂)∗(pnβ̂) =
(pnβ̂)(pnβ̂)∗ = pd and δpnβ̂ = pnβ̂δ = pd+1. Then, we have p(pnβ̂)∗(pnβ̂) =
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(pnβ̂)p(pnβ̂)∗ = pd+1, or equivalently δ = p(pnβ̂)∗. Thus, the multiplication by p on
H gives rise to an isomorphism

H/γ ker δ ' H/γ ker(pnβ̂)∗,

i.e. p(γ ker δ) = γ ker(pnβ̂)∗ ⊂ H[pd]. It follows that

(OBu
⊗Zp

γ ker δ)⊥ = (OBu
⊗Zp

γ ker(pnβ̂)∗)⊥ ⊂ A[(uc)d],

and therefore u〈γ ker δ〉 = 〈γ ker(pnβ̂)∗〉 ⊂ A[pd], i.e. the multiplication v : A → A

gives rise to an isomorphism

A/〈γ ker δ〉 ' A/〈γ ker(pnβ̂)∗〉.

It is easy to check that, under the above identification, the induced structures on
the quotients abelian varieties agree.

Let us suppose now that pnβ̂ and pd−nβ̂−1 are isogenies, then also pn+1β̂ and
p(d+1)−(n−1)β̂−1 are isogenies. Let (pnβ̂)∗ be the isogeny such that (pnβ̂)∗(pnβ̂) =
(pnβ̂)(pnβ̂)∗ = pd, then (pnβ̂)∗(pn+1β̂) = (pn+1β̂)(pnβ̂)∗ = pd+1.

Let us write Ki = (OBu ⊗Zp γ ker(pnβ̂))⊥ ⊂ A[(uc)i] for i = d, d+ 1, then

Kd = ucKd+1,

and therefore the multiplication vc : A→ A gives rise to an isomorphism

A/〈γ ker(pnβ̂)∗〉d+1 ' A/〈γ ker(pnβ̂)∗〉d.

Again, it is easy to check that, under the above identification, the induced struc-
tures on the quotients abelian varieties agree.

The same diagram we used to define the quasi-isogeny β̂ shows that the maps f
and g are inverse of each others. Moreover, it is a direct consequence of the definitions
that the morphisms f, g are continuous, i.e. homeomorphisms.

Finally, in order to prove that the bijection f is compatible with the action of
the group T , we consider the following diagram, for any ρ ∈ T . (Without loss of
generality, we may assume that both β̂ρ and ρ−1 are isogenies.)

A // //

pd′

**
A/〈ker(β̂)∗〉 // // A/〈ker(β̂ρ)∗〉 // // A

H // //
� ?

OO

β̂∗
%%JJJJJJJJJJJJ H/ ker(β̂)∗

� ?

OO

// // H/ ker(β̂ρ)∗
� ?

OO

// // H
� ?

OO

Σ
ρ−1

// Σ
β̂ρ

99ssssssssssss

The commutativity of the diagram implies that the quasi-isogeny associated to the
image of (A/〈ker(pnβ)∗〉, λ′, i, µ̄′; 1̄,H, β̂) via ρ maps to the quasi-isogeny β̂ρ.
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Let us remark that it follows from the above proposition that Π−1(x) is not empty,
for any x ∈ X̄(α)(F̄p). In fact, for any x ∈ X̄(α)(F̄p), the associated Barsotti-Tate
group over F̄p has Newton polygon equal to α = α(Σ), and any two Barsotti-Tate
groups over a perfect field of characteristic p with the same Newton polygon are
isogenous.

Moreover, under the identification Π−1(x) ' QIso(ΣF̄p
,H), the natural map

Π−1(x) � M(F̄p) corresponds to the projection

QIso(ΣF̄p
,H) � Aut (H)\QIso(ΣF̄p

,H).

4.3.4. Let us also remark that it follows from proposition 3.3 that, for any integer
m > 0, the projection

q∞,m : J(F̄p) � Jm(F̄p)
is surjective and the action of Γ = Aut (ΣF̄p

) ⊂ T on J(F̄p) is such that

Jm(F̄p) ' J(F̄p)/Γm,

where Γm ⊂ Γ is the subgroup of the automorphisms of ΣF̄p
which induce the identity

on the pm-torsion subgroup.

4.3.5. Finally, we remark that all the above results remain true is in place of F̄p we
consider any algebraically closed field k over F̄p.

4.3.6. The following results are implied by the previous analysis of the fibers of Π.

Proposition 4.5. — For any positive integers m,n, d,N such that m ≥ d and N ≥
d/δB, the morphism πN : Jm ×Spec F̄p

M̄n,d → X̄(α) × F̄p is quasi-finite.

Proof. — Let x be a point of X̄(α) × F̄p, defined over an algebraically closed field k,
and denote by H the corresponding Barsotti-Tate group. We claim that π−1

N (x) is
finite.

It follows from the equality Π = Fr−NBπN and the surjectivity of the projection
q∞,m that

π−1
N (x) = (q∞,m × 1)(Π−1(Fr−NBx) ∩ J(k)×Mn,d(k)),

where we can identify

Π−1(Fr−NBx) ∩ J(k)×Mn,d(k) ' QIso(Σ,H(p−NB))n,d = QIn,d,

the subset of quasi-isogenies β such that pnβ and pd−nβ−1 are isogenies. Moreover,
under the above identification, the projection π−1

N (x) →Mn,d(k) corresponds to the
projection

QIn,d � Aut (H(p−NB))\QIn,d.

We claim that the quotient Aut (H(p−NB))\QIn,d is finite. In fact, if we choose
an element β0 ∈ QI, then under the corresponding isomorphism T ' QI (which is
defined by ρ 7→ β0ρ), the subset QIn,d corresponds to a compact subset K of T and
the quotient Aut (H(p−NB))\QIn,d to the quotient β0Aut (H(p−NB))β−1

0 \K.
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Since β0Aut (H(p−NB))β−1
0 is an open subgroup of T , the quotient

β0Aut (H(p−NB))β−1
0 \K

is indeed finite.
It remains to prove that the image under q∞,m × 1 of the coset Aut (H(p−NB))β

is finite, for any β ∈ QIn,d. Equivalently, it suffices to know that there is an open
subgroup R of Aut (H(p−NB)) such that the image of Rβ is constant. Indeed, the sub-
group Aut (H(p−NB))m+d of the automorphisms of H(p−NB) which induce the identity
over the pm+d-torsion subgroup has such property.

Proposition 4.6. — If the positive integers m,n, d,N are sufficientely large (m ≥ d

and N ≥ d/δB), the morphism πN is surjective on geometric points.

Proof. — Since the scheme X̄(α) × F̄p is of finite type over Fp, it suffices to show
that for any geometric point x of X̄(α) × F̄p there exist some integers m,n, d,N ≥ 0
(m ≥ d and N ≥ d/δB) such that the set

π−1
N (x) = {(y, t) ∈ Jm ×Spec F̄p

M̄n,d | πN (y, t) = x}

is not empty. Let us recall that

π−1
N (x) = (q∞,m × 1)(Π−1(Fr−NBx) ∩ J(k)×Mn,d(k)),

and that, for all x′ ∈ X̄(α)(k), the fibers Π−1(x′) are not empty. Since M(k) =
lim
−→ n,dMn,d(k), it follows that the set π−1

N (x) is also not empty.

4.4. The leaves are closed. — From the fact that the morphisms πN are quasi
finite we can deduce that the leafs are closed subschemes of the Newton polygon
strata. (We recall that the following result is originally due to Oort, see [26].)

Proposition 4.7. — For any Barsotti-Tate group H/F̄p the corresponding leaf CH
is a closed smooth subscheme of X̄(α) × F̄p.

Proof. — By proposition 2.7, we already know that the leaves are smooth locally
closed subschemes of X̄(α) × F̄p. We now show that they are also closed, by showing
that all the leaves have the same dimension and that if a given leaf CH is not closed,
then there exists a Barsotti-Tate group H ′/F̄p, not isomorphic to H, such that C̄H ⊃
CH′ (which implies that CH′ ⊂ C̄H − CH since CH′ ∩ CH = ∅). These two facts are
clearly in contradiction, therefore we conclude that all the leaves of X̄(α) × F̄p are
closed.

Let H be any Barsotti-Tate group defined over F̄p with Newton polygon equal to
α, and choose an isogeny γ : Σ � H. We also choose a positive integer d such that
pdγ−1 is an isogeny.

Let N be an integer such that N ≥ d/δB and define H ′ = H(p−NB) and β =
γ(p−NB). Then, the pair (H ′, β) defines a point t ∈ M̄0,d(F̄p).
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Let m ≥ d and consider the morphism

f = πN ◦ (1× t) : Jm → X̄(α) × F̄p.

It follows from the definition that, for every point y ∈ Jm, we have

(f∗G)y = (G(pNB)/Kβ)y ' Σ(pNB)/ kerβ(pNB) ' H ′(p
NB) = H.

Thus, the morphism f factors through the leaf CH ⊂ X̄(α) × F̄p. Moreover, f :
Jm → CH is quasi-finite and surjective.

In particular, we deduce that the dimension of CH is equal to the dimension of Jm,
or equivalently to the dimension of the central leaf C = Cα.

Let us now suppose that there is a leaf CH which is not a closed subspace of
X̄(α) × F̄p. Then, there exists a Barsotti-Tate group H ′/F̄p (H ′ not isomorphic to
H) such that CH′ ∩ C̄H is not empty (e.g. for any closed point x = (Ax, λx, ix, µ̄x) ∈
C̄H −CH the Barsotti-Tate group H ′ = Gx satisfies the above assumption). We claim
that CH′ ⊂ C̄H .

Let x be a point of CH′∩C̄H . Then there exists a point y ∈ CH which specializes to
x, or equivalently (by Serre-Tate’s Theorem) there exists a local domain R/F̄p, with
residue field k(x) and fraction field k(y), and a morphism px : SpecR → X̄(α) × F̄p
associated the data of the quadruple (Ax, λx, ix, µ̄x) and a deformation G/R of the
Barsotti-Tate group H ′, such that Gk(y) ' H.

Then, for any other point z = (Az, λz, iz, µ̄z) ∈ CH′ , let us choose an isomorphism
Gz ' H ′ and define pz : SpecR → X̄(α) × F̄p to be the morphism associated the
data of the quadruple (Az, λz, iz, µ̄z) and the Barsotti-Tate group G/R, viewed as a
deformation of Gz via the choosen isomorphism Gz ' H ′. Then, the generic point η
of SpecR give rise to a point t ∈ CH which specialises to z, and thus CH′ ⊂ C̄H .

It follows from the fact that the central leaf is closed that the morphisms πN are
proper.

Proposition 4.8. — For any positive integers m,n, d,N such that m ≥ d and N ≥
d/δB, the morphism πN : Jm ×Spec F̄p

M̄n,d → X̄(α) × F̄p is proper.

Proof. — By the Valuative Criterium of Properness (see [15], Theorem 4.7, p. 101)
it suffices to show that:

– if R is a complete discrete valuation ring over F̄p, K its fraction field and η :
SpecK → SpecR the morphism corresponding to the natural inclusion of R in
K, then for any pair of morphisms (F, f) such that πN ◦F = f ◦η there exists a
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map φ : SpecR→ Jm×Spec F̄p
M̄n,d such that the following diagram commutes.

SpecK F //

η

��

Jm ×Spec F̄p
M̄n,d

πN

��
SpecR

f
//

φ

77

X̄(α) × F̄p

A morphism f : SpecR → X̄(α) × F̄p corresponds to a quadruple (A, λ, i, µ̄)
defined over R, and a morphism F = (F1, F2) corresponds to a (6 + k)-tuple
(B, λ′, i′, µ̄′; jm,1, . . . , jm,k;H ′, β) defined over K. The equality f ◦ η = πN ◦ F
implies that the quadruple (AK , λK , iK , µ̄K) is equivalent to the quotient of the
quadruple (B, λ′, i′, µ̄′)(p

NB) via the projection B(pNB) � B(pNB)/〈K〉, where
K = jN (ker pnβ)(p

NB). Indeed, we may substitute the quadruple associated to f so
that its generic fiber is isomorphic to the quotient of the quadruple corresponding to
B(pNB).

Finally, defining a morphism φ such that the above diagram commutes is equivalent
to defining an integral model (B̂, λ̂′, î′, µ̄′; ĵm,1, . . . , ĵm,k; Ĥ ′, β̂) over R of the (6 + k)-
tuple (B, λ′, i′, µ̄′; jm,1, . . . , jm,k;H ′, β), with the propety that there exists a prime-
to-p isogeny between A and B̂(pNB)/〈K̂〉 (where K̂ = ĵN (ker pnβ̂)(p

NB)), compatible
with the given structures on the abelian varieties. In particular, this property implies
the existence of an isomorphism between the quotient Ĝ/K̂ of Ĝ = εB̂[u∞] and
H = εA[u∞] over R.

Let us consider the isogeny

ψ : B(pNB) � B(pNB)/〈K〉 ' AK ,

then pdψ−1 : AK → B(pNB) is also an isogeny, of degree a power of p, with kernel con-
tained in the pd-torsion subgroup. If we consider the subgroup F ⊂ H[pd] which is the
closure of ker(pdψ−1

|H ) ⊂ H[pd]K in H[pd], then the quotient A/〈F〉, endowed with the

induced structures, has generic fiber equivalent to the quadruple (B, λ′, i′, µ̄′)(p
NB).

This fact implies the existence of a quadruple (B̂, λ̂′, î′, µ̄′), defined over R, whose
generic fiber is equivalent to (B, λ′, i′, µ̄′) and such that (B̂, λ̂′, î′, µ̄′)(p

NB) is equivalent
to the quadruple associated to A/〈F〉. In fact, the quadruple associated to the abelian
variety A/〈F〉 over R defines a morphism g : SpecR → X̄(α) × F̄p such that g ◦ η =
(FrNB×1)◦ (qm ◦F1). Since the morphism Fr×1 on X̄(α)× F̄p is finite, there exists
a morphism g′ : SpecR → X̄(α) × F̄p such that g′ ◦ η = (qm ◦ F1), or equivalently a
quadruple (B̂, λ̂′, î′, µ̄′), defined over R, with the above properties.

We remark that, since the abelian variety B̂ is isogenous to A, the Barsotti-Tate
group Ĝ = εB̂[u∞] has constant Newton polygon equal to α and thus the quadruple
(B̂, λ̂′, î′, µ̄′)/R defines a morphism

g1 : SpecR→ X̄(α) × F̄p
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such that g1 ◦ η = qm ◦ F1.
Moreover, since the map g1 ◦ η = qm ◦F1 factors through the central leaf C× F̄p ⊂

X̄(α) × F̄p, which is a closed subscheme of X̄(α) × F̄p, we deduce that the morphism
g1 also factors through the C × F̄p.

Finally, from the equality g1 ◦ η = qm ◦ F1, where qm : Jm → C × F̄p is finite, we
deduce that the morphism g1 can be lifted to a morphism

φ1 : SpecR→ Jm

(i.e. such that qm ◦ φ1 = g1) with the property that φ1 ◦ η = F1. Equivalently, the
quadruple (B̂, λ̂′, î′, µ̄′)/R can be extended to a (4 + k)-tuple

(B̂, λ̂′, î′, µ̄′; ĵm,1, . . . , ĵm,k)/R

whose generic fiber is (B, λ′, i′, µ̄′; jm,1, . . . , jm,k).
Let us now consider the isogeny

Ψ : B̂(pNB) → A,

whose generic fiber is ψ, and define K̂ = ker(Ψ|Ĝ(pNB)) ⊂ Ĝ(pNB)[pd].
Then, the isogeny

ΣR � ΣR/ĵ−1
N (K̂)

defines a morphism φ2 : SpecR→ M̄n,d such that φ2 ◦ η = F2.
Therefore, the morphism φ = (φ1, φ2) makes the above diagram commute.

Corollary 4.9. — For any positive integers m,n, d,N such that m ≥ d and N ≥
d/δB, the morphism πN : Jm ×Spec F̄p

M̄n,d → X̄(α) × F̄p is finite.

Proof. — It follows from propositions 4.5 and 4.8, together with the general fact that
a morphism is finite if it is proper and quasi finite.

5. Group action on cohomology

In this section we shall show that the action of S on the systems of covers Jm×Spec F̄p

M̄n,d induces an action on the corresponding étale cohomology with compact sup-
ports, which extends to an action of T . Moreover, we shall see that via such an action
of T it is possible to recover the cohomology with compact supports of X̄(α) from the
cohomology with compact supports of the spaces Jm ×Spec F̄p

M̄n,d. More precisely,
we shall prove that for any abelian torsion étale sheaf L on X̄(α) × F̄p (with torsion
orders prime to p), there exists a spectral sequence involving the group homology of
T and the étale cohomology with compact supports of the covers Jm ×Spec F̄p

M̄n,d,
with coefficients in the pull back of L, which converges to the étale cohomology with
compact supports of X̄(α), with coefficient in L.

We are especially grateful to J. de Jong for his help in finding correct statements
and proofs of the following results.
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5.1. The cohomology of étale sheaves with the action of a group. — In
the following, we shall introduce some general results regarding the cohomology with
compact supports of an abelian torsion étale sheaf, endowed with the action of an
abstract p-adic group which acts trivially on the scheme.

5.1.1. We first recall some notations and results from the theory of representations
of a p-adic group over Z/lrZ, for a prime number l 6= p and an integer r ≥ 1. (see [5]
for a survey of the theory over C).

Let G be a p-adic group (e.g. G = T ). Thus, G is a topological group such
that the unit element has a basis of open neighborhoods consisting of open compact
subgroups K of G. Further more, there exists an open compact subgroup K0 of G
which is a pro-p-group, i.e. for any open subgroup K ′ ⊂ K0 the index [K0 : K] is a
power of p. In the following, any time we consider a open compact subgroup of G we
always mean a open compact subgroup contained in K0. (In the case of G = T , one
can choose K0 = Γ1). Finally, let us choose a left invariant Haar measure µ on G,
with coefficients in Z/lrZ, such that µ(K0) = 1, i.e. for any open compact subgroup
K ⊂ K0, we set µ(K) = [K0 : K]−1.

We define the Hecke algebra of G with coefficients in Z/lrZ, Hr(G), to be the space
of locally constant compactly supported functions on G with values in Z/lrZ. Then
Hr(G) has a natural structure of algebra without a unit on Z/lrZ. Let f ∈ Hr(G),
then there exist an open compact subgroup K of G, finitely many elements gi ∈ G

and constants ci ∈ Z/lrZ such that f =
∑
i ciχgiK , where we denote by χC the

characteristic function of C, for any open compact subset C of G.
Let V be a representation of G, with coefficients in Z/lrZ. We say that V is

smooth if V = lim
−→ KV

K , where K varies among the open compact subgroups of G
and V K denotes the submodule of the K-invariant elements of V . If V is a smooth
representation of G, with coefficient in Z/lrZ, then there is a natural action of Hr(G)
on V . (If we write f =

∑
i ciχgiK ∈ Hr(G) and v ∈ V K , for some open compact

subgroup K of G, then f · v = µ(K)
∑
i cigiv.)

5.1.2. We say that a Hr(G)-module V is non degerate if the natural map

Hr(G)⊗Hr(G) V → V

is an epimorphism. Any G-smooth representation V is non degenerate as Hr(G)-
module.

In general, for any Hr(G)-module V , the above morphism gives rise to an isomor-
phism

Hr(G)⊗Hr(G) V −̃→lim
−→ KeKV,

where K varies among the open compact subgroups of G and eK = µ(K)−1χK .
In fact, for any f ∈ Hr(G) there exists an open compact subgroup K such that
f = feK = eKf , which implies that the image of Hr(G) ⊗Hr(G) V in V is exactly
lim
−→ KeK · V . Moreover, suppose

∑
i fi ⊗ vi is an element in the kernel of the map,
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and choose K an open compact subgroup such that fi = fieK = eKfi for all i, then∑
i fi⊗ vi = eK ⊗

∑
i fi · vi. Saying that the image is zero is equivalent to saying that

(
∑
i fi · vi) = 0, which implies that eK ⊗

∑
i fi · vi = 0.

It follows, in particular, that Hr(G) is a flat Hr(G)-module (for all K, the functors
V 7→ eKV are exact and the direct limit functor is also exact).

5.1.3. For any smooth representation V of G, we denote by VG the module of the
coinvariants of V , then

VG ' Λ⊗Hr(G) V,

where Λ = Z/lrZ is the trivial representation of G (thus the action of f =
∑
i ciχgiK ∈

Hr(G) on 1 ∈ Λ is defined as f ·1 = µ(K)(
∑
i ci)). In fact, let us consider the natural

morphism V � VG, v 7→ [v]. For any f =
∑
i ciχgiK ∈ Hr(G) and v ∈ V K , the

equality fv = µ(K)
∑
i cigiv implies that [fv] = µ(K)(

∑
i ci)[v]. We deduce that the

morphism V � VG gives rise to a morphism Λ ⊗Hr(G) V → VG, which is obviously
surjective. Indeed, it is an isomorphism. Let 1⊗v ∈ Λ⊗Hr(G) V be an element in the
kernel of the above map, then there exist finitely many gi ∈ G and vi ∈ V such that
v =

∑
i(gi−1)vi. Let K be an open compact subgroup of G such that vi ∈ V K , for all

i. Then µ(K)v =
∑
i(χgiK−χK)vi, and thus 1⊗µ(K)v = 0. Since µ(K) ∈ (Z/lrZ)×,

it follows that 1⊗ v = 0.

5.1.4. Let W be a Z/lrZ-module, we denote by c − IndG{1}(W ) = C∞c (G,W ) the
space of locally constant functions G→W with compact supports. Then,

c− IndG{1}(W ) ' Hr(G)⊗Z/lrZ W.

(The natural morphism of G-representationsHr(G)⊗Z/lrZW → c−IndG{1}(W ), which
sends any element f ⊗ w to the map g 7→ f(g−1)w, is indeed an isomorphism.)

It follows that c− IndG{1} is an exact functor. (It is clearly left exact and, from the
above equality, it is also right exact.)

We deduce from the above isomorphisms that, for any Z/lrZ-module W , we have
c − IndG{1}(W )G ' W . Moreover, the G-representation c − IndG{1}(W ) is acyclic for
the coinvariant functor. In fact, let us consider the two functors W 7→ c− IndG{1}(W )
and V 7→ VG. Since c− IndG{1}() is exact, in order to compute the derived functors of
()G ◦c−IndG{1}() as the composition of the derived functors of ()G and c−IndG{1}(), it
is enough to check that, for any free Z/lrZ-module L, c− IndG{1}(L) is a flat Hr(G)-
module (and indeed c − IndG{1}(L) ' Hr(G) ⊗Z/lrZ L is flat, since Hr(G) is a flat
Hr(G)-module ). Since ()G ◦ c − IndG{1}() is simply the identity on the category of
Z/lrZ-modules, it follows that all the higher derived functors of ()G vanish on the
image of c− IndG{1}().

5.1.5. We denote by G−Ab(X) the category of abelian lr-torsion étale sheaves over
X, together with an action of G which is trivial on X.
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Definition 5.1. — We say that a sheaf F ∈ G− Ab(X) is smooth if

F = lim
−→ KFK ,

where K varies among the open compact subgroups of G and FK ∈ G − Ab(X) is
the subsheaf of the K-invariants section of F .

We denote by G−SmAb(X) the full subcategory of G−Ab(X) whose objects are
the smooth objects of G− Ab(X).

5.1.6. We write G − Ab for the category of abelian lr-torsion groups, together with
an action of G, and G−SmAb for the full subcategory of G− Ab whose objects are
smooth for the action of G.

Then, the functors of étale cohomology with compact supports on X on Ab(X)
give rise to some functors

Hi
c(X,−) : G−SmAb(X) → G−SmAb.

In fact, for any sheaf F ∈ G−SmAb(X), we have

Hi
c(X,F) = Hi

c(X, lim−→ KFK) = lim
−→ KH

i
c(X,FK),

and the action of K on Hi
c(X,FK) is trivial, for all open compact subgroups K.

5.1.7. Let us denote by Hr(G) − Mod(X) the category of sheaf of Hr(G)-modules
over X. Then, there is a natural inclusion

G−SmAb(X) ↪→ Hr(G)−Mod(X).

In fact, let F ,G ∈ G − SmAb(X) and φ : F → G. For any étale open U of X,
F(U),G(U) are two smooth representations of G and φ(U) a morphism compatible
with the action of G, thus F(U),G(U) are also two Hr(G)-modules and the morphism
φ(U) a morphism of Hr(G)-modules.

5.1.8. We remark that, if F is a smooth G-sheaf, then the sheaf C(F), which is
defined as

C(F)(U) = {f : U →
∏
x∈X

Fx | f(x) ∈ Fx∀x},

for any étale open U of X, is not a smooth sheaf, but it is naturally an object of
Hr(G)−Mod(X). For any open compact subgroupK ofG, it follows from the equality
eKFx = (eKF)x that eKC(F) = C(eKF), and indeed C(F) 6= lim

−→ KC(eKF).

5.1.9. Let us consider the derived functor

Λ⊗L
·

Hr(G) () : D−(X,Hr(G)−Mod) → D−(X,Hr(G)−Mod).

If Λ· is a flat resolution of Λ, then Λ ⊗L·Hr(G) K· ' Λ· ⊗Hr(G) K· (see [1], proposition
4.1.7, p.73). We remark that it is possible to choose a flat resolution of Λ such that
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all the modules Λi are of the form L ⊗Z/lrZ Hr(G), for some free Z/lrZ-module L.
Let us also remark that, for any F ∈ Hr(G)−Mod and x ∈ X, we have

(Λ⊗L
·

Hr(G) F)x = Λ⊗L
·

Hr(G) Fx.

Theorem 5.2. — (see [7], Section 4.9.1, pp. 95-96.) Let K· ∈ D−(X,Hr(G) −
Mod), then

Λ⊗L
·

Hr(G) R
·f!(K·) ' R·f!(Λ⊗L

·

Hr(G) K·)

Proof. — In [7] (Section 4.9.1, pp. 95-96), this statement is proved under some
conditions on the algebra which are not satisfied by Hr(G). Nevertheless the same
argument works.

Deligne’s first remark is that we can assume without loss of generality that f is
proper. In fact, for any f , we have Rf! = Rf̄∗j!, for some open embedding j and
some proper map f̄ . Since taking the tensor product commutes with the extension
by zero, it suffices to prove the statement for f̄ .

Given any complex of sheaves of Hr(G)-modules K·, we can replace K· by the com-
plex of its truncated Godement resolutions, which has the property of being acyclic
for the functor Rf∗.

Let L be a free Z/lrZ-module and consider the Hr(G)-module L⊗Z/lrZHr(G). Let
us first assume L of finite type. Then

L⊗Z/lrZ Hr(G)⊗Hr(G) Rf∗(K.) ' Rf∗(L⊗Z/lrZ Hr(G)⊗Hr(G) K.)

In fact, for any Hr(G)-module V , we have L ⊗Z/lrZ Hr(G) ⊗Hr(G) V ' L ⊗Z/lrZ
lim
−→ KeKV ' lim

−→ KeK(L ⊗Z/lrZ V ). Since L is free of finite type over Z/lrZ and the
functor Rf∗ commutes with direct limits and finite direct sums, it suffices to check
that Rf∗(eKK·) ' eKRf∗(K·). Such an equality follows from the observations of
section 5.1.8 (which apply since the sheaves of the complex K· are all of the form
C(F), for some sheaf F of Hr(G)-modules). In particular

Rf∗(L⊗Z/lrZ Hr(G)⊗Hr(G) K.) ' f∗(L⊗Z/lrZ Hr(G)⊗Hr(G) K.).

By passing to the direct limit, one shows that the same holds for any free Z/lrZ-
module L.

We now consider a flat resolution Λ· of the Hr(G)-module Λ, such that all the
modules Λi are of the form L⊗Z/lrZ Hr(G), for some free Z/lrZ-module L. Then

R·f∗(Λ⊗L
·

Hr(G) K·) ' R·f∗(Λ· ⊗Hr(G) K·) ' f∗(Λ· ⊗Hr(G) K·) '

' Λ· ⊗Hr(G) f∗(K·) ' Λ⊗L
·

Hr(G) R
·f∗(K·).
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5.1.10. We are interested in applying the above theorem to the following case.

Definition 5.3. — We say that an object F ∈ G−SmAb(X) has property P if

Fx ' c− IndG{1}(Lx),

for any geometric point x in X and some abelian lr-torsion group Lx.

Let F be an object in G − SmAb(X), which has property P, and consider the
complex H·(G,F) := Λ ⊗L·Hr(G) F . Then, it follows from the acyclicity of the stalks
of F that

Hi(G,F) =

{
Λ⊗Hr(G) F for i = 0,

0 for i 6= 0.

Corollary 5.4. — Let F be an object in G−SmAb(X) which has property P. Then
there is a spectral sequence

Ep,q2 = Hp(G,Hq
c (X,F)) ⇒ Hp+q

c (X,FG).

Proof. — By applying theorem 5.2 to the sheaf F , we obtain a quasi-isomorphism of
complexes

Λ⊗L
·

Hr(G) R
·f!(F) ' R·f!(Λ⊗L

·

Hr(G) F) ' R·f!(Λ⊗Hr(G) F).

On one hand, the homology of the complex R·f!(Λ⊗Hr(G)F) is simplyHn
c (X,FG). On

the other hand, the homology of Λ ⊗L·Hr(G) R
·f!(F) is computed by the two spectral

sequences associated to the double complex. In particular, the spectral sequence
Ep,q2 = Hp(G,Hq

c (X,F)) abuts to it.

5.2. The étale sheaf F . — We now return to the study of the Newton polygon
stratum X̄(α), for some polygon α. Let L be an abelian torsion étale sheaf over
X̄(α) × F̄p, with torsion orders prime to p. Let m,n, d (m ≥ d) be some posivite
integers. In section 4.2, for any integer N ≥ d/δB, we constructed a morphism
πN : Jm ×Spec F̄p

M̄n,d → X̄(α) × F̄p. We now consider the restrictions π̇N of the
morphisms πN to the open Jm ×Spec F̄p

Ūn,d in Jm ×Spec F̄p
M̄n,d. (The need for

substituting the morphism πN with its restriction on the open Jm ×Spec k Ū
n,d is

purely technical. It corresponds to the fact that the description of M̄ as the union
of an increasing sequence of opens, namely the Ūn,d, is the appropriate one to be
considered when computing the cohomology with compact supports.)

For each m,n, d (m ≥ d), we define the abelian étale sheaf over X̄(α) × F̄p

Fndm = (FrNB × 1)∗(π̇N )!(π̇N )∗(FrNB × 1)!(L),

for some index N sufficiently large (e.g. any N ≥ d/δB). We shall see that the
definition of Fn,dm does not depend on N . We shall also prove that the sheaves Fn,dm
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form a direct system and thus, to the abelian torsion étale sheaf L over X̄(α) × F̄p,
we may associate the abelian étale sheaf over X̄(α) × F̄p:

F = lim
−→ m,n,dFndm ,

together with a natural morphism F → L.
We shall show that the action of S on the covering spaces Jm×Spec F̄p

M̄n,d induces
an action on the sheaf F (trivial on X̄(α) × F̄p), which extends to a smooth action
of the group T ⊃ S with the property of leaving invariant the morphism F → L.
Moreover, we shall prove that, if the sheaf L is endowed with an action of WQp , which
is compatible with the action of Frobenius 1 × σ on X̄(α) × F̄p, then the action of
FrobN on the Jm ×Spec F̄p

M̄n,d enable us to define an action of WQp on the sheaf F ,
also compatible with the action of Frobenius 1 × σ on X̄(α) × F̄p, which commutes
with the morphism F → L and with the action of T on F .

Finally, for any point x in X̄(α) × F̄p, we shall prove that

Fx = C∞c (Π−1(x),Lx) ' c− IndG{1}(Lx).

In particular, for all L, the associated sheaf F ∈ T −SmAb(X̄(α)) has property P
(see definition 5.3).

5.2.1. We start by showing that it is possible to define a sheaf F as as above.

Proposition 5.5. — Let L be an abelian sheaf over X̄(α), with torsion orders rela-
tively prime to p. For any m,n, d (m ≥ d), we define

Fndm = (FrNB × 1)∗(π̇N )!(π̇N )∗(FrNB × 1)!(L),

for some integer N ≥ d/δB.

1. The sheaves Fn,dm are independent on the integers N .
2. The sheaves Fn,dm form a direct system under the morphisms

(qm′,m × 1)∗ : Fn,dm → Fn,dm′

and
(1× in,dn′,d′)! : Fn,dm → Fn

′,d′

m ,

for all integers m′ ≥ m, d′ − d ≥ (n′ − n)h ≥ 0.
3. There exists a natural morphism ς! : F → L.

Proof. — Part (1): Let m,n, d be some positive integers such that m ≥ d. For any
integers N ′ ≥ N ≥ d/δB, we have an equality of morphisms on Jm × Ūn,d:

πN ′ = (Fr(N
′−N)B × 1) ◦ πN .

Thus, (πN ′)! = (Fr(N
′−N)B × 1)!(πN )! and (πN ′)∗ = (πN )∗(Fr(N

′−N)B × 1)∗.
In particular, it follows that

Fn,dm = (FrN
′B × 1)∗(π̇N ′)!(π̇N ′)∗(FrN

′B × 1)!(L) =

= (FrN
′B × 1)∗(Fr(N

′−N)B × 1)!(π̇N )!(π̇N )∗(Fr(N
′−N)B × 1)∗(FrN

′B × 1)!(L) '
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' (FrNB × 1)∗(π̇N )!(π̇N )∗(FrNB × 1)!(L)

(since Fr is a purely inseparable finite morphism, there are canonical isomorphisms
1 ' Fr∗Fr! ' Fr!Fr

∗).
Part (2): From the equality π̇N ◦qm′,m = π̇N (for all m′ ≥ m) and the existence of

a canonical morphism q∗ : D → q!q
∗D, for any étale sheaf D and any finite morphism

q, we deduce the existence of a morphism

(qm′,m × 1)∗ : Fn,dm → Fn,dm′ .

In fact, from the equality π̇N ◦ (qm′,m×1) = π̇N we deduce that (π̇N )! ◦ (qm′,m)! =
(π̇n,dm′ )! and (qm′,m)∗ ◦ (π̇N )∗ = (π̇n,dm′ )∗. Thus, there is a morphism

Fndm = (FrNB × 1)∗(π̇N )!(π̇N )∗(FrNB × 1)!(L) →
→ (FrNB × 1)∗(π̇N )!(qm′,m)!(qm′,m)∗(π̇N )∗(FrNB × 1)!(L) =

= (FrNB × 1)∗(π̇N )!(π̇N )∗(FrNB × 1)!(L) = Fndm′ .

Analogously, from the equality π̇n
′,d′

m ◦ (1× in,dn′,d′) = π̇N (for any N ≥ d′/δB) and
the existence of a canonical morphism i! : i!i∗D → D, for any étale sheaf D and any
open embedding i, we deduce the existence of a morphism

(1× in,dn′,d′)! : Fn,dm → Fn
′,d′

m .

It is straight forward that these morphism respect the required commutativity rules
and thus that the sheaves Fn,dm form a direct limit.

Part (3): For any positive integers m,n, d,N (m,N ≥ d), there is a natural mor-
phism

(π̇N )! : Fndm = (FrNB × 1)∗(π̇N )!(π̇N )∗(FrNB × 1)!(L) →
→ (FrNB × 1)∗(FrNB × 1)!(L) ' L.

It is clear that the morphism (π̇N )! does not dependent on the integer N . We
define ς! = 1

[Jm:J1]
(π̇N )!. Then, it is straight forward that the morphisms ς! on Fn,dm

commutes with the morphisms (qm′,m × 1)∗ and (1× in,dn′,d′)!, and thus give rise to a
morphism ς! : F → L.

It follows from the above proposition that, to any abelian torsion sheaf L over
X̄(α) × F̄p, with torsion orders prime to p, we can associate a sheaf

F = lim
−→ m,n,dFndm ,

together with a morphism F → L.

Proposition 5.6. — Let L be an abelian étale torsion sheaf over X̄(α) × F̄p (with
torsion order prime to p), and consider the associated étale sheaf F → L.

The action of the monoid S on the systems of covering spaces Jm ×Spec F̄p
M̄n,d

induces an action of S on the étale sheaf F , which extends to a smooth action of the
group T on F .

The morphism F → L is invariant under the action of T .
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Proof. — Let ρ ∈ S and write e = e(ρ) and f = f(ρ), then, for all m ≥ d+2e−f and
N ≥ (d+ e− f)/δB, the morphism ρ× ρ : Jm ×Spec F̄p

M̄n,d → Jm−e × M̄n+e,d+e−f

restricts to a morphism

ρ̇ : Jm × Ūn,d → Jm−e × Ūn+e,d+e−f

such that π̇N ◦ ρ̇ = π̇N , since πN (ρ× ρ) = πN .
Let us also remind that on the Rapoport-Zink space M̄ the action of ρ is invertible.

In particular, there are morphisms

ρ̇−1 : Ūn
′,d′ → Un

′−f,d′+e−f

such that ρ̇−1 ◦ ρ̇ = i and ρ̇ ◦ ρ̇−1 = i.
We consider the following diagram (where we right s = e− f).

Jm × Ūn+f,d−s

1×i

%%

ρ̇×1 //

1×ρ̇−1

��

Jm−e × Ūn+f,d−s

1×ρ̇−1

��
1×i

yy

Jm × Ūn,d
ρ̇×1 //

1×ρ̇
��

ρ̇×ρ̇

))RRRRRRRRRRRRRR

π̇N

%%

Jm−e × Ūn,d

1×ρ̇
��

Jm × Ūn+e,d+s
ρ̇×1 // Jm−e × Ūn+e,d+s

π̇N

��
X̄(α) × F̄p X̄(α) × F̄p

We define the action of ρ on the direct system of sheaves Fn,dm

ρ = (1× ρ̇−1)! ◦ (ρ̇× 1)∗ : Fn+f,d−(e−f)
m−e → Fn,dm

as follows (where we write f = FrNB × 1 on X̄(α) × F̄p)

Fn+f,d−(e−f)
m−e = (FrNB × 1)∗(π̇N )!(π̇N )∗(FrNB × 1)!(L) →

→ f∗(π̇N )!(ρ̇× 1)!(ρ̇× 1)∗(π̇N )∗f!(L) =

= f∗(π̇N )!(1× i)!(ρ̇× 1)!(ρ̇× 1)∗(1× i)∗(π̇N )∗f!(L) =

= f∗(π̇N )!(ρ̇× 1)!(1× i)!(1× i)∗(ρ̇× 1)∗(π̇N )∗f!(L) =

= f∗(π̇N )!(ρ̇× 1)!(1× ρ̇)!(1× ρ̇−1)!(1× ρ̇−1)∗(1× ρ̇−1)∗(ρ̇× 1)∗(π̇N )∗f!(L) →

→ f∗(π̇N )!(ρ̇× 1)!(1× ρ̇)!(1× ρ̇)∗(ρ̇× 1)∗(π̇N )∗f!(L) =

= f∗(π̇N )!(ρ̇× ρ̇)!(ρ̇× ρ̇)∗(π̇N )∗f!(L) =

= f∗(π̇N )!(π̇N )∗f!(L) = Fn,dm .

It follows from the definition that, for all ρ ∈ S, the morphisms ρ commute with the
structure morphisms of the direct limit (q×1)∗ and (1×i)!, and also that π̇N !◦ρ = π̇N !.
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Therefore, the above construction gives rise to an action of S on F , under which the
morphism F → L is invariant.

Since T = 〈S, p, frB〉, the action of S on F extends to an action of T if the elements
p−1, fr−B ∈ S act invertibly on F . The element p−1 ∈ S acts isomorphically on the
space M̄ and on Jm via the morphism v(vc)−1 ◦qm′,m, for some element v ∈ E× such
that valu(v) = 1, valuc(v) = 0 and v ≡ 1 mod (uc)m. Thus, the induced action on
the sheaves Fn,dm becomes invertible once one passes to the direct limit F . On the
other hand, the element fr−B ∈ S also acts isomorphically on the space M̄ and on Jm
we have fr−B = (vc)−B ◦ qm,m−a ◦ frob−B ◦FrB , where Fr is the relative Frobenius
morphism on the Igusa varieties over F̄p (a purely inseparable finite morphism). We
can therefore deduce that the induced action of fr−B on F is also invertible.

Finally, in order to prove that the action of T on F is smooth, it suffices to check
that for any m,n, d (m ≥ d) the action of Γm on the sheaf Fn,dm is trivial, which
follows from the fact that the action of Γm on the space Jm ×Spec F̄p

M̄n,d is trivial
(see section 2.5.12 and proposition 3.3).

5.2.2. We are interested in the case when the sheaf L is naturally endowed with
an action of the Weil group WQp , which is compatible with the action of WQp on
X̄(α)× F̄p, e.g. L the pullback over X̄(α)× F̄p of a sheaf over X̄(α) or some vanishing
cycle sheaf.

Definition 5.7. — We say that a sheaf L on X̄(α) × F̄p has an action of WQp
,

compatible with the action of WQp
on X̄(α) × F̄p if, for all τ ∈ WQp

, there are some
isomorphisms (1 × τ̄)∗L ' L, where τ̄ denotes the image of τ in σZ ⊂ Gal(F̄p/Fp),
such that τ ◦ τ ′ = τ ′τ .

Proposition 5.8. — Maintaining the notations of propositon 5.6. Let us further
assume that the étale sheaf L is endowed with an action of the Weil group WQp .

Then, there is an induced action of WQp
on the étale sheaf F , which commutes

with the action of T on F and with the morphism F → L.

Proof. — Let us consider the action of Frob on the covering spaces Jm×Spec F̄p
M̄n,d.

From the equality πN ◦ (Frob× Frob) = (1× σ) ◦ πN , we deduce that

(FrNB × 1)∗(π̇N )!(Frob× Frob)!(Frob× Frob)∗(π̇N )∗(FrNB × 1)!(L) =

= (1× σ)!(FrNB × 1)∗(π̇N )!(π̇N )∗(FrNB × 1)!(1× σ)∗(L).

Let us also recall that the action of Frob on the Rapoport-Zink space is invertible.
In particular, we have

Frob−1 : Un
′,d′ → Un

′,d′+1,

where Frob−1 ◦ Frob = i and Frob ◦ Frob−1 = i.
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Let τ ∈ WQp
and assume for the moment that τ̄ = σr, for some r ≥ 0. We define

the action of τ on the system of sheaves Fn,dm as

τ ◦ (1× Frob−r)!(Frobr × 1)∗ : (1× σr)∗ Fn,d−rm−r →

→ (1×σr)∗(FrNB×1)∗(π̇N )!(Frobr×Frobr)!(Frobr×Frobr)∗(π̇N )∗(FrNB×1)!(L)

= (1× σr)∗(1× σr)!(FrNB × 1)∗(π̇N )!(π̇N )∗(FrNB × 1)!(1× σr)∗(L) '
' (1× σr)∗(1× σr)!Fn,dm ' Fn,dm .

Thus, the action of τ on Fn,dm satisfies the equality

ς! ◦ τ = τ ◦ ς! : (1× τ̄)∗Fn,dm → L.

The compatibility of the action of Frob with the morphisms qm′,m×1 and 1×in,dn′,d′
and with the action of S on the spaces Jm×Spec F̄p

M̄n,d implies that the above action
of τ on the étale sheaves Fn,dm gives rise to an action of τ on the direct limit F ,
(1× τ̄)∗F → F , which commutes with the action of T on F and with the projection
F → L.

Moreover, since the action of Frob on the Rapoport-Zink space M is invertible and
on the Igusa varieties Jm is defined by the morphisms Frob = qm,m−1 ◦Fr (where Fr
is a purely inseparable morphism), we deduce that the action of τ on F is invertible,
and thus we can extend the above action to an action of WQp

on F .

5.2.3. We now focus our attention of the stalk Fx of the sheaf F , at a point x of
X̄(α) × F̄p. It follows from the fact that the morphisms πN are finite that

Fx = lim
−→ m,n,d

(
(FrNB × 1)∗(π̇N )!(π̇N )∗(FrNB × 1)!(L)

)
x

=

= lim
−→ m,n,d

(
(π̇N )!(π̇N )∗(FrNB × 1)!(L)

)
FrNB(x)

=

= lim
−→ m,n,d

∏
π̇N (y)=FrNB(x)

(
(π̇N )∗(FrNB × 1)!(L)

)
y

=

= lim
−→ m,n,d

∏
π̇N (y)=FrNB(x)

(
(FrNB × 1)!(L)

)
π̇N (y)

=

= lim
−→ m,n,d

∏
π̇N (y)=FrNB(x)

(
(FrNB × 1)!(L)

)
FrNB(x)

=

= lim
−→ m,n,d

∏
π̇N (y)=FrNB(x)

(L)x.

Under the above identification, the morphisms

(qm′,m × 1)∗ : (Fn,dm )x → (Fn,dm′ )x

is defined as
(qm′,m × 1)∗(s)y = s(qm′,m×1)(y),

for all y ∈ Jm′ × Ūn,d and the morphisms

(1× in,dn′,d′)! : (Fn,dm )x → (Fn
′,d′

m )x
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as

(1× in,dn′,d′)!(s)y =

{
sy if y ∈ Jm × Ūn,d,

0 otherwise,

for all y ∈ Jm × Ūn
′,d′ .

The projection ς! : (Fn,dm )x → Lx is defined as

ς!(s) =
1

[Jm : J1]

∑
π̇N (y)=FrNB(x)

s(y),

for y ∈ Jm × Ūn,d.
Finally, the action of T on Fx is defined as

ρ(s)y = sρ(y),

for all ρ ∈ T , s ∈ Fx, y ∈ Jm × Ūn,d and m,n, d� 0.

Proposition 5.9. — Let L be an abelian torsion étale sheaf on X̄(α) × F̄p, with
torsion orders prime to p, and x a geometric point of X̄(α)× F̄p. We denote by F the
sheaf on X̄(α) × F̄p associated to L, F → L.

Then,
Fx = C∞c (Π−1(x),Lx)

as representations of T (see section 4.3).

Proof. — We use the identification

Fx = lim
−→ m,n,d

∏
π̇N (y)=FrNB(x)

(L)x.

Then, there is a natural isomorphism of T -modules

Θ : Fx → C∞c (Π−1(x),Lx)

defined by
Θ(s)(y) = s(q∞,m×1)(y) (∃m� 0),

for all y ∈ Π−1(x).
In fact, let s ∈ Fx and y = (y1, y2) ∈ Π−1(x) ⊂ J(k) × M̄(k). Then, there exist

two integers n, d ≥ 0 such that y2 ∈ Un,d(k). Then, for any m ≥ d and N ≥ d/δB,

π̇N (q∞,m × 1)(y) = FrNBΠ(y) = FrNB(x).

Further more, if m,n, d are sufficiently large (e.g. such that s ∈ Fx is the image of
an element of (Fn,dm )x), then s(q∞,m×1)(y) ∈ Lx.

It is also clear that the value s(q∞,m×1)(y) ∈ Lx is independent on the choice of the
integers m,n, d,N (since, for all m′ ≥ m, q∞,m = qm′,m ◦ q∞,m′).

In order to prove that the map Θ(s) is indeed an element of C∞c (Π−1(x),Lx) (for
any s ∈ Fx), it remains to prove that it has compact support and is invariant under
the action of an open subgroup of T .
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Let s ∈ Fx and denote by m,n, d (m ≥ d) some positive integers such that s
arises as the image of an element in (Fn,dm )x. Then, it follows from the definition
that the support of Θ(s) is contained in Π−1(x)∩ J(k)×M̄n,d(k), which is compact,
and thus is itself compact. Moreover, the function Θ(s) factors through the quotient
(q∞,m × 1)Π−1(x) and in particular takes non zero values only on the set

(q∞,m × 1)(Π−1(x) ∩ J(k)× M̄n,d(k)) ⊂ (q∞,m × 1)Π−1(x),

which is finite (see the proof of proposition 4.5). Therefore, for all ρ ∈ Γm,we have

Θ(s)ρ = Θ(s) ◦ ρ = Θ(s).

It also follows directly from the definitions that the the map Θ is injective. To
prove that Θ is surjective, it suffices to show that for any f ∈ C∞c (Π−1(x),Lx)
there exist some positive integers m,n, d such that the support of f is contained in
Π−1(x) ∩ J(k) × M̄n,d(k) (which is equivalent to say that f has compact support)
and f factors via the quotients (q∞,m × 1)Π−1(x) ⊂ Jm(k)×M̄(k) (and in fact, it is
enough to choose m such that Γm is contained in the open subgroup of Γ which fixes
f).

Finally, the map Θ is a morphism of T -modules, because, for all s ∈ Fx and
y ∈ Π−1(x), we have

Θ(s)ρ(y) = Θ(s)ρ(y) = s(q∞,m×1)ρ(y) = sρ(q∞,m×1)(y) = ρ̇∗(s)y.

Corollary 5.10. — Maintaining the above notations. For any geometric point x ∈
X̄(α) × F̄p, there is a non canonical isomorphism of T -representations

Fx ' c− IndT{1}(Lx).

In particular, the sheaf F/X̄(α) × F̄p has property P (see definition 5.3).

Proof. — By proposition 4.4, there exists a non canonical isomorphism Π−1(x) ' T

and thus
Fx = C∞c (Π−1(x),Lx) ' C∞c (T,Lx) = c− IndT{1}(Lx).

5.3. The cohomology of the Newton polygon strata. — We shall now apply
the results of section 5.1 to the case when G = T , X = X̄(α) × F̄p and F is the sheaf
defined in section 5.2, attached to an abelian torsion étale sheaf L over X̄(α) × F̄p.

Corollary 5.4 may be applied to obtain the following result.

Theorem 5.11. — Let L be a torsion abelian étale sheaf over X̄(α)×F̄p (with torsion
orders prime to p), endowed with an action of the Weil group WQp

. Then, there is a
spectral sequence

Ep,q2 = Hp(T, lim−→ m,n,dH
q
c (Jm ×Spec F̄p

Ūn,d, (π̇N )∗L)) ⇒ Hp+q
c (X̄(α) × F̄p,L),
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which is compatible with the action of the Weil group WQp
.

Proof. — Let us consider the the abelian torsion étale sheaf over X̄(α) × F̄p
F = lim

−→ m,n,d Fn,dm = lim
−→ m,n,d(FrNB × 1)∗(π̇N )!(π̇N )∗(FrNB × 1)!(L).

Then, corollary 5.4 applied to the case we are considering implies the existence of
a spectral sequence

Hp(T,Hq
c (X̄

(α) × F̄p,F)) ⇒ Hn
c (X̄(α) × F̄p,FT ).

Let us focus on the terms of the above spectral sequence. It follows from the
definition of the sheaf F and from the fact that the morphisms πN are finite that

Hq
c (X̄

(α) × F̄p,F) = Hq
c (X̄

(α) × F̄p, lim−→ m,n,dFn,dm )

= lim
−→ m,n,dH

q
c (X̄

(α) × F̄p,Fn,dm )

= lim
−→ m,n,dH

q
c (X̄

(α) × F̄p, (FrNB × 1)∗(π̇N )!(π̇N )∗(FrNB × 1)!(L))

= lim
−→ m,n,dH

q
c (X̄

(α) × F̄p, (π̇N )!(π̇N )∗(L))

= lim
−→ m,n,dH

q
c (Jm ×Spec F̄p

Ūn,d, (π̇N )∗(L)),

where the above identifications are compatible with the action of the group T ×WQp

(see propositions 5.6 and 5.8).
On the other hand, the morphism F → L gives rise to a morphism FT → L which

is also compatible with the action of WQp
. Indeed, the morphism FT → L is bijective,

since such are the induced maps on stalks (FT )x = (Fx)T → Lx, for all x ∈ X̄(α)× F̄p
(this fact follows from corollary 5.10).

5.4. Using Künneth formula. — In the following, we use Künneth formula for
étale cohomology with compact supports to rewrite the result of the previous theorem
in terms of the cohomology groups of the Igusa varieties and the Rapoport-Zink
spaces, separately.

5.4.1. Let us first establish some general results relative the tensor product of smooth
representations with coefficients in Z/lrZ of a p-adic group G.

Let M,N be two smooth Z/lrZ-representations of G. Then, the Z/lrZ-module
M ⊗Z/lrZ N in naturally endowed with an action of G, namely g(v ⊗ w) = gv ⊗ gw.
(Indeed, for all i ≥ 0, the Z/lrZ-modules ToriZ/lrZ(M,N) also have a natural smooth
action of G.)

We remark that the Hr(G)-module associated to M ⊗Z/lrZ N is not the module
M ⊗Hr(G) N . On the other hand, there is a natural isomorphism

Mop ⊗Hr(G) N ' Λ⊗Hr(G) (M ⊗Z/lrZ N),

where Mop denotes the right Hr(G)-modules associated to the right Z/lrZ-represen-
tation of G which underlying Z/lrZ-module is M and the right action of G is defined
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as m · g = g−1m, for all g ∈ G and m ∈ M . Indeed, let us consider the natural
epimorphism

M ⊗Z/lrZ N →Mop ⊗Hr(G) N.

For any m ∈ M , n ∈ N , g ∈ G and open compact subgroup K of G, we have
χgK(m⊗ n) = µ(K)gm⊗ gn ∈M ⊗Z/lrZ N . and also

m⊗ n = gm · g ⊗ n = µ(K)−1χgKgm⊗ n = µ(K)−1χgK(gm⊗ n) =

= gm⊗ µ(K)−1χgKn = gm⊗ gn ∈Mop ⊗Hr(G) N.

Thus, the above morphism induces a morphism between Λ⊗Hr(G) (M ⊗Z/lrZ N) and
Mop ⊗Hr(G) N . Such a morphism is clearly surjective and indeed is also injective.

Proposition 5.12. — Let M·, N· be two complexes, bounded from above, of smooth
Z/lrZ-representations of G, then

Λ⊗L
·

Hr(G) (M· ⊗L
·

Z/lrZ N·) 'Mop
· ⊗L

·

Hr(G) N·.

Proof. — First, we replace the complex N· with its Cartan-Eilenberg resolution P·.
Since any smooth representation of G admits a resolution by projetives of the form
L⊗Z/lrZ Hr(G), for some free Z/lrZ-module L, we can assume without loss of gener-
ality that P· = L· ⊗Z/lrZ Hr(G).

We remark that, if L is a free Z/lrZ-module, then P = L ⊗Z/lrZ Hr(G) is a flat
Z/lrZ-module, and thus

M· ⊗L
·

Z/lrZ N· 'M· ⊗Z/lrZ (L· ⊗Z/lrZ Hr(G)) ' (M· ⊗Z/lrZ L·)⊗Z/lrZ Hr(G)),

where the latter is a complex of acyclic objects for the functor Λ⊗Hr(G) () (see section
5.1.4). Therefore,

Λ⊗L
·

Hr(G) (M· ⊗Z/lrZ L· ⊗Z/lrZ Hr(G)) '

' Λ⊗Hr(G) (M· ⊗Z/lrZ L· ⊗Z/lrZ Hr(G)) '
' Mop

· ⊗Hr(G) (L· ⊗Z/lrZ Hr(G)) '

' Mop
· ⊗L

·

Hr(G) (L· ⊗Z/lrZ Hr(G)).

5.4.2. We apply the above proposition to the study of the cohomology of the open
Newton polygon strata. To avoid ambiguities, let us reintroduce in our notation the
datum of the level Up ⊂ G(A∞,p) of the Shimura variety we are studying. In the
following, X̄(α)

Up denotes the Newton polygon stratum associated to a Newton polygon
α, and Jm,Up denotes the Igusa varieties of level m over the central leaf of X̄(α)

Up .
For all i ≥ 0, we write

Hi
c(JUp ,Z/lrZ) = lim

−→ mH
i
c(JUp,m,Z/lrZ)
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for the cohomology groups with coefficients in Z/lrZ of the Igusa varieties of level Up,
viewed as a module endowed with an action of T × (WQp

/Ip) (see section 3.5).
We also write

Hi
c(M̄,G) = lim

−→ n,dH
i
c(Ū

n,d,G|Ūn,d)

for the cohomology groups with coefficients in an abelian torsion sheaf G (with torsion
orders relatively prime to p) of the reduction of the Rapoport-Zink space without level
structure. If the sheaf G is endowed with an action of the Weil group, we view the
above cohomology groups as modules endowed with an action of T ×WQp

(see section
2.5.14), where the action of T on the cohomology groups arises from the opposite
action of T on M̄.

Finally, we denote by p̄r : Jm × Ūn,d → M̄ the projection to the second factor of
the product.

Theorem 5.13. — Let Up be a sufficiently small open compact subgroup of G(A∞,p),
r ≥ 1 an integer, L (resp. G) an étale sheaf of Z/lrZ-modules over X̄(α) × F̄p (resp.
M̄), endowed with an action of the Weil group.

Suppose that, for any m,n, d (m ≥ d), there exist an integer N ≥ d/δB and an
isomorphism of étale sheaves over Jm × Un,d

π̇∗NL ' p̄r∗G

invariant under the action of the Weil group, and also that, as m,n, d vary, these
isomorphisms are compatible under the natural trasition maps.

Then, there is a spectral sequence of Z/lrZ-modules, compatible with the actions of
Weil group,⊕

t+s=q

TorpHr(T )(H
s
c (M̄,G),Ht

c(JUp ,Z/lrZ)) ⇒ Hp+q
c (X̄(α)

Up × F̄p,L).

Proof. — Let us consider the abelian torsion étale sheaf F over X̄(α)× F̄p associated
to the sheaf L (see section 5.2). We also write f : X̄(α)

Up × F̄p → F̄p, gm : Jm,Up → F̄p
and hn,d : Ūn,d → F̄p for the structure morphisms. Then, as we remarked in the proof
of theorem 5.11, it follows from the definition of F (and the equality R·π̇N ! ' π̇N !)
that

R·f!(F) ' lim
−→ m,n,dR

·(gm × hn,d)!(π̇∗NL).

Since π̇∗NL ' p̄r∗G, one can use Künneth formula for étale cohomology with com-
pact support to obtain

lim
−→ m,n,dR

·(gm × hn,d)!(π̇∗NL) ' lim
−→ m,n,dR

·gm !(Z/lrZ)⊗L
·
R·hn,d! (G)

' lim
−→ mR

·gm !(Z/lrZ)⊗L
·
lim
−→ n,dR

·hn,d! (G).

Thus, by proposition 5.12, we have

Λ⊗L
·

Hr(T ) R
·f!(F) ' Λ⊗L

·

Hr(T ) (lim
−→ n,dR

·hn,d! (G)⊗L
·
lim
−→ mR

·gm !(Z/lrZ))

' (lim
−→ n,dR

·hn,d! (G))op ⊗L
·

Hr(T ) lim
−→ mR

·gm !(Z/lrZ).
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Finally, by theorem 5.2 be conclude that there is a quasi-isomorphism

R·f!(L) ' R·f!(Λ⊗L
·

Hr(T ) F) '

' (lim
−→ n,dR

·hn,d! (G))op ⊗L
·

Hr(T ) (lim
−→ mR

·gm !(Z/lrZ)),

or equivalently that there exists a spectral sequence⊕
t+s=q

TorpHr(T )(H
s
c (M̄,G),Ht

c(JUp ,Z/lrZ)) ⇒ Hp+q
c (X̄(α)

Up × F̄p,L).

The compatiblity of the above spectral sequence with the actions of the Weil group
follows from the fact that all the above quasi-isomorphisms commute with the action
of the Weil group.

The following description of the cohomology groups of the open Newton polygon
strata is a special case of the theorem above.

Theorem 5.14. — Let Up be a sufficiently small open compact subgroup of G(A∞,p),
and r ≥ 1 an integer.

Then, there is a spectral sequence of Z/lrZ-modules, endowed with an unramified
action of Weil group,⊕

t+s=q

TorpHr(T )(H
s
c (M̄,Z/lrZ),Ht

c(JUp ,Z/lrZ)) ⇒ Hp+q
c (X̄(α)

Up × F̄p,Z/lrZ).

Proof. — The corollary follows directly from theorem 5.13, applied to the sheaves
L = Z/lrZ and G = Z/lrZ.

6. Formally lifting to characteristic zero

In this section we shall investigate the possibility of lifting the constructions of
sections 3 and 4 to characteristic zero.

First, we shall lift the varieties over Spec Fp (resp. Spec F̄p) to formal schemes
over Spf Zp (resp. Spf Ẑnrp , where Ẑnrp = W (F̄p)). The truncated Rapoport-Zink
spaces M̄n,d are by their very definition the reduced fibers of the formal schemes
Mn,d over Spf Zp. The open Newton polygon stratum X̄(α) and the central leaf C
also have natural lifts to formal schemes over Spf Zp, namely the formal completions
along them of the Shimura variety X over SpecOEu

. We shall write X(α) and C for
the lifts of X̄(α) and C respectively.

For the Igusa varieties Jm over F̄p, a natural choice of lifts Jm over Spf Ẑnrp are
their images under the equivalence between the category of finite étale covers of C×F̄p
and the category of finite étale covers of C × Spf Ẑnrp . Thus, the varieties Jm are by
definition equipped with morphisms qm : Jm → C× Spf Ẑnrp which lift the morphism
qm : Jm → C×Spec F̄p. In this section we shall investigate the possibility of extending
the morphisms πN on the formal schemes Jm ×Spf Ẑnr

p
Mn,d, for all positive integers

m,n, d,N (m ≥ d and N ≥ d/δB).
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Let us remark that for the purpose of all the following constructions, it suffices
to assume that J0 is any formally smooth formal scheme over Spf Ẑnrp which reduces
modulo p to J0 = C × F̄p (not necessarily C× Ẑnrp ), and Jm → J0 are the finite étale
covers corresponding to Jm → J0.

6.1. From F̄p-schemes to formal Ẑnrp -schemes. — The goal of this section is
to introduce some formal schemes over Spf Ẑnrp whose reduced fibers are naturally
identified with the schemes over F̄p we studied in sections 3 and 4. We shall maintain
the notations established in section 3.2.

6.1.1. By definition, X̄(α) (resp. C) is a locally closed subscheme of the reduction X̄
of the Shimura variety X over SpecOEu (and under our assumptions OEu = Zp). We
define X (resp. X(α), C) to be the formal completion of X along X̄ (resp. X̄(α), C).
Then X (resp. X(α), C) is a formal scheme over Spf Zp with reduced fiber X̄ (resp.
X̄(α), C). Moreover, there are natural inclusions C ↪→ X(α) ↪→ X which lay above
C ↪→ X̄(α) ↪→ X̄.

We observe that since X is a smooth variety over SpecOEu the formal schemes X,
X(α) and C are formally smooth over Spf Zp.

6.1.2. By a result of Grothendieck (see [12], Exp. I, 8.4), there is an equivalence
between the category of finite étale covers of C × F̄p and the category of the finite
étale covers of C× Ẑnrp . For any m ≥ 0, we define the formal scheme Jm over C× Ẑnrp
to be the image of Jm/C × F̄p under the equivalence of categories. Then Jm is
characterised by the following properties:

1. Jm is finite étale and Galois over C× Ẑnrp with Galois group Γm;
2. the reduce fiber of Jm is Jm and (qm)red = qm, where qm : Jm → C × Ẑnrp is

the structure morphism.

It also follows from the above equivalence of categories that there exist unique
morphisms

qm′,m : Jm′ → Jm

such that (qm′,m)red = qm′,m and qm′ = qm ◦ qm′,m, for all m′ ≥ m .
Moreover, by Artin’s Approximation Theorem, the formal schemes Jm have the

following universal property (for all m).

Remark 6.1. — For any formal Ẑnrp -scheme S and any two morphisms f : S → C

and f̄m : Sred → Jm such that qm ◦ f̄m = f red there exists a unique morphism
fm : S → Jm such that qm ◦ fm = f and (fm)red = f̄m.

6.1.3. In the next sections, we shall use extensively some results of Grothendieck in
the theory of deformations of Barsotti-Tate groups. For conveniency we report them
here below.
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Theorem 6.2. — (See [17], Theorem 4.4, pp. 171-177, Corollary 4.7, pp. 178-179.)
Let i : S ↪→ S′ be a nil-immersion of schemes, where S′ is affine.

Suppose G is a trunctated Barsotti-Tate group over S of length n. Then

1. There exists a truncated Barsotti-Tate group G′ over S′ of length n such that
i∗(G′) = G.

2. If there exists a Barsotti-Tate group H over S such that G = H(n) (where H(n)
denotes the n-th truncate of H), then for any deformation G′ over S′ of G there
exists a deformation H ′ over S′ of H such that G′ = H ′(n).

3. For any r ≤ n, the natural map

Def (G, i) → Def (G(r), i),

which maps a deformation G′/S′ of G to its r-th truncate G′(r), is a surjection.
4. Let N be an integer ≥ 1. Suppose that the nil-immersion i is defined by an ideal
I such that I2 = (0) and pN ∈ I. Then the map in part (3) is a bijection for
all n ≥ r ≥ N .

5. Under the assumtion of parts (2) and (4), the map

Def (H, i) → Def (H(r), i)

which maps a deformation H ′/S′ of H to its r-th truncate H ′(r), is a bijection
for all r ≥ N .

Let us remark that parts (4) and (5) of the above theorem hold also without
assuming that the scheme S′ is affine.

6.2. The morphisms πN (t). — We now investigate the problem of lifting the
morphism πN : Jm ×Spec F̄p

M̄n,d → X̄(α) to a morphism over Spf Ẑnrp , i.e. to a
morphism Jm×Spf Ẑnr

p
Mn,d → X(α)×Spf Zp Spf Ẑnrp , for any positive integersm,n, d,N

(m ≥ d and N ≥ d/δB).
We shall show that, for any positive integer t such that m ≥ d + t/2 and N ≥

(d+t/2)/δB, it is possible to define a morphism πN (t) on the subscheme of Jm×Spf Ẑnr
p

Mn,d cut by the t-th power of the maximal ideal of definition I (p ∈ I), such that

(πN (t))red ◦ (1× F̃ r)NB = πN ,

where F̃ r = frob−1 ◦ Fr on M̄n,d, and also

πN (t)∗H[p[t/2]] ' H′[p[t/2]],

where H and H′ denote the universal Barsotti-Tate groups over X(α) × Spf Ẑnrp and
Mn,d, respectively. (For any positive integer t, we denote by [t/2] the minimal integer
greater than or equal to t/2.) Moreover, the morphisms πN (t) are compatible with
the projections qm′,m × 1 and with the inclusions 1× in,dn′,d′ .
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6.2.1. Let t be a positive integer and Y a formal scheme over Spf Ẑnrp . We denote
by Y(t) the closed subscheme of Y which is defined by the t-th power of its maximal
ideal of definition I (I ⊃ (p)) and regard Y(t) as a scheme over Spec Ẑnrp /(pt) =
Spec Ẑnrp (t). For any t′ ≥ t, we denote by it,t′ the natural inclusion Y(t) ↪→ Y(t′).
For any morphism f : Y1 → Y2 between formal schemes over Ẑnrp , we denote by
f(t) : Y1(t) → Y2(t) the restriction of f to Y1(t), viewed as a morphism between
Ẑnrp (t)-schemes.

6.2.2. For any slope λ = λ1, . . . , λk, we fix a Barsotti-Tate group Σ̂λ over Zp such
that Σ̂λ ×Spf Zp Spec Fp ' Σλ. We define

Σ̂i = Σ̂⊕ri

λi
and Σ̂ = Σ̂α = ⊕iΣ̂i,

for all i = 1, . . . k. Thus, we have Σ̂i ×Spf Zp Spec Fp ' Σi and Σ̂×Spf Zp Spec Fp ' Σ.

Proposition 6.3. — Maintaining the same notations as in section 3.2.3. Let t be
a positive integer and set m0 = [t/2] (i.e. m0 = min{m ∈ Z |m ≥ t/2}). For all
i = 1, . . . , k, there exists a unique deformation Ĝi of Gi over Jm0(t) such that

– for all m ≥ m0, there is an isomorphism ĵm,i : Σ̂i[pm] → Ĝi[pm] over Jm(t)
which lifts juniv

m,i ;
– for any m′ ≥ m ≥ m0, the isomorphism ĵm′,i : Σ̂i[pm

′
] ' Ĝi[pm′

] restricts on
the pm-torsions to the pullback of ĵm,i.

Proof. — As a direct consequence of part (5) of theorem 6.2 (when N = m), we know
that for any m ≥ t/2 there exists a unique deformation Ĝim over Jm(t) of Gi such that
Ĝim[pm] is the deformation of Gi[pm] defined as (Σ̂i[pm], (juniv

m,i )−1).
It also follows from the uniqueness of construction that, for any m ≥ m0, Ĝim over

Jm(t) can be identified to the pullback of the Barsotti-Tate group Ĝi = Ĝim0
/Jm0(t).

Moreover, under these identifications, we obtain a compatible system of isomorphisms

ĵm,i : Σ̂i[pm] → Ĝi[pm]

defined over Jm(t), for all m ≥ t/2, which has the stated properties.

6.2.3. We remark that the Barsotti-Tate group Ĝi may be also interpreted as a de-
formation of the group Gi (prB) via the isomorphism

(p−λiBFB)−r : Gi (p
rB) → Gi.

We write Ĝi (prB) = Ĝi when viewed as a deformation of the Barsotti-Tate group
Gi (prB) (for each i = 1, . . . k).

Corollary 6.4. — Maintaining the notations of proposition 6.3. Let t be a positive
integer and set m0 = [t/2].
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For all positive integers r such that rδB ≥ t/2, there exists a unique deformation
Ĝ(prB) of G(prB) over Jm0(t) such that

Ĝ(prB)[prδB ] '
k∏
i=1

Ĝi (p
rB)[prδB ].

Proof. — In lemma 4.1 we proved the existence of a canonical isomorphism

G(prB)[prδB ] '
k∏
i=1

Gi (p
rB)[prδB ],

over the central leaf C × F̄p (and therefore also over Jm0).
Thus, the finite flat group scheme

∏
i Ĝi (p

rB)[prδB ] over Jm0(t) can be viewed as
a deformation of G(prB)[prδB ] ⊂ G(prB).

It follows from part (5) of theorem 6.2 that, if rδB ≥ t/2, then the above defor-
mation of G(prB)[prδB ] determines a unique deformation Ĝ(prB) of the Barsotti-Tate
group G(prB) over Jm0(t).

6.2.4. We remark that the previus corollary can be reformulated as follows.

Corollary 6.5. — Let m, t be two positive integers and assume m ≥ t/2. To any
choice of a Barsotti-Tate group Σ̂ as in 6.2.2, we can associate some liftings of powers
of the Frobenius morphism on the Igusa variety Jm over F̄p, i.e. some σNB-semilinear
morphisms

FrobNB : Jm(t) → Jm−NB(t),

for all integers N ≥ t/2δB, which reduces to the morphisms FrobNB on Jm over F̄p.

Proof. — Let us recall that the σ-semilinear morphism Frob : Jm → Jm−1 is defined
as the map associated to the linear morphism Frob : Jm → J

(p)
m−1 which maps (A, jm,i)

to (A(p), j
(p)
m−1,i).

Let us denote by J (p)
m the pullback of Jm under the Frobenius on Ẑnrp . Then,

defining a σNB-semilinear morphism FrobNB : Jm(t) → Jm−NB(t), which reduces
to FrobNB over Jm, is equivalent to defining a linear morphism

Jm(t) → J (pNB)
m−NB(t),

which reduces to the morphism FrobNB : Jm → J
(pNB)
m−NB (we remark that J (p)

m reduces
to the scheme J (p)

m over F̄p).
By the universal property of the formal Igusa varieties (see remark 6.1), defining

a morphism Jm → J (pNB)
m−N , which reduces to the NB-th power of the Frobenius

morphism on the Igusa varieties over F̄p, is equivalent to defining a deformation of
the Barsotti-Tate group G(pNB)/Jm over Jm.

We define the morphism FrobNB on Jm(t) to be the lifting of the morphism
FrobNB on Jm associated to the deformation Ĝ(pNB) of the Barsotti-Tate group G(pNB)
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defined in corollary 6.4 (which depends on a choice of the Barsotti-Tate group Σ̂ as
in 6.2.2).

6.2.5. Let us focus our attention on the morphism F̃ r = frob−1 ◦ Fr on M̄. We
remark that, although F̃ r does not commutes with the action of T on M̄, its B-th
power does (see section 2.5.13).

Proposition 6.6. — Let t be a positive integer. For any integers m,n, d such that
m ≥ d+ t/2, there exist some morphisms

πN (t) : (Jm ×Spf Ẑnr
p
Mn,d)(t) → (X(α) × Spf Ẑnrp )(t),

for all N ≥ (d+ t/2)/δB, with the following properties:

– πN (1) ◦ (1× F̃ r)NB = πN ,
– πN (1) ◦ (ρ× ρ) = πN (1), for all ρ ∈ S,
– πN (t)∗H[p[t/2]] ' H′[p[t/2]],
– πN (t)(t− 1) = πN (t− 1),
– πN (t) ◦ (qm′,m × 1)(t) = πN (t), for all m′ ≥ m.
– πN (t) ◦ (1× in

′,d′

n,d )(t) = πN (t), for all d− d′ ≥ n− n′ ≥ 0.

Proof. — Let us start by constructing some morphisms

πN (1) : Jm ×Spec F̄p
M̄n,d → X̄(α) × F̄p

such that πN (1) ◦ (1 × F̃ r)NB = πN , for any set of positive integers m,n, d,N with
m ≥ d+ 1/2 (i.e. m ≥ d+ 1) and N ≥ (d+ 1)/δB.

We consider the following commutative diagram where we use the notations of
section 4.2 and also write K = jN (νN ker(pnβ)) and ν = ⊕ip−λiBFB , the B-th power
of the natural identification between Σ and Σ(p) over Fp.

νN (ker(pnβ))
_�

��

// K_�

��
Σ(pNB)[pd]

_�

��

jN // G(pNB)[pd]
_�

��
Σ(pNB) G(pNB) � � //

����

B(pNB)

����

Σ

νN

OO

pnβ

����
H′ H̄ = G(pNB)

K
� � // Ā = B(pNB)

〈K〉
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We define
πN (1) : Jm ×Spec F̄p

M̄n,d → X̄(α) × F̄p
to be the morphism associated to the abelian variety Ā endowed with the structures
induced from the ones of B. It follows from the definition that

πN (1) ◦ (1× F̃ r)NB = πN ,

and also that the morphisms πN (1) are compatible with the projections qm′,m × 1
and the inclusions 1× in

′,d′

n,d .
Finally, we remark that the isomorphism

jN : Σ(pNB)[pd+1] → G(pNB)[pd+1]

induces an isomorphism on the quotients H′[p] ' H̄[p] = πN (1)[M ]∗H[p].
We claim that the morphisms πN (1) are invariant under the action of S ⊂ T . In

fact, since the morphism F̃ r commutes with the action of T on M̄ and πN is invariant
under the action of S, the equality πN = πN (1)◦(1× F̃ r)NB implies that for all ρ ∈ S

πN (1) ◦ (1× F̃ r)NB = πN (1) ◦ (ρ× ρ) ◦ (1× F̃ r)NB .

Since all the schemes we are considering are reduced, we deduce that πN (1) = πN (1)◦
(ρ× ρ).

We now construct the morphisms

πN (t) : (Jm ×Spf Ẑnr
p
Mn,d)(t) → (X(α) × Spf Ẑnrp )(t)

as extentions of the morphisms πN (1), when m ≥ d+ t/2 and N ≥ (d+ t/2)/δB.
By the universal property of X(α)×Spf Ẑnrp , defining a morphism πN (t) is equivalent

to defining a deformation over (Jm×Spf Ẑnr
p
Mn,d)(t) of the Barsotti-Tate group H̄, or

also (by part (5) of theorem 6.2) to defining a deformation over (Jm×Spf Ẑnr
p
Mn,d)(t)

of the truncated Barsotti-Tate group H̄[p[t/2]].
For all i = 1, . . . k, the isomorphisms ĵm,i : Σ̂i[pm] → Ĝi[pm] over Jm(t) give rise

to an isomorphism

ĵN : Σ̂[pd+[t/2]] → Ĝ(pNB)[pd+[t/2]] '
k∏
i=1

Ĝi (p
NB)[pd+[t/2]],

which induces an isomorphism on the quotients

ĵ′N : H′[p[t/2]] ' H̄[p[t/2]] = πN (1)∗H[p[t/2]].

We define πN (t) to be the morphisism associated to the deformation Ĥ[p[t/2]] of
the truncated Barsotti-Tate group H̄[p[t/2]] defined as (H′[p[t/2]], ĵ′ −1

N ).
It is therefore tautological that H′[p[t/2]] ' Ĥ[p[t/2]] = πN (t)∗H[p[t/2]], and more-

over it is a direct consequence of the definition that the morphisms πN (t) com-
mute with the projections (qm′,m × 1)(t) and the inclusions (1 × in

′,d′

n,d )(t), and that
πN (t)(t− 1) = πN (t− 1).
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Proposition 6.7. — Let t,m, n, d,N be some positive integer such that m ≥ d+ t/2
and N ≥ (d+ t/2)/δB.

The morphism

id× πN (t) : (Jm ×Spf Ẑnr
p
Mn,d)(t) → (Jm ×Spf Ẑnr

p
X(α) × Spf Ẑnrp )(t)

is étale.

Proof. — Let y = (y1, y2) be a geometric point of Jm × M̄n,d and x = πN (t)(y) ∈
X̄(α) × F̄p.

We need to prove the morphism

(id⊗πN (t))∗ : O∧Jm,y1⊗̂Ẑnr
p
O∧

X(α)×Ẑnr
p ,x

/at → OJm,y1⊗̂Ẑnr
p
O∧M,y2/I

t,

where a and I denote the maximal ideal of definitions of the respective algebras, is
an isomorphism.

Let us denote by B (resp. A) the abelian variety associated to the point y1 (resp.
x), and by G (resp. H) the corresponding Barsotti-Tate group εB[u∞] (resp. εA[u∞]).
We also write jm,i : Σi[pm] → Gi[pm] for the isomorphisms associated to y1 (i =
1, . . . k) and β : Σ → H ′ for the quasi-isogeny associated to y2.

We recall that the complete local rings O∧
X(α)×Ẑnr

p ,x
and O∧M,y2

are by definition

the deformation rings of the Barsotti-Tate groups H and H ′, respectively. We denote
by H and H′ the corresponding universal objects.

We now choose an isomorphism j : Σ → G(pNB) which extends the isomorphism
⊕i jm,i between the pm-torsion subgroups. Then j induces an isomorphism j′ between
H and H ′, i.e.

0 // ker(pnβ) //

⊕ijm,i

��

Σ
pnβ //

j

��

H ′ //

j′

��

0

0 // Kj,β //
G(pNB)

s̄ // H // 0.

By the very definition of the morphism πN (t), over OJm,y1⊗̂Ẑnr
p
O∧M,y2

/It there ex-

ists an isomorphism πN (t)∗H[p[t/2]] ' H′[p[t/2]], which reduces modulo I to j′|[p[t/2]]
,

and moreover (by part (5) of theorem 6.2) such an isomorphism extends to an iso-
morphism πN (t)∗H ' H′, which reduces modulo I to j′. This fact is equivalent to
saying that the morphism (id⊗πN (t))∗ is an isomorphism.

6.3. The morphisms πN [t, V ]. — In this section, we shall discuss the possibility
of extending the morphisms πN (t) on the formal schemes Jm ×Spf Ẑnr

p
Mn,d.

We shall prove that the morphism πN (t) may be extended Zariski locally to a mor-
phism over Spf Ẑnrp , i.e. for any open affine V ⊂ Jm × Un,d the morphism πN (t)|V (t)

lifts to a morphism on V .
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Proposition 6.8. — Let m,n, d,N, t be some positive integers such that m ≥ d+t/2
and N ≥ (d+ t/2)/δB.

For any affine open V of Jm ×Un,d ⊂ Jm ×Spf Ẑnr
p
Mn,d, there exists a morphism

πN [t, V ] : V → X(α) × Ẑnrp

such that πN [t, V ](t) = πN (t)|V (t) and also πN [t, V ]∗H[p[t/2]] ' H′[p[t/2]].

Proof. — Let us recall that over (Jm ×Spf Ẑnr
p
Mn,d)(t) there exists an isomorphism

πN (t)∗H[p[t/2]] ' H′[p[t/2]].

Under such an identification, the finite flat group scheme H′[p[t/2]] over Jm×Mn,d

gives rise to a deformation of the group Ĥ[p[t/2]]/(Jm ×Spf Ẑnr
p
Mn,d)(t).

Moreover, it follows from part (2) of theorem 6.2 that over any open affine V of
Jm×Spf Ẑnr

p
Mn,d, there exists a deformation H̃/V of the Barsotti-Tate group Ĥ/V (t)

such that H̃[p[t/2]] ' H′[p[t/2]].
We define πN [t, V ] on V to be the lifting of the morphism πN (t)|V (t) associated to

the Barsotti-Tate group H̃/V .

Proposition 6.9. — Maintaining the notations as above, we assume t > 1. Then,
the morphism πN [t, V ] : V → X(α) × Ẑnrp is formally smooth.

Proof. — Let y = (y1, y2) be a geometric point of V and x = πN [t, V ](y) = πN (t)(y) ∈
X̄(α) × F̄p.

In order to conclude, it suffices to prove the morphism

id⊗̂πN [t, V ]∗ : O∧Jm,y1⊗̂Ẑnr
p
O∧

X(α)×Ẑnr
p ,x

→ O∧V,y = OJm,y1⊗̂Ẑnr
p
O∧M,y2

is an isomorphism. In fact, we may then deduce that the morphism πN [t, V ] is smooth
at the point y from the smoothness of the formal scheme Jm/Ẑnrp (see section 6.1.2).

From the equality πN [t, V ](t) = πN (t)|V (t), we deduce that

(id⊗̂πN [t, V ])∗(t) = (id⊗πN (t))∗

and therefore, in particular, is an isomorphism (see proposition 6.7). For t > 1, this
suffices to deduce that (id⊗̂πN [t, V ])∗ is an isomorphism, since the complete local rings
O∧Jm,y1

⊗̂Ẑnr
p
O∧

X(α)×Ẑnr
p ,x

and O∧V,y are both power series rings over an algebraically

closed field, of the same dimension. (Indeed, it is a general fact that, if A,B are
two power series ring over an algebraically closed field k, of the same dimension,
and φ : A → B a morphism of k-algebras, such that the morphism induced modulo
the squares of the maximal ideals of definitions of A and B, A/a2 → B/b2, is an
isomorphisms, then φ is also an isomorphism.)
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6.4. The morphisms ŷN . — In this section, for any integers n, d ≥ 0 and N ≥ 1,
we shall associate to a point y ∈ J(F̄p) a compatible system of points y∧m ∈ Jm(Ẑnrp )
and some morphisms ŷN : Un,d → X(α) × Ẑnrp , which canonically lift the morphisms
πN (1) ◦ (ym, id) and such that ŷN (t) = πN (t) ◦ (y∧m, id) over Un,d(t), for all t > 0. We
maintain the notations introduced in section 4.3.

6.4.1. Let y ∈ J(F̄p) be a point associated to a quintuple (B, λ, i, µ̄; j), and write
G = εB[u∞]. Thus j : ΣF̄p

→ G is an isomorphism.
To the point y ∈ J(F̄p), we associated a compatible system of morphisms

y∧m : Spf Ẑnrp → Jm,

for all m ≥ 0. Each y∧m is defined by the data of the point ym = q∞,m(y) ∈ Jm(F̄p)
and the deformation Ĝ = (Σ̂, j)/Ẑnrp of the Barsotti-Tate group G/F̄p.

For any integers n, d ≥ 0, we define the morphisms

ŷN : Un,d → X(α) × Spf Ẑnrp
for all N ≥ 1, as follows. For any m ≥ d+ 1, we consider the morphisms

ŷN (1) = πN (1) ◦ (ym, id) : Ūn,d → Jm ×F̄p
Ūn,d → X̄(α) × F̄p.

We remark that the morphisms ŷN (1) do not depend on the choice of the integer
m ≥ d + 1. If (H′, β) denotes the universal object over Un,d and H the universal
Barsotti-Tate group over X̄(α) × F̄p, then it follows from the definitions that the
isomorphism j : ΣF̄p

→ G give rise to an isomorphism

j̄ : H′ × Ūn,d ' H = (ym, id)∗πN (1)∗H.

Thus, to extend the morphism πN (1) ◦ (ym, id) to a morphism from Un,d to X(α) ×
Spf Ẑnrp , it suffices to define a deformation Ĥ over Un,d of the Barsotti-Tate group
H/Ūn,d. We set Ĥ = (H′, j̄) and denote the corresponding morphism by ŷN .

The following properties of the morphisms ŷN are direct consequences of the defi-
nition.

Proposition 6.10. — Maintaining the above notations. Let n, d be two positive in-
tergers and y ∈ J(F̄p).

Then, for all N ≥ 1, the morphisms ŷN : Un,d → X(α) × Ẑnrp satisfy the conditions

1. over Un,d we have ŷ∗NH ' H′;
2. for any integers t ≥ 1, m ≥ d + t/2 and N ≥ (d + t/2)/δB, over Un,d(t) we

have ŷN (t) = πN (t) ◦ (y∧m, id)(t);
3. for any ρ ∈ T , over Un,d we have ŷN ◦ ρ = ρ̂yN .

Finally, let us remark that the same argument we used in the proof of proposition
6.7 shows the following fact.

Proposition 6.11. — Let n, d be two positive intergers and y ∈ J(F̄p). Then, for
all N ≥ 1, the morphisms ŷN : Un,d → X(α) × Ẑnrp are étale.
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7. Shimura varieties with level structure at p

In this section we shall focus our attention to the study of Shimura varieties with
level structure at p. Our goal is to compare the rigid analytic spaces associated to
the Shimura varieties with level structure at p to the the Rapoport-Zink spaces with
level structure.

In order to do it, we shall first define some integral models for the Shimura vari-
eties and the Rapoport-Zink spaces, as formal schemes over X and M, respectively.
These integral models naturally form a system, as the level varies, and they are
endowed with an action of a certain submonoid GLh(Qp)+ ⊂ GLh(Qp) (such that
〈GLh(Qp)+, pIh〉 = GLh(Qp) and p−1Ih ∈ GLh(Qp)+), which is compatible with the
action of the group GLh(Qp) on the corresponding rigid analytic spaces.

For any integer m,n, d, t > 0, we shall consider the morphisms

πN (t) : (Jm ×Spf Ẑnr
p
Mn,d)(t) → (X(α) × Ẑnrp )(t)

(for all N) and the projections pr(t) : (Jm ×Spf Ẑnr
p
Mn,d)(t) →M(t), and compare

the two towers of covering spaces over (Jm×Spf Ẑnr
p
Mn,d)(t) which are obtained as the

pullbacks of the Shimura varieties (via πN (t)) and of the Rapoport-Zink spaces (via
pr(t)), with level structure at p. In particular, we shall prove that, for all level M ≤
t/2, the corresponding two spaces over (Jm ×Spf Ẑnr

p
Mn,d)(t) are indeed isomorphic

and that these isomorphisms are compatible with the action of GLh(Qp)+ on the two
sides.

Moreover, for any open affine V of Jm ×Spf Ẑnr
p
Mn,d and any level M ≤ t/2, we

shall consider the morphisms πN [t, V ] : V → X(α) × Ẑnrp and prV : V → M, which
reduce over Ẑnrp (t) to the restrictions of πN (t) and pr(t) on V (t), respectively. We shall
prove that the two covering spaces of V rig, which are obtained as the pullbacks of the
Shimura variety with structure of level M at p and of the Rapoport-Zink space of the
same level, are also isomorphic and that, as in the previous case, these isomorphisms
are compatible with the action of GLh(Qp)+.

As a consequence of these two facts, we shall deduce that the pullbacks of the
vanishing cycles of the Shimura varieties with level structure at p are isomorphic to
the pullbacks of the vanishing cycles of the corresponding Rapoport-Zink spaces, and
that such isomorphisms are compatible with the group actions.

7.1. Integral models for Shimura varieties with level structure at p. —
In [22] Katz and Mazur develop Drinfeld’s notion of full level structure for elliptic
modules into the notion of full set of sections and A-generators for finite flat group
schemes, where A is a finite abstract group.

In this section, we shall use their work to define some integral models for the
Shimura varieties with level structure at p.
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7.1.1. We first introduce some notations. Let A = (Qp/Zp)h be the abstract p-
divisible group of height h and denote by A[pM ] its pM -torsion subgroup (then
A[pM ] '

(
Z/pMZ

)h).
Let us consider the group of the quasi-isogenies of A, GLh(Qp), and define

GLh(Qp)+ = {g ∈ GLh(Qp) | g−1 ∈Mh(Zp)}.

Then GLh(Qp)+ is a submonoid of GLh(Qp) such that 〈GLh(Qp)+, pIh〉 = GLh(Qp)
and p−1Ih ∈ GLh(Qp)+.

For any g ∈ GLh(Qp)+, we denote by A[g−1] the kernel of the isogeny g−1 :
A � A, by e = e(g) the minimal integer such that A[g−1] ⊂ A[pe] and write d(g) =
logp(#A[g−1]) (thus d(g) ≤ e(g)h). The morphism g−1 induces an inclusion of groups

A[pM−e] ↪→ A[pM ]/A[g−1].

If g ∈ GLh(Zp), then A[g−1] = (0), e(g) = d(g) = 0, and the corresponding
inclusion A[pM ] ↪→ A[pM ] is simply the automorphism of A[pM ] induced by restriction
from g−1 : A → A. In particular, if g−1 ≡ Ih mod (pM ), this inclusion is just the
identity.

7.1.2. For any positive integer M , we define XM over X to be the scheme

XM = W (A[pM ],H[pM ]/X ),

where H/X is the Barsotti-Tate group εA[u∞] associated to the universal abelian
variety A over X . We recall that the scheme W (A[pM ],H[pM ]/X ) is the universal
space for the existence of a set of A[pM ]-generators {P1, . . . Ph} of H[pM ]/X and
is endowed with a natural action of the group of automorphisms of A[pM ], namely
GLh(Z/pMZ) (notations as in section 2.6.3).

For any M ≥ 0, we regard the scheme XM as endowed with the action of the group
GLh(Zp), via the projection GLh(Zp) � GLh(Z/pMZ).

Proposition 7.1. — Let M be a positive integer.

1. The scheme XM is finite over X/SpecOEu
, and we have

XM ×SpecOEu
SpecEu = XM ×SpecE SpecEu.

2. For any M ′ ≥ M , there is a natural morphism φM ′,M : XM ′ → XM over X
which is induced by the map pM

′−M : H[pM
′
] � H[pM ] (or equivalently by the

inclusion H[pM ] ↪→ H[pM
′
]), and we have

φM ′,M × 1Eu
= fM ′,M × 1Eu

,

where fM ′,M : XM ′ → XM is the natural projection.
3. For any g ∈ GLh(Zp) and any M ′ ≥M , we have

g ◦ φM ′,M = φM ′,M ◦ g.
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Moreover, the restriction of the action of GLh(Zp) on XM to the generic fiber
XM ×SpecE SpecEu coincides with the restriction to GLh(Zp) of the action of
G(Qp) the Shimura varieties XM .

Proof. — Part (1): The fact that XM is finite over X follows from the more general
fact that W (A,Z/S) is finite over S, for any finite abstract group A and finite flat
group scheme Z/S (see section 2.6.3).

We observe that the Eu-scheme XM×OEu
Eu is the universal space for the existence

of a set of
(
Z/pMZ

)n-generators on H[pM ] over X ×OEu
Eu = X ×E Eu, i.e.

XM ×OEu
Eu = W (A[pM ],H[pM ]/X ×E Eu).

Since p is invertible in Eu, the group scheme H[pM ] is étale over X ×E Eu. Thus
the datum of a set of

(
Z/pMZ

)n-generators of H[pM ] is equivalent to the datum of
an isomorphism (

Z/pMZ
)n
X
→ H[pM ],

defined over XM ×OEu
Eu by setting ei = (0, . . . , 1, . . . 0) 7→ Pi, for i = 1, . . . , n (see

section 2.6.2).
We conclude that XM ×OEu

Eu = XM ×E Eu over X×E Eu, since they are defined
by equivalent universal properties.

Part(2): If the morphism φM ′,M exists, then it follows directly the definitions that
its generic fiber over Eu agrees the natural projection between Shimura varieties.
Moreover, by the defining universal properties, proving the existence of the morphism
φM ′,M is equivalent to showing that, if {P1, . . . Pn} is the universal set of

(
Z/pM ′Z

)n
-

generators ofH[pM
′
] over XM ′ , then {pM ′−MP1, . . . , p

M ′−MPn} is a set of
(
Z/pMZ

)n-
generators of H[pM ] over XM ′ . We postpone the proof of this fact to lemma 7.2.

Part (3): It follows directly from the definitions.

Lemma 7.2. — Let M be a positive integer and H a Barsotti-Tate group of height
h over a scheme S.

Suppose that P1, . . . , Ph ∈ H[pM+1](S) form a set of
(
Z/pM+1Z

)n-generators of
H[pM+1]. Then {pP1, . . . , pPh} is a set of

(
Z/pMZ

)n-generators of H[pM ]/S.

Proof. — For any affine S-scheme SpecR, we write B′ = H0(H[pM+1]R,O) and
B = H0(H[pM ]R,O). The morphism p : H[pM+1] � H[pM ] induces a morphism of
R-algebras p∗ : B ↪→ B′ such that B′ is a locally free B-module of rank ph. Thus, for

any g ∈ B, we have detB′/R(T − p∗(g)) =
(
detB/R(T − g)

)ph

The points P1, . . . , Ph ∈ H[pM+1](S) form a set of
(
Z/pM+1Z

)h-generators of
H[pM+1]. Thus, for any f ∈ B′, we have

detB/R(T − f) =
∏

(ai)∈(Z/pM+1)h

T − f

(
h∑
i=1

aiPi

)
.
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In particular, for any g ∈ B, we have

detB′/R(T − p∗(g)) =
∏

(ai)∈(Z/pM+1)h

T − p∗(g)

(
h∑
i=1

aiPi

)

=
∏

(ai)∈(Z/pM+1)h

T − g

(
p

h∑
i=1

aiPi

)

=

 ∏
(ai)∈(Z/pM )h

T − g

(
h∑
i=1

aipPi

)ph

.

Then
(
detB/R(T − g)

)ph

=
(∏

(ai)∈(Z/pM )h T − g
(∑h

i=1 aipPi

))ph

, which implies

detB/R(T − g) =
∏

(ai)∈(Z/pM )h

T − g

(
h∑
i=1

aipPi

)
.

7.1.3. In order to extend the above action of GLh(Zp) on the integral models of the
Shimura varieties to an action of GLh(Qp)+, we need to introduce some other integral
models over OEu

.
Let g ∈ GLh(Qp)+, we write e = e(g) and d = d(g). Let M be a positve integer,

M ≥ e. We consider the space XM and denote by aM : A[pM ] → H[pM ](XM ) the
universal A[pM ]-generator over XM .

We define XM,g/XM to be the universal space for the existence of a finite flat
subgroup E ⊂ H[pe], of order d, such that

aM (A[g−1]) ⊂ E(XM,g),

and the induced morphisms on the subquotients

A[pM−e] → (H/E)[pM−e](XM,g)

is a A[pM−e]-generator.

Proposition 7.3. — Mantaning the above notations.

1. The scheme φM,g : XM,g → XM exists and is proper. Moreover,

XM,g ×SpecOEu
SpecEu = XM ×SpecE SpecEu

and φM,g × 1Eu
= 1XM

× 1Eu
.

2. For any M ′ ≥ M , there is a natural morphism φM ′,M,g : XM ′,g → XM,g over
X , which is induced by the inclusion H[pM ] ↪→ H[pM

′
], and we have

φM,g ◦ φM ′,M,g = φM ′,g ◦ φM ′,M

and thus also φM ′,M,g × 1Eu = fM ′,M × 1Eu .
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3. There is a natural proper morphism

g : XM,g → XM−e

such that g ◦ φM ′,M,g = φM ′,M ◦ g, for any M ′ ≥M and g × 1Eu = g × 1Eu .
4. For any γ ∈ GLh(Zp), there is a natural identification

XM,g ' XM,gγ

over XM and, under such identification, we have

φM,gγ = γ ◦ φM,g.

5. For any positive integer r ≤M , the morphism

φM,p−rIh
: XM,p−rIh

→ XM

is an isomorphism and fM,M−r = p−rIh ◦ φ−1
M,p−rIh

.

Proof. — Part (1): It follows from the general theory of Hilbert Spaces and from
proposition 2.19 that the scheme XM,g exists and is proper over XM . Moreover, the
remark of section 2.6.2 implies that the generic fiber of XM,g can be identified with
XM ×E Eu.

Part (2): The statement follows from lemma 7.2, using the same argument of part
(2) of proposition 7.1.

Part (3): Let A be the universal abelian variety over XM,g and consider the sub-
group 〈E〉 ⊂ A[pe], associated to E ⊂ H[pe]. We define the morphism

g : XM,g → XM−e

to be associated to the quintuple (A/〈E〉, λ′, i′, µ̄′; a′M−e) where there structures on
the abelian varieties A/〈E〉 are induced by the ones on A via the isogeny A → A/〈E〉:

– λ′ is the polarization induced by peλ;
– i′ is the B-action induce by i;
– µ′ is the level structure induced by µ ◦ ve, for v ∈ E× such that valu(v) = 0 and

valuc(v) = 1;
– a′M−e : A[pM−e] → (H/E)[pM−e](XM,g) denotes the A[pM−e]-generator in-

duced by aM on the pM−e-torsion subgroup of the Barsotti-Tate group H/E =
εA/〈E〉[u∞].

It follows from the definition that the morphisms g commute with the projec-
tions among integral models of the Shimura varieties of different levels and that
their restrictions to the generic fibers agree with the previously defined action of
GLh(Qp)+ ⊂ GLh(Qp) on the Shimura varieties.

It remains to prove that the morphisms g : XM,g → XM−e are proper. By the
Valuative Criterium of Properness (see [15], Theorem 4.7, p. 101) it suffices to show
that:
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– if R is a complete discrete valuation ring over F̄p, K its fraction field and η :
SpecK → SpecR the morphism corresponding to the natural inclusion of R in
K, then for any pair of morphisms (F, f) such that g ◦ F = f ◦ η there exists a
map φ : SpecR→ XM,g such that the following diagram commutes.

SpecK F //

η

��

XM,g

g

��
SpecR

f
//

φ

::

XM−e

Let (A, λ, i, µ̄;E ⊂ H[pe], aM ) (where H = εA[u∞]) be the sixtuple defined over
K, associated to the morphism F , and (B, λ′, i′, µ̄′; b′M−e) the quintuple over R,
associated to f . Then, the equality g ◦F = f ◦ η implies that there is an equaivalence
of quintuple

(B, λ′, i′, µ̄′; b′M−e)K ' (A/〈E〉, λ′, i′, µ̄; a′M−e).

We fix an isogeny ψ : BK → A/〈E〉, giving rise to the above equivalence (then, ψ
induces an isomorphism εBK ' H/E).

Let us now consider the projection q : A � A/〈E〉. Since E ⊂ H[pe], it follows
that there exists an isogeny q′ : A/〈E〉 � A such that q ◦ q′ = pe.

Let us write F = ψ−1(ker q′) ⊂ BK [pe] and F = F̄ ⊂ B[pe] its Zariski closure.
Then, F is a finite flat subgroup of the abelian variety B and the quotient B/F ,
together with the appropriate induced structures, defines an integral model over R
for the quadruple (A, λ, i, µ̄). Moreover, the finite flat subgroup E = ε(B[pe]/F)[ue]
restricts over K to the subgroup E. Finally, it follows from proposition 2.19 that it
is possible to define an A[pM ]-generator bM of ε(B/F)[pM ] over R, compatible with
aM .

The morphism φ, associated to the abelian variety B/F together with the finite
flat subgroup E and the A[pM ]-generator bM , has the required property.

Part (4): Let γ ∈ GLh(Zp). Then, for any g ∈ GLh(Qp)+, gγ ∈ GLh(Qp)+ and
moreover A[g−1] = A[(gγ)−1] (thus also e(g) = e(gγ) and d(g) = d(gγ)).

Now, suppose E is a subgroup of H[pe] such that aM (A[g−1]) = aM (A[(gγ)−1]) ⊂ E
and denote by

a′M−e : A[pM−e] → (H/E)[pM−e](XM,g)

the morphism of groups induced by aM via g. Then, a′M−e ◦ γ is the morphism
induced by aM via gγ. It follows, in particular, that a′M−e is a A[pM−e]-generator of
(H/E)[pM−e] if and only if a′M−e ◦ γ is one. Thus, we may identify XM,g ' XM,gγ

and under this identification we have φM,gγ = γ ◦ φM,g.

Part (5): Let r be an integer, 0 ≤ r ≤ M . Then p−rIh ∈ GLh(Qp)+ and we have
e(p−rIh) = r and d(p−rIh) = rh. Let E be the universal finite flat subgroup of H over
XM,p−rIh

. By definition, E ⊂ H[pr] and has order rh, i.e. the same order of H[pr].
Therefore E = H[pr]. (This equality of subgroup implies that the morphism φM,p−rIh
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is a closed embedding.) Moreover, it follows from lemma 7.2 that the subgroup
H[pr]/XM has all the required universal properties. We therefore conclude that the
morphism φM,p−rIh

is an isomorphism.
Finally, the equality fM,M−r = p−rIh ◦ φM,p−rIh

is a direct consequence of the
equality E = H[p−r].

7.1.4. In the following we will refer to the data of the morphisms g : XM,g → XM−e,
for g ∈ GLh(Qp)+, as the action of GLh(Qp)+ on the integral models of the Shimura
varieties.

We remark that the above action of GLh(Qp)+ preserves the Newton polygon
stratification of the special fibers.

7.1.5. For all M ≥ 0 and g ∈ GLh(Qp)+ (M ≥ e = e(g)), we denote by ϕM,g :
XM,g → XM (resp. ϕM : XM → X) the formal scheme over X associated to XM,g →
XM (resp. XM → X ), and by ϕM ′,M,g : XM ′,g → XM,g (resp. ϕM ′,M : XM ′ → XM
and g : XM,g → XM−e) the morphism induced by φM ′,M,g (resp. φM ′,M and g), for
any M ′ ≥M .

7.2. Integral models for Rapoport-Zink spaces with level structure. —
In the following we define some formal schemes over M, which are the analogues of
the formal schemes XM,g/X, such that the associated rigid-analytic spaces are the
covering spaces Mrig

M /Mrig by defined Rapoport and Zink (see section 2.5).

7.2.1. Let us recall that Zarisky locally the Rapoport-Zink space M is defined as the
p-adic completion of the a closed subscheme U of a Grassmanian variety associated
to the algebra of functions of Σ[pd], for some positive integer d.

For any such scheme U/Ẑnrp , let us denote by H′ the universal Barsotti-Tate group
over U . For any integer M ≥ 0, we define

UM = W (A[pM ],H′[pM ]/U)

and denote by δM : UM → U the natural morphism and by bM : A[pM ] → H′[pM ]
the universal A[pM ]-generator over UM .

Moreover, for any g ∈ GLh(Qp)+ and M ≥ e = e(g), we define UM,g/UM to be
the universal space for the existence of a finite flat subgroup E ′ ⊂ H′[pe], of order
d = d(g), such that

bM (A[g−1]) ⊂ E ′(UM,g),

and the induced morphisms on the subquotients

A[pM−e] → (H′/E ′)[pM−e](XM,g)

is a A[pM−e]-generator. We denote by δM,g : UM,g → U the natural morphism.
As the p-adic completion of U varies among an open cover of M, the p-adic com-

pletions of the spaces UM,g (resp. UM ) describe a formal scheme δM,g : MM,g →M
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(resp. δM : MM → M), for all M, g. It follows from the construction that all the
formal schemes MM,g and MM are formally locally of finite type over Ẑnrp .

It is also a direct consequence of the definitions that the above spaces naturally
form a system, i.e. there are some morphisms δM ′,M,g : MM ′,g →MM,g and δM ′,M :
MM ′ → MM , associated to the inclusions H′[pM ] ↪→ H′[pM ′

], which satisfy the
obvious commutativity laws.

7.2.2. For any positive integers n, d, we denote by Mn,d
M,g and Mn,d

M the pullbacks
over Mn,d ⊂M of the spaces MM,g and MM respectively, for all g,M .

Then, for any n′ ≥ n and d′ − d ≥ (n′ − n)h, the inclusions i = in,dn′,d′ : Mn,d ↪→
Mn′,d′ naturally give rise to some morphisms

iM,g = (in,dn′,d′)M,g : Mn,d
M,g →Mn′,d′

M,g

and

iM = (in,dn′,d′)M : Mn,d
M →Mn′,d′

M ,

and the restriction of the morphisms δM ′,M and δM ′,M,g to some morphisms

δn,dM ′,M,g : Mn,d
M ′ � Mn,d

M

and

δn,dM ′,M,g : Mn,d
M ′,g � Mn,d

M,g.

Proposition 7.4. — Mantaing the above notations.

1. The formal schemes δM : MM → M (resp. δM,g : MM,g → MM ) are finite
(resp. proper).

Moreover, there are natural identifications

(MM,g)rig = (MM )rig = Mrig
M ,

which are compatible with the natural projections.
2. For any M ≥ 0, there is an action of GLh(Zp) on MM , which is compatible with

the action of GLh(Zp) ⊂ GLh(Qp) on the corresponding rigid analytic space,
and commutes with the projections δM ′,M , for any m′ ≥M .

3. For any M ≥ e(g) = e, there exist some proper morphisms

g : MM,g →MM−e

which are compatible, under the above identifications, with the action of
GLh(Qp)+ ⊂ GLh(Qp) on the rigid analytic Rapoport-Zink spaces.

4. For any γ ∈ GLh(Zp), there is a natural identification MM,g ' MM,gγ over
MM , and, under such identification, we have δM,gγ = γ ◦ δM,g.

5. For any positive inter r ≤M , the morphism δM,p−rIh
: MM,p−rIh

→MM is an
isomorphism and δM,M−r = p−rIh ◦ δ−1

M,p−rIh
.
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6. There exist some σ-linear automorphisms

Frob : MM →MM and Frob : MM,g →MM,g

such that δM ◦ Frob = Frob ◦ δM , δM,g ◦ Frob = Frob ◦ δM,g and g ◦ Frob =
Frob ◦ g.

7. For any ρ ∈ T , there exist some automorphisms

ρ : MM →MM and ρ : MM,g →MM,g

which define an action of T on the integral models of the Rapoport-Zink spaces
compatible with the action of T on the corresponding rigid analytic spaces.

Moreover, for any ρ ∈ T , we have δM ◦ ρ = ρ ◦ δM , δM,g ◦ ρ = ρ ◦ δM,g and
g ◦ ρ = ρ ◦ g.

Proof. — Part (1): The same arguments of propositions 7.1 and 7.3 apply but, in
order to deduce the above identifications among the corresponding rigid analytic
spaces, one should also check that the construction of the space Isom(X,Y )/S, for
X,Y two finite flat group schemes over S, commutes with analytification (and this is
proved in [6],Theorem 3.5.6, p. 61).

Part (2): Let M be a positive integer and γ ∈ GLh(Zp). We first define, for all
n, d, some morphisms

γn,d : Mn,d
M →Mn,d

M .

Let (H, β : Σ → H̄; aM ) be the universal triple over Mn,d
M (where H̄ denotes the

restriction of H to the locus p = 0). Then, we define γn,d to be the morphism
associated to the triple

(H, β : Σ → H̄; aM ◦ γ|A[pM ]).

It follows from the definition that the morphisms γn,d commutes with the inclusions
iM , and thus give rise to a morphism γ : MM →MM . Moreover, it is easy to see that
the morphisms γ define an action of GL(Zp) on the MM with the required properties.

Part (3): As in part (2), we first define, for all n, d, some morphisms

g : Mn,d
M,g →Mn,d+e

M−e .

Let (H, β : Σ → H̄; E ⊂ H[pe], aM ) be the universal quadruple over Mn,d
M,g (where

H̄ denotes the restriction of H to the locus p = 0). Then, we define g to be the
morphism associated to the triple

(H/E , β ◦ pĒ : Σ → H̄/Ē ; a′M−e)

where Ē denotes the restriction of E to the locus p = 0, pĒ : H̄ � H̄/Ē the natural
projection and a′M−e the induced A[pM−e]-generator of (H/E)[pM−e].

It follows from the definition that the morphisms g commutes with the inclusions
iM,g and iM−e, and thus give rise to a morphism g : MM,g →MM−e.

The same argument we used to prove part (3) of proposition 7.3 shows here that
the morphism g we have defined is proper. It is also an easy consequence of the
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definition that the above morphism is compatible with the previously defined action
of GLh(Qp)+ ⊂ GLh(Qp) on the rigid analytic Rapoport-Zink spaces.

Parts (4) and (5): The same arguments used to prove parts (4) and (5) of propo-
sition 7.3 apply here.

Part (6): Let us identify MM = MM,Ih
and define the σ-linear morphism on

MM,g, for all M, g (M ≥ e(g)). We use the universal property of MM,g to define
Frob to be the morphism

(H,β; aM , E) 7→ (H,β ◦ F−1; aM , E).

It is clear that the morphism Frob as all the required properties.
Part (7): As in part (6), we identify MM = MM,Ih

and define, for any ρ ∈ T , some
automorphisms ρ of MM,g, for all M, g (M ≥ e(g)). We set ρ to be the automorphism
of MM,g defined by

(H,β; aM , E) 7→ (H,β ◦ ρ; aM , E).

Again, it is a direct consequence of the definition that the above morphisms define an
action of T with the required properties.

7.2.3. We refer to the data of the morphisms g : MM,g →MM−e, for g ∈ GLh(Qp)+,
as the action of GLh(Qp)+ on the integral models of the Rapoport-Zink spaces.

7.3. Comparing the spaces XM,g × Ẑnrp and MM,g. — The goal of this section
is to compare, for any Newton polygon α of dimension q and height h, the spaces
XM,g × Ẑnrp and MM,g (for any g ∈ GLh(Qp)+ and integer M ≥ e(g)), in terms of
the associated covers over (Jm ×Spf Ẑnr

p
Mn,d)(t) (for all t > 0) and over any affine

open V of Jm ×Spf Ẑnr
p
Mn,d.

In the first case, we shall consider the morphisms

πN (t) : (Jm ×Spf Ẑnr
p
Mn,d)(t) → X(α) × Ẑnrp ⊂ X× Ẑnrp ,

for N ≥ (d+ t/2)/δB, and the projection onto the second factor

pr(t) : (Jm ×Spf Ẑnr
p
Mn,d)(t) →M,

and we shall compare the two systems of spaces πN (t)∗(XM,g× Ẑnrp ) and pr(t)∗MM,g

over (Jm ×Spf Ẑnr
p
Mn,d)(t), as g,M vary.

In the second case, for any affine open V of Jm ×Spf Ẑnr
p
Mn,d, we shall consider

the morphism
πN [t, V ] : V → X(α) × Ẑnrp ⊂ X× Ẑnrp ,

for N ≥ (d+ t/2)/δB, and the projection

prV = pr|V : V →M,

and compare the spaces πN [t, V ]∗(XM,g × Ẑnrp ) and pr∗VMM,g over V .
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We shall prove that, in both cases, when [t/2] ≥ M , the pullbacks of XM,g × Ẑnrp
and MM,g we consider are indeed isomorphic.

7.3.1. Let α be a Newton polygon of dimension q and height h, and m,n, d be some
positive integers. Let g ∈ GLh(Qp)+ and M ≥ e = e(g) and assume m− d ≥M . For
any positive integers t,N such that m − d ≥ [t/2] ≥ M and N ≥ (d + t/2)/δB, we
consider the spaces

πN (t)∗(XM,g × Ẑnrp ) = XM,g × Ẑnrp ×X×Ẑnr
p ,πN (t)[M ] (Jm ×Spf Ẑnr

p
Mn,d)(t)

and
pr(t)∗MM,g = MM,g ×M,pr(t) (Jm ×Spf Ẑnr

p
Mn,d)(t).

We also denote respectively by fM,g(t) and gM,g(t) the natural projections to
(Jm×Spf Ẑnr

p
Mn,d)(t). (Let us remark that the morphisms gM,g(t) are the restrictions

of some morphisms defined over Spf Ẑnrp , namely gM,g : pr∗MM,g → Jm×Spf Ẑnr
p
Mn,d,

but this is not true for the morphisms fM,g(t).)

Proposition 7.5. — Maintaining the notations as above.
There exist some isomorphisms

ξN (t)[M, g] : πN (t)∗(XM,g × Ẑnrp ) → pr(t)∗MM,g,

such that gM,g(t) ◦ ξN (t)[M, g] = fM,g(t), which are compatible with the actions of
GLh(Qp)+ on the two systems of spaces.

Proof. — Let us first consider the case g = Ih. We write XM,Ih
= XM and MM,Ih

=
MM .

We recall that, for any S-scheme T , we have W (A,Z/S)T = W (A,ZT /T ) (see
section 2.6.3). Thus, it follows from the definitions that

πN (t)∗(XM × Ẑnrp ) = W ((Z/pMZ)n, ĤN [pM ]/(Jm ×Spf Ẑnr
p
Mn,d)(t))

and
pr(t)∗MM = W ((Z/pMZ)n,H′[pM ]/(Jm ×Spf Ẑnr

p
Mn,d)(t)),

where ĤN = πN (t)∗H, and H and H′ are the universal Barsotti-Tate group over
X× Ẑnrp and the Rapoport-Zink space Mn,d, respectively.

We recall that, for any two finite flat group schemes Z,Z ′ over a scheme S, we
have W (A,Z/S) ' W (A,Z ′/S) if Z ' Z ′ (see section 2.6.3). Therefore, in order
to conclude, it suffices to show that there exists an isomorphism of finite flat group
schemes over (Jm ×Spf Ẑnr

p
Mn,d)(t)

ĤN [pM ] → H′[pM ].

Indeed, such an isomorphism exists by the very definition of the morphisms πN (t),
since we assumed [t/2] ≥M . The corresponding isomorphism

ξN (t)[M ] = ξN (t)[M, Ih] : πN (t)∗(XM × Ẑnrp ) → pr(t)∗MM
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has the required properties.
Let g ∈ GLh(Qp)+. The above isomorphism ξN (t)[M, Ih], together with the iso-

morphism of finite flat group schemes ĤN [pM ] → H′[pM ], enables us to identify the
schemes πN (t)∗(XM,g × Ẑnrp ) and pr(t)∗MM,g, as spaces defined by the same univer-
sal property. Moreover, it is clear that these identifications are compatible with the
action of GLh(Qp)+.

7.3.2. Let V be an affine open of Jm × Un,d. We proved (see proposition 6.8) that,
for any positive integers t,N such that m ≥ d + t/2 and N ≥ (d + t/2)/δB, there
exists a morphism πN [t, V ] on V which restricts to πN (t)|V (t) on V (t). Thus, if we
consider the spaces

πN [t, V ]∗(XM,g × Ẑnrp ) = XM,g × Ẑnrp ×X×Ẑnr
p ,πN [M,t,V ] V

and

pr∗VMM,g = MM,g ×M,prV
V,

then over V (t) we have

(πN [t, V ]∗(XM,g × Ẑnrp ))|V (t) = (πN (t)∗(XM,g × Ẑnrp ))|V (t)

and

(pr∗VMM,g)|V (t) = (pr(t)∗MM,g)|V (t).

We investigate the possibility of extending the restrictions over V (t) of the isomor-
phisms ξN (t)[M, g] to an isomorphism over V .

Proposition 7.6. — Maintaining the notations as above. For any affine open V of
Jm × Un,d, there exists an isomorphism of formal schemes over V

ξN [t, V ][M, g] : πN [t, V ]∗(XM,g × Ẑnrp ) → pr∗VMM,g

which extends the isomorphism ξN (t)[M, g]|V (t) and is compatible with the actions of
GLh(Qp)+ on the two systems of spaces.

Proof. — The statement follows directly from the definitions of the morphisms
πN [t, V ] and ξN (t)[M, g]. In fact, to extend the isomorphism ξN (t)[M, g]|V (t) to an
isomorphism over V , compatible with the action of GLh(Qp)+, it suffices to extend
the isomorphism over V (t)

πN (t)∗H[pM ] → H′[pM ]

to an isomorphism over V between the pM -torsion subgroups of the Barsotti-Tate
group πN [t, V ]∗H/V and H′/V . Such an isomorphism exists by the very definition of
πN [t, V ] and the assumption [t/2] ≥M .
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7.3.3. Finally, let us recall that, in section 6.4, for all n, d, we introduced some
morphisms

ŷN : Un,d → X(α) × Spf Ẑnrp ⊂ X× Spf Ẑnrp
associated to a point y ∈ J∞(F̄p), for all N ≥ 1, such that over Un,d we have ŷN (t) =
πN (t) ◦ (y∧m, id)(t), for all t ≥ 1 and m,N sufficiently large, and also ŷ∗NH ' H′.
Arguing as in the proofs of propositions 7.5 and 7.6, we conclude that there exist
some isomorphisms over Un,d

ξy,N [M, g] : ŷ∗N (XM,g × Ẑnrp ) → Un,dM,g,

which extends the isomorphism (ym, id)(t)∗ξN (t)[M, g] from ŷN (t)∗(XM,g × Ẑnrp ) =
(ym, id)(t)∗πN (t)∗(XM,g × Ẑnrp ) to (ym, id)(t)∗pr(t)∗MM,g = Un,dM,g(t), and which are
compatible with the action of GLh(Qp)+.

7.4. The vanishing cycles sheaves on Shimura varieties. — We shall now
use Berkovich’s theory of vanishing cycles for rigid analytic spaces to prove that
the vanishing cycles sheaves RqΨη(Z/lrZ) on a Shimura variety with level structure
at p and the vanishing cycles sheaves RqΨη(Z/lrZ) on the Rapoport-Zink space of
the same level are isomorphic once pulled back over the covering spaces Jm × Ūn,d.
Moreover, such isomorphisms between the vanishing cycles sheaves are compatible
with the action of the Weil group and GLh(Qp)+.

7.4.1. Let l be a prime number, l 6= p. We fix an integer r ≥ 1, a level M > 0 and
g ∈ GLh(Qp)+ (where M ≥ e = e(g)), and study the vanishing cycles of the constant
étale sheaf Z/lrZ on the Shimura variety XM,g.

7.4.2. Let m,n, d be some positive integers, m ≥ d+M . We choose a finite cover V
of affine opens V of Jm × Un,d, and write VM,g for the pullback of Jm × Un,dM,g over
V , for all V ∈ V.

Let I denote an ideal of definition of Jm × Un,dM,g, and choose a positive integer
t = tM,r,V ≥ 2M such that, for all W = V1 ∩ V2 for some V1, V2 ∈ V (possibly
V1 = V2), the ideals It|W satisfy the property in the statement of proposition 2.24 for

X′ = WM,g and X = XM,g × Ẑnrp respectively.
Let m′ ≥ m such that m′ ≥ d+ t/2 and choose N ≥ (d+ t/2)/δB. For each V ∈ V,

we write Vm′ (resp. Vm′,M,g) for the pullback of Jm′×Un,d (resp. Jm′×Un,dM,g) over V .
Then, for each V ∈ V, Vm′,M,g → VM,g is finite étale with degree equal to [Jm′ : Jm],
which is a p-power (and thus, in particular, relatively prime to l). For simplicity, we
write πV = πN [t, Vm′ ], ξV = ξN [t, Vm′ ][M, g] and π̄N = πN (1).

For any V ∈ V, we use the isomorphism ξV to identify the spaces Vm′,M,g and
π∗V (XM,g × Ẑnrp ) and write

$V : Vm′,M,g → XM,g × Ẑnrp
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for the pullback of the morphism πV : Vm′ → X× Ẑnrp , under the projection XM,g ×
Ẑnrp � X× Ẑnrp .

We remark that the morphism (πV )s : V̄m′ → X̄ factors as π̄N ◦ (qm′,m× 1)|V̄ , and
thus the morphism ($V )s factors via the projection V̄m′,M,g → V̄M,g, i.e.

($V )s = $̄N ◦ (qm,m′ × 1)|V̄M,g
,

where $̄N : Jm × Ūn,dM,g → X̄M,g × F̄p denotes the pullback of the morphism π̄N .
We deduce that the morphism$V gives rise to a morphism of objects in the derived

category of étale sheaves over V̄M,g

θV : $̄∗NRΨη(Z/lrZ/(XM,g×Ẑnr
p )

η

)|V̄M,g
→ RΨη(Z/lrZ/(Jm×Un,d

M,g)η
)|V̄M,g

(see proposition 2.24).

Proposition 7.7. — The morphisms θV , for V ∈ V, piece together in an isomor-
phism between the vanishing cycles sheaves over Jm × Ūn,dM,g

θ = θM,g : $̄∗NRΨη(Z/lrZ/(XM,g×Ẑnr
p )

η

) → RΨη(Z/lrZ/(Jm×Un,d
M,g)η

),

Moreover, the isomorphisms θM,g are compatible with the morphisms induced by
changes of level and by the action of GLh(Qp)+ on the Shimura varieties XM,g × Ẑnrp
and on the spaces Jm × Un,dM,g, respectively.

Proof. — First, we prove that the morphisms θV , V ∈ V, give rise to a global mor-
phism between the above vanishing cycles sheaves over Jm × Un,dM,g.

Indeed, for each W = V1∩V2, V1, V2 ∈ V, we consider the restriction to Wm′,M,g of
the two morphism $Vi , i = 1, 2. By definition, we have (πV1)|Wm′ (t) = (πV2)|Wm′ (t)
which implies that we also have ($V1)|Wm′,M,g

(t) = ($V2)|Wm′,M,g
(t). It follows from

proposition 2.24 and from our choice of the integer t that the induced morphisms
θVi |W̄M,g

(i = 1, 2) between the vanishing cycles sheaves agree.
Moreover, since for all V ∈ V the morphisms $V are formally smooth (because

such are the morphism πV ), it follows from proposition 2.26 that the corresponding
morphisms between the vanishing cycles of Z/lrZ over the special fiber V̄m′,M,g of
Vm′,M,g are isomorphisms and thus such are also the morphisms θV .

Finally, the compatiblity of the θM,g with the morphisms associated to changes
of level and the action of GLh(Qp)+ follows from the corresponding property of the
isomorphisms ξV , for all V .

Corollary 7.8. — Let p : Jm × Un,dM,g →MM,g be the natural projection.
There exists an isomorphism of objects in the derived category of étale sheaves over

Jm × Ūn,dM,g

ζ = ζM,g : $̄∗NRΨη(Z/lrZ/(XM,g×Ẑnr
p )

η

) → p∗sRΨη(Z/lrZ/MM,gη
),

which is compatible with the morphisms induced by changes of level and by the action
of GLh(Qp)+ on the Shimura varieties and the Rapoport-Zink spaces, respectively.
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Proof. — Since the formal Igusa varieties are formally smoth over Ẑnrp , it follows
from proposition 2.26 that the morphism p gives rise to an isomorphism between the
vanishing cycles

p∗sRΨη(Z/lrZ/MM,gη
) ' RΨη(Z/lrZ/(Jm×Un,d

M,g)η
).

It is also clear from the definitions that such isomorphisms is compatible with
the morphisms induced by changes of level and by the action of GLh(Qp)+ on the
Rapoport-Zink spaces MM,g and on the Jm × Un,dM,g, respectively.

Thus, proposition 7.7 implies the existence of an isomorphism as in the statement.

Under some further assumptions on the integer t ≥ 0, it is possible to describe the
stalks of the isomorphisms ζ in terms of the morphisms ŷN (see section 6.4).

7.4.3. Let us assume that the affine opens V ∈ V are of the form V = V 1 × V 2,
where V 2 varies in an open cover U of Un,d. Then, for any V 2 ∈ U , we write V 2

M,g for
the pullback of V 2 over Un,dM,g → Un,d). We also assume that the integer t we chose
is sufficiently large such that, for any open V 2 ∈ U and any two morphisms from
V 2
M,g to XM,g × Ẑnrp , which coincide modulo the t-th power of the maximal ideal, the

induced morphisms between the vanishing cycles of Z/lrZ agree.
Let y ∈ J(F̄p) and N ≥ d/δB. We denote by

ỹN : Un,dM,g → XM,g × Ẑnrp

the pullback under XM,g × Ẑnrp → X × Ẑnrp of the morphism ŷN : Un,d → X × Ẑnrp ,
composed with the isomorphism ξy,N [M, g]−1 : Un,dM,g ' ŷ∗N (XM,g × Ẑnrp ) (see section
7.3.3).

Proposition 7.9. — Maintaining the above notations and assumptions. Let (ym, z)
be a geometric closed point of Jm × Ūn,dM,g.

The morphisms

ζ(ym,z) : $̄∗NRΨη(Z/lrZ/(XM,g×Ẑnr
p )

η

)(ym,z) → p∗sRΨη(Z/lrZ/MM,gη
)(ym,z)

agree with the morphisms

ψη(ỹN ,Z/lrZ)z : ỹ∗N sRΨη(Z/lrZ/(XM,g×Ẑnr
p )

η

)z → RΨη(Z/lrZ/MM,gη
)z,

when we choose y ∈ J(F̄p) such that q∞,m(y) = ym (and thus ỹN (z) = $N (ym, z)
and p(ym, z) = z).

Proof. — Let us choose V = V 1 × V 2 ∈ V such that y∧m ∈ V 1 and (ym, z) ∈ V̄M,g.
Then, over V 2, we have

πN [t, V ] ◦ (y∧m, id) ≡ ŷN |V 2

modulo the t-th power of the maximal ideal of definition of Un,d. Since pr◦(ym, id) =
id on Un,d, we conclude.
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We remark that the above description of the stalks of the morphism ζ provides an
alternative proof of the fact that the isomorphisms θV piece together, as V varies in
V.

7.4.4. We now focus our attention on the action of the inertia group Ip on the van-
ishing cycles sheaves $̄∗NRΨη(Z/lrZ/(XM,g×Ẑnr

p )
η

) ' p∗sRΨη(Z/lrZ/(MM,g)η
). In par-

ticular, we are interested in the possibility of extending its action to an action of the
Weil group WQp ⊃ Ip.

Let us remark that it is a direct consequence of the definitions that the action of
the inertia group Ip on these vanishing cycles sheaves commutes with the isomor-
phisms ζM,g and with the morphisms induced by changes of level and by the action of
GLh(Qp)+. We are interested in defining an action of WQp with the same property.

Remark 7.10. — Maintaining the above notations.

1. Let us consider the natural identification

RΨη(Z/lrZ/(XM,g×Ẑnr
p )

η

) = RΨη(Z/lrZ/(XM,g)η
)

over X̄M,g × F̄p. Then, the action of Ip on the left hand side is simply the
restriction to Ip of the action of WQp on the right hand side.

Moreover, the action of the Weil group on the right hand side is compatible
with the morphisms induced by changes of level and by the action of GLh(Qp)+

on the Shimura varieties.
2. The action of Ip on the vanishing cycles RΨη(Z/lrZ/(MM,g)η

) over M̄M,g nat-
urally extends to an action of WQp , which is compatible with the morphisms
induced by changes of level and by the action of GLh(Qp)+ on the Rapoport-
Zink spaces.

Indeed, the first statement is obvious. (To conclude the compatibility between the
action of WQp and the morphisms induced by changes of level and by the action of
GLh(Qp)+, it suffices to recall that both the projections XM ′,g×Ẑnrp → XM,g×Ẑnrp , for
M ′ ≥M , and the action of GLh(Qp)+ on the Shimura varieties XM,g× Ẑnrp arise from
morphisms defined over Zp ⊂ Ẑnrp , and thus the corresponding induced morphisms on
the vanishing cycles sheaves RΨη(Z/lrZ/(XM,g)η

) over X̄M,g × F̄p commute with the
action of WQp

.)
As for the second statement, the possibility of extending the action of Ip on the

vanishing cycles sheaves to an action of WQp , which is compatible with the morphisms
induced by changes of level and by the action of GLh(Qp)+, follows from the existence
of a descent datum for the Rapoport-Zink spaces MM,g/Ẑnrp , which commutes with
natural projections and with the action of GLh(Qp)+, namely the σ-linear automor-
phism Frob of MM,g (see part (6) of proposition 7.4).
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7.4.5. Let us remark that the actions of WQp
on the above vanishining cycles sheaves

give rise to an action of WQp
on their pullbacks over Jm × Ūn,dM,g.

In fact, let τ ∈WQp
and define r = r(τ) to be the integer such that the image of τ

in the absolute Galois group of Fp is τ̄ = σr(τ). Then, the actions of τ ∈WQp
on the

above vanishing cycles sheaves are defined by some isomorphisms

(1× σr)∗RΨη(Z/lrZ/(XM,g)η
) ' RΨη(Z/lrZ/(XM,g)η

)

over X̄M,g × F̄p and

(Frobr)∗RΨη(Z/lrZ/(MM,g)η
) ' RΨη(Z/lrZ/(MM,g)η

)

over M̄M,g.
Let us assume m ≥ d+ 2 + t/2 +M and N ≥ (d+ 1 + t/2 +M)/δB, and consider

the morphism
Frob× Frob : Jm × Ūn,dM,g → Jm−1 × Ūn+1,d+1

M,g .

Then, we have $̄N ◦ (Frob×Frob) = (1×σ) ◦ $̄N and p̄ ◦ (Frob×Frob) = Frob ◦ p̄.
Thus, for r = r(τ) ≥ 0, the above isomorphisms on the vanishing cycles sheaves

over X̄M,g × F̄p and M̄M,g give rise to some isomorphisms on the pullbacks over
Jm × Ūn,dM,g, namely

$̄∗N (τ) : (Frobr × Frobr)∗$̄∗NRΨη(Z/lrZ/(XM,g)η
) '

' $̄∗N (1× σr)∗RΨη(Z/lrZ/(XM,g)η
) ' $̄∗NRΨη(Z/lrZ/(XM,g)η

)

and
p̄∗(τ) : (Frobr × Frobr)∗p̄∗RΨη(Z/lrZ/(MM,g)η

) '

' p̄∗(Frobr)∗RΨη(Z/lrZ/(MM,g)η
) ' RΨη(Z/lrZ/(MM,g)η

).

Proposition 7.11. — Maintaining the above notations. Let τ ∈ WQp
such that

r = r(τ) ≥ 0. The isomorphism

ζ : $̄∗NRΨη(Z/lrZ/(XM,g×Ẑnr
p )

η

) → p̄∗RΨη(Z/lrZ/(MM,g)η
)

satisfy the equality ζ ◦ $̄∗N (τ) = p̄∗(τ) ◦ (Frobr × Frobr)∗(ζ).

Proof. — First, let us remark that we already know that the statements holds for
any τ ∈ Ip, i.e. when r(τ) = 0. Thus, it suffices to check that the statement for a
single element σ̃ ∈WQp

such that r(σ̃) = 1, (i.e. for a lift σ̃ of the Frobenius element
σ),

Let D = DM,g = $̄∗NRΨη(Z/lrZ/(XM,g)η
) ' p̄∗RΨη(Z/lrZ/(MM,g)η

). We need to
show that the two morphisms

$̄∗N (σ̃), p̄∗(σ̃) : (Frob× Frob)∗D → D

agree.
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By the universal property of XM,g, the descent datum on XM,g × Ẑnrp is equivalent
to the datum of an isomorphism

σ : (1× σ)∗A → A,

where A is the universal abelian variety over (XM,g)s × F̄p, such that σ induces
isomorphisms (1 × σ)∗H ' H and (1 × σ)∗E ' E , where H and E (E ⊂ H ⊂ A) are
respectively the universal Barsotti-Tate group and flat subgroup over XM,g × Ẑnrp .

Analogously, the descent datum on MM,g is equivalent to the datum of an isomor-
phism

σ : Frob∗H′ → H′,

where H′ is the universal Barsotti-Tate group over MM,g, which restricts to an iso-
morphism Frob∗E ′ ' E ′ on the subgroup E ′ ⊂ H′.

Moreover, the identification between the vanishing cycle sheaves

$̄∗NRΨη(Z/lrZ/(XM,g)η
) ' p̄∗RΨη(Z/lrZ/(MM,g)η

)

arises from the isomorphism

H[pM ] = p∗H′[pM ] ' $∗VH[pM ],

over the affine opens Vm′ of Jm′ × Un,dM,g, V ∈ V.
Thus, the two actions of σ̃ ∈ WQp

on the vanishing cycles can be interpreted as
arising from the descent data

$∗V (σ) : $∗V (1× σ)∗H[pM ] → $∗VH[pM ]

and
p∗(σ) : p∗Frob∗H′[pM ] → p∗H′[pM ].

On Jm × Ūn,dM,g we have

$̄∗N (1× σ)∗ = (Frob× Frob)∗$̄∗N ,

p̄∗Frob∗ = (Frob× Frob)∗p̄∗,

and also, under the identification H̄[pM ] = p̄∗H′[pM ] ' $̄∗NH[pM ],

$̄∗N (σ)s = p̄∗(σ)s : (Frob× Frob)∗H̄[pM ] → H̄[pM ].

Therefore, the isomorphism

$̄∗N (σ̃)−1 ◦ p̄∗(σ̃) : p∗Frob∗H′[pM ] → $∗V (1× σ)∗H[pM ]

can be viewed as an isomorphism between two deformations of the group scheme
(Frob × Frob)∗H̄[pM ], which reduces to the identity on the special fiber. It follows
that it gives rise to an identification of the two deformations, and thus, equivalently,
that the morphism $̄∗N (σ̃)−1 ◦ p̄∗(σ̃) on the vanishing cycle sheaves is simply the
identity.
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7.4.6. We now investigate the action of T on the vanishing cycles sheaves we studied.
From the equality π̄N ◦ (ρ×ρ) = π̄N , for any ρ ∈ S, we deduce that $̄N ◦ (ρ×ρ) =

$̄N and thus $̄∗N ' (ρ × ρ)∗ ◦ $̄∗N . It follows that there is a natural action of S on
the vanishing cycles sheaves $̄∗NRΨη(Z/lrZ/(XM,g×Ẑnr

p )
η

), i.e. for any ρ ∈ S there is

an isomorphism

ρ : (ρ× ρ)∗$̄∗NRΨη(Z/lrZ/(XM,g×Ẑnr
p )

η

) ' $̄∗NRΨη(Z/lrZ/(XM×Ẑnr
p )

η

),

such that (ρ1ρ2)∗ = ρ∗2ρ
∗
1, for any ρ1, ρ2 ∈ S.

Clearly, the above action of S commutes with the action of Ip × GLh(Qp)+, and
indeed it commutes also with the action of WQp , since the action of ρ ∈ S on the
schemes Jm × Ūn,dM,g commutes with the morphism Frob× Frob.

On the other hand, from the equality p̄ ◦ (ρ× ρ) = ρ ◦ p̄, for any ρ ∈ S, we deduce
that there is an isomorphism

(ρ× ρ)∗p̄∗RΨη(Z/lrZ/(MM,g)η
) ' p̄∗ρ∗RΨη(Z/lrZ/(MM,g)η

).

Moreover, since the action of the monoid S ⊂ T on the reduced fibers of the Rapoport-
Zink spaces extends to an action of the group T on the Rapoport-Zink spaces over
Ẑnrp (see part (7) of proposition 7.4), there are also some isomorphisms

ρ∗RΨη(Z/lrZ/(MM,g)η
) ' RΨη(Z/lrZ/(MM,g)η

).

Thus, by composing the above two isomorphisms, we define an action of S on the
vanishing cycles p̄∗RΨη(Z/lrZ/(MM,g)η

), i.e. for any ρ ∈ S we define an isomorphism

ρ : (ρ× ρ)∗p̄∗RΨη(Z/lrZ/(MM,g)η
) ' p̄∗RΨη(Z/lrZ/(MM,g)η

),

such that (ρ1ρ2)∗ = ρ∗2ρ
∗
1, for any ρ1, ρ2 ∈ S.

Proposition 7.12. — Maintaining the above notations. Let ρ ∈ S ⊂ T . The iso-
morphisms

ζ : $̄∗NRΨη(Z/lrZ/(XM,g)η
) → p̄∗RΨη(Z/lrZ/(MM,g)η

)

satisfy the equality ζ ◦ ρ = ρ ◦ (ρ× ρ)∗(ζ).

Proof. — Clearly, it suffices to check that the above equality on the stalks of the
geometric points of Jm × Ūn,dM,g. Without loss of generality we may assume that our
choice of the integer t is compatible with the properties stated in section 7.4.3, and
thus we can apply the description of the stalks of the isomorphism ζ, we gave in
proposition 7.9.
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Let ρ ∈ S and (ym, z) be a geometric point of Jm × Ūn,dM,g. We need to prove that
the following diagram commutes, for all q ≥ 0.

RqΨη(Z/lrZ/(XM,g)η
))$̄N (ρym,ρz)

ζ(ρym,ρz)

��

RqΨη(Z/lrZ/(XM,g)η
))$̄N (ym,z)

ζ(ym,z)

��
RqΨη(Z/lrZ/(MM,g)η

)ρz
ρz // RqΨη(Z/lrZ/(MM,g)η

)z

Let y ∈ J(F̄p) be a point such that q∞,m(y) = ym. Then, ρ(y) ∈ J(F̄p) and
q∞,m(ρy) = ρym. By proposition 7.9, we know that ζ(ym,z) = ψη(ŷN ,Z/lrZ)z and
ζ(ρym,ρz) = ψη(ρ̂yN ,Z/lrZ)ρz. Thus, the commutativity of the above diagram follows
from the equality ŷN ◦ ρ = ˆρym∞N (in the diagram we denote by ρz the morphism
ψη(ρ,Z/lrZ)z).

7.4.7. The results of this section on the vanishing cycles sheaves of the Shimura vari-
eties and of the Rapoport-Zink spaces can be summarised in the following proposition.

In the following, we write W+
Qp

= {τ ∈WQp
| r(τ) ≥ 0}. Thus, WQp

= 〈W+
Qp
, σ̃〉, for

some σ̃ ∈W+
Qp

such that r(σ̃) = 1 (see section 7.4.5).

Theorem 7.13. — With the above notations. There exist some quasi-isomorphisms
of complexes in the derived category of abelian torsion étale sheaves over Jm × Un,d

$̄∗NRΨηR(ϕMϕM,g)∗(Z/lrZ/(XM,g)η
) ' p̄∗RΨηR(δMδM,g)∗(Z/lrZ/(MM,g)η

),

compatible with the actions of W+
Qp
× S ×GLh(Qp)+ and the changes of level M, g.

Proof. — In propositions 7.7, 7.11 and 7.12, we proved that the quasi-isomorphisms
ζ’s over Jm × Ūn,dM,g

$̄∗NRΨη(Z/lrZ/(XM,g)η
) ' p̄∗RΨη(Z/lrZ/(MM,g)η

),

have the required properties. By applying the derived functor associated to the
(proper) projections Jm × Ūn,dM,g → Jm × Ūn,d, we obtain the quasi-isomorphisms in
the statement (after using the proper base change theorem and part (2) of proposition
2.22).

8. The cohomology of Shimura varieties

In this last section, we shall compute the l-adic cohomology of the Shimura va-
rieties as a (virtual) representation of G(A∞) ×WQp

(l 6= p), in terms of the l-adic
cohomologies of the Igusa varieties and of the Rapoport-Zink spaces.

More precisely, we shall apply theorem 5.13 to the complex of A-R l-adic étale
sheaves

L = (RΨηR(ϕMϕM,g)∗(Z/lrZ/(XM,g)η
)|X̄(α)×F̄p

)r
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over X̄(α) × F̄p, for each Newton polygon α, to relate the cohomology groups with
compact supports of the Newton polygon strata to the cohomology of the Igusa va-
rieties and of the Rapoport-Zink space, in the case of level structure at p. As the
Newton polygon stratum varies in the stratification of the reduction of the Shimura
varieties and the level (both at p and away from p) changes, the above descriptions
combine into a formula which computes the cohomology of the Shimura varieties, in
terms of the cohomologies of the Igusa varieties and of the Rapoport-Zink spaces.

We choose to formulate the main result of this section (Theorem 8.11) as an equal-
ity of virtual l-adic representations of G(A∞)×WQp

, even though what we really prove
is a stronger version of this result which regards the corresponding Zl-representations
and can be formulated as the existence of quasi-isomorphisms in the derived cate-
gory of A-R l-adic systems, compatible with the action of G(A∞) ×WQp . Indeed,
we prove more, as we prove the existence of such quasi-isomorphisms for lr-torsion
coefficients, for all r ≥ 1 (which translates in a result regarding the corresponding
Z/lrZ-representations).

On the other hand, since the cohomology groups of Shimura varieties both with
Z/lrZ-coefficients and with Zl-coefficients are not a priori admissible representations
of G(A∞) ×WQp

, the above two results in the derived categories can not be stated
as equalities in the appropriate Grothendieck groups, which is why we prefer to state
the theorem for l-adic coefficients.

8.1. The Newton polygon decomposition. — We shall start by explaining how
it is possible to compute the l-adic cohomology of the Shimura varieties in terms of
the cohomology of the Newton polygon strata of their special fibers, with coefficients
in the l-adic vanishing cycles sheaves.

8.1.1. We recall that our final goal is to study the virtual Ql-representation of
G(A∞)×WQp

H•(X,Ql) =
∑
i

(−1)iHi(X,Ql),

where

Hi(X,Ql) = lim
−→ UH

i
et(XU ×E (Ênru )ac,Ql),

and U varies among the sufficiently small open compact subgroups of G(A∞). (In
the following we shall consistently use the upper index • to denote the corresponding
alternating sum of representations inside the appropriate Grothendieck group.)

Let us also observe that if we restrict our attention to the open compact subgroups
of G(A∞) of the form

U = Up(M) = Up × Z×p × ker(O×
Bop

u
→ (OBop

u
/uM )×),
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for some integer M ≥ 0 and some sufficiently small open compact subgroup Up ⊂
G(A∞,p), then we compute

H•(X,Ql)Z×p = lim
−→ Up,MH

•
et(XUp(M) ×E (Ênru )ac,Ql).

8.1.2. In the following we restict our attention to such levels U = Up(M), and relay
on the theory of vanishing cycles to express the cohomology of the Shimura varieties
in terms of the the cohomology of the special fibers of their integral models.

Let r ≥ 1. For any level Up(M), we consider the integral models of the Shimura
varieties XUp,M = XUp,M,Ih

. Then, there exist quasi-isomorphisms

iUp,M : RΓ(XU ×E (Ênru )ac,Z/lrZ) ' RΓ(X̄Up,M ×Fp
F̄p, RΨη(Z/lrZ/(XUp,M )η

)),

such that g∗ ◦ iUp,M = iUp,M ◦ g∗, for all g ∈ GLh(Zp) and p−1I∗h ◦ iUp,M = iUp,M−1 ◦
p−1I∗h, for M ≥ 1.

Further more, for any g ∈ GLh(Qp)+ and M ≥ e = e(g), let us consider the
integral models XUp,M,g, together with the projections φUp,M,g : XUp,M,g → XUp,M

and the morphisms g : XUp,M,g → XUp,M−e. They give rise to quasi-isomorphisms

φ∗Up,M,g : RΓ(X̄Up,M ×Fp F̄p, RΨη(Z/lrZ/(XUp,M )η
)) '

' RΓ(X̄Up,M,g ×Fp
F̄p, RΨη(Z/lrZ/(XUp,M,g)η

)),

and to some morphisms

g∗ : RΓ(X̄Up,M−e ×Fp
F̄p, RΨη(Z/lrZ/(XUp,M )η

)) →

→ RΓ(X̄Up,M,g ×Fp F̄p, RΨη(Z/lrZ/(XUp,M,g)η
)),

such that (φ∗−1
Up,M−e,g ◦ g∗) ◦ iUp,M = iUp,M−e ◦ g∗, for all g ∈ GLh(Qp)+ and M ≥

e = e(g). We deduce that the morphisms φ∗−1
Up,M−e,g ◦ g∗ define a quasi-action (i.e.

an action via quasi-isomorphisms) of GLh(Qp) on the direct limit, as M varies, of
the complexes RΓ(X̄Up,M ×Fp

F̄p, RΨη(Z/lrZ/(XUp,M )η
)). It is also clear that this

quasi-action extends the previously defined action of 〈GLh(Zp), pIh〉 ⊂ GLh(Qp).
On the other hand, as the integer r varies, the above complexes form an A-R l-adic

system, also endowed with a quasi-action of GLh(Qp), as the level M varies. We us
denote by

Hi(RΓ(X̄Up,M ×Fp
F̄p, RΨη(Zl/(XUp,M )η

)))

the i-th cohomology group of the A-R l-adic complex. Then, for all i, the Ql-vector
spaces

lim
−→ Up,M Hi(RΓ(X̄Up,M ×Fp F̄p, RΨη(Zl/(XUp,M )η

)))⊗Zl
Ql

are admissible representations of G(A∞) × WQp , and there is an equality in the
Grothendieck group of virtual l-adic representations of G(A∞)×WQp

H•(X,Ql)Z×p = lim
−→ Up,M H•(RΓ(X̄Up,M ×Fp F̄p, RΨη(Zl/(XUp,M )η

)))⊗Zl
Ql.
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We remark that as virtual representations of G(A∞,p) × Q×p × 〈GLh(Zp), pIh〉 ×
WQp

⊂ G(A∞)×WQp

lim
−→ Up,M H•(RΓ(X̄Up,M ×Fp

F̄p, RΨη(Zl/(XUp,M )η
)))⊗Zl

Ql =

= lim
−→ Up,M H•(X̄Up,M ×Fp F̄p, R•Ψη(Zl/(XUp,M )η

)))⊗Zl
Ql.

8.1.3. We now consider the Newton polygon stratification of the reductions modulo
p of the integral models XUp,M,g of the Shimura varieties. For any level Up,M, g,
the stratification gives rise to a sequence of exact triangles in the derived category
computing the cohomology of the special fibers of the Shimura varieties in terms of
the cohomology with compact supports of the corresponding Newton polygon strata
(see [11], Theorem I.8.7(3), pp. 91–94). Since both the morphisms corresponding to
changes of level and the action of G(A∞,p) × Q×p × GLh(Qp)+ ×WQp

preserve the
Newton polygon stratification of the special fibers, the corresponding exact triangles
in the derived category are compatible under the morphisms φ∗Up,M,g, g

∗ (for any
g ∈ GLh(Qp)+) and the group action.

We deduce that, for all Newton polygons α, the morphisms φ∗−1
Up,M,g ◦ g∗ define a

quasi-action of GLh(Qp) on the direct limit (as the level M varies) of the complexes

RΓc(X̄
(α)
Up,M ×Fp

F̄p, RΨη(Z/lrZ/(XUp,M )η
)|X̄(α)

Up,M

),

and also of the corresponding complexes of A-R l-adic systems

RΓc(X̄
(α)
Up,M ×Fp F̄p, RΨη(Zl/(XUp,M )η

)|X̄(α)
Up,M

).

Thus, we obtain the following decomposition of the cohomology of Shimura varieties.

Proposition 8.1. — There is an equality of virtual Ql-representations of G(A∞)×
WQp

H•(X,Ql)Z×p =

=
∑
α

lim
−→ Up,M H•(RΓc(X̄

(α)
Up,M ×Fp

F̄p, RΨη(Zl/(XUp,M )η
)|X̄(α)

Up,M

))⊗Zl
Ql

where Up varies among the sufficiently small open compact subgroup of G(A∞,p) and
M among the positive integers.

We remark that as virtual representations of G(A∞,p) × Q×p × 〈GLh(Zp), pIh〉 ×
WQp ⊂ G(A∞)×WQp

lim
−→ Up,M H•(RΓc(X̄

(α)
Up,M ×Fp F̄p, RΨη(Zl/(XUp,M )η

)|X̄(α)
Up,M

))⊗Zl
Ql =

= lim
−→ Up,MH

•
c (X̄

(α)
Up,M ×Fp

F̄p, R•Ψη(Zl/(XUp,M )η
)|X̄(α)

Up,M

)⊗Zl
Ql.
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8.1.4. We now focus our attention on the cohomology groups

Hi(RΓc(X̄
(α)
Up,M ×Fp

F̄p, RΨη(Zl/(XUp,M )η
)|X̄(α)

Up,M

))

and use theorems 5.13 and 7.13 to relate them to the cohomology of the Igusa varieties
and of the Rapoport-Zink spaces of the same level.

First, we recall some notations. For all i ≥ 0, we write

Hi
c(Jα,Up ,Z/lrZ) = lim

−→ mH
i
c(Jα,Up,m,Z/lrZ)

for the cohomology groups with coefficients in Z/lrZ of the Igusa varieties of level Up

and Newton polygon α, viewed as a module endowed with an action of Tα×WQp
(we

recall that the action of the Weil group is unramified).
We also write Mα,M,g (and Mα,M = Mα,M,Ih

) for the formal Rapoport-Zink
space, of level M, g (M ≥ e(g)) and Newton polygon α, and {Un,dα,M,g}n,d for our usual
choice of an open cover of Mα,M,g. Thus, for any abelian torsion étale sheaf F (with
torsion orders prime to p), we have

Hi
c(M̄α,M,g,F) = lim

−→ n,dH
i
c(Ū

n,d
α,M,g,F|Ūn,d

α,M,g
).

We view the above cohomology groups as representations of Tα × WQp
, where the

action of Tα is the one induced by the opposite of the action of Tα we considered so
far (see section 2.5.14).

Theorem 8.2. — Let α be a Newton polygon of dimension q and height h. For any
sufficiently small open compact subgroup Up ⊂ G(A∞,p), and any integers M ≥ 0 and
r ≥ 1, there are some isomorphisms of Z/lrZ-representations of GLh(Zp)×WQp

Hi(RΓc(M̄α,M , RΨη(Z/lrZ/(Mα,M )η
))⊗LHr(T ) RΓc(Jα,Up ,Z/lrZ)) '

' Hi(RΓc(X̄
(α)
Up,M ×Fp

F̄p, RΨη(Z/lrZ/(XUp,M )η
)|X̄(α)

Up,M

)),

for all i ≥ 0.
As the levels Up,M vary, the above representations are endowed with an action of

G(A∞)×WQp
, and the two actions on the direct limit representations are compatible

under the above isomorphisms.
Moreover, the above isomorphisms are compatible with the natural projections as

the integer r ≥ 1 varies.

Proof. — The equality π̄N ◦(1×F̃ r)NB = π̇N , together with the fact that F̃ r is purely
inseparable and finite, implies that, for any abelian étale sheaf L over X̄(α)× F̄p (with
torsion orders relatively prime to p), we have

π̇N !π̇
∗L ' π̄N !(1× F̃ r)NB! (1× F̃ r)NB ∗π̄∗NL ' π̄N !π̄

∗
NL.

Thus, in all the constructions of section 5, we can replace π̇N with π̄N .
Let g ∈ GLh(Qp)+ (M ≥ e(g), and consider the complex of torsion abelian sheaves

L = RΨη(R(ϕMϕM,g)∗(Z/lrZ/(XM,g)η
))
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over X̄(α)× F̄p. Then, theorems 5.13 and 7.13 (together with Berkovich’s comparison
theorem which allows us to identify classical vanishing cycles with rigid analytic van-
ishing cycles) imply the existence of quasi-isomorphisms, compatible with the action
of WQp

RΓc(M̄α, RΨηR(δMδM,g)∗(Z/lrZ/(MM,g)η
))⊗LHr(T ) RΓc(Jα,Up ,Z/lrZ) '

' RΓc(X̄
(α)
Up(0) × F̄p, RΨηR(ϕMϕM,g)∗(Z/lrZ/(XM,g)η

))|X̄(α)
Up(0)×F̄p

).

By part (2) of proposition 2.22, we can rewrite the above quasi-isomorphisms as

RΓc(M̄M,g, RΨη(Z/lrZ/MM η
))⊗LHr(T ) RΓc(JUp ,Z/lrZ) '

' RΓc(X̄
(α)
Up,M,g × F̄p, RΨη(Z/lrZ/XM η

))|X̄(α)
Up ×F̄p

).

These quasi-isomorphisms commute with the action of GLh(Zp) on the two hand
side when g = Ih, and also with the maps induced by the projections δM,g, φUp,M,g,
and by the morphisms associated to the elements g ∈ GLh(Qp)+.

In particular, when g = Ih, the above quasi-isomorphisms give rise to the isomor-
phisms of Z/lrZ-representations of GLh(Zp)×WQp in the statement.

Further more, we deduce that the morphisms (δM,g×1)∗−1◦g∗ define a quasi-action
of GLh(Qp) on the direct limit (as M varies) of the complexes

RΓc(M̄M,g, RΨη(Z/lrZ/MM η
))⊗LHr(T ) RΓc(JUp ,Z/lrZ),

which is compatible under the above isomorphisms with the quasi-action of the right
hand side. Thus, we conclude.

8.1.5. We remark that, for all level Up,M , there are GLh(Zp) × WQp-equivariant
spectral sequences

⊕s+t+q=p′TorpHr(Tα)(H
t
c(M̄α,M , R

qΨη(Z/lrZ)),Hs
c (Jα,Up ,Z/lrZ))

which abut the representations

Hn(RΓc(M̄α,M , RΨη(Z/lrZ/(Mα,M )η
))⊗LHr(T ) RΓc(Jα,Up ,Z/lrZ)),

for all n = p+ p′ ≥ 0.
As Up,M vary, the Z/lrZ-modules

lim
−→ Up,M ⊕s+t+q=p′ TorpHr(Tα)(H

t
c(M̄α,M , R

qΨη(Z/lrZ)),Hs
c (Jα,Up ,Z/lrZ))

are naturally endowed with an action of G(A∞,p) × Q×p × 〈GLh(Zp), pIh〉 × WQp
.

Moreover, this action induces an action on the limit of convergence which simply is
the restriction to G(A∞,p)×Q×p ×〈GLh(Zp), pIh〉×WQp of the action of G(A∞)×WQp .
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8.2. The cohomology of the Rapoport-Zink spaces. — In this section, we
shall study the cohomology of the Rapoport-Zink more closely. In particular, we
have two goals in mind. On one hand, we want to relate the cohomology of the
rigid analytic Rapoport-Zink spaces to the cohomology of their special fibers, with
coeffiecients in the vanishing cycles sheaves, as it appears in theorem 8.2. On the
other hand, there is the proof of the admissibility of the representations associated
to the cohomology groups of the Igusa varieties and the Rapoport-Zink spaces, which
we prove in lemma 8.9. (The admissibiblity of these representations is an obviuos
prerequisite for describing our final result as an equality of virtual representations.)

We are very grateful to L. Fargues for explaining to us the results of this section
and correcting an early mistake.

8.2.1. Let α be a Newton polygon of dimension q and height h. We denote by Mα

the Rapoport-Zink space (without level structure) associated to the Barsotti-Tate
group Σ(α) and, for any positive integer M , we write Mrig

α,M for the Rapoport-Zink
rigid analytic space of level M over Mrig

α .

8.2.2. We start by considering the case of cohomology with lr-torsion coefficients,
for any r ≥ 1. We recall that the j-th cohomology group of the Rapoport-Zink
spaces associated to the Newton polygon α is defined to be the representation of
Tα ×GLh(Qp)×WQp

Hj
c (Mα,Z/lrZ) = lim

−→ M Hj
c (M

rig
α,M ×K K̄,Z/lrZ)

(see section 2.5), where the action of Tα is the one induced by the left action of Tα
on Mrig

α,M (for all M) (see [28], Remark 1.3(i), p. 425).
On the other hand, because of theorem 8.2, we are induced to consider the Z/lrZ-

representations of Tα × 〈GLh(Zp), pIh〉 ×WQp

Hj
c (M̄α ×Fp

F̄p, RqΨη(Z/lrZ)) = lim
−→ M Hj

c (M̄α,M ×Fp
F̄p, RqΨη(Z/lrZ)),

for all j, q ≥ 0.
The goal of this section is to understand the relation between the cohomology

groups of the rigid analytic Rapoport-Zink spaces and these modules.
More precisely, we shall establish a link between the WQp

-representations

TorkHr(Tα)(H
j
c (M̄α,M ×Fp

F̄p, RqΨη(Z/lrZ)),Π)

and
ExtsTα−smooth(H

t
c(M

rig
α,M ×K K̄,Z/lrZ),Π)

for any smooth Z/lrZ-representation Π of Tα, and all levels M . (The above derived
functors are computed in the category of smooth Z/lrZ-representations of Tα×WQp

).

8.2.3. Let us fix the level M of the formal Rapoport-Zink space Mα,M = Mα,M,Ih
,

which we now simply denote by M, and write {Un,d = Un,dα,M}n,d for the usual open
cover of M.
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By proposition 4.6, there exist some positive integers m,n, d such that the mor-
phism π̇N : Jm ×F̄p

Ūn,d → X̄(α) × F̄p is surjective on geometric points, for some
N ≥ d/δB. Equivalently, there exist some integers n, d such that the reduced fiber
of the Rapoport-Zink space M̄ is covered by the opens ρU , as ρ varies in T and
U = Ūn,d. Indeed, since the maximal open compact subgroup Γ ⊂ T stabilizes the
open U , it suffices to let ρ vary among a set of representatives of the cosets in T/Γ.

For any positive integer s, we set

(T/Γ)s+1
6= = {t = (ρ0Γ, . . . , ρsΓ) ∈ (T/Γ)s+1|ρiΓ 6= ρjΓ∀i 6= j}

and for any t = (ρ0Γ, . . . , ρsΓ) ∈ (T/Γ)s+1
6= , we write tU = ρ0U ∩ · · · ∩ ρsU and

jtU : tU ↪→ M̄ for the natural inclusion.
Let F be an abelian étale torsion sheaf over M̄, with torsion orders prime to p.

For any integer s ≥ 0, we define an abelian étale torsion sheaf over M̄

Cs(U,F) = ⊕t∈(T/Γ)s+1
6=
jtU !(F|tU ).

Moreover, let t ∈ (T/Γ)s+1
6= , s ≥ 1, and write ti = (ρ0Γ, . . . , ρ̂iΓ, . . . , ρsΓ) ∈

(T/Γ)s6=, for all i = 0, . . . , s. Then, the natural inclusions tU ⊂ tiU give rise to
some morphisms

jtU !(F|tU ) → jtiU !(F|tiU ),

and analogously, for any ρ ∈ T , the inclusion ρU ⊂ M̄ gives rise to a morphism

jρU !(F|ρU ) → F .

These maps induce some morphisms Cs(U,F) → Cs−1(U,F) and C0(U,F) → F such
that the corresponding complex of sheaves over M̄

· · · → Cs(U,F) → · · ·C0(U,F) → F → 0

is exact (we adopt the same alternating sign convention of the usual Cech complex).
Equivalently, there is a quasi-isomorphism in the derived category of abelian torsion
sheaves over M̄ between the complex C·(U,F) and the sheaf F .

8.2.4. Let us now focus our attention of the action of the group T on M̄. This
action gives rise to an action of T on the cohomology groups Hi

c(M̄,F) and
Hi
c(M̄, Cs(U,F)), for all i and s.
Moreover, for all i, s ≥ 0, we can identify

Hi
c(M̄, Cs(U,F)) = ⊕t∈(T/Γ)s+1

6=
Hi
c(tU,F),

where the action of T can be interpreted, on the right hand side, as arising from the
isomorphisms

γ : tU → γtU,

which are induced by restriction from the action of γ on M̄, for all γ ∈ T (if t =
(ρ0Γ, . . . , ρsΓ) ∈ (T/Γ)s+1

6= , we write γt = (γρ0Γ, . . . , γρsΓ)).
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For any s ≥ 0, let t ∈ (T/Γ)s+1
6= , t = (ρ0Γ, . . . , ρpΓ). If s ≥ 1, we write ε = εt =

[(ρ−1
0 ρ1, . . . , ρ

−1ρs)] ∈ Γ\(T/Γ)s6= and Uε = U ∩ ρ−1
0 ρ1U ∩ · · · ∩ ρ−1

0 ρsU . If s = 0, we
write Γ\(T/Γ)06= = {ε̄} and Uε̄ = U .

Then, the action of ρ0 ∈ T gives rise to some isomorphisms

Hi
c(tU,F) ' Hi

c(Uε,F),

for all i, and thus to an identification of T -representations

⊕t∈(T/Γ)s+1
6=
Hi
c(tU,F) = ⊕ε∈Γ\(T/Γ)s

6=
c− IndTΓε

(Hi
c(Uε,F)),

where Γε = Γ ∩ ε1Γε−1
1 ∩ · · · ∩ εsΓε−1

s is an open compact subgroup of T , for any
ε = [(ε1, . . . , εs)] ∈ Γ\(T/Γ)s6= and s ≥ 0 (for s = 0, we write Γε̄ = Γ).

8.2.5. Let s ≥ 1, and for each ε = [(ε1, . . . , εs)] ∈ Γ\(T/Γ)s6= consider the open
Uε ⊂M. We claim that the set

{ε ∈ Γ\(T/Γ)s6=|Uε 6= ∅}

is finite, and empty for s sufficiently large. In fact, for any ρ ∈ T , the set U ∩ρU = ∅
unless ρ ∈ T d,d, i.e. unless both pdρ and pdρ−1 are isogenies. (This fact follows from
the equalities pdρ = (pd−nβ−1)(pnβρ) and pdρ−1 = (pd−nρ−1β−1)(pnβ), for some
β ∈ U ∩ ρU .) Thus, if Uε 6= ∅, then ε ∈ Γ\(T d,d/Γ)s6=. Since T d,d ⊂ T is compact, the
set T d,d/Γ is finite and moreover (T d,d/Γ)s6= = ∅ if s > #(T d,d/Γ).

It follows that the complex C·(U,F) is bounded (indeed Cs(U,F) = 0 if s >

#(T d,d/Γ) ), and thus the above considerations give rise to the following proposition.

Proposition 8.3. — Let F be an object in the derived category of abelian lr-torsion
sheaves over M̄.

Then, there is a spectral sequence of Z/lrZ-representations of T ×WQp

Es,t1 = ⊕ε∈Γ\(T/Γ)s
6=
c− IndTΓε

Ht
c(Uε,F) ⇒ Hs+t

c (M̄,F).

In particular, if F is a constructible sheaf, the representations Hk
c (M̄,F) are

smooth of finite type for the action of T , for all k ≥ 0.

Proof. — The above spectral sequence arises from the quasi-isomorphism in the de-
rived category

R·Γc(M̄,F) ' R·Γc(M̄, C·(U,F)) ' ⊕ε∈Γ\(T/Γ)·6=
c− IndTΓε

R·Γc(Uε,F).

For F a constructible sheaf , the cohomology groups Ht
c(Uε,F) are finite, for

all ε, t ≥ 0. Moreover, the set Γ\(T/Γ)s6= is finite, for any s ≥ 0, and thus the
representations⊕ε∈Γ\(T/Γ)s

6=
c−IndTΓε

Ht
c(Uε,F) are smooth of finite type for the action

of T . It follows from the fact that the category of smooth representations of finite
type of T is noetherian and closed under extensions (see [8]) that the representations
Hk
c (M̄,F) are also smooth of finite type.
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Lemma 8.4. — Let Λ denote Z/lrZ (for some r ≥ 1) or Ql, and denote by Λ(Tα)
the Hecke algebra of Tα with coefficients in Λ.

Let M be a finite smooth Λ-representation of K × GLh(Zp) ×WQp , for K ⊂ T a
open compact subgroup, and denote by M∨ its dual.

For any admissible Λ-representation Π of T ×WQp
, and any integer j ≥ 0, there

exists an isomorphism

ExtjT−smooth (c− IndTKM
∨,Π) ' TorjΛ(T ) (c− IndTKM,Π),

equivariant for the action of WQp
.

Moreover, the above modules are finite and vanish for j sufficiently large.

Proof. — The vanishing of the modules ExtjT−smooth (c − IndTKM
∨,Π) for j suffi-

ciently large (e.g. j greater than the rank of T ) is proved in [10] (lemma 4.3.12, pp.
69-70).

On the other hand, if F· → Π is a projective resolution of Π, then one can use such
resolution to compute both

TorjHr(T ) (c− IndTKM,Π) = Hj(c− IndTKM ⊗Λ(T ) F.)

and

ExtjT−smooth (c− IndTKM
∨,Π) = Hj(HomT−smooth(c− IndTKM

∨, F.)).

Thus, in order to conclude, it suffices to prove that for any smooth projective
representation F , there exists an isomorphism

c− IndTKM ⊗Λ(T ) F ' HomT−smooth(c− IndTKM
∨, F ),

equivatiant for the action of GLh(Zp)×WQp
, and that the above modules are finite.

By Frobenius reciprocity, we have a canonical isomorphism

HomT−smooth(c− IndTKM
∨, F ) ' HomK−smooth(M∨, F|K),

where we denote by F|K the restriction of the T -representation F to the compact
subgroup K ⊂ T . Moreover, since the K-representation M is smooth and finite,
there exists an open compact normal subgroup K ′ ⊂ K such that M = MK′

(and
thus also M∨ = (M∨)K

′
). We deduce that

HomK−smooth(M∨, F|K) ' HomK−smooth(M∨, FK
′
),

which is indeed finite since the representation F is admissible.
Further more, we can rewrite

HomT−smooth(c− IndTKM
∨, F ) ' HomΛ(M∨, F )K ' (Mop ⊗Z/lrZ F )K

and, analoguously,
c− IndTKM ⊗Λ(T ) F ' (Mop ⊗Λ F )K .

For any Λ-representation V of K, the morphism eK : V → V gives rise to an isomor-
phism VK ' V K .
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It is a direct consequence of the above lemma that, for any smooth Z/lrZ-
representations V of T of finite type and any admissible representations Π, the
modules TorjHr(T ) (V,Π) are finite. (In fact, any smooth representation of finite type
V admits a resolution by representations of the form ⊕i∈Ic − IndTKi

Mi, for some
open compact subgroups Ki ⊂ T , some finite free Z/lrZ-modules Mi, endowed with
an action of Ki, and some finite set I.)

Moreover, it also follows from lemma 4.3.12 in [10] that the above modules vanish
for j sufficiently large.

In particular, one can combine the above lemma and proposition 8.3 to obtain the
following corollary.

Corollary 8.5. — Let F be a constructible sheaves over M̄ and Π be an admissible
Z/lrZ-representations of T ×WQp

.
There is an equality of virtual Z/lrZ-representations of WQp .

Tor•Hr(T ) (H•c (M̄,F),Π) =
∑

ε∈Γ\(T/Γ)•6=

Tor•Hr(T ) (c− IndTΓε
H•c (Uε,F),Π).

8.2.6. Let us remark that, in particular, the above corallary applies to the case of
F = RqΨη(Z/lrZ), for any q ≥ 0. (The complex of vanishing cycles sheaves of the
integral model M is indeed bounded and constructible since, locally on M̄, they can
be identified to the vanishing cycles sheaves of some schemes of finite type.)

Further more, in the case of the complex F = RΨη(Z/lrZ), we obtain the following
result. (We reintroduce the level M in our notations.)

Corollary 8.6. — Let Π be an admissible Z/lrZ-representations of T ×WQp
.

There is an equality of virtual Z/lrZ-representations of 〈GLh(Zp), pIh〉 ×WQp
⊂

GLh(Qp)×WQp

lim
−→ M Tor•Hr(T ) (H•c (M̄M , R

•Ψη(Z/lrZ)),Π) =

=
∑

ε∈Γ\(T/Γ)•6=

lim
−→ M Tor•Hr(T ) (c− IndTΓε

H•c (Uε,M , R
•Ψη(Z/lrZ)),Π).

Proof. — It suffices to remark that the quasi-isomorphisms in the derived category

R·Γc(M̄M , RΨη(Z/lrZ)) ' ⊕ε∈Γ\(T/Γ)·6=
c− IndTΓε

R·Γc(Uε,M , RΨη(Z/lrZ))

are equivariant under the action of GLh(Zp) and the morphisms p−1I∗h, as M varies.

Since we are interested in applying the above corollary to the case of Π equal to the
cohomology of the Igusa varieties, let us recall that the representations of T ×WQp

associated to the cohomology of the Igusa varieties of level Up (for any sufficiently
small open compact subgroup Up of G(A∞,p)) are indeed admissible (see remark 3.9).
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8.2.7. We now focus our attention on the cohomology groups

RΓjc(Uε, R
qΨη(Z/lrZ)),

for all integer j, q ≥ 0 and any ε ∈ Γ\(T/Γ)s6=, for some s ≥ 0, as representations of
Γε × GLh(Zp) ×WQp

. We recall that Γε ⊂ T is an open compact subgroup and Uε
an open subscheme, of finite type, of the reduction M̄ of the formal Rapoport-Zink
space M = Mα,M,g.

For all ε, we denote by U clε the closure of the open Uε ⊂ M̄. Then, the complement
U clε −Uε is also a closed subscheme of M̄. In particular, both U clε and U clε −Uε proper
schemes.

For any object F in the derived category of abelian torsion étale sheaves, the
inclusion Uε ⊂ U clε gives rise to an exact triangle

RΓc(Uε,F) // RΓ(U clε ,F)

vvnnnnnnnnnnnn

RΓ(U clε − Uε,F)

+1
hhQQQQQQQQQQQQ

and in particular, for F = RΨη(Z/lrZ), part (2) of proposition 2.22 implies that there
is an exact triangle

RΓc(Uε, RΨη(Z/lrZ)) // RΓ(sp−1U clε ×K K̄,Z/lrZ)

��
RΓ(sp−1(U clε − Uε)×K K̄,Z/lrZ)

+1
kkVVVVVVVVVVVVVVVVVVV

where sp : Mrig
α,M = (Mα,M )η → M̄ = (Mα,M )s denotes the reduction map (see

section 2.7.1).
Let us recall that the rigid analytic spaces sp−1U clε and sp−1(U clε −Uε) = sp−1U clε −

sp−1Uε are by definition some open subspaces of Mrig = Mrig
α,M , and therefore in

particular they are smooth. Thus, Poincaré duality imples that

Hq(sp−1U clε ×K K̄,Z/lrZ(D)) ' H2D−q
c (sp−1U clε ×K K̄,Z/lrZ)∨,

and

Hq(sp−1(U clε − Uε)×K K̄,Z/lrZ(D)) ' H2D−q
c (sp−1(U clε − Uε)×K K̄,Z/lrZ)∨,

where D = q(h− q) the dimension of the Rapoport-Zink spaces and M∨ denotes the
dual of M , for any Z/lrZ-module M .

8.2.8. The cohomology with compact supports of the rigid analytic space Mrig can
be described in terms of the above cohomology with compact supports of the opens
sp−1U clε . Indeed, in [10] (section 4.3, pp. 67 – 72) Fargues proves the analogue of
proposition 8.3 for the cohomology with compact support of the rigid analytic space
Mrig. In his result, the role of the open U = Ūn,d ⊂ M̄ is played by any V ⊂Mrig,
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such that Mrig = ∪ρ∈T ρV, for V either an open subset or a closed analytic domain
(e.g. V = sp−1U cl, sp−1U).

In particular, there is an equality of virtual Z/lrZ-representations of WQp

Ext•T−smooth (H•c (Mrig ×K K̄,Z/lrZ(−D)),Π) =

=
∑

ε∈Γ\(T/Γ)•6=

Ext•T−smooth (c− IndTΓε
H•c (Vε ×K K̄,Z/lrZ(−D)),Π),

for any admissible Z/lrZ-representation Π of T ×WQp .

8.2.9. Let us now reintroduce the level at p, M , in our notations and consider how
the previous construction behaves, as M varies, under the action of GLh(Qp).

Let V0 be an open subset or a closed analytic domain of the Rapoport-Zink space
with no level structure Mrig

0 such that Mrig
0 = ∪ρ∈T ρV0. We denote by VM the

pullback of V0 under the projection Mrig
M → Mrig

0 , for all M ≥ 1. Then, Mrig
M =

∪ρ∈T ρVM and the action of GLh(Qp) on the system of rigid analytic Rapoport-Zink
spaces preserves such decompositions.

We deduce that, for any admissible Z/lrZ-representation Π of T ×WQp
, there is

an equality of virtual Z/lrZ-representations of GLh(Qp)×WQp

lim
−→ M Ext•T−smooth (H•c (M

rig
M ×K K̄,Z/lrZ(−D)),Π) =

=
∑

ε∈Γ\(T/Γ)•6=

lim
−→ M Ext•T−smooth (c− IndTΓε

H•c (Vε,M ×K K̄,Z/lrZ(−D)),Π).

Finally, we remark that the analoguous results also hold for the l-adic cohomology
groups. More precisely, in [10] Fargues proves that, for all M ≥ 0, there is a spectral
sequence of Ql-representations of T ×WQp

Es,t1 = ⊕ε∈Γ\(T/Γ)s
6=
c− IndTΓε

Ht
c(Vε,M ,Ql(−D)) ⇒ Hs+t(Mrig

M ,Ql(−D)),

and thus the equality of virtual Ql-representations of GLh(Qp)×WQp

lim
−→ M Ext•T−smooth (H•c (M

rig
M ×K K̄,Ql(−D)),Π) =

=
∑

ε∈Γ\(T/Γ)•6=

lim
−→ M Ext•T−smooth (c− IndTΓε

H•c (Vε,M ×K K̄,Ql(−D)),Π),

for any admissible Z/lrZ-representation Π of T × WQp . (We recall that the l-
adic cohomology groups of the Rapoport-Zink spaces are defined as the smooth
Ql-representations of Tα ×WQp

Hj
c (M

rig
α,M ,Ql) = lim

−→ n,d(lim←− rH
j
c ((U

n,d
α,M )rig ×K ×K̄,Z/lrZ)⊗Zl

Ql),

for all j ≥ 0 and any level M ≥ 0.)
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Theorem 8.7. — Let Π be an admissible Z/lrZ-representation of T ×WQp
.

Then, there is an equality of virtual Z/lrZ-representations of 〈GLh(Zp), pIh〉 ×
WQp ⊂ GLh(Qp)×WQp

lim
−→ M Tor•Hr(T ) (H•c (M̄M , R

•Ψη(Z/lrZ)),Π) =

= lim
−→ M Ext•T−smooth (H•c (M

rig
M ×K K̄,Z/lrZ(−D)),Π),

where D = q(h− q) the dimension of the Rapoport-Zink space M.

Proof. — Combining lemma 8.4 and corollary 8.6 with the equalities corresponding
to the exact triangles in section 8.2.7 and Poincaré duality, we obtain (for all M ≥ 0)

Tor•Hr(T ) (H•c (M̄M , R
•Ψη(Z/lrZ)),Π) =

=
∑

ε∈Γ\(T/Γ)•6=

Tor•Hr(T ) (c− IndTΓε
H•c (Uε, R

•Ψη(Z/lrZ)),Π) =

=
∑

ε∈Γ\(T/Γ)•6=

(
Tor•Hr(T ) (c− IndTΓε

H•(sp−1U clε ×K K̄,Z/lrZ),Π) +

−Tor•Hr(T ) (c− IndTΓε
H•(sp−1(U clε − Uε)×K K̄,Z/lrZ),Π)

)
=

=
∑

ε∈Γ\(T/Γ)•6=

(
Tor•Hr(T ) (c− IndTΓε

H•c (sp
−1U clε ×K K̄,Z/lrZ(−D))∨,Π) +

−Tor•Hr(T ) (c− IndTΓε
H•c (sp

−1(U clε − Uε)×K K̄,Z/lrZ(−D))∨,Π)

)
=

=
∑

ε∈Γ\(T/Γ)•6=

(
Ext•T−smooth (c− IndTΓε

H•c (sp
−1U clε ×K K̄,Z/lrZ(−D)),Π) +

−Ext•T−smooth (c− IndTΓε
H•c (sp

−1(U clε − Uε)×K K̄,Z/lrZ(−D)),Π)

)
.

Let us consider the open V = sp−1U cl (resp. the closed analytic domain V =
sp−1Uε). Then, for all ε ∈ Γ\(T/Γ)s6=, s ≥ 0, we have Vε = sp−1U clε (resp. Vε =
sp−1Uε). It follows that there are equalities of virtual Z/lrZ-representations of
GLh(Qp)×WQp

lim
−→ M Ext•T−smooth (H•c (Mrig ×K K̄,Z/lrZ(−D)),Π) =
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= lim
−→ M

∑
ε∈Γ\(T/Γ)•6=

Ext•T−smooth (c− IndTΓε
H•c (sp

−1U clε ×K K̄,Z/lrZ(−D)),Π)

= lim
−→ M

∑
ε∈Γ\(T/Γ)•6=

Ext•T−smooth (c− IndTΓε
H•c (sp

−1Uε ×K K̄,Z/lrZ(−D)),Π).

Further more, the open inclusions sp−1(U clε −Uε) = sp−1U clε − sp−1Uε ↪→ sp−1U clε
give rise to the equalities

H•c (sp
−1(U clε − Uε)×K K̄,Z/lrZ(−D)),Π) =

= H•c (sp
−1U clε ×K K̄,Z/lrZ(−D)),Π)−H•c (sp

−1Uε ×K K̄,Z/lrZ(−D)),Π).

Substituting the terms on the right hand side of our formula, accordingly with the
last three equalities, we deduce the equality in the statement.

8.2.10. Finally, it is possible to improve theorem 8.7, by considering the integral
models Mα,M,g, for all g ∈ GLh(Qp)+.

Let us consider the Z/lrZ-modules

Hn(RΓc(M̄M , RΨη(Z/lrZ))⊗LHr(T ) Π)

for any admissible representation Π of T ×WQp
and n ≥ 0. For all n ≥ 0, the direct

limits

lim
−→ M Hn(RΓc(M̄M , RΨη(Z/lrZ))⊗LHr(T ) Π)

are naturally endowed with an action of 〈GLh(Zp), pIh〉 × WQp
, and also with the

morphisms induced by the maps

δ∗−1
M,g ◦ g

∗ : RΓc(M̄M−e, RΨη(Z/lrZ)) → RΓc(M̄M , RΨη(Z/lrZ)),

for all g ∈ GLh(Qp)+ and M ≥ e = e(g).
By corollary 8.6, we can write

lim
−→ M H•(RΓc(M̄α,M , RΨη(Z/lrZ))⊗LHr(T ) Π) =

= lim
−→ M Tor•Hr(T ) (H•c (M̄α,M , R

•Ψη(Z/lrZ)),Π)

as virtual Z/lrZ-representations of 〈GLh(Zp), pIh〉 ×WQp
⊂ GLh(Qp)×WQp

.

Then, Theorem 90 implies that there in an equality of virtual Z/lrZ-representations
of 〈GLh(Zp), pIh〉 ×WQp

lim
−→ M H•(RΓc(M̄α,M , RΨη(Z/lrZ))⊗LHr(T ) Π) =

= lim
−→ M Ext•T−smooth (H•c (Mrig ×K K̄,Z/lrZ(−D)),Π),

where the virtual representation on the right hand side is the restriction to the sub-
group 〈GLh(Zp), pIh〉 ×WQp of a representation of GLh(Qp)×WQp .
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Proposition 8.8. — Let Π be an admissible Z/lrZ-representation of T ×WQp
.

The morphisms induced by the maps δ∗−1
M,g ◦ g∗, g ∈ GLh(Qp)+, on the modules

lim
−→ M Hn(RΓc(M̄M , RΨη(Z/lrZ))⊗LHr(T ) Π),

define an action of GLh(Qp) which extends the action of 〈GLh(Zp), pIh〉 ⊂ GLh(Qp)
and commutes with the action of WQp .

Moreover, there is an equality of virtual Z/lrZ-representations of GLh(Qp)×WQp

lim
−→ M H•(RΓc(M̄α,M , RΨη(Z/lrZ))⊗LHr(T ) Π) =

= lim
−→ M Ext•T−smooth (H•c (Mrig ×K K̄,Z/lrZ(−D)),Π).

Proof. — First, let us remark that the equalities in theorem 8.7 arise from some
quasi-isomorphisms

RΓc(M̄M , RΨη(Z/lrZ))⊗LHr(T ) Π '

' RHomT−smooth (RΓc(Mrig ×K K̄,Z/lrZ(−D)),Π)

which are compatible not only with the action of 〈GLh(Zp), pIh〉×WQp , but also with
the morphisms associated to the elements g ∈ GLh(Qp)+, as M varies.

As the level M varies, the action of GLh(Qp) on the complex on the right hand
side give rise to an action on the cohomology groups

lim
−→ M H•(RHomT−smooth (RΓc(Mrig ×K K̄,Z/lrZ(−D)),Π)) =

lim
−→ M Ext•T−smooth (H•c (Mrig ×K K̄,Z/lrZ(−D)),Π).

It follows, in particular, that the morphisms induced on the complex on the left
hand side by the maps δ∗−1

M,g ◦ g∗, g ∈ GLh(Qp)+, are quasi-isomorphisms and that,
for all n ≥ 0, there is an isomorphisms of Z/lrZ representations of GLh(Qp)×WQp

lim
−→ M Hn(RΓc(M̄M , RΨη(Z/lrZ))⊗LHr(T ) Π) =

= lim
−→ M Hn(RHomT−smooth (RΓc(Mrig ×K K̄,Z/lrZ(−D)),Π)).

8.3. An equality in the Grothendieck group. — In the following, we shall
apply combine the results of the previous sections in a formula describing the l-adic
cohomology of the Shimura varieties, in terms of the l-adic cohomology of the Igusa
varieties and the Rapoport-Zink spaces, as virtual representations.
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8.3.1. First, we recall the notations for the l-adic-cohomology groups of the Igusa
varieties.

For any level away from p, Up and any Newton polygons α, of dimension q and
height h, we define, for all integer j ≥ 0,

Hj
c (Jα,Up ,Ql) = lim

−→ m(lim
←− r

Hj
c (Jα,Up,m ×Fp

×F̄p,Z/lrZ)⊗Zl
Ql)

as an admissible representation of Tα ×WQp
, and

Hj
c (Jα,Ql) = lim

−→ UpHj
c (Jα,Up ,Ql)

as an admissible Ql-representation of Tα ×G(A∞,p)×Q×p ×WQp .

Lemma 8.9. — Let α be a Newton polygon , of dimension q and height h. For all
positive integers d, e, f , the l-adic representations of G(A∞)×WQp

lim
−→ Up,MExt

d
Tα−smooth(H

e
c (M

rig
α,M ×K K̄,Ql),Hj

c (Jα,Ql)) =

= lim
−→ Up,M (lim

←− r
Ext dTα−smooth(H

e
c (M

rig
α,M ×K K̄,Z/lrZ),Hj

c (Jα,Up ,Z/lrZ)))⊗Zl
Ql.

Moreover, they are admissible and vanish for d, e, f sufficiently large.

Proof. — It follows from the definitions that it is enough to show that, for all level
Up,M ,

Ext dTα−smooth(H
e
c (M

rig
α,M ×K K̄,Ql),Hj

c (Jα,Ql)) =

= lim
←− r

Ext dTα−smooth(H
e
c (M

rig
α,M ×K K̄,Z/lrZ),Hj

c (Jα,Z/lrZ))⊗Zl
Ql,

and that they are finite dimensional vector spaces, which vanish for d, e, f sufficiently
large.

Let us fix a level Up,M . We choose an closed analytic domain V0 ⊂ Mrig
α,0 as in

section 8.2.9, and denote by VM its pullback under the projection Mrig
α,M →Mrig

α,0.
The equalities in section 8.2.9 reduce the proof of lemma to showing that for all

ε ∈ Γ\(Tα/Γ)s6=, s ≥ 0,

Ext•Tα−smooth (c− IndTα

Γε
H•c (Vε,M ×K K̄,Ql),H•c (Jα,Up ,Ql)) =

= lim
←− r

(Ext•Tα−smooth (c− IndTα

Γε
H•c (Vε,M ×K K̄,Z/lrZ),H•c (Jα,Up ,Z/lrZ)))⊗Zl

Ql,

or equivalently, up to Tate twist, that

Tor•H(Tα) (c− IndTα

Γε
H•(Vε,M ×K K̄,Ql),H•c (Jα,Up ,Ql)) =

= lim
←− r

(Tor•Hr(Tα) (c− IndTα

Γε
H•(Vε,M ×K K̄,Z/lrZ),H•c (Jα,Up ,Z/lrZ)))⊗Zl

Ql,

where we write H(Tα) for the Hecke algerba of Tα with coefficients in Ql. (The
equivalence between the two equalities follows from Poincaré duality and lemma 8.4.)

Since the l-adic cohomology groups Hi
c(Vε,M ,Ql) are finite dimensional, for all

i ≥ 0, there exists an open compact normal subgroup Kε ⊂ Γε which acts on them
trivially. Indeed, we can choose Kε such that is acts trivially on the representations
Hi
c(Vε,M ,Z/lrZ), for all i ≥ 0 and r ≥ 1.
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Let mε be a positive integer such that Γmε ⊂ Kε ⊂ Γε (we remark that mε exists
since the subgroups Γm, m ≥ 0, form a basis of open subgroups of Tα). Then, proving
the previous equality of virtual Ql-representations ofWQp is equivalent to proving that

Tor•H(Γε/Kε)
(H•(Vε,M ×K K̄,Ql),H•c (Jα,Up,mε

,Ql)) =

= lim
←− r

(Tor•Hr(Γε/Kε)
(H•(Vε,M ×K K̄,Z/lrZ),H•c (Jα,Up,mε ,Z/lrZ)))⊗Zl

Ql.

which follows from the next lemma.

Lemma 8.10. — Let G be an abstract finite group of order a power of p, and write
H(G) = Ql[G] and Hr(G) = Z/lrZ[G], for all r ≥ 1.

Let (Mr)r≥1 and (Nr)r≥1 be two A-R l-adic systems, such that lrMr = 0 = lrNr,
which are endowed with an action of G. We write M = lim

←− r
Mr and N = lim

←− r
Nr.

Then, for all i ≥ 0, we have

Tor iH(G)(M ⊗Zl
Ql, N ⊗Zl

Ql) = lim
←− r

Tor iHr(G)(Mr, Nr)⊗Zl
Ql.

Proof. — Let us remark that without loss of generality we may replace Mr (resp.
Nr) by M/lr = M ⊗Zl

Z/lrZ (resp. N/lr = N ⊗Zl
Z/lrZ), for all r ≥ 1, since the two

modules differ by a torsion module of bounded order. Thus, it suffices to prove that,
for all i ≥ 0,

Tor iH(G)(M ⊗Zl
Ql, N ⊗Zl

Ql) = lim
←− r

Tor iHr(G)(M/lr, N/lr)⊗Zl
Ql.

Let us remark that the modules Tor iHr(G)(M/lr, N/lr) clearly satisfy the M-L
condition and thus the functors

N 7→ Tor iHr(G)(M/lr, N/lr)⊗Zl
Ql,

for i ≥ 0, form a δ-functor from the category of finitely generated Zl-modules, endowed
with an action of G, to the category of finite dimensional Ql-vector spaces.

Moreover, it is easy to see that, as a δ-functor, it is effaceable (e.g. any finitely
generated Zl-module, endowed with an action of G, admits an epimorphism from a
module of the form IndG{1}(Z

r
l ) = Zr|G|l , for some integer r ≥ 0, which is acyclic for

the above δ-functor).
For any finitely generated Zl-module N , endowed with an action of G, let N 7→

Tor iG(M,N) be the derived functors of N 7→ (Mop ⊗Zl
N)G, for i ≥ 0.

Then, we can identify

Tor iH(G)(M ⊗Zl
Ql, N ⊗Zl

Ql) = Tor iG(M,N)⊗Zl
Ql,

and deduce the existence of a natural morphisms of δ-functors

Tor iH(G)(M ⊗Zl
Ql, N ⊗Zl

Ql) → lim
←− r

Tor iHr(G)(M/lr, N/lr)⊗Zl
Ql.

Then, in order to conclude it suffices to remark that the above morphism is indeed
an isomorphism for i = 0.
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We have finally completed all the steps necessary to obtain the following description
of the l-adic cohomology of the Shimura varieties.

Theorem 8.11. — There is an equality of virtual representations of the group
G(A∞)×WQp ∑

t

(−1)tHt(X,Ql)Z×p =

=
∑
α,d,e,f

(−1)d+e+f lim
−→ MExt

d
Tα−smooth(H

e
c (M

rig
α,M ×K K̄,Ql(−D)),Hj

c (Jα,Ql))

where d, e, f are positive integers and α varies among the Netwon polygons of dimen-
sion q and height h.

Proof. — This follows from proposition 8.1, theorem 8.2, proposition 8.8 and lemma
8.9.

We conclude by remarking that theorem 8.11 is compatible with corollary 4.5.1 in
[10].
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