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Supplemental Experimental Procedures 
 

Biophysical Model of Gurken Transport and Degradation 

 

The problem is solved in a prolate spheroidal coordinate system (Figures S1A) 

(Abramowitz and Stegun, 1964). The relation between the spheroidal (ξ,η,θ) and 

Cartesian (x,y,z) coordinates is given by:  

sinh sin cos

sinh sin sin

cosh cos

x a

y a

z a

ξ η θ

ξ η θ

ξ η

=

=

=

 

In these coordinates, the boundary of the oocyte is given by 1tanh ( / )
O DV AP

L Lξ −=  

and / sinh( )
O DV O

a L ξ= .  The dimensions of the egg chamber are defined in Figure S1A.    

 

The steady state ligand distribution is described by the following boundary value 

problem: 
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where 2 2sinh sin and sinh sinh h a h aξ η θξ η ξ η= = + = . 

 

Under the steady state assumption, k  is the steady state surface rate constant that 

describes ligand absorption by the follicle cells, /( )
on e off e

k k k R k k≡ + . V is the constant 

flux of ligand from the dorsal-anterior cortex of the oocyte, which is modelled by the 

source function ( ),η θq , equal to one when ( ) ( ) ( )222
6/2/2/ πθηπ ≤+−  and zero 

otherwise. The size of the source is approximated from published images of Gurken 

protein (Neuman-Silberberg and Schupbach, 1996; Norvell et al., 1999; Queenan et al., 

1999).  
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Assuming that ligand concentration does not vary appreciably across the gap between the 

oocyte and the follicle cells, we can average Equation 1M  over the ξ -coordinates.  This 

is a good assumption when the gap thickness is small relative to the egg diameter 

(H<<L).  Integrating Equation 1M  over ξ , while taking  
O

ξ ξ=  in the second and third 

terms, and applying the boundary conditions M2 and M3, we obtain the averaged 

problem: 
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where ( , ) ( , , )
O

G Gη θ ξ η θ≡ , is averaged  across the thickness of the gap and depends on 

only two coordinates, and η θ .  

 

Similar averaging has been used in our earlier analysis of autocrine cell communication 

in epithelial layers, and we refer the reader to this previous work for the derivation and 

asymptotic analysis of its validity (Deen, 1998; Pribyl et al., 2003). In Equation M4, 

ξ∆ is an infinitesimal increment in the ξ  direction (Figure S1A, right), which is related 

to H, the thickness of the gap as follows: z = a0 cosh ξ0  (at η =0). From this,  

∆z|η=0 = H = a0 sinh ξ0 ∆ξ.  Thus,  ∆ξ = Η / (a0 sinh ξ0).    

 

Rescaling the ligand concentration by the concentration in the absence of 

gradients 0( / )G V k= , and dividing the two remaining scale factors 

by / sinh( )
O DV O

a L ξ= , we obtain the dimensionless problem:  
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The combination / ξ∆
O

ka D is the only dimensionless parameter appearing in Equation 

M5. For future analysis, it will be convenient to denote the square root of this 

dimensionless number by Φ :  
2

2
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Where we have assumed the increment ξ∆  corresponds to the actual thickness of the 

cross section of the shell in the (x,y) plane. 

 

Equation M5 is discretized by second order centered finite differences on a uniform 

40x40 grid in the domain [ , ] [0, / 2] [0, ]η θ π π= ×  (see Figure S1B) and supplemented by 

Neumann boundary conditions (provided by symmetry considerations). The resulting 

linear system is solved using a block tridiagonal solver implemented in Matlab.  
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A Note on Averaging in the Direction Normal to the Oocyte Surface 

 

The ratio of the size of the ‘gap’ between the oocyte and the follicular epithelium and the 

size of the egg chamber is small. Indeed, the most generous estimate of the size of the 

gap (based on the electron microscopy images) is 1-3 µm (King, 1970; Andrenacci et al., 

2001), while the macroscopic dimensions of the egg (either LDV or LAP) are in tens of 

microns. Thus, H/L is a small parameter, definitely less than 0.1. In a careful 

computational study (Kowal 2005, Senior Thesis, Princeton University), we have shown 

that the ‘thin gap’ approximation is accurate all the way up to H/L=0.1, where the relative 

error of the approximation is ~5%. Thus, neglecting the gradients normal to the oocyte 

surface is justified throughout the egg chamber. Choosing ∆ξ at the posterior of the egg is 

thus as justified as choosing it at any other point. While not formal, this kind of averaging 

is commonly employed in heat and mass transport problems with a small parameter, such 

as H/L, (Deen, 1998). Of course different length scales could be chosen, which would 

only result in a rescaling of the dimensionless parameter Φ. Higher-order models can be 

devised by different types of averaging; this will be the subject of further studies. 
 

Derivation of Equation 2 
 

The starting point for the derivation of Equation 2 relates the number of occupied 

receptors and the threshold for pipe repression (denoted by 
T

C ): ( , )η θ =
T

C C . The 

steady state balance for EGFR/Gurken complexes, denoted by C, accounts for 

ligand/receptor binding, complex dissociation and internalization. At steady state: 

/( )= +
on off e

C k RG k k . Relating C  to G  at steady state transforms ( , )η θ =
T

C C into 

( , ) /( )η θ + =
on off e T

k RG k k C . Dividing both sides by 0 / ( ) /≡ = +
off e e on

G V k V k k k k R  and 

simplifying we arrive at ( , ) /η θ γ= ≡
T e

g C k V . 

 

Model of Ligand-Receptor Dynamics  

 

Based on the biochemical analysis of EGFR binding to Spitz (the other TGFα-like ligand 

of Drosophila EGFR), we expect a similar 1:1 stoichiometry of ligand/receptor binding. 

For Spitz, it was experimentally shown that ligand/receptor dissociation is much slower 

than the endocytic uptake (Klein et al., 2004). Modeling, along with the biophysical and 

biochemical analysis of ligand-induced dimerization of RTKs, showed that dimerization 

is not the rate-limiting step. Thus, one can work with the following model: 

+ → + → →on d ek k k
R L C C C E , where R, L, C, and E denote the free receptor, 

free ligand, monomer complex, and dimer, respectively. The active signaling component 

in this model is the dimerized complex (E). At steady state, the dimer concentration is 

given by 2 /=
d e

E k C k , while complex concentration satisfies 2 / 2=
on d

C k RL k . 

Combining these equations, we get / 2=
on e

E k RL k . We have used this analysis in our 

model of EGFR inhibition by Argos (Reeves et al., 2005). The main conclusion is that the 

active signaling component ( E ) is still linearly correlated with the concentration of the 

free ligand and with the concentration of free receptors, as is the case with the kinetic 

scheme that does not explicitly account for dimerization. Therefore all the algebraic 
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constructs used in the paper still hold. As more biochemical and biophysical data 

becomes available for the Drosophila EGFR system, it will be important to make our 

model more mechanistic.  

 

Computations with Patchy Drivers 
 

Our parameter estimation approach is based on the assumption that receptor level is 

spatially uniform in all genetic backgrounds. As an a posteriori test of this 

approximation, we verified that our protocol can recover the parameter values (the Thiele 

modulus, Φ, and receptor overexpression, f) from the artificially generated dataset 

designed to simulate the effects patchy receptor overexpression. For a specified statistical 

model of patchy driver activity, we generated the ensemble of anterior boundaries for the 

pipe domain in genetic backgrounds characterized by the average level of receptor 

overexpression, and then used this data as an input for the optimization procedure 

described in the main text. This calculation is based on the reaction-diffusion model for 

the spatially nonuniform receptor overexpression and on the statistical model of driver 

activity. For the model egg chamber in which the local receptor level is a sum of the 

spatially uniform (wild type) and heterogeneous (Gal4-dependent) contributions, the 

boundary value problem for the ligand field is given by:  
2 2
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while the boundary of the pipe domain is given by  

[1 ( , )] ( , )p p p pk gη θ η θ γ+ =
1
, 

where 0Φ is the wild-type Thiele modulus, and ( , )k η θ is the local fractional increase in 

receptor expression level 0 0( , ) ( ( , ) ) /k R R Rη θ η θ= − . The boundary conditions for M7 

and M5 are identical. In the absence of a detailed empirically derived model of driver 

activity, we chose a model in which driver activity is given by the sum of some basal 

level and Poisson distributed patches (see below). While this model is admittedly ad hoc, 

it is useful in checking whether our approach is robust with respect to the finite level of 

driver patchiness. As illustrated by the sample computation summarized in Figure S3, this 

is indeed the case.  

 

The driver activity was modelled by the following stochastic process: First, the η -

coordinates of the patches were simulated using a Poisson process.  Recall that 

( / ) cos
AP DV

z L L η= , where the ratio /
DV AP

L L  is the aspect ratio of the egg. The location 

of the patches along the z-coordinate was simulated with a Poisson parameter that 

corresponds to the probability of finding a patch center in the slice of the follicular 

epithelium in the interval [z, z+dz]. This parameter is given by: p=α(surface area of 

slice)/(total surface area of the follicular epithelium). Thus, α is the mean number of 

patches on the whole egg. For the simulations presented in Figure S3, α=150. At the next 

step, the θ -coordinates of the patches were uniformly distributed between 0 to π . Each 

patch is assumed to have a radius rp, which was taken to be 0.15. The overlapping patches 

                                                 
1
 In deriving these equations, rescaling was done using the wild-type receptor level 0R . 
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were joined together. Any two patches that are within an arclength of 2rp of each other 

were joined.  Each individual “unified patch”, modeling the result of the clonal expansion 

in the real follicular epithelium, has a random strength of receptor overexpression, which 

was drawn from a normal distribution with 1, 0.1µ σ= = . In addition to the patchy 

expression, all cells in the follicular epithelium overexpressed the receptor by a 

background amount, taken to be 0.5. With the field of receptor overexpression defined in 

this way, the overall level of receptor overexpression was normalized such that the total 

level of receptor overexpression was equal to some specified fold-level “f”. 
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Figure S1. 

 

(A) Spheroidal coordinate system used to formulate the reaction-diffusion model of the 

Gurken gradient. (B) Finite-difference mesh used in the numerical solution of the model.   
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Table S1. Measurements of the Egg Aspect Ratio (2LDV/LAP) in the Genetic 

Backgrounds Used in the Study 

 

Please see Experimental Procedures for the measurement protocol. Using ANOVA test 

and Tukey’s multicomparison, we confirmed that the differences seen are not statistically 

significant. Thus, the egg aspect ratio is not affected by changes in the receptor level.   

 

Ave SE N

WT 0.76 0.017 26

Gal4-E9/UAS-EGFR 0.81 0.032 14

Gal4-T155/UAS-EGFR 0.79 0.033 12

2LDV/LAP

Genotype
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Figure S2. 

 

The relative amount of extra receptors in the Gal4/UAS lines (r) is estimated using a 

quantitative fluorescence assay (Goentoro et al., 2006).  (A) The spatial profiles of Gal4-

E9 and Gal4-T155 visualized using UAS-EGFP.  (B) Gal4-T155 and Gal4-E9 were 

crossed to UAS-EGFR-EGFP. For each genotype, 10-15 egg chambers were imaged 

using live fluorescence imaging. Representative histograms of mean fluorescence 

intensities from each genotype are shown. The experiment was repeated three times, thus 

giving us a total of six histograms of mean fluorescence intensities. The T155/E9 

fluorescence ratio, which corresponds to the relative amount of extra receptors driven by 

the Gal4 lines (r), is computed from the means of the data.  The standard error for the 

T155/E9 ratio is computed using bootstrap resampling.  (C) The bootstrap resampling 

histogram of the T155/E9 ratio.  We find that Gal4-T155 induces 3.1-fold (SE 0.1) more 

receptors than Gal4-E9.   
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Figure S3. 

 

(A) A representative field of receptor overexpression generated by the patchy driver. (B) 

A representative pipe expression domain resulting from a randomly generated field of 

EGFR overexpression. (C) Anterior boundary of the pipe expression domain for various 

levels of patchy EGFR overexpression (blue dots), superimposed on the results predicted 

with uniform overexpression model (red curve). (D) An example of parameter estimation 

results in a computational experiment in which 100 anterior boundaries for the pipe 

expression domains were computed for the weak and strong drivers (with f=1 and 4, 

respectively), and the means of these data were fit using Equations 3 and 4 in the main 

text, for the wild type Thiele modulus 0Φ =3. The global minimum was recovered for f = 

1 and 0Φ =3, as expected.   
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