
414 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS, VOL. CAS-32, NO. 4, APRIL 1985 

A General Theorem for Degree-Reduction of a 
Digital BR Function 

P. P. VAIDYANATHAN Y, (z)+--+ ]t- X,(z) 
Fig. 1. The digital two-pair. 

Abstracr -A general theorem is developed for the degree reduction of a 
bounded real (BR) digital filter transfer function, and is related to the 
extraction of a digital lossless two-pair from a BR function in such a 
manner that the remainder function is reduced order BR. The theorem 
finds applications in the synthesis of digital filter transfer functions in the 
form of a cascade of lossless two pairs. 

_j 

G(z)+ 

A general pro’cedure for the synthesis of a digital filter transfer 
Fig. 2. Digital two-pair extraction 

function in the form of a cascade of lossless two-pairs has 
recently been advanced [l]. The structures that result from such a satisfies 
synthesis have excellent passband sensitivity, and exhibit several 
other desirable properties under a finite-wordlength environment. 

li12=l+jC12, ~D~2=1+~B~2, C*D=A*B. (5) 

The key step in the synthesis procedures in [l] is the extraction of 
a lossless two-pair from a bounded real (BR) transfer function in 

The 7;, parameters are related to the chain parameter as 

such a manner that the remainder function is a reduced order BR 
r,,=$ 12 

T =AD-BC 

function. Only first- and second-order two-pair extractions were A 
, T21 = f , T,, = - $. (6) 

considered in [l], and no explicit proof of the BR property of the 
remainder function was included, even though a proof can be Given a BR transfer function G(z) = P(z)/Q(z), let us assume 

found in [2]. that an LBR two-pair has been extracted (Fig. 2), giving rise to a 

The purpose of this correspondence is to present a general remainder H(z). The functions G(z) and H(z) are related by 

theorem, which deals with the extraction of an n th-order lossless 
two-pair from an m&order BR function. The theorem specifies P(z) C(z)+D(z)H(z) G(z)=-= (7) 
the conditions under which such an extraction leads to a Q(z) A(z)+B(z)H(z) 
reduced-order BR remainder. The proof of the theorem automati- We first state the following result: 
cally serves as a proof for the claims made in [l] concerning BR Lemma 1. Let G(z) be BR and let the extracted two-pair 
nature of the remainder function. LBR. Then H(z) in (7) is such that IH(ej”)I ~1 for all w. 

We begin by reviewing a few basic concepts. A transfer func- Proof: From (7) we have on the unit circle, 
tion G(z) is said to be BR if it is stable, real-valued for real z 
and ]G( e’“)] Q 1 for all w. Note that in this correspondence lG12[ IAl2 + IB121H12 + AB*H*+ A*BH] 

“stable” stands for bounded-input bounded-output stability (i.e., = [ ICI2 + ID121H12 + CD*H*+ C*DH]. (8) 
all poles are strictly inside the unit circle). A digital two-pair (Fig. 
l), described either by the chain parameters (A, B, C, D): But the LBR two-pair satisfies (5) on the unit circle. Moreover, 

G(z) being BR, we have ICI2 ~1 on the unit circle. Accordingly, 
(8) implies 

or by the transfer parameter matrix r(z) = [7;,(z)]: 
IAl + IBj21H12 > ICI2 + ID121H12 (9 

Y,(z) [ I[ = M4 which reduces to T,*(z) X,(z) K!(z) T,,(z) T,,(z) I[ I x,(z) (2) IHI2 ~1, for It] =l (10) 

is said to be Lossless Bounded Real (LBR) is each entry q,(z) is with the use of (5). This proves the lemma. 

BR and the following condition holds: Without loss of generality, we will assume the chain parameters 

#(z-‘)T(Z) =I. (3) 
to be polynomials in z. Assume that G(z) is mth-order BR, i.e., 

The condition of (3), called paraunitariness, is equivalent to the 
following set of conditions in terms of the chain parameters: 

G(z) _ '(') _ hzm + hZnt-' + ". + p,,, 
Q(z) zm + qlz”-l + . . . + qm (11) 

/iA q = 1-t CC, ~D=I+~B, CD=~. (4) 
Here the “tilde” accent is defined as follows: A(z) = A(z-‘), 

with q, f 0, and furthermore, P(z) and Q(Z) are relatively 
prime so that there are no cancelling factors in (11). Let the 

and so on. Thus on the unit circle of the z-plane an LBR two-pair polynomial A(z) be the least common multiple (LCM) of all the 
denominators in the Tj parameters (see (6)), and let n denote its 
degree. Let H(z) be of the form 
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H(z)=%= 
rozk + r,zk-l + . . . + rk 

Zk + slzk-l + . . . + Sk 
(12) 
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with sk # 0. We now claim that if H(z) is of degree k = m - n, 
then it is indeed BR. In order to prove this, it only remains to 
prove that H(z) is stable because, by Lemma 1; H(z) already 
satisfies (10). Now (7) can be rewritten as 

P(z) G(z)=-= C(z) S(z) + D(z) R(z) 

Q(z) Atz)Stz)+B(z)Rtz) ’ 
(13) 

Notice that the degree of B(z) cannot exceed that of A(z) 
(otherwise T22(z), which is BR, would not be bounded at infin- 
ity). Furthermore, the degree of R(z) does not exceed that of 
S(z). As a result, the degree of Q(z) is almost equal to the sum 
of degrees of A(z) and S(z). If the degree of H(z) is indeed 
m - n, then the above-mentioned sum is precisely m which is the 
degree of Q(z). Therefore, there cannot be any cancellation 
of factors between C(z)S(z)+ D(z)R(z) and A(z)S(z)+ 
B(z)R(z) in (13). Thus, if H(z) has degree m-n, then Q(z) is 
precisely given by 

Q(z)=A(z)S(z)+B(z)R(z). (14 

Since G(z) is BR and T(Z) LBR, Q(z) and A(z) have no 
zeros on or outside the unit circle. Next, all the functions in (14) 
are polynomials, and are analytic on and inside the unit circle. 
Moreover, the following equality holds on the unit circle: 

because H(z) satisfies (lo), and moreover T22(z) is BR. Finally, 
the right-side of (14) cannot be zero on the unit circle because 
G(z) being stable, Q(z) cannot have a zero on the unit circle. 
With the situation as outlined above, we can now apply an 
extended version of Rouche’s’theorem of complex-variable theory 
[3], stated below for convenience. 

Rouche’s theorem: If f(z) and g(z) are analytic interior to a 
simple closed Jordan curve C and if they are continuous on C 
and if the following conditions hold: 

(9 If(~)l~ldz)L for z on C (16) 
(ii) f(z)+dz) #O, for z on C (17) 
then the function f(z)+ g(z) has the same number of zeros 
inside C as does f(z). 

If we take C to be the unit circle, then we have the following 
conclusion: 

Number of zeros of Q(z) inside the unit circle 

= Number of zeros of A(z) inside the unit circle 

+ Number of zeros of S(z) inside the unit circle. 

(18) 
Thus 

Number of zeros of S(z) inside the unit circle = m - n . (19) 

Moreover, H(z) is of degree m - n. Hence, it has no poles on or 
outside the unit circle. This proves the stability of H(z). In 
conclusion, we have proved the following order-reduction theo- 
rem. 

Theorem I. Let G(z) given by Eqn. (11) be BR with qm + 0 
and let P(z) and Q(z) be relatively prime. Let an LBR two-pair 
be extracted, and let the polynomial A(z) be the LCM of the 
denominators of the transfer parameters q,(z) of the extracted 
two-pair. Let n denote the degree of A(z). Let the remainder 

H(z) be of degree m - n as in (12) with sk + 0. Then H(z) is 
necessarily BR. 

Finally notice that, if H(z) has degree m - n, then it is not 
only BR but also minimal. This is because, if R(z) and S(z) 
have cancelling factors, then the right side of (13) cannot make 
up the degree m polynomials in G(z). 

CONCLUDING REMARKS 

In our earlier paper [l], a number of first- and second-order 
LBR two-pair extractions have been tabulated. All of these are 
covered by Theorem 1 of this correspondence. As a result, the 
order-reduction approaches in [l] always lead to BR remainders, 
if we start from a BR function G(z). However, Theorem 1 is 
more general and can be applied for higher order LBR two-pair 
extractions as well. The main application of the results of this 
paper is in the synthesis of low sensitivity digital filter structures 
that are free from zero input limit cycles. Many of the details can 
be found in [l], [2], [4]. 
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Diagnosability in the Decomposition Approach for 
Fault Location in Large Analog Networks 

T. OZAWA, J. W. BANDLER, AND A. E. SALAMA 

Ahsjracr -Diagnosability of analog networks using Salama, Starzyk, 
and Bandler’s fault-location algorithm is investigated. A network is said to 
be ,I-diagnosable if, under the assumption that the network contains at 
most n faulty subnetworks, all the faulty subnetworks can be located. A 
theorem for n-diagnosability of a network is derived. 

Salama, Starzyk, and Bandler presented an efficient method to 
locate faults in an analog network by decomposition [l]. How- 
ever, the diagnosability of a network by this approach, that is, 
whether or not all the faulty subnetworks can be located by this 
approach under the given measurement condition, was not clearly 
stated in [l]. This paper gives a solution to this problem. 
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