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Thermodynamics of the Adiabatic Expansion of a Mixture of Two Phases::· 

M. CowPERTHWAITE AND T. J. AHRENst 

Stanford Research Institute, Menlo Park, California 94025 
(Received 27 April 1967) 

The thermodynamics of the adiabatic expansion of a mixture of two phases capable of 
interchanging heat and matter across the phase boundary is presented. The law of con
servation of energy is applied to each phase considered as an open system and to the 
mixture of phases considered as a closed system. Expressions for the entropy production 
resulting from internal irreversible processes demonstrate the difference between adiabatic 
and isentropic changes and specify conditions under which the expansion of a closed two
phase system is isentropic. Three such possible isentropic processes are defined, and ex
pressions are derived for the temperature-pressure--volume states achieved in them. The 
thermodynamic treatment is useful in studies of the adiabatic release of a shock-induced 
mixture of phases. 

INTRODUCTION 

A THERMODYNAMIC treatment of the adi
abatic expansion of a mixture of two phases 

that are capable of interchanging both heat and 
matter across the phase boundary is of general 
interest because it demonstrates the basic princi
ples of irreversible thermodynamics. Expressions 
for the conservation of energy for the mixture 
considered as a closed system, and for each 
phase considered as an open system, 1 demon
strate different forms of the first law of thermo
dynamics. Calculation of the entropy production 
resulting from internal irreversible processes, in
duced by the expansion and specification of the 
conditions under which the expansion process is 
isentropic, demonstrate the second law of ther
modynamics. 

A knowledge of these isentropic conditions is 
of special interest in a study of shock-induced 
phase transitions. If the adiabatic expansion of a 
shock-induced mixture of phases from the kilo
bar regime is isentropic, the Reimann invariant2 

can be used to calculate release adiabats in the 
pressure-specific volume plane from experimen
tally determined release adiabats in the pressure-

;;, This research was supported in part by the National 
Aeronautics and Space Administration under contract 
NASr-49 (24). 

t Present address: California Institute of Technology, 
Pasadena, Calif. 91105 

1 I. Prigogine, Thermodynamics of Irreversible Proc
esses (Interscience Publishers, Inc., New York, 1961). 

2 R. Courant and K. 0. Friedrichs, Supersonic Flow 
and Shock Waves (Interscience Publishers, Inc., New 
York, 1948), p. 87. 

particle velocity plane. Experimental evidence 
indicates that shock-induced phase transitions 
occur in quartz,3, graphite,4 and elemental lead.5 

Anomalies in the observed shock-induced pres
sure--volume states of these materials are attrib
uted to the formation of a quartz-stishovite mix
ture between 144 and 450 kbar, of a graphite
diamond mixture between 180 and 400 kbar, 
and of a mixture of solid and liquid lead above 
245 kbar. 

I. THE FIRST LAW OF THERMODYNAMICS 
FOR THE EXPANSION OF A TWO-PHASE 

MIXTURE 

For simplicity we consider a system of two 
phases ( l and 2) to be in mechanical equilib
rium, and assume that external work is per
formed reversibly by pressure forces. Let the 
subscripts l and 2 denote the state variables of 
phase l and phase 2, respectively, and let p de
note the external pressure. Then the conditions 
for mechanical equilibrium and for reversible 
external work are expressed by the equations p1 

= P2 = p. The specific internal energy e, the 
specific entropy s, and the specific volume v of 
the mixture are expressed in terms of the specific 
internal energies, the specific entropies, and the 

3 H. G. McQueen, J. N. Fritz, and S. P. Marsh, J. 
Geophys. Res. 68, 2319 (1963). 

4 B. J. Alder and R. H. Christian, Phys. Rev. Letters 
7, 367 (1961). 

5 M. H. Rice, R. G. McQueen, and J. M. Walsh, 
Solid State Phys. 6, 1 ( 1958). 
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specific volumes of the two phases by the equa
tions: 

e=.\ei+ (l-.\)e2, (1) 

s=.\Si+ (l-.\)s2, (2) 

V =.\Vi+ (1- .\)V2, (3) 

where ..\ and ( 1 - ..\) denote the mass fractions 
of phase 1 and phase 2 in the mixture. 

The two-phase mixture is a closed system but 
each phase is an open system because it can ex
change matter with the other. Application of the 
first law of thermodynamics to phase 1, phase 2, 
and the mixture of phases gives 

d.\ei = di<I> - pd.\vi, ( 4) 

d(l - .\)e2 = d2<I> - pd(l - .\)v2 , ( 5) 

de= dQ-pdv, (6) 

where di<I> denotes the resultant energy that 
phase 1 receives by heat flow and exchange of 
matter, d2<I> denotes the resultant energy that 
phase 2 receives by heat flow and exchange of 
matter across the phase boundary, and dQ de
notes the heat transferred into the two-phase 
mixture from the exterior. Elimination of the 
differentials of the state variables from Eqs. ( 4), 
( 5), and ( 6) with the differential forms of Eqs. 
( 1 ) and ( 3) gives 

dQ = di<I> + d2<I>, (7) 

as an expression of the conservation of energy 
for the two-phase system. Expansion of Eqs. ( 4) 
and ( 5) gives the equations 

di<I> = .\(dei + pdvi) + (ei + pvi)d.\, (8) 

d2<I> = ( 1 - ..\) ( de2 + pdv2) - ( e2 + pv2) d.\, 
(9) 

which can be rewritten as 

di<I> = AdiQ + hid.\, 

d2<I> = (1- .\)<kQ - h2d>-., 

(10) 

(11) 

where >-.diQ and (1 - .\)d2Q denote the heat 
received by phase 1 and phase 2, and hi and h2 

denote the specific enthalpies of phase 1 and 
phase 2. It is important to note that the replace
ment of the (de + pdv) term in parentheses by 
the dQ term is valid because the former term 
contains only intensive variables. Combining 

Eqs. (7), (10), and (11) gives a more conveni
ent expression, 

dQ = .\diQ + (1- .\)d2Q + (hi - ~)d.\, 
(12) 

of the conservation of energy for the two-phase 
system. Setting dQ = 0 in Eq. ( 12) gives the 
energy equation 

.\di Q + ( 1 - ,\) d2Q + (hi - h2) d.\ = 0 ( 13) 

for an adiabatic change. In this case the energy 
received by phase 1 from phase 2 is equal to 
the energy received by phase 2 from phase 1. 
Since, in general, hi =I= h2, setting .\diQ = 
(1 - .\)d2Q = 0 in Eq. (13) gives d.\ = 0 as 
a characteristic condition for an adiabatic change 
with no internal heat flow. When there is no 
internal heat transfer in a mixture of phases dur
ing an adiabatic change, the composition of the 
mixture remains unchanged. Setting d.\ = 0 in 
Eq. (13) gives >-.diQ = - (1 - .\)<kQ as a 
characteristic condition for a constant composi
tion adiabatic change. When there is no change 
of composition the heat received by phase 1 from 
phase 2 balances the heat received by phase 2 
from phase I. 

II. CONDITIONS FOR THE ISENTROPIC 
EXPANSION OF A TWO-PHASE MIXTURE 

The expression for the entropy production de
rived from Eq. ( 13) is sufficient to determine 
the conditions under which the adiabatic release 
of a two-phase mixture is isentropic. If T denotes 
temperature, then the equation for a simple 
heat transfer dQ = Tds applied to phase 1 and 
phase 2 gives diQ = Tidsi and <kQ = T2ds2. 
Substitution of these expressions into Eq. ( 13) 
gives 

.\Tidsi + (1- .\)T2ds2 +(hi - h2 )d.\ = 0. 
(14) 

Elimination of the ds2 term from Eq. (14) with 
the equation obtained by differentiating Eq. (2), 

ds=.\dsi+ (l-.\)ds2 + (si-s2 )d.\, (15) 

gives 

T2ds = .\(T2 - Ti)dsi 
+ [JL2 - JLi + (T2 - Ti)si]d>-., (16) 
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where µ, = h - Ts denotes the specific Gibbs 
free energy. Equation ( 16) expresses the entropy 
production in terms of the internal irreversible 
processes induced in a mixture of two phases by 
the adiabatic expansion process. For a mixture 
of phases that is neither in thermal equilibrium, 
T1 =I= T2, nor in chemical equilibrium,6 µ,1 =I= µ,2, 

the first term in Eq. ( 16) represents the entropy 
produced by irreversible heat flow, and the 
second term represents the entropy produced by 
an irreversible change of composition. Entropy 
is conserved either when these two internal 
processes do not take place or when they take 
place reversibly. When the adiabatic expansion 
process is isentropic and ds = 0 both terms on 
the righthand side of Eq. ( 16) must be zero. 
Three such possible processes are defined below. 

A. No Heat Transfer between Phases 

It follows from the first law of thermodynamics, 
Eq. ( 13), that internal irreversible processes can 
occur in the adiabatic expansion of a two-phase 
mixture only if there is transport of heat between 
the phases. Thus the adiabatic release process 
with no internal heat flow is necessarily isen
tropic. Substituting the conditions for no heat 
transfer, ds1 = ds2 = 0, into Eq. ( 14) gives 
dA. = 0, and it follows from Eq. ( 15) and also 
from Eq. ( 16) that ds = 0. 

The position of this type of isentrope in the 
( p-v) plane is determined by the isentropic 
conditions for both phases, 

dh1 = v1dp = (oh1!op )v1dp + (ohifov1)vdvi, 
(17) 

dh2 = Vzdp = (oh2/op)v2dp + (oh2 /ov2)vdv2, 
( 18) 

and the equation obtained by differentiating Eq. 
( 3) with A constant, 

dv = A.dv1 + (l -A)dv2• (19) 

Eliminating dv 1 and dv2 from Eqs. ( 17), ( 18), 
and ( 19) gives the differential equation 

dv/dp =A (ovtfohi)v [v1 - (ohifop)v1 ] 

+ (1-A) (ov2/oh2)v [v2 - (oh2/op)v2 ], (20) 

6 J. W. Gibbs, The Scientific Papers of ]. WiUard 
Gibbs: Vol. 1, Thermodynamics (Dover Publications, 
Inc., New York, 1960). 

which can be used to construct isentropes if the 
composition of the mixture and the ( e-p-v) 
equations of state of both phases are known. 

Combining the isentropic conditions ds1 = 
ds2 == 0 with thermodynamic identities gives a 
differential equation for calculating the tempera
tures of each phase along the isentrope. Let Cv 
and a denote specific heat and volume expansion 
coe:fficient at constant pressure. Then, combina
tion of the thermodynamic identities 

T(os/oT)v = Cv = (oh/oT)v, 
- (os/op)T = (ov/oT)v = va, 

(ov/oh )v = (ov/oT)v!Cv = av/Cp, 

with the isentropic condition 

(os/oT)vdT= - (os/op)Tdp (21) 

gives the differential equation, 

dT/T= (ov/ah)vdp= (avfCv) dp, (22) 

that governs the variation of temperature with 
pressure along the isentrope of a single phase. 
Applying Eq. ( 22) to each phase gives the dif
ferential equations, 

dT1/T1= (av!Cv)idp; (23) 

dT2/T2 = (av!Cv) 2 dp, (24) 

for calculating the temperatures of each phase 
during isentropic expansion. Since in general 
(ov1/oh1)v =I= (ov2/ah2 ) 11 the temperatures of 
phase 1 and phase 2 will change at different rates 
along the isentrope. However, as long as the 
characteristic time for internal heat flow is large 
compared to the characteristic time for decrease 
of pressure, the conditions dA. = 0, ds1 = ds2 

= 0 will be satisfied, and the adiabatic expansion 
process will be isentropic. 

B. Reversible Heat Transfer between Phases 

The adiabatic expansion of two phases with 
internal heat flow can only be isentropic if, 
during the process, the phases are in thermal 
equilibrium and transfer of heat occurs rever
sibly. Substituting the condition for thermal 
equilibrium T1 = T2 = T into Eq. (16) gives 
the equation 
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for the entropy production for the adiabatic re
lease process with reversible heat flow between 
phases. The release is isentropic, either when 
no change of composition takes place, d>.. = 0, 
or when the phases are in chemical equilibrium, 
fL2 = µi, and the change of composition takes 
place reversibly. When the two phases are in 
thermal equilibrium, formulating the condition 
that the energy is a perfect differential also gives 
the equation for the entropy production. In 
terms of enthalpy, combination of the energy 
equation for adiabatic changes, dh = vdp, 
with the identity obtained by expanding the 
h( s, p, >..) equation of state, 

dh = Td8 + vdp + (µ1 - 11-2)d>.., (26) 

gives Eq. ( 25). 

1. No Change of Composition 

Setting d>.. = 0 in Eq. ( 25) gives the isen
tropic condition d8 = 0 and it follows from Eq. 
( 15) that 

>..d81 + (1- >..) d82 = 0. (27) 

The reversible transfer of heat inside the system 
changes the entropy of each phase in such a way 
that the total entropy of the system remains con
stant. The position of an isentrope in the ( p-v) 
plane is determined by the differential equation, 
dv = ( ov/op) s,>.. dp 

= (ov/oh)p,>.. [v - (oh/op )v,xJ dp, (28) 

obtained by rearranging the isentropic condition, 
dh = vdp = (oh/op )v,x dp + (oh/ov )p,>.. dv. 

The variation of temperature along the isentrope 
is governed by an equation of the same form 
as Eq. ( 22) for a single phase, 

dT IT= ( ov/oh )p,X dp, ( 29) 
where 

(ov/oh)p,x= [>..a1v1+ (l->..)a2v2J · 
[>..Cv1 + (1- >..) Cp2]-1• 

2. Phases in Chemical Equilibrium 

With the condition for chemical equilibrium 
r-1 = µ2, Eq. (25) gives ds = 0 and Eq. (15) 
reduces to the equation 

>..ds1 + (1- >..) d82 + (81 - 82)d>.. = 0, (13') 

which is equivalent to Eq. ( 13). The entropy 
flow inside the system, resulting from the re
versible transfer of heat and matter, is such that 
the total entropy of the system remains constant. 

An equilibrium isentrope through (p;, v;) in 
the mixed phase region of the p-v plane can be 
constructed with Eqs. (2) and (3) if the posi
tions of the phase boundaries, v1 = v1 ( p), 
v2 = v2 ( p), and the corresponding entropies 
along them, 81 = 81(p), 82 = 82(p), are known. 
The entropy 8(p;, v;) at (p;, v;) can be calcu
lated with Eqs. ( 2) and ( 3); the ( p-v) states on 
the isentrope through ( p;, V;) must satisfy the 
equations 

8(p;,v;) =>..s1(p) + (l->..)82(p), (2') 
and 

(3') 

Thus, eliminating the reaction coordinate >.. be
tween Eqs. ( 2') and ( 3') gives 

[8(p;,v;)-81(p)J/[v-v1(p)] 
= [82 (p) -81(p)]/[v2(p) -v1(p)J, (30) 

and 

[8(p;, v;) - 82(p) ]/[v - v2(P)] 
= [82(p) -81(p)]/[v2(p) -v1(p)J, (31) 

as equivalent expressions, in terms of parameters 
along the phase boundaries, for calculating 
volume as a function of pressure along an 
equilibrium isentrope through (pi> v;). Combin
ing the Clausius-Clapeyron equation, 

dp/dT = [82(p) - s1(p)]/[v2(p) - v1(p) ], 
(32) 

with Eqs. ( 30) and ( 31) gives expressions for 
the equilibrium isentrope in terms of (a) the 
entropy and volume along one of the phase 
boundaries in the ( p-v) plane, and ( b) the 
slope of the phase line in the ( p-T) plane. It 
follows that knowledge of the slope of the phase 
line in the ( p-T) plane and of the entropy along 
one of the phase boundaries in the ( p-v) plane 
is sufficient for constructing the equilibrium isen
trope through a point ( p;, v;) of known entropy 
8(p;, v;), in the mixed phase region of the (p'-V) 
plane. The temperature along this isentrope can 
be calculated by integrating Eq. ( 32), if the 
slope of the phase line in the ( p-T) plane and 
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also the temperature at any one point in the 
mixed region of the ( p-v) plane are known. 

III. SUMMARY AND CONCLUSIONS 

This thermodynamic treatment of the adiabatic 
expansion of a mixture of two phases is based 
on the assumption that only internal irreversible 
processes give rise to an increase of entropy. 
The release process is isentropic, either if internal 
processes do not occur, or if they occur reversi
bly. The first and second laws of thermodynam
ics have been formulated for a mixture of two 
phases capable of interchanging heat and mat
ter, to determine specific conditions under which 
the adiabatic expansion process is isentropic. In 
the case of no heat flow between phases, the 
adiabatic expansion process is necessarily isen
tropic because a How of heat is necessary for a 
transport of matter and a change of composi
tion. In the case of reversible heat flow between 
phases the adiabatic expansion process is isen
tropic either if the composition remains fixed or 

if the composition changes with the phases in 
chemical equilibrium. These conditions specify 
equations for constructing three possible isen
tropes through a point representing a mixture of 
phacses in the ( p-v) plane. The thermodynamic 
treatment ignores the kinetics of the various 
processes and therefore cannot be used to de
termine either if or how an adiabatic change will 
be isentropic. 

However, construction of the various isen
tropes in the (p-v) plane, and their transforma
tion to the pressure-particle velocity ( ~) 
plane with the Riemann invariant, are important 
in shock wave studies. Comparison of calculated 
and measured release adiabats in the (p-u) 
plane indicates whether the adiabatic release of 
a shock-induced mixture of phases is isentropic. 
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A first integral of motion in classical dynamics which contains the time explicitly and is 
conjugate to the Hamiltonian is quantized. The resulting quantal operator is applied to 
study the time delay caused by scattering, and in a simple case the expectation value of 
this operator is obtained. 

INTRODUCTION 

I N classical dynamics for a holonomic system 
with n degrees of freedom, there are 2n first 

integrals of motion.1 Among these are quantities 
like energy and angular momentum, which have 
been studied extensively in quantum mechanics. 
One of these first integrals which contains the 
time explicitly and is conjugate to the Hamil
tonian is discussed in this paper. The quantal 

" E. W. R. Steacie Fellow. 
1 E. T. Whittaker, Analytical Dynamics (Cambridge 

University Press, Cambridge, England, 1937), p. 53. 

form of this integral, which is called the time 
operator, is of interest in problems like the time 
delay in scattering, the lifetime of a metastable 
state, and the time-energy uncertainty relation. 
The present paper is concerned with the first 
problem, i.e., the time delay caused by scattering 
from a localized potential. The method devel
oped here may be used to calculate time delay 
in scattering from short- or long-range potentials. 
V\Thile the construction of the quantal operator 
for localized Hamiltonians is straightforward, 
the resulting differential equation is quite com
plicated and generally of infinite order. 


