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S1.  RA-SHG data for Sin-Pout and Sin-Sout geometries above and below TΩ 
 

 
RA-SHG data collected under two other polarization geometries Sin-Pout and Sin-Sout, which are 

complementary to those shown in Figs 1c & d of the main text, are shown for completeness in 

Fig. S1. The lowering of rotational symmetry from C4 to C1 upon cooling below T is visible in 

both Sin-Pout and Sin-Sout geometries. The effect is present but less pronounced in Sin-Pout 

geometry owing to the different set of susceptibility tensor elements probed (Section S2). The 

high temperature data in Fig. S1 are very well described by bulk EQ-induced SHG from a 

crystallographic 4/m point group while the low temperature data are very well described by a 

coherent sum of an EQ contribution (4/m point group) and an ED contribution (2/m or m1 

magnetic point group). These results are fully consistent with Figs 1c & d of the main text.  

 

 

 Fig. S1. RA-SHG data for Sin-Pout (left column) and Sin-Sout (right column) polarization geometries 
collected at (a) T = 295 K and (b) T = 170 K. The tetragonal crystallographic axes a and b are labeled in 
the upper left plot. Lines are best fits to expressions given in Section S2.  
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S2.  Mathematical expressions used for fitting RA-SHG patterns 
 

i) Fitting RA-SHG data for T > T 

 

Recent neutron diffraction1,2, RA-SHG and optical third harmonic generation measurements3 

show that the crystal structure of Sr2IrO4 belongs to the centrosymmetric tetragonal 4/m point 

group as opposed to the previously accepted 4/mmm point group4,5. Given the presence of 

inversion symmetry, the leading order contribution to SHG is the non-local term of electric-

quadrupole type, which can be expressed as an effective nonlinear polarization as 

      lkj
EQ
ijkli EEP 2  where 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝐸𝐸𝐸𝐸  is the electric-quadrupole susceptibility tensor. By 

enforcing 4/m point group symmetry, 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝐸𝐸𝐸𝐸  is reduced to having 21 non-zero independent 

elements6: 

 

           {𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = 𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦  ,   𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧  , 𝑧𝑧𝑧𝑧𝑥𝑥𝑥𝑥 = 𝑧𝑧𝑧𝑧𝑦𝑦𝑦𝑦  , 𝑥𝑥𝑦𝑦𝑧𝑧𝑧𝑧 = −𝑦𝑦𝑥𝑥𝑧𝑧𝑧𝑧  , 𝑥𝑥𝑥𝑥𝑦𝑦𝑦𝑦 = 𝑦𝑦𝑦𝑦𝑥𝑥𝑥𝑥,
𝑥𝑥𝑥𝑥𝑥𝑥𝑦𝑦 = −𝑦𝑦𝑦𝑦𝑦𝑦𝑥𝑥  , 𝑥𝑥𝑥𝑥𝑧𝑧𝑧𝑧 = 𝑦𝑦𝑦𝑦𝑧𝑧𝑧𝑧 , 𝑧𝑧𝑧𝑧𝑥𝑥𝑦𝑦 = −𝑧𝑧𝑧𝑧𝑦𝑦𝑥𝑥  , 𝑥𝑥𝑦𝑦𝑥𝑥𝑦𝑦 = 𝑦𝑦𝑥𝑥𝑦𝑦𝑥𝑥 , 𝑥𝑥𝑥𝑥𝑦𝑦𝑥𝑥 = −𝑦𝑦𝑦𝑦𝑥𝑥𝑦𝑦 ,
𝑧𝑧𝑥𝑥𝑧𝑧𝑥𝑥 = 𝑧𝑧𝑦𝑦𝑧𝑧𝑦𝑦 , 𝑥𝑥𝑧𝑧𝑦𝑦𝑧𝑧 = −𝑦𝑦𝑧𝑧𝑥𝑥𝑧𝑧 , 𝑥𝑥𝑦𝑦𝑦𝑦𝑥𝑥 = 𝑦𝑦𝑥𝑥𝑥𝑥𝑦𝑦 , 𝑥𝑥𝑦𝑦𝑥𝑥𝑥𝑥 = −𝑦𝑦𝑥𝑥𝑦𝑦𝑦𝑦 , 𝑥𝑥𝑧𝑧𝑥𝑥𝑧𝑧 = 𝑦𝑦𝑧𝑧𝑦𝑦𝑧𝑧 ,
𝑧𝑧𝑥𝑥𝑧𝑧𝑦𝑦 = −𝑧𝑧𝑦𝑦𝑧𝑧𝑥𝑥 , 𝑦𝑦𝑥𝑥𝑥𝑥𝑥𝑥 = −𝑥𝑥𝑦𝑦𝑦𝑦𝑦𝑦 , 𝑧𝑧𝑥𝑥𝑥𝑥𝑧𝑧 = 𝑧𝑧𝑦𝑦𝑦𝑦𝑧𝑧 , 𝑧𝑧𝑥𝑥𝑦𝑦𝑧𝑧 = −𝑧𝑧𝑦𝑦𝑥𝑥𝑧𝑧 , 𝑥𝑥𝑧𝑧𝑧𝑧𝑥𝑥 = 𝑦𝑦𝑧𝑧𝑧𝑧𝑦𝑦 ,
𝑥𝑥𝑧𝑧𝑧𝑧𝑦𝑦 = −𝑦𝑦𝑧𝑧𝑧𝑧𝑥𝑥}  

 

With the four additional constraints from degenerate SHG {𝑧𝑧𝑧𝑧𝑥𝑥𝑥𝑥 = 𝑧𝑧𝑥𝑥𝑥𝑥𝑧𝑧, 𝑧𝑧𝑧𝑧𝑦𝑦𝑥𝑥 = 𝑧𝑧𝑥𝑥𝑦𝑦𝑧𝑧, 𝑥𝑥𝑥𝑥𝑦𝑦𝑦𝑦 =
𝑥𝑥𝑦𝑦𝑦𝑦𝑥𝑥, 𝑥𝑥𝑥𝑥𝑥𝑥𝑦𝑦 = 𝑥𝑥𝑦𝑦𝑥𝑥𝑥𝑥}, the number of non-zero independent tensor elements is further reduced to 

17. The rotation of the crystal by an angle φ about the c-axis is carried out mathematically by 

applying a basis transformation on the reduced tensor from the original (primed) to rotated (un-

primed) reference frame using  

 

 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝐸𝐸𝐸𝐸 (𝜑𝜑) = 𝑅𝑅𝑖𝑖𝑖𝑖′(𝜑𝜑)𝑅𝑅𝑖𝑖𝑖𝑖′(𝜑𝜑)𝑅𝑅𝑖𝑖𝑖𝑖′(𝜑𝜑)𝑅𝑅𝑖𝑖𝑖𝑖′(𝜑𝜑)𝜒𝜒𝑖𝑖′𝑖𝑖′𝑖𝑖′𝑖𝑖′

𝐸𝐸𝐸𝐸  

 

where 𝑅𝑅𝑖𝑖𝑖𝑖(𝜑𝜑) is the rotation matrix about the c-axis. Finally, the expression that is used to fit the 

RA-SHG data at T > TΩ is given by 𝐼𝐼(2𝜔𝜔,𝜑𝜑) = |𝐴𝐴�̂�𝑒𝑖𝑖(2𝜔𝜔)𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝐸𝐸𝐸𝐸 (𝜑𝜑)�̂�𝑒𝑖𝑖(𝜔𝜔)𝜕𝜕𝑖𝑖�̂�𝑒𝑖𝑖(𝜔𝜔)|2𝐼𝐼(𝜔𝜔)2, where 

A is a constant determined by the experimental geometry, 𝐼𝐼(𝜔𝜔) is the intensity of the incident 
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where 𝑅𝑅𝑖𝑖𝑖𝑖(𝜑𝜑) is the rotation matrix about the c-axis. Finally, the expression that is used to fit the 

RA-SHG data at T > TΩ is given by 𝐼𝐼(2𝜔𝜔,𝜑𝜑) = |𝐴𝐴�̂�𝑒𝑖𝑖(2𝜔𝜔)𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
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beam and �̂�𝑒 is the polarization of the incoming or outgoing light, which we select to be either 

linearly P or S polarized. We note that previous work has already shown that there is no evidence 

of a surface electric-dipole contribution SHG3 and that the crystallographic symmetry of the 

surface remains unchanged across TΩ
7.   

 

ii) Fitting RA-SHG data for T < T 

 

The low temperature RA-SHG data are fit to a coherent sum of the electric-quadrupole term 

described above and a hidden order induced electric-dipole term. The electric-dipole contribution 

is expressed as a nonlinear polarization 𝑃𝑃𝑖𝑖(2𝜔𝜔) ∝ 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝐸𝐸𝐸𝐸𝐸𝐸𝑖𝑖(𝜔𝜔)𝐸𝐸𝑖𝑖(𝜔𝜔). By enforcing 2/m magnetic 

point group symmetry, 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝐸𝐸𝐸𝐸 is reduced to having 14 non-zero independent elements: 
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We only discuss the results using a 2/m magnetic point group here although the same procedure 

was applied to all of the magnetic point groups we surveyed. The additional constraints from 
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independent tensor elements remaining. A basis transformation was then carried out on 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝐸𝐸𝐸𝐸 
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S3.  Visualizing the 2/m1 magnetic point group symmetry of the Néel phase 
 

 
 
Fig. S2 (a) Known dipolar antiferromagnetic structure of Sr2IrO4. Planes through each Ir-O layer in the unit cell 
are shown, with z denoting the position of the layer along the c-axis. The red and green arrows denote the 
direction of the magnetic dipole moments in the two structural sub-lattices. Resultant magnetic structure upon 
applying the following operations contained within the 2/m1 point group: (b) 180 rotation about the c-axis, (c) 
reflection about a mirror plane normal to the c-axis, (d) time-reversal, (e) spatial inversion. All structures are related 
by simple lattice translation. 
 

The antiferromagnetic structure of Sr2IrO4 reported by neutron and resonant x-ray diffraction 

measurements is shown in Fig. S2a. Its magnetic point group derived from the tetragonal 4/m 

crystallographic point group of Sr2IrO4 is 2/m1 [Courtesy of S. Lovesey and D. Khalyavin]. 

Invariance of the magnetic structure under the elements of 2/m1 is explicitly shown in Figs S2 

b-e. We note that the 2/m1 magnetic point group assignment does not rely on the magnitude of 

the magnetic moments on the two structural sub-lattices being equal, even though experimentally 

they are found to be so.   
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S4.  Loop-current order in cuprates versus iridates  
 
Loop-current ordered phases were initially proposed in a three-band CuO2 model of the copper-

oxide planes where the charge currents are emergent complex hopping terms between oxygen 

and copper sites8,9. In this section, we examine how this model would be modified for Sr2IrO4. 

Our intention is not to elaborate on any of the details of loop-current order – for that, the reader 

should see the references8,9 – but rather to elucidate the microscopically relevant terms and how 

the model will differ between the cuprates and the iridates if it were indeed present in Sr2IrO4. 

 

Loop-current order in the iridates should be captured within a modified Emery model10 of the 

IrO2 plane that treats the oxygen p-holes (𝑝𝑝𝑖𝑖𝑖𝑖† ) and iridum t2g d-holes (𝑑𝑑𝑗𝑗𝑗𝑗𝑖𝑖† ), where σ is the spin 

index, and α labels the three t2g bands: 

 

𝐻𝐻 = 𝐻𝐻𝐼𝐼𝐼𝐼 + 𝐻𝐻𝑂𝑂 + 𝑡𝑡𝑝𝑝𝑝𝑝∑∑(𝑝𝑝𝑖𝑖𝑖𝑖† 𝑑𝑑𝑗𝑗𝑗𝑗𝑖𝑖 + 𝐻𝐻. 𝑐𝑐. ) + 𝑉𝑉𝑝𝑝𝑝𝑝∑𝑛𝑛𝑝𝑝𝑖𝑖𝑛𝑛𝑝𝑝𝑗𝑗.
〈𝑖𝑖𝑗𝑗〉𝑗𝑗𝑖𝑖〈𝑖𝑖𝑗𝑗〉

 

 

HIr captures the Jeff = 1/2 and Jeff = 3/2 bands as well as any direct Ir-Ir hopping tdd. All the 

effects of the strong spin-orbit coupling as well as the Hubbard Ud are contained within HIr. This 

part of the model has been discussed extensively elsewhere11,12 and will not be repeated here. 

While the Jeff language is more appropriate to describe the low energy Ir on-site excitations, it is 

single spin-½ electrons that hop between the iridium and oxygen sites via tpd and give rise to 

loop-current order, so here we use this language. In addition to the iridium-oxygen hopping, 

there is a nearest-neighbor Coulomb interaction Vpd between Ir and O sites, where npi and ndj 

describe the total density of p-electrons and d-electrons at particular sites. The term HO describes 

the oxygen bands: 

 

𝐻𝐻𝑂𝑂 = −𝑡𝑡𝑝𝑝𝑝𝑝∑𝑝𝑝𝑖𝑖𝑖𝑖† 𝑝𝑝𝑗𝑗𝑖𝑖 + 𝐻𝐻. 𝑐𝑐. +𝑉𝑉𝑝𝑝𝑝𝑝∑𝑛𝑛𝑝𝑝,𝑖𝑖𝑛𝑛𝑝𝑝,𝑗𝑗 +
〈𝑖𝑖𝑗𝑗〉

𝜇𝜇𝑝𝑝∑𝑛𝑛𝑝𝑝,𝑖𝑖 + 𝑈𝑈𝑝𝑝∑𝑛𝑛𝑝𝑝,𝑖𝑖↑𝑛𝑛𝑝𝑝,𝑖𝑖↓
𝑖𝑖𝑖𝑖〈𝑖𝑖𝑗𝑗〉

 

 

which includes a chemical potential μp, on-site Hubbard interaction Up, hopping tpp and a nearest-

neighbor Coulomb interaction Vpp.  

 7 

Loop-current order requires these nearest-neighbor Coulomb interaction terms (Vpd and Vpp), as it 

emerges from a mean-field decoupling of these terms that generates complex contributions to the 

iridium-oxygen and oxygen-oxygen hopping, 

 

 † †;ij ij
pd pd i j pp pp i jt V p d t V p p          . 

 

As it is a Fock decoupling, like spin density waves it is favored by larger interactions, Vpd and 

Vpp, with a critical threshold for order. The deeper in energy the oxygen states are, the larger 

these critical thresholds will be, however hole-doping is not required to have loop-current order. 

In Varma’s original theory, tpd was assumed to grow linearly with the hole-doping, x, which 

suppressed loop-current order near half-filling9. However if this phenomenological assumption is 

removed, it has been theoretically shown that loop-current order can exist at half-filling13. Of 

course, whether loop-current order beats out or coexists with other possible orders is highly 

dependent on the microscopic details; here we simply address the stability of loop-current order 

independent of other orders. 

 

While the iridates mimic the cuprates in many ways, there are several key differences between 

these two systems that can affect the stability of loop-current order: 

 

• The cuprates are charge-transfer insulators, meaning that any doped holes go into the 

oxygen states, forming Zhang-Rice singlets, and that the stability of loop-current order is 

expected to increase with doping9. This is the phenomenological justification for assuming tpd  

x in Varma’s original theory. On the other hand, the oxygen bands in the iridates are 2-3 eV 

below EF and doped holes are expected to go into the Jeff = 1/2 level14.  Therefore, unlike in the 

cuprates, loop-current order is not expected to be stabilized by hole-doping in the iridates.  

 

• The iridium 5d states are significantly larger than the copper 3d states, which leads to 

direct Ir-Ir hopping and exchange terms as well as a significantly larger tpd and Vpd that should 

favor loop-current order in iridates. Concomitantly, the in-plane O-O distance is slightly larger in 

Sr2IrO4 (2.81 Å) than, for example, in HgBa2CuO4, (2.74 Å), although the apical to in-plane O-O 

distance is significantly smaller (2.87 Å vs. 3.34 Å respectively)15. 
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While the iridates mimic the cuprates in many ways, there are several key differences between 

these two systems that can affect the stability of loop-current order: 

 

• The cuprates are charge-transfer insulators, meaning that any doped holes go into the 

oxygen states, forming Zhang-Rice singlets, and that the stability of loop-current order is 

expected to increase with doping9. This is the phenomenological justification for assuming tpd  

x in Varma’s original theory. On the other hand, the oxygen bands in the iridates are 2-3 eV 

below EF and doped holes are expected to go into the Jeff = 1/2 level14.  Therefore, unlike in the 

cuprates, loop-current order is not expected to be stabilized by hole-doping in the iridates.  

 

• The iridium 5d states are significantly larger than the copper 3d states, which leads to 

direct Ir-Ir hopping and exchange terms as well as a significantly larger tpd and Vpd that should 

favor loop-current order in iridates. Concomitantly, the in-plane O-O distance is slightly larger in 

Sr2IrO4 (2.81 Å) than, for example, in HgBa2CuO4, (2.74 Å), although the apical to in-plane O-O 
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© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved© 2015 Macmillan Publishers Limited. All rights reserved

http://dx.doi.org/10.1038/nphys3517


8 NATURE PHYSICS | www.nature.com/naturephysics

SUPPLEMENTARY INFORMATION DOI: 10.1038/NPHYS3517

 8 

• The Hubbard Ud in the iridates is significantly smaller, and whether Sr2IrO4 is more a 

Mott or Slater insulator is still unresolved7,16,17. It is currently unclear how the on-site iridium 

interactions will affect the stability of loop-current order. 

 

•  The strong spin-orbit coupling of the iridates should not significantly affect the nature of 

the loop-current order, as it involves the direct hopping and interactions of single spin-½ 

electrons from Ir-O and O-O. Of course, it will affect the resulting phase diagram, and details 

may change, but the general nature should be unaffected. 

 

In conclusion, it would be a bit surprising to find loop-current order in the iridates given the 

depth of the oxygen bands (μp). However, given that spiral magnetic and antiferroelectric orders 

are not observed experimentally, all the remaining explanations of the toroidal order parameter 

involve the oxygens somehow, either via loop-current order or by developing oxygen moments. 

Due to the depth of the oxygen bands, loop-current order is the more likely of the options, and 

indeed the larger Vpd and Vpp will likely favor this order. The key difference from the cuprates is 

that hole-doping is not required to drive loop-current order in the iridates, and so it can exist at 

half-filling. 

 

One of the simplest models of loop-current order proposed in the cuprates is the magneto-electric 

loop-current ordered phase otherwise known as the II loop-current ordered phase. Its magnetic 

point group18, which is derived from the tetragonal 4/mmm crystallographic point group of the 

cuprate lattice, is mmm. Because the Sr2IrO4 lattice belongs to a lower symmetry subgroup (4/m) 

of the cuprate lattice (4/mmm) owing to the absence of the ac and bc mirror planes, the ΘII loop 

current ordered phase in Sr2IrO4 also belongs to the corresponding lower symmetry subgroup 

(2/m) of the cuprate ΘII loop current ordered phase (mmm) with missing ac and bc mirror planes 

as shown explicitly in Fig. S3.  
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More exotic loop-current configurations can be constructed to satisfy the m1 point group 

symmetries such as the one illustrated in Fig. S4. Similar to the ΘII loop-current ordered phase, 

this configuration breaks global inversion symmetry and two-fold rotational symmetry as shown 

explicitly in Fig. S4e. Although such an order cannot be ruled out based on our SHG data alone, 

it has no precedence in the cuprate literature.  

 

Fig. S3. The ΘII loop-current ordered phase shown in panel (a) is invariant under the operations contained 
within the 2/m point group: (b) 180 rotation about the c-axis multiplied by time-reversal and (c) reflection 
about a mirror plane normal to the c-axis. All structures are related by simple lattice translation. “−” indicates 
a clockwise and “+” indicates a counter-clockwise loop-current. 
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Fig. S4. A loop-current order configuration (b) that satisfies m1  can be constructed using the four 
octahedral building blocks shown in panel (a), which are labeled A, B, C and D. The four building blocks 
are related via Mz(A)  C, Mz(B)  D, TR(A)  B, TR(C)  D, R2(A)  D and R2(B)  C, where the 
operations Mz, TR and R2 represent reflection about a mirror plane normal to z-axis, time reversal and 180 
rotation about z-axis respectively. Panels (c) and (d) show that both Mz and TR leave the configuration 
invariant modulo a lattice translation, which is consistent with the m1  point group assignment. Panel (e) 
explicitly shows that two-fold rotational symmetry is broken because a rotation by 180 alters the stacking 
sequence from ADBC to DACB, which are not related by a lattice translation.  
 

 11 

S5.  Behavior of hidden order domains under repeated thermal cycles 
 

 

 
 

Fig. S5 shows SHG images analogous to Fig. 2 of the main text taken after consecutive thermal 

cycles across TΩ. Fig. S5b and c show images taken after the second and third cool downs, which 

means that the crystal has undergone one or two thermal cycles respectively after the data in Fig. 

2b was taken. It is clear that the domain size and distributions are rearranged following each 

thermal cycle across TΩ, which indicates that the hidden ordered domains are not pinned to any 

structural defects in the material.  

 

 

 

 

 

 

 

 

 

 

Fig. S5. SHG image taken under Pin-Sout geometry at a temperature (a) above TΩ and below TΩ after (b) the 
second and (c) the third cool downs. These should be compared to Fig. 2 of the main text, which was the first 
cool down.   

a Pin-Sout 

100µm 

295K Pin -Sout 175K (II) Pin -Sout 175K (III) b c 
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S6.  Survey of RA-SHG patterns of Sr2IrO4 across spatial regions 

 

 

 
In the antiferromagnetic phase of Sr2IrO4, the canting of the Jeff = 1/2 moments produces a small 

net in-plane ferromagnetic moment in each layer, which orders in an --- antiferromagnetic 

pattern along the c-axis (Fig. S2a). It has been reported that above a critical magnetic field of 

approximately 0.2 T, the stacking sequence along the c-axis changes to a ferromagnetic --- 

pattern19, which imparts an overall net in-plane magnetization to the crystal and thereby reduces 

the rotational symmetry of the crystal around the c-axis from C4 to C1.  

 

Fig. S6. (a) Conventional optical microscope image of the cleaved surface of a typical Sr2IrO4 crystal. (b) RA-
SHG patterns show the same symmetry across all locations on the surface. A select few locations, denoted L1 
through L9, are displayed in this figure. (c) RA-SHG patterns for Pin-Sout polarization geometry collected at T = 
175 K from points L1 through L9. Locations exhibiting the same domain orientation are marked by the same 
color.  

 13 

Although our experiments are performed in zero magnetic field, which rules out the possibility 

of a global ferromagnetic --- stacking throughout the crystal, we would also like to rule out 

the possibility that we are sampling isolated imperfect regions of the crystal where a --- 

stacking is somehow locally realized even in zero magnetic field. To do so, we performed 

spatially dependent RA-SHG measurements below T by scanning the beam location over the 

entire surface of Sr2IrO4 crystals. Figure S6a shows an optical image of the cleaved (001) surface 

of one of the Sr2IrO4 crystals used in this study. All locations surveyed on the surface 

consistently show the same symmetry below T (Fig. S6b & c) and is reproducible across 

different crystals, which were obtained from the same batch used for magnetic neutron 

diffraction measurements published elsewhere2. These results show that the symmetry we report 

for Sr2IrO4 below T is representative of the bulk of the crystals and does not arise from isolated 

regions with imperfect layer stacking.  

 

We also note that a --- stacked magnetic structure does not break inversion symmetry and 

therefore is anyways not consistent with our assigned 2'/m or m1' point groups. This is further 

corroborated by the fact that no anomaly is observed below TN in the 11% Rh doped Sr2IrO4 

crystals (Fig. 4c), which was found by resonant x-ray diffraction to adopt the --- stacked 

magnetic structure20. 
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S7.  Functional form of the SHG temperature dependence 
 

Figures 4a-c of the main text show that the temperature dependence of the SHG intensity 

exhibits an order-parameter like behavior that can be fit to a function of the form 𝐼𝐼(2) =
𝑎𝑎|𝑇𝑇 − 𝑇𝑇𝛺𝛺|𝛽𝛽. However, we do not report this value because the fitted exponent cannot be directly 

related to a critical exponent of the order parameter for the following reason. 

 

The low temperature SHG intensity is a coherent sum of a bulk EQ contribution that is present at 

all temperatures and a bulk ED contribution that only turns on below TΩ. The temperature 

dependence of the latter contribution, embedded in 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝐸𝐸𝐸𝐸(𝜑𝜑,𝑇𝑇),  provides information about the 

critical behavior of the phase transition. Using the expression derived in Section S2, it is clear 

that the low temperature intensity can be decomposed into the sum of three parts.  

 

1) 𝐼𝐼(𝜔𝜔)2|𝐴𝐴�̂�𝑒𝑖𝑖(2𝜔𝜔)𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝐸𝐸𝐸𝐸 (𝜑𝜑)�̂�𝑒𝑖𝑖(𝜔𝜔)𝜕𝜕𝑖𝑖�̂�𝑒𝑖𝑖(𝜔𝜔)|2  

 
2) 𝐼𝐼(𝜔𝜔)2|𝐴𝐴�̂�𝑒𝑖𝑖(2𝜔𝜔)𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝐸𝐸𝐸𝐸 (𝜑𝜑)�̂�𝑒𝑖𝑖(𝜔𝜔)𝜕𝜕𝑖𝑖�̂�𝑒𝑖𝑖(𝜔𝜔)||𝐴𝐴�̂�𝑒𝑖𝑖(2𝜔𝜔)𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝐸𝐸𝐸𝐸(𝜑𝜑,𝑇𝑇)�̂�𝑒𝑖𝑖(𝜔𝜔)�̂�𝑒𝑖𝑖(𝜔𝜔)|  2 cos  

 

3) 𝐼𝐼(𝜔𝜔)2|𝐴𝐴�̂�𝑒𝑖𝑖(2𝜔𝜔)𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝐸𝐸𝐸𝐸(𝜑𝜑,𝑇𝑇)�̂�𝑒𝑖𝑖(𝜔𝜔)�̂�𝑒𝑖𝑖(𝜔𝜔)|2  

 

This means that our measurement of the overall SHG intensity is sensitive to a sum of terms that 

scale differently with 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝐸𝐸𝐸𝐸(𝜑𝜑,𝑇𝑇). Moreover we cannot directly determine the optical phase angle 

 between the EQ and ED contributions to SHG in our experiments. Therefore an accurate 

measure of the temperature dependence of 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝐸𝐸𝐸𝐸(𝜑𝜑,𝑇𝑇) cannot be made.  
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S8. Landau free energy expansion for Néel and hidden order in Sr2IrO4 
 

We perform a Landau free energy expansion in the Néel and hidden order parameters labeled by 

S and  respectively. The former represents the Néel vector of the dipolar antiferromagnetic 

ordered phase and the latter can represent either the in-plane toroidal moment or in-plane 

magnetic quadrupole moments21 of the inversion symmetry broken hidden ordered phase of 

Sr2IrO4. Assuming that S and  break independent symmetries, the free energy F expanded out 

to quartic order in S and  is given by:      

 

F = αN (T - TN) (S · S) + βN (S · S)2 + αΩ (T - TΩ) (Ω · Ω) + βΩ (Ω · Ω)2  γ (S · S)(Ω · Ω) 

 

The free energy expansion is comprised simply of the free energy terms for each order parameter 

separately together with a fourth order coupling of the order parameters squared. There is no 

symmetry that enforces the critical temperatures TN and TΩ to coincide. The fact that they are 

experimentally observed to be very close in Sr2IrO4 suggests a microscopic mechanism by which 

one can induce the other. One possibility is that loop-current order enhances the exchange 

coupling between dipolar moments on neighboring sites, which would mean that γ is positive. 

We note that since TN is driven by the development of c-axis coherence in Sr2IrO4
22, then if such 

a mechanism is at play it likely involves the hidden order enhancing interlayer super-exchange.    

  

We note that generically two other terms can be constructed to quadratic order in S and  in the 

Landau free energy expansion. 1) (∇ × S) · Ω : This term is what gives rise to toroidal order in 

spiral magnets like LiCoPO4
23,24 where toroidal order is parasitic to the magnetic order. However 

we rule out this term because no spiral antiferromagnetic order (∇ × S = 0) is observed in Sr2IrO4 

from neutron and x-ray magnetic structure refinements. 2) (S × P) · Ω : In principle an 

antiferroelectric order could combine with the antiferromagnetic order to yield a uniform toroidal 

order, where the antiferroelectric order consists of a staggered electric polarization P along the c-

axis. However we rule out this term because no evidence of antiferroelectric ordering across TΩ 

has been observed in dielectric measurements25.  
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S7.  Functional form of the SHG temperature dependence 
 

Figures 4a-c of the main text show that the temperature dependence of the SHG intensity 

exhibits an order-parameter like behavior that can be fit to a function of the form 𝐼𝐼(2) =
𝑎𝑎|𝑇𝑇 − 𝑇𝑇𝛺𝛺|𝛽𝛽. However, we do not report this value because the fitted exponent cannot be directly 

related to a critical exponent of the order parameter for the following reason. 

 

The low temperature SHG intensity is a coherent sum of a bulk EQ contribution that is present at 

all temperatures and a bulk ED contribution that only turns on below TΩ. The temperature 

dependence of the latter contribution, embedded in 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝐸𝐸𝐸𝐸(𝜑𝜑,𝑇𝑇),  provides information about the 

critical behavior of the phase transition. Using the expression derived in Section S2, it is clear 

that the low temperature intensity can be decomposed into the sum of three parts.  

 

1) 𝐼𝐼(𝜔𝜔)2|𝐴𝐴�̂�𝑒𝑖𝑖(2𝜔𝜔)𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
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Our free energy expansion assumes that S and  break independent symmetries, which is the 

case for the Néel symmetry group 2/m1' and either of the two hidden order symmetry groups 

2'/m and m1', all of which are irreducible representations of the high temperature crystallographic 

symmetry group 4/m1' (here, we have explicitly included the time-reversal symmetry, 1' in the 

group name). In such a case, the temperature dependence of the two order parameters S and  

will have the generic form shown in Fig. S7, assuming a small attractive ( > 0) biquadratic 

coupling between them.  

 

 

 

 

 

 

 

Fig. S7. The behavior of any two independent order parameters 𝜓𝜓1 and 𝜓𝜓2(solid lines) with an attractive biquadratic 
interaction  > 0. The non-interacting order parameter values 𝜓𝜓1

0 and 𝜓𝜓2
0 are given by the dashed lines. The attractive 

interaction can raise the lower transition temperature significantly (𝑇𝑇𝑐𝑐20 → 𝑇𝑇𝑐𝑐2), but will not generically lead to 
simultaneous transitions. 

 17 

S9.  Survey of TΩ in Sr2Ir1-xRhxO4 across spatial regions and across samples 
 
 

 

 

 

 

 

 

 

 

 

 

 

To confirm that the SHG curves measured from Sr2Ir1-xRhxO4 shown in Fig. 4a-c do not arise 

from isolated regions of the sample with imperfect crystallographic or magnetic structure, we 

verified that our measurements are highly reproducible across different crystals, different 

locations within the crystals and even under different polarization geometries. We describe in 

detail a typical set of such checks on Sr2Ir0.96Rh0.04O4 in this section. 

  

A typical temperature dependent magnetic susceptibility curve of Sr2Ir0.96Rh0.04O4 is shown in 

Fig. S8. There is a clear onset of Néel order at TN ~ 170 K, which is consistent with resonant x-

ray diffraction measurements20, and no features of any phase transition at higher temperatures. 

Figure S9 shows temperature dependent SHG intensity curves measured from two different 

pieces of Sr2Ir0.96Rh0.04O4 crystals on select locations under both Pin-Sout and Sin-Sout polarization 

geometries. The data consistently show that T ~ 220 K, which is 50 K higher than the onset of 

Néel order. The fact that below T the SHG intensity at  = 78 increases under Pin-Sout and  

 

Fig. S8. The temperature dependence of the magnetization of Sr2Ir1-xRhxO4 (x ~ 0.04) along the a-axis. The data 
were collected under an external magnetic field of 0H = 0.1 T. The onset of Néel order occurs at TN ~ 170 K, 
which is consistent with resonant x-ray diffraction data24.  
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from isolated regions of the sample with imperfect crystallographic or magnetic structure, we 

verified that our measurements are highly reproducible across different crystals, different 

locations within the crystals and even under different polarization geometries. We describe in 

detail a typical set of such checks on Sr2Ir0.96Rh0.04O4 in this section. 

  

A typical temperature dependent magnetic susceptibility curve of Sr2Ir0.96Rh0.04O4 is shown in 
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ray diffraction measurements20, and no features of any phase transition at higher temperatures. 

Figure S9 shows temperature dependent SHG intensity curves measured from two different 
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decreases under Sin-Sout geometries is fully consistent with the RA-SHG data [see Fig. 1 and Fig. 

S1]. We also point out the absence of any observable kink feature in the temperature dependence 

curves at TN, which indicates that the hidden order is not strongly coupled to the Néel order as 

predicted in Section S8. The absence of any observable kink at TN also re-affirms the expectation 

that our technique is not sensitive to any antiferromagnetic ordering in Sr2Ir1-xRhxO4 owing to 

their centrosymmetric structure.     

 

 

 

 

 

Fig. S9. Conventional optical microscope images of the cleaved surfaces of lightly hole-doped Sr2Ir1-xRhxO4 (x 
~0.04) crystals are shown in panels (a) and (b). RA-SHG patterns collected from locations L1 through L3 and P1 
are displayed in this figure. (c) Temperature dependence of SHG intensity collected under Pin-Sout and Sin-Sout 
polarization geometries across different locations and crystals at  = 78. Data show a consistent value of T ~ 
220 K, which is approximately 50 K higher than the onset of Néel order determined via magnetization 
measurements. 
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