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We predict a new class of collective excitations – chiral Berry plasmons (CBPs) – occurring
generically in interacting metallic systems with nonzero Berry flux. Such systems include e.g.,
anomalous Hall metals and optically-pumped valley polarized 2D Dirac materials such as transition
metal dichalcogenides. In this context, a unique situation arises wherein the interplay between
Bloch band Berry curvature and interactions yields chiral collective modes at zero magnetic field.
CBP modes are confined to system boundaries, even in the absence of topological edge states, with
chirality manifested in split energy dispersions for oppositely directed plasmon waves. Directly
dependent on Berry flux, plasmon wave vector, and interaction strength, the mode splitting is
tunable and can be large. CBPs yield clear experimental signatures such as split optical absorption
peaks in a disk geometry, as well as frequency selective uni-directional propagation along the edge.
Realization of CBPs will offer a new paradigm for magnetic field-free, sub-wavelength optical non-
reciprocity, as well as sensitive all-optical diagnostics of topological bands.

Chirality in electronic systems is commonly associ-
ated with the presence of an applied magnetic field.
However, materials exhibiting chirality in the absence
of a magnetic field have recently gained prominence.
These include metals exhibiting anomalous- [1] and quan-
tum anomalous- [2–6] Hall effects, as well as out-of-
equilibrium systems such as MoS2 with light-induced val-
ley polarization, where a charge Hall effect was recently
demonstrated [7]. In each case, zero-field chirality arises
from Bloch band Berry curvature, a fundamental prop-
erty of Bloch eigenstates that dramatically affects single-
particle electronic motion and material responses [1, 8, 9].

Here we show that Berry curvature can work in con-
cert with interactions, leading to new types of collec-
tive modes in two-dimensional (2D) metallic systems with
non-vanishing Berry flux (i.e., net Berry curvature), F .
In particular, F gives rise to chiral plasmonic excitations
— propagating charge density waves with split dispersion
for oppositely directed modes — in the absence of a mag-
netic field (Fig. 1a). We refer to these collective modes
as “chiral Berry plasmons” (CBPs). Notably, these chi-
ral modes are localized to the edge of the 2D metal, even
in the absence of topological edge states (Fig. 1b), and
exhibit a rich phenomenology (see below).

The intrinsic chirality of CBPs starkly contrasts with
that achieved via cyclotron motion of charged particles
in a magnetic field. In the latter case, chirality arises
via the Lorentz force and gives rise to conventional mag-
netoplasmons [10–13]. There, the cyclotron frequency,
h̄ωc = h̄eB/m [14], determines the constant splitting
between magnetoplasmon modes of opposite chirality,
which can be of order a few meV for accessible field
strengths. In contrast, chirality in CBPs arises from
the combined action of plasmonic self-generated electric
fields and the anomalous velocity of Bloch electrons, the
phase space dual to the Lorentz force. This combination
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FIG. 1: Chiral Berry plasmons (CBPs) at zero mag-
netic field. a) CBPs are manifested along the edges of a
2D metal with non-vanishing Berry flux, F (inset). Counter-
propagating modes exhibit a split dispersion, ω±(q), with the
splitting ∆ω(q) = ω+(q) − ω−(q) increasing with wave vec-
tor q along the edge. Above a threshold frequency ωth, the
fast mode ω+ merges with bulk plasmon modes (dashed line),
leaving only the single unidirectional mode ω− propagating on
the edge (shaded region). b) The CBP electric potential φ(r)
is localized near system edges [shown for a half-plane: metal
(x > 0), vacuum (x < 0)]. The fast mode ω+ extends signif-
icantly further into the metallic bulk than the ω− mode. c)
The CBP velocity field near the edge (x = 0) is comprised of
conventional, [p̄/m]y (black), and anomalous, [v̄a]y (orange),
components, see Eqs. (1) and (2) [only relative signs are shown
for illustration]. Depending on propagation direction, [p̄/m]y
and [v̄a]y are parallel (anti-parallel), giving faster (slower)
modes, see text below Eq. (2). Parameter values used for a)
and b): F = 0.4, and a0 = 5, and q/q0 = 0.03 (panel b), with
q0 a material dependent scale [see text and Eq. (5)].

makes the CBP mode splitting directly sensitive to plas-

ar
X

iv
:1

50
6.

04
74

3v
1 

 [
co

nd
-m

at
.m

es
-h

al
l]

  1
5 

Ju
n 

20
15



2

mon wavelength, the Berry flux, and interaction strength,
in contrast to magnetoplasmon splittings which only de-
pend on magnetic field[12, 15] [39]. As a result, for short
wavelengths and unscreened interactions, large splittings
h̄∆ω ≈ 10−100 meV can be achieved [see Eq. (3) below].

We expect CBPs to be manifested in a wide variety
of magnetic materials exhibiting anomalous Hall effects,
wherein time reversal symmetry (TRS) breaking is en-
coded in the band Berry curvature. Intriguingly (and
perhaps surprisingly), CBPs can also be realized in non-
magnetic materials. We predict that a range of gapped
Dirac materials, e.g., transition metal dichalcogenides
and graphene/hBN, can also host CBPs when valley po-
larized (e.g., via optical pumping). In both cases CBPs
are characterized by clear optical signatures such as split
peaks in optical absorption.

From a technological perspective, CBPs in non-
magnetic materials are particularly appealing since they
provide an entirely new platform for achieving a range of
magneto-optical effect analogues that are magnetic field-
free, and “on demand.” A prime example is optical non-
reciprocity [17], which is central for optical device com-
ponents e.g., optical isolators and circulators. Above a
threshold frequency (ωth, see shaded area in Fig. 1a),
the single unidirectionally propagating mode ω− allows
for chiral transport of light via coupling to CBPs. Such
CBP mediated waveguides provide a novel paradigm for
deep sub wavelength [18–20], linear, and magnetic field
free strong non-reciprocity, crucial for miniaturizing op-
tical components.

Self-Induced Anomalous Velocity - The origin of
CBPs in two dimensions can be understood, in the hydro-
dynamic limit, via Euler equations for electron density
n(r, t) [21]:

∂tn(r, t) +∇ · v̄(r, t) = 0, (1a)

∂tp̄(r, t)− n(r, t) e∇φ(r, t) +∇j σ̄ij = 0, (1b)

where v̄(r, t) and p̄(r, t) are the velocity and momen-
tum density fields, σ̄ij is the stress density tensor of the
electron fluid, φ(r) is the scalar electric potential, and
−e < 0 is the electron charge. In order to fully specify
the dynamics, Eq. (1) must be supplemented by a set
of constitutive relations which relate velocity, momen-
tum, density, stress density, and the electric potential.
Plasmons emerge from Eq. (1) as self-sustained collec-
tive oscillations of n(r, t), with the potential φ(r, t) =∫
d2r′W (r, r′)δn(r′, t) generated by the plasmon’s den-

sity oscillations δn = n(r, t)− n0. Here n0 is the average
carrier density, and W (r, r′) is the Coulomb interaction.

As we argue, in the presence of Berry curvature, the
constitutive relations take on an anomalous character.
This can be seen by starting with the quasiparticle semi-
classical equations of motion [8], vp =

∂εp
∂p + 1

h̄ ṗ×Ω(p),

ṗ = e∇φ(r), where vp = ṙ is the quasiparticle velocity
and εp and Ω(p) = Ω(p)ẑ are the Bloch band disper-

sion and Berry curvature, respectively [40]. The corre-
sponding hydrodynamic fields are found from these re-
lations and the phase space density fi(r,p, t) by sum-
ming over all momentum p and bands {i}, Ō(r, t) =∑

p,iO fi(r,p, t) [22]. This gives:

v̄(r, t) =
p̄(r, t)

m
+ v̄a(r, t), v̄a =

eF
h̄

[
(∇φ)× ẑ

]
, (2)

where F =
∑

p,i Ωi(p)f0
i (p) is the (dimensionless) Berry

flux, with f0
i (p) the equilibrium band occupancy. In

addition to the conventional first term, which governs
the behavior of ordinary plasmons, v̄(r, t) in Eq. (2) ex-
hibits a self-induced anomalous velocity component v̄a
that yields chirality as shown in Fig. 1. Note that the
mass m appearing in Eq. (2) is the plasmon mass, which
characterizes the collective motion of the Fermi sea [23].

CBP chirality can be intuitively understood by consid-
ering the velocity density v̄(r, t) along the sample bound-
ary (a more complete treatment is given below). For ex-
ample, at a boundary defined by x = 0 the net velocity
must be oriented along ŷ. The plasmon’s plane wave po-
tential profile φ(r, t) = φ(x)eiωt−iqy (Fig. 1b) sets up a
spatiotemporally oscillating velocity field featuring a con-
ventional component, [p̄/m]y, and an anomalous compo-
nent, [v̄a]y (see Fig. 1c). Importantly, the anomalous
component depends on the electric field perpendicular to
the edge (the x-direction), see Eq. (2), while the conven-
tional component depends on the electric field along the
edge, Eq. (1). As a result, depending on the direction of
propagation along the edge, the normal and anomalous
components may be parallel or anti-parallel, yielding fast
and slow modes ω+ and ω−, respectively (see Fig. 1c).

Crucially, v̄a depends directly on the self-generated
electric field −∇φ(r). Consequently, the magnitude of
the splitting is governed by the wave vector q and the
strength of Coulomb interactions. We emphasize, how-
ever, that CBPs are linear, with the mode splitting
∆ω being independent of the magnitude of φ. Esti-
mating h̄[v̄a]y ≈ eF∂xφ(x = 0) ≈ 2πe2δn/κ, where
δn ∼ eiωt−iqy is a plane wave, and comparing with
Eq. (1a), we estimate the CBP splitting:

h̄∆ω = h̄(ω+ − ω−) ≈ h̄va|q| ≈
2πe2

κ
F|q|. (3)

Here we have used the 2D Coulomb potential W (q) =
2πe2/(|q|κ), where κ is the background dielectric con-
stant. Taking F = 1 and κ = 1 yields h̄∆ω ≈ 10 −
100 meV for q = 1 − 10µm−1. The appearance of e2/κ
on the right hand side of Eq. (3) signals the crucial role of
interactions in determining the CBP splitting. Our cal-
culations below support these estimates, revealing the ex-
ceptionally wide splitting windows achievable with CBPs.

Chiral Edge Berry Plasmons - We now analyze
the collective CBP motion described by Eq. (1), treating



3

the electric potential φ self-consistently. In so doing, we
first note that CBPs only arise in systems with bound-
aries. This can by seen by analyzing the force equa-
tion for charge density in an infinite bulk. Noting that
∇ · v̄a ∝ ∂x∂yφ(r) − ∂y∂xφ(r) = 0, and applying ∂t to
the charge continuity equation in Eq. (1), we find[

− ∂2
t +

µ

2m
∇2
]
δn− n0e

m
∇2φ = 0. (4)

In writing Eq. (4) we have used Eq. (2), along with the
constitutive relation for stress density (in the degenerate
limit [22]) σ̄ij = µ

2 δnδij , and kept terms up to linear
order in δn. Here µ is the chemical potential (measured
from the bottom of the band), which enters through the
distribution fi(r,p, t).

Importantly, F is absent in Eq. (4) and thus has no
effect on the (gapless) bulk plasmon dispersion:

(h̄ωbulk
q /µ)2 = (h̄ωq/µ)2 + (|q|/q0)2,

h̄ωq

µ
= a0

|q|
q0
.

(5)
Here, dimensionless a0 = 4πe2n0/(κµq0) characterizes
the Coulomb interactions, W (r, r′) = − e

κ|r−r′| , and q0 =

(2mµ/h̄2)1/2 is an inverse characteristic length [22]. In
contrast, bulk magnetoplasmons are gapped due to cy-
clotron motion [11–13]. For a sense of scale, graphene
has q0 =

√
2µ/(vF h̄) ≈ (2.15 × 104) × (µ[meV]) cm−1,

and a0 = 6.2; see SOI for detailed estimates.
Close to a boundary, the situation is dramatically al-

tered: Berry flux leads to the emergence of chiral edge
plasmons, one-dimensional chiral analogues of surface
plasmons [15, 24]. For an infinite half-plane, n(r, t) =
n(r, t)Θ(x), edge CBPs are localized in x and propagate
as plane waves ∼ eiωt−iqy along y (see Fig. 1b).

We now seek edge-confined solutions of Eq. (4), solving
for the electric potentials φ> and φ< inside (x > 0) and
outside (x < 0) the sample, respectively, with φ(x) =∫
dx′Wq(x− x′)δn(x′). For an isolated system, the bare

Coulomb kernel Wq(x) yields highly non-local integro-
differential equations. Here we adopt a simplified local
kernel approach developed in Refs. [15, 24] that captures
the essential physics via simple relations for φ, (∂2

x −
2q2)φ> = 4πe|q|δn/κ and (∂2

x − 2q2)φ< = 0 [15, 24],
while mimicking interactions in an isolated system. This
method successfully describes edge magnetoplasmons in
2D systems such as electrons on liquid helium [12], and
graphene [25]. Specific background screening geometries
can be considered via other choices of Wq(x). However,
we expect our qualitative conclusions to generally hold.

Near the boundary x = 0, the localized modes go as

φ< = φ0e
γ0x, φ> = φ1e

−γ1x + φ2e
−γ2x. (6)

The decay constants γ0(q) and γ1,2(q) are determined
by Eq. (4) and the approximate kernel above. We find
γ0 =

√
2|q|, while γ1,2 are given by the positive roots
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FIG. 2: Chiral Berry plasmons at the boundary of a
half plane. a) The CBP frequency splitting increases with
increasing Berry flux, F . Parameter values used are as in
Fig. 1, but with |q|/q0 = 0.04. b) CBP confinement length
to the edge, [min(γ1,2)]−1, of ω+ and ω−, see Eq. (6), for
increasing F . For large F , the confinement length for the ω+

mode diverges, indicating that it joins the bulk, while the ω−
mode becomes more confined to the edge. (inset) EM profile
shown for F = 0.25, exhibiting the confinement of the ω±
modes to the edge.

of the quartic equation: γ4 − γ2
[
3q2 + 2m

µ (2ω2
q − ω2)

]
+

2q2
[
q2 + 2m

µ (ω2
q − ω2)

]
= 0 [15].

The constants φ0 and φ1,2 appearing in Eq. (6) are
fixed by enforcing appropriate boundary conditions for φ
and electron density. Here we demand that φ and ∂xφ
must be continuous across the boundary, while v̄x must
vanish there to ensure that the electron liquid stays inside
the metal. Importantly, the last of these conditions is
sensitive to the anomalous velocity v̄a.

Solving for φ satisfying the above boundary conditions,
we obtain edge CBPs shown in Figs. 1 and 2 (see SOI).
For F 6= 0 this yields two chiral modes that are local-
ized close to the edge, with distinct frequencies ω±. The
modes ω+ and ω− propagate as waves in opposite direc-
tions along the edge, with faster and slower speeds, re-
spectively. Importantly, the frequencies ω± depend both
on q along the edge (Fig. 1a), as well as F (Fig. 2a).
The splitting between modes grows with q and F , since
v̄a = e∇φ × F/h̄ [see Eq. (2)]. In particular, large
q produces large self-induced electric fields, leading to
large v̄a and hence a large CBP splitting. This behav-
ior sharply contrasts that of magnetoplasmons, which
have a q-independent splitting given by the cyclotron fre-
quency [12, 14, 15, 24]. As a result, far larger splittings,
arising from interactions, can be achieved for CBPs.

Interestingly, for large enough q and/or F , the ω+

mode (blue line in Figs. 1a and 2a) merges with the bulk
plasmon mode ωbulk

q (dashed line). As this mode merges
with the bulk, its potential profile ceases to be localized
along the edge. This is shown by a diverging confinement
length of the EM potential, [min(γ1,2)]−1, see Fig. 2b. In
contrast, ω− stays far from the bulk dispersion, yield-
ing a potential (and electric field) tightly confined to
the edge. An estimate of the frequency threshold ωth

above which ω+ merges with the bulk can be obtained
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by comparing the splitting in Eq. (3) with the bulk plas-
mon frequency [Eq. (5)]; it can also be read off Fig. 1a,
2a. Keeping only the first term in Eq. (5), we obtain
ωth ≈ h̄n0/mF . For a Dirac system with N fermion fla-
vors, we obtain h̄ωth ≈ Nµ/4πF = 30 − 100 meV (for
typical µ = 100− 300 meV, and setting F = 1, N = 4).

Conservation of ω and q along the edge protect the
ω− mode from coupling to bulk 2D plasmons. Scattering
processes that relax q contribute to propagation losses.
However, the tight edge confinement of the ω− mode sup-
presses its electric field in the bulk regions, hence sup-
pressing its coupling to bulk plasmon modes. Therefore,
above the threshold ωth (gray region in Fig. 1a), the sin-
gle, well-defined, ω− mode propagates unidirectionally
along the edge, allowing for strong non-reciprocal propa-
gation of hybrid CBP polaritons without magnetic field.

Experimental Signatures of CBPs - Strong plas-
mon mediated light-matter interactions [18–20] make op-
tics an ideal means of probing/controlling CBPs. Pho-
ton coupling to plasmons with gapless dispersion (e.g.
2D plasmons, and CBPs here) can be achieved through
strategies such as gratings, and prism geometries [18].
Observing unidirectional (non-reciprocal) propagation in
such setups can reveal the existence of CBPs. For demon-
stration, we detail an alternative experimental probe:
CBP-photon coupling in finite geometries, such as metal-
lic disks, where dipolar plasmonic modes can dominate
optical absorption [10, 18].

In metallic disks with finite F , CBPs manifest as
clockwise/anti-clockwise moving plasmonic dipole modes
(Fig. 3a). These modes can be described via a sim-
ple oscillator model for the motion of the dipolar CBP
center of mass (COM) coordinate [22], {x}, where {·}
denotes the COM average. Here {va} ≈ {e∇φ} × F
(green arrow) gives rise to an intrinsic angular frequency
ωa of plasmons in a disk (orange arrow), which adds to
(subtracts from) the plasmon frequency ω0 to produce
non-degenerate clockwise (anti clockwise) rotating modes
(Fig. 3a); see detailed derivation in SOI. Here we have
used F pointing to positive ẑ. A bosonic analogue for
ultra cold atomic gases is discussed in Ref. [26].

With an a.c. probing electric field Eie
iωt, the COM

equations of motion are (∂2
t +Aij){xj} = eEie

iωt, where

A =

(
ω2

0 ωa∂t
−ωa∂t ω2

0

)
, ωa =

Fω2
0m

n0h̄
. (7)

Here ω0(d) is the bare plasmon frequency in a disk of
diameter d, in the absence of Berry curvature.

Writing the current density as j = n0e∂t{x}, we invert
the COM equations of motion to obtain the optical ab-
sorption (real part of the longitudinal conductivity [22]).
As shown in Fig. 3b, we find a split peak structure with

the dipolar CBP peaks given by the poles of Eq. (7):

ωdisk
± =

√
ω2

0 +
ω2
a

4
± ωa

2
, h̄∆ω = F h̄ω∗ ≈

9F
d[µm]

meV,

(8)
where ∆ω = ωdisk

+ − ωdisk
− = ωa, and h̄ω∗ = ω2

0m/n0.
On the right side, we have estimated ω2

0 ≈ 2πe2n0|q|/m,
with |q| ≈ 1/d (approximating the lowest lying plasmonic
excitation in a disk) [41]. Importantly, ∆ω depends on
the disk size, d, a unique property of CBPs.

The tunable optical absorption split peak structure
(via F and d) in the absence of an applied magnetic
field gives a clear experimental signature of CBPs. In
plotting Fig. 3b, we have included the damping rate phe-
nomenologically via ∂2

t → ∂2
t +Γ∂t, yielding a Lorentzian

lineshape with its half-width determined by Γ. Split
peaks are clearly visible when h̄∆ω >∼ Γ, yielding peaks
at ωdisk

± . To give a sense of scale, we note a typical value
Γ ∼ few meV, see e.g. Ref. [27] where Γ ≈ 4 meV was
measured in graphene disks. Using Γ/ω∗ = 0.25 and tak-
ing F = 1, clearly resolved ωdisk

± peaks can be resolved
for disk sizes d <∼ 1µm (Fig. 3b).

CBPs in Anomalous Hall Materials - We now
discuss materials where CBPs can be realized. We pre-
dict that metallic systems with non-vanishing F will host
CBPs. Finite F requires broken time reversal symme-
try, and may arise in magnetically ordered ground states,
or out-of-equilibrium non-magnetic systems (see below).
The former includes magnetically doped semiconducting
quantum wells (see e.g., Ref. [28], where F ≈ 1/2 was
predicted), and magnetic topological insulators [3–6].

As a concrete example, we examine the magnetically
doped topological insulator, chromium doped thin-film
(Bi,Sb)2Te3, which was recently experimentally real-
ized [5]. When moderately doped with electrons or holes,
we estimate that F ∼ 1 can be achieved based on the
measured anomalous Hall conductivity σB=0

xy
<∼ e2/h [5].

This yields a large splitting ∆ω ≈ 10−100 meV for short
wavelength plasmons, see Eqs. (3) and (8). When probed
in the disk geometry, we predict this system will yield two
split absorption peaks in the absence of magnetic field.

Notably, chromium doped (Bi,Sb)2Te3 exhibits a quan-
tum anomalous Hall (QAH) phase when the carrier den-
sity is fully depleted; when the Fermi energy lies in the
gap, F = 1. As a result, when we take n0 → 0 in Eq. (8)
we find that a single CBP mode (ω+) remains even at
zero bulk density. This single mode describes collective
excitations associated with the quantum anomalous Hall
chiral edge state, and may be used to probe the QAH ef-
fect optically. Hence, absorption mediated by CBPs can
serve as an optical probe of QAH phases.

“On-demand” CBPs in Non-Magnetic Materi-
als - Intriguingly, finite F can also be achieved in non-
magnetic materials, without an applied magnetic field,
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FIG. 3: Chiral Berry plasmons in a disk and in val-
ley polarized gapped Dirac systems. a. Illustration
of CBPs in a disk, showing clockwise/anticlockwise rotating
dipole modes. The mode splitting arises from the intrinsic an-
gular frequency, ωa, induced by the combination of F and the
self-induced electric field. b. Optical absorption split peaks
for dipolar CBPs in a disk (panel a) obtained by inverting
Eq. (7) for F = 0, 0.5, 1.0 (dashed black, purple, orange).
Smaller disk sizes and/or larger F produce larger splittings,
see Eq. (8). Parameter values: ω0/ω∗ = 1 and Γ/ω∗ = 0.25.
c. CBP dipole modes for valley polarized gapped Dirac sys-
tems, with nK = npe, and nK′ = 0. Characteristic density is
ñ = ∆2/4πv2F h̄

2. (inset) Valley polarization can be induced
by above-gap circularly polarized light.

e.g., via pumping with circularly polarized light (see
Fig. 3c inset). This protocol was used recently to induce
a charge Hall effect in valley polarized MoS2 [7], but can
also be replicated in other gapped Dirac materials, e.g.,
WSe2 [29], MoSe2 [30], gapped graphene on hexagonal
boron nitride (G/hBN) [31–33], and dual-gated bilayer
graphene [34]. Note that the (neutral) excitons that may
form in gapped Dirac materials feel zero net Berry curva-
ture [35]; thus we do not expect them to exhibit chirality
and focus only on the dynamics of excited free carriers.

Can CBPs exist in photoexcited systems? To ana-
lyze this, we focus on nominally time reversally invari-
ant gapped Dirac materials. We model the valley de-

pendent F as [36]: FK,K′ = τzNs
ñ1/2

2(nK,K′+ñ)1/2
sgn ∆,

where nK,K′ are the valley carrier densities, τz = ∓
for the K,K ′ valleys, Ns = 2 is the spin degeneracy,
and ñ = ∆2/4πv2

F h̄
2 gives a characteristic density scale.

The bandgap is 2|∆|. When nK = nK′ , the total flux
F = FK + F ′K vanishes.

Interestingly, a non-vanishing net Berry flux Fpe for
the photoexcited system is achieved when nK 6= nK′

(Fig. 3c inset). We analyze the collective modes of the
photo excited electron-hole system in the disk geometry

as above following Eq. (7) above. Accounting for Fpe and
the mutually attracting electron and hole populations we
obtain two chiral CBP modes, ωel−h

± =
√
ω2
a + 2ω2

0 ±ωa,
see SOI. Estimating ω0 as below Eq. (8), we obtain the
ωel−h
± curves shown in Fig. 3c with ω∗ given by Eq. (8).

Importantly, both modes have frequencies that vanish at
zero photo excited carrier density. The mode splitting
increases with photoexcited carrier density npe, and can
reach sizable values for npe ≥ ñ, reflecting Fpe pumping.

To achieve observable splittings, photoexcited densi-
ties npe

>∼ ñ are required. For MoS2, the large gap
(∆ ≈ 1 eV) requires large npe

>∼ 1013 cm−2. How-
ever, smaller gap systems, e.g., MoTe2 (2∆ = 1 eV
[30]), offer significantly weaker npe requirements. Indeed,
G/hBN [31–33] and dual-gated bilayer graphene [34],
where ∆ ≈ 10−200 meV, provide ideal venues to achieve
maximal fluxes of F = 1 and large CBP splittings ∆ω.

An alternative and promising strategy to achieve large
CBP splittings is to stack m layers of gapped Dirac ma-
terials (e.g., TMDs) on top of each other, with no tunnel
coupling between the layers [42]. Stacking achieves (i)
larger photo excited carrier densities due to the increased
absorption, and (ii) a larger maximal Berry flux (when
npe � ñ) and, hence, larger CBP splittings; the maximal
Berry flux is Fmax = mFsingle. In such a structure, the
long-range Coulomb interaction allows the photo excited
densities in different layers to oscillate collectively.

Conclusion - CBPs are robust collective excitations
of metallic systems, arising from two simple ingredi-
ents: Berry flux and interactions. Our analysis indicates
CBPs survive for both weak and strong interactions. As
a result, we conclude that CBPs are generic in metal-
lic anomalous Hall phases, including out-of-equilibrium
states where finite F emerges from driving (e.g., in opti-
cally pumped valley polarization in Dirac materials). In-
deed, this feature allows CBPs to be used for all-optical
diagnostics of anomalous Hall and topological phases,
as well as pumped or periodically driven systems e.g.,
Ref. [37, 38]. Optical probes of the latter are particularly
appealing since transport measurements require contacts
that often complicate and destroy the novel electron dis-
tributions and coherences of driven systems.

Perhaps the most appealing prospect, however, is cou-
pling CBPs with light for sub-wavelength, and strong
non-reciprocal propagation. Exhibiting a single chiral
mode at large q (large splitting, and large frequency),
precisely where plasmons give large compression of op-
tical mode volume, hybrid CBP-polaritons are strongly
non-reciprocal [17]. As we propose, CBP mediated unidi-
rectional waveguides can be realized in readily available
non-magnetic materials (e.g. the van der Waals material
class). CBP based non-reciprocity, if realized experimen-
tally, stands to play a vital role in the miniaturization
optical components that are magnetic field-free.
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SUPPLEMENTARY ONLINE INFORMATION

For the convenience of the reader, in this supplement
we provide a derivation of the Euler equations, including
the role of anomalous velocity. We start from a general
kinetic equation framework, giving a detailed derivation
of the constitutive relations, a description of the match-
ing matrix for edge CBPs, a full analysis of CBP dipole
modes in a disk geometry, and analyze an example of
“on-demand” CBPs in non-magnetic materials in valley
polarized Dirac materials.

Euler equations and the kinetic equation

To analyze the collective modes of an electron liquid
with nonvanishing Berry curvature we will employ a mi-
croscopic approach based on the quantum kinetic equa-
tion. The kinetic equation for the electronic distribution
function fi(x,p, t) reads

(∂t + v∇x + eE∇p) fi(x,p, t) = IN + Iel−ph + Idis,
(S-1)

where E is the electric field, i is the band index, and
IN , Iel−ph, Idis describe (normal) two-particle collisions,
electron-phonon collisions and scattering by disorder.
The electric field can be either extrinsic (imposed exter-
nally) or intrinsic, arising due to long-wavelength charge
fluctuations (as will be the case in our analysis of plas-
mons). Importantly, the velocity is given by Eq. (S-2)
below, which accounts for both the “conventional” group
velocity and Berry curvature induced anomalous velocity.

We will concentrate on the hydrodynamical regime,
when the processes Iel−ph and Idis are negligible

(Iel−ph, Idis � IN ). Using the fact that the collision
operator IN conserves particle number, momentum, and
energy of the electron liquid, we can obtain a hydrody-
namic description of momentum, and particle transport.
Integrating Eq.(S-1) over p yields the continuity equa-
tion for particle number; multiplying Eq.(S-1) by p, and
subsequently integrating and accounting for energy and
momentum conservation by interparticle collisions, yields
equations for momentum transport. Thus we obtain the
Euler equations shown in Eq. (1) of the main text.

Constitutive Relations

The anomalous constitutive relation in Eq. (2) of the
main text emerges from the microscopics of electron mo-
tion in materials with non-vanishing Berry curvature,
Ω(p). Carrier dynamics of quasiparticles possessing
Berry curvature are encoded by the semi-classical equa-
tions of motion for electrons [8]

vp =
∂εp
∂p

+
1

h̄
ṗ×Ω(p), ṗ = e∇φ(x), (S-2)

where, vp = ẋ is the electron velocity, εp is the Bloch
band dispersion, and −e < 0 is the electron charge. The
Berry curvature, given by Ω(p) = ∇k×Ak, is an intrin-
sic property of Bloch wave functions in certain crystals,
with the Berry connection defined as Ak = 〈uk|i∇k|uk〉,
where |uk〉 is the Bloch function. For the 2D systems
considered in this work, Ω = Ωẑ.

Taking phase space averages of the semiclassical equa-
tions of motion in Eq. (S-2), using O =

∑
p,iO fi(x,p, t)

with O = v,p, yields the constitutive relations. Here
fi(x,p, t) is the full phase space distribution of the car-
riers in each of the bands i. The stress tensor is ex-
pressed as σ̄ij = vipj , and the electron density is given
by n(x, t) =

∑
p,i fi(x,p, t). We evaluate these quanti-

ties below.
In the hydrodynamic regime, where collisions are dom-

inated by electron-electron scattering, we write the dis-
tribution function as [21]

fi(x,p, t) =
1

eβ(εip−p·u(x,t)−µ(x,t)) + 1
. (S-3)

The equation above determines the x and p dependence
of the phase space distribution in terms of the free space
and time dependent fields u, β and µ. Here u(x, t) gen-
erates a collective momentum shift for the electron fluid,
β(x, t) describes temperature variations, and µ(x, t) de-
scribes the local chemical potential deviation from equi-
librium. Note that completely filled bands are irrelevant
for describing the momentum and stress densities. How-
ever, as we show below, the velocity field v̄ is sensitive
to the filling of all lower bands.

For weak inhomogeneity, and focusing on the bulk,
we write f(x,p, t) = f0(p) + δf(x,p, t), where f0(p) =
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(eβ(εp−µ) + 1)−1 is the equilibrium distribution. Using
Eq. (S-3), this gives

δf =

(
ε− µ
β

δβ − δµ
)
∂f0

∂ε
− u · p∂f0

∂ε
. (S-4)

This relation allows the quantities p̄, v̄, σ̄ij in Eq. (1) of
the main text to be expressed in terms of the fields u, δβ,
and δµ. For ease of notation, we will denote the term in
the first parenthesis as δ1f .

Using Eq. (S-4) and keeping terms up to linear order
in δf , we write

p̄(x, t) = Au,
∂ε

∂p
= Bu, (S-5)

where

A =
1

2

∑
p

|p|2
(
− ∂f

∂ε

)
, B =

1

2

∑
p

[ ∂ε
∂p
· p
](
− ∂f

∂ε

)
.

(S-6)
We note that the p̄ and v̄ depend only on the anisotropic
part of δf , captured by u. This is because p and v inte-
grated using

∑
pOδ1f yields a vanishing result (the same

is true for integral over f0); here O = p,v. Similarly, we
find the anomalous velocity contribution, v̄a is

v̄a =
1

h̄

∑
p,i

[e∇φ×Ωi(p)]fi(x,p, t) ≈
eF
h̄

[
(∇φ)× ẑ

]
,

(S-7)
where F =

∑
p,i Ωi(p)f eq

i (p), and f eq
i (p) = f0 is the

Fermi-Dirac distribution. Here, we have only kept terms
linear in δf , and noted that φ is proportional to δf (see
below).

Combining Eqs. (S-6) and (S-7) we obtain the anoma-
lous constitutive relation in Eq. (2) of the main text,
with m = A/B. The mass associated with the collec-
tive plasmonic mode, m = A/B, does not need to be the
same as the single particle mass. Indeed, for the mass-
less Dirac system graphene, a finite collective mass has
been measured [23]. In the degenerate limit βµ� 1, the
plasmon mass is m = pF /vF , where pF is the Fermi mo-
mentum, and vF is the Fermi velocity [23]. For a gapped
Dirac system with dispersion ε =

√
v2
F p

2 + ∆2, we ob-

tain m =
√
v2
F p

2
F + ∆2/v2 = µ/v2

F for (µ ≥ ∆).
In the same fashion as above, we find that density and

the stress tensor depend only on the isotropic part of δf ,
encoded in δβ and δµ, as

δn = a1δβ + a2δµ, σij = δij

[
b1δβ + b2δµ

]
, (S-8)

where a1 =
∑

p
∂f
∂ε

ε−µ
β , a2 =

∑
p
∂f
∂ε , and b1 =

∑
p
∂ε
∂p ·

p∂f
∂ε

ε−µ
β , b2 =

∑
p
∂ε
∂p ·p

∂f
∂ε . We note that since v contains

the anomalous velocity, the stress tensor can in principle
depend on the anomalous velocity via

σaij =
∑
p

(e∇φ× ẑ)ipjΩ(p)(f0 + δ1f), (S-9)

where we have denoted the anomalous velocity contri-
bution by the superscript a. Taking a minimal model
for finite Berry flux (i.e., with time reversal symme-
try broken, but inversion symmetry preserved), we have
Ω(p) = Ω(−p) [8]. As a result, the summand in Eq. (S-
9) is odd in p and the sum vanishes.

We note parenthetically that the stress tensor drops
out in the analysis of CBP dipole modes, see main
text and section below in supplementary information.
Furthermore, we note that higher order contributions,
e.g., viscous terms [21], can also contribute to the stress
tensor. However, their influence is expected to be small
and we neglect them in our treatment; including these
terms into an analysis of particle transport is a subject
of current research interest [S1]. In the degenerate limit
βµ � 1, Eq. (S-8) reduces to σij = µ

2 δijδn. The factor
of 1/2 comes from an angular average and is related to
the dimensionality d = 2.

Using these constitutive relations, i.e., Eq. (2) of
the main text along with σij = µ

2 δijδn, and writing
E = −∇x

∫
dx′ e

κ|x−x′|δn(x′, t), we now look for travel-

ing wave solutions ∼ eiq·r−iωt in the bulk. Seeking zero-
modes of the Euler equations [Eq. (1) of the main text]
gives

(ωbulk
q )2 = 2πn0e

2|q|B/(κA) + |q|2(Bµ/2A), (S-10)

where κ is the background dielectric constant. The first
term is associated with interactions, and the second term
is associated with compressional sound modes arising
from the stress density of the electron liquid [15, 24] [S2].

To clarify the physical dependence on parameters, it
is useful to non-dimensionalize Eq. (S-10) by multiplying
through by h̄2/µ2. This yields Eq. (5) of the main text
(reproduced here for convenience) with

(h̄ωbulk
q /µ)2 = a0(|q|/q0) + (|q|/q0)2, (S-11)

where a0 is dimensionless and q0 is a characteristic inverse
scale (associated with the compressional wave):

a0 =
4πe2n0

κµq0
, q2

0 =
2Aµ

Bh̄2 . (S-12)

For a gapped Dirac system with N species of fermions,
n0 = Nµ2/(4πh̄2v2

F ) and A/B = m = µ/v2
F yielding

q0 =
√

2µ/(vF h̄) ≈ 2.15× (µ[meV])×104 cm−1 and a0 =
Ne2/(

√
2κvF h̄). In the latter expression, setting N = 4,

dielectric constant κ = 1, and using vF = 108 cm/s, we
obtain a0 ≈ 6.2.

Matching matrix for edge CBPs

The edge CBPs shown in Figs. 1 and 2 were obtained
from the localized modes in Eq. (6), which solve Eq. (4)
while satisfying the boundary conditions: φ and ∂xφ con-
tinuous across the boundary (x = 0), and v̄x vanishing at
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x = 0. Crucially, v̄x depends on the Berry Flux, F . The
boundary conditions can be compactly expressed via the
relation SΦ = 0, where Φ = (φ0, φ1, φ2)T and

S =

 1 −1 −1√
2|q̃| γ̃1 γ̃2

0 D1 D2

 . (S-13)

Here D1,2 = γ̃1,2[γ̃2
1,2− 2q̃2− 2ω̃2

q] + sgn(q)Cω̃q̃2, and we
have used non-dimensionalized quantities so that C =
4πe2Fq0/(µκ), γ̃1,2 = γ1,2/q0, q̃ = q/q0, and ω̃q = h̄ωq/µ
[see Eq. (5)]. Edge CBPs are identified through zero
modes of the matrix in Eq. (S-13), as plotted as blue and
red curves in Figs. 1,2. In all plots, we use κ = 1.

CBP dipole mode in a disk

Here we present a more complete analysis of the CBP
dipole modes in a disk, which dominate the optical ab-
sorption in metallic disks. These dipole modes can
be conveniently described through the center of mass
(COM) motion, {x(t)}, wherein all internal forces cancel
(viz. Newton’s third law). Here {·} denotes the COM
average, with {x(t)} =

∫
d2xn(x, t)x, and {p(t)} =∫

d2x p̄(x, t). The COM equations of motion can be
obtained from Eq. (1) of the main text via integration
by parts, along with the condition that the velocity and
stress density vanish when |x| → ∞. This yields

∂t{x} =

{
∂ε

∂p

}
+

1

h̄
{e∇φ×Ω(p)}, ∂t{p} = {e∇φ},

(S-14)
where E is a self-generated electric field associated with
the plasmon motion.

To capture the dipolar mode, we use the harmonic po-
tential −eφ(x) = m

2 ω
2
0 |x|2 for the electrons (see e.g., Ref.

[27]) where ω0 is the bare plasmon frequency in a disk
(with diameter d) in the absence of Berry curvature.

In analyzing the COM equations of motion, we first
note that e∇φ(x) depends only on x, and Ω(p) only on p.
Keeping terms to linear order in δn, we find the anoma-
lous velocity contribution {va} for the COM as

{e∇φ×Ω} =
∑
x

[
e∇φ(x)×

∑
p,i

Ω(p)fi(x,p, t)
]

=
[∑

x

e∇φ(x)F(x, t)
]
× ẑ ≈ ζ{x(t)} × ẑ,

(S-15)

where the Berry flux is given by F(x, t) ≡∑
p,i Ωi(p)fi(x,p, t), the constant ζ can be obtained as

detailed below, and i is a band index. Here we will
concentrate on the motion of bulk electrons in a given
band, n. We therefore take fi<n = 1 everywhere in-
side the disk for bands below n (but vanishing outside

the disk). Under the assumption of local equilibrium, we
set fn(x,p, t) = [eβ(εnp−µ(x,t)) + 1]−1, where µ(x, t) is a
space and time varying chemical potential. Adopting a
simple model of a rigidly moving disk of charge with con-
stant density n0, and density equal to zero outside, gives
F = Fn(x, t)/n0 and ζ = − Fn0

mω2
0 . Here F is obtained

with a fixed uniform chemical potential µ.
Using {e∇φ} = −mω2

0{x(t)}, Eq. (S-15), and substi-
tuting into Eq. (S-14), we obtain the equations of motion
for the dipole mode: (∂2

t +Aij){xj} = 0, where

A =

(
ω2

0 ωa∂t
−ωa∂t ω2

0

)
, ωa =

Fω2
0m

n0h̄
. (S-16)

Here we have written
{
∂ε
∂p

}
= 1

m{p}+O(δn2) and kept
only terms up to linear order in δn.

Writing {x} = x0e
iωt, we obtain a secular equation

Mx0 = 0 where M is obtained from A by replacing ∂t by
iω. Plasmons are given by the zero modes, det(M) = 0,
yielding the split dispersion relation

ω± =

√
ω2

0 +
ω2
a

4
± ωa

2
, (S-17)

where ω±, ω0 > 0 (in the following we will use only posi-
tive frequencies; a similar analysis yields the same results
for negative ω±, ω0 as well). These plasmon modes are
chiral as they correspond to a rotating COM displace-
ment and momentum

{x(t)}± =
|x0|√

2

(
1
±i

)
eiω±t, {p(t)}± =

iω2
0m

ω±
{x(t)},

(S-18)
where {p(t)}± and {x(t)}± are offset by a phase of π/2.
As a result, a rotating {x(t)}± gives rise to a circu-
lating momentum/current density (see Fig. 3a of the
main text). The clockwise/anticlockwise (ω+/ω−) mo-
tion of chiral plasmons sketched in Fig. 3a are oriented
for a positive Berry flux, F , pointing in the ẑ direction.
This direction sets the orientation of ωa. For opposite
sign of F the orientations are switched. The distinct
frequencies ω± arise from the anomalous velocity {va}
adding/subtracting propagation speed from the modes
at F = 0.

The CBP dipole mode can manifest in distinct split
peaks for optical absorption. This splitting can be an-
alyzed by writing the current density as j = n0e∂t{x}
by inverting Eq. (S-16), and relating current to electric
field via j = gE, where E is probing field, and g is the
conductivity tensor. Optical absorption is characterized
by the real part of the longitudinal conductivity, gxx, as

Re[gxx(ω)] =
1

2

∑
±

DΓω2

(ω2 ± ωωa − ω2
0)2 + Γ2ω2

, (S-19)

where D = n0e
2

m is the Drude weight, and Γ is the
transport relaxation rate, included phenomenologically
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via ∂2
t → ∂2

t + Γ∂t. This yields the split peak optical
absorption for the disk geometry shown in Fig. 3b of the
main text.

Optically pumped “On-Demand” CBP dipole mode
in gapped Dirac materials

Here we consider how CBPs might arise in non-
magnetic gapped Dirac materials such as MoS2, or
gapped G/h-BN. To analyze this, we focus on nomi-
nally time reversally invariant gapped Dirac materials.
We model the valley dependent F as [36]: FK,K′ =

τzNs
ñ1/2

2(nK,K′+ñ)1/2
sgn ∆, where nK,K′ are the valley car-

rier densities, τz = ∓ for the K,K ′ valleys, Ns = 2 is the
spin degeneracy, and ñ = ∆2/4πv2

F h̄
2 gives a characteris-

tic density scale. The bandgap is 2|∆|. When nK = nK′ ,
the total flux F = FK + F ′K vanishes.

However, a non-vanishing net Berry flux Fpe for the
photoexcited system is achieved when nK 6= nK′ (Fig. 3c
inset). Setting nK′ = 0, giving FK′ = +1, the valley
polarized electron (nel) and hole (nh) populations con-
centrated at the K valley conduction and valence band
extrema yield

Fpe ≈ 1− 1

2

[ ñ1/2

√
ñ+ nh

+
ñ1/2

√
ñ+ nel

]
,

ñ = 1.8× 1013 (∆[eV])2

(vF [cm s−1]/108)2
cm−2. (S-20)

Here we have used that Berry curvature (including its
sign) is the same for electrons and holes, following from
particle-hole symmetry of the Dirac Hamiltonian, and
used the convention nel,h > 0. In deriving Eq. (S-20), we
used the spin degeneracy Ns = 2 for the K ′ valley, and
noted that only a single spin species in the K valley is
excited by the circularly polarized light.

For demonstration we examine CBPs in the disk ge-
ometry as above. We analyze the coupled motion of pho-

toexcited electrons and holes in a single valley via COM
coordinates ({xel}) and ({xh}), respectively, giving:[

∂2
t +

(
Ael −Ael

−Ah Ah

)]( {xel}
{xh}

)
= 0, (S-21)

where Ael and Ah are defined as in Eq. (7) of the main
text, with the denstiy n0 and plasmon mass m replaced
by the appropriate values for electrons or holes. In writ-
ing these equations, we have used that the restoring force
arising from the mutual attraction of photoexcited elec-
tron and hole subsystems is {e∇φ}el(h) ≈ ∓α({xel} −
{xh}), where {·}el,h denote the COM averages for elec-
tron and hole distributions and the upper (lower) sign is
for electrons (holes). Here α characterizes the strength
of the electron-hole interaction. For brevity, in the fol-
lowing analysis we set Ael = Ah, giving α = mω2

0 , where
ω0 is the plasmon frequency associated with a unipolar
system with carrier density n = nel = nh.

Zero modes of Eq. (S-21) with ∂2
t → −ω2 yield CBPs

with {xel} = −{xh}, giving:

ωel−h
± =

√
ω2
a + 2ω2

0 ± ωa, (S-22)

where ωa is given by Eq. (7) with F replaced by Fpe.
Importantly, ωel−h

± chiral (electron-hole) plasmons fea-
ture co-rotating {xel} and {xh}. This dipole like rota-
tion follows from the equal sign of F for electrons and
holes. Modes with {xel} = {xh} are also eigenmodes of
Eq. (S-21). However, they have frequency, ω = 0.

S1. See e.g., D. T. Son, A. O. Starinets, Viscosity, Black
Holes, and Quantum Field Theory, Annual Reviews of
Nuclear and Particle Science, 57:95-118 (2007)]

S2. Phan T. V., Song J. C. W., Levitov L.S., Ballistic
Heat Transfer and Energy Waves in an Electron System,
arXiv:1306.4972 (2013).
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