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A simple model, commonly used for describing the behavior of the superfluid film i s  ex- 
amined, and i t  i s  found to become spontaneously unstable when the partial molar entropy 
falls below a certain finite value for each temperature and film thickness. The instability i s  
proposed a s  the cause of the onset curve for superfluidity in unsaturated films, and com- 
parisons with experiment a re  made. In addition, the use of thermodynamic identities in the 
model leads to a new and more accurate expression for the velocity of third sound in terms 
of other measurable quantities. 

I. INTRODUCTION 

It i s  well known that liquid He4 under its own 
vapor pressure undergoes a phase transition a t  
T,  2. lT°K, below which temperature i ts  prop- 
ert ies a r e  unusual enough to merit the term super- 
fluid. It is also known that superfluidity exists 
in very thin films of helium (down to just a few 
atomic layers) but the nature of the transition to 
superfluidity in thin films is obscure. In bulk 
liquid He4, the transition to superfluidity is ac- 
companied by a logarithmic infinity in the heat 
capacity. In very thin films the heat capacity has 
a broad maximum at  temperatures slightly lower 
than TX, but the onset of superflow occurs a t  tem- 
peratures considerably lower than the heat-capac- 
ity maximum. 

If the equilibrium gas pressure, P, above a 
helium film is less  than the liquid vapor pressure, 
Po, the film is said to be unsaturated. The thick- 
ness of the film, d, o r  amount adsorbed per unit 
area, N, is a definite function of P and T for any 
given substrate. At each temperature below TX 
the superflow properties of the film a re  found to 
vanish i f  P/P,  drops below some value. A plot 
of this value of P/P,  against temperature is given 
in Fig. 1. Superflow is observed in the film at  
all lower temperatures and higher pressures. We 
shall refer to this curve a s  the onset curve. 

FIG. 1 .  The curve for the onset of superflow in un- 
saturated films: T in " K  versus P/Po VLong and Meyer, 
Phys. Rev. 79, 1031 (1950), mass  transport; 0 Brewer 
and Mendelssohn, Proc. Roy. Soc. (London) E, 1 
(1961), heat flow; C Pokkens, Taconis, and DeBruyn 
Ouboter, Physica 32, 2129 (1966), heat flow; Rudnick 
et al. , (Ref. 3), third sound; A Henkel, Kukichi, and 
Reppy (Ref. 4), persistent currents.  In the experiments 
by Long and Meyer, the film flowed under the influence 
of a pressure gradient. In some cases ithe points 
shown) agreement with this curve was found. In others 
superflow all the way up to TA was detected even in very 
thin film. The discrepancy between these latter results 
and all  other measurements has never been understood. 
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Various detection techniques on assorted sub- 

s t ra tes  give good agreement for  the onset curve. 
Most of the results  plotted in Fig. 1 a r e  obtained 
by three techniques: (1) A heat pipe i s  se t  up in 
which superflow through an  unsaturated film re-  
plenishes helium evaporated a t  a heater. The 
thermal conductivity decreases  sharply when 
superflow stops, (2) Persistent  currents  in the 
unsaturated film a r e  measured by the superfluid 
gyroscope technique. The persistent cur rent  
ceases when there i s  no superflow. (3) A super- 
fluid wave motion, called third sound, is detected 
in the unsaturated film. No third sound is de- 
tected without superflow. 

The existence of third sound was predicted by 
Atkins, who developed a model that emphasized 
the analogy between these superfluid waves and 
shallow water waves. In the case  of third sound, 
the restoring force was the van der  Waals force 
f due to the underlying substrate, instead of grav- 
ity. He pictured a film in  which the only flow was 
that of the superfluid component parallel to the 
surface, the normal component being clamped by 
viscosity. This superflow was driven by the gra-  
dient of the film's chemical potential, 

where S ,  i s  the entropy per unit volume, p the 
density and us the superflow velocity. The r e -  
storing force f enters  by letting the pressure 
consist of the gas pressure plus an effective pres- 
su re  pfd due to the substrate, The equation for 
mass  conservation took into account evaporation 
and condensation a s  well a s  superflow, and a third 
equation represented heat flow by evaporation and 
condensation only, since the superflow car r ied  no 
entropy. Atkins found that these three equations 
had wave-like solutions for  perturbations in T, 
d,  and us, with a phase velocity given by 

where ps/p i s  the superfluid fraction. These 
waves a r e  called third sound, 

Everitt e t  a2. have detected third sound opti- 
cally in nearly saturated films. Rudnick and his 
co-workers3 have studied third sound in unsatu- 
rated f i lms by detecting the associated tempera- 
ture wave. It i s  in these lat ter  experiments that 
the onset discussed above has been detected by 
means of third sound. 

In both measurements of third sound the data 
have been interpreted by relating fd  in Eq. (1) 
to the difference in chemical potential between 
the film and the liquid. In Sec. I1 we shall re -  
derive Atkins' equations, eliminating f entirely 
by using the appropriate chemical potential di- 
rectly in the equation for  us. 

Rudnick e t  ale  have concluded from their third- 
sound studies that ps/p does not vanish a t  the on- 
se t  curve. Instead i t  reaches a definite nonzero 
fraction of the bulk value. Henkel e t  al. have 
reached a similar  conclusion based on the per- 
sistent current  measurements. Goodstein and 
Elgin5 (hereafter re fer red  to a s  I) have shown 
that ps /p  i s  not discontjnuous a t  the onset. It 
follows, therefore that ps/p remains finite in the 
region where no superflow i s  detected. 

Brewer et al. had ear l ie r  proposed a model 
which predicted a finite p s / p  in this region. They 
suggested the existence of special excitations, 
associated with the f r ee  surface, which served 
to stop the superflow, This was to account for  
the observation that in very fine pores filled with 
helium, the heat capacity behaved in a way simi- 
l a r  to that of thin films (a broad maximum at  
slightly depressed temperatures) but unlike the 
film case, in filled pores the onset of superflow 
concided with the heat-capacity maximum. Since 
the essential difference seemed to be the pres- 
ence of a f ree  surface in the film, Brewer e t  al. 
proposed a mechanism associated with this f r ee  
surface. 

The possibility of an alternative explanation 
was pointed to in I. There i t  was shown that in 
films of thickness about five atomic layers,  in 
which the onset occurs a t  about 1 . 5 " K ,  the onset 
i s  occasioned by a decrease in the partial molar 
entropy, $ to a value close to zero. Using Eq. 
(6) below, i t  was pointed out that this decrease 
could account f o r  the disappearance of thermally 
detected flow, such a s  third sound. 

The partial molar  entropy i s  the derivative of 
the total entropy with respect  to the number of 
moles present [see Eq. (3) below] and in most 
bulk phases i s  identical to the molar entropy. 
However, in thin f i lms  the molar entropy depends 
on the thickness of the film, and thus differs 
from the partial molar  entropy. The dependence 
of entropy on thickness was not taken into account 
by Atkins, ' since he was dealing with nearly sat- 
urated films, but i t s  importance for  the unsatu- 
rated case has been pointed out by Bergmann, 
and is included in the reformulation of Atkins' 
equations in Sec. I1 below. 

In most ordinary substances (e. g., nitrogen, 
argon) the entropy of a thin film i s  lower than 
that of the bulk liquid a t  the same temperature, 
so that the molar  entropy increases with increas- 
ing thickness, and the partial molar entropy i s  
greater  than the molar entropy. * However, in 
the case of helium, the bulk liquid state i s  highly 
ordered and the f i lm somewhat l e s s  so. The r e -  
sult i s  that the film generally has a higher molar 
entropy than the liquidg and the partial molar en- 
tropy canbe  small ,  o r  even, inprinciple, negative. 

Suppose a t  some point the partial molar entropy 
becomes equal to zero. The meaning of this 
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statement i s  that a change in the amount of helium 
per unit a rea  in the film will not change the total 
entropy per unit area in the film. Thus if there 
is a local change in temperature, heat cannot be 
conserved by a local inflow (or outflow) of helium. 
Temperature thus appears to be decoupled from 
flow. This was the argument used in I. 

It i s  shown below on the basis of the r e f o r p  
lated equations of motion of the film, that if S 
falls below some finite positive value a t  any tem- 
perature, the film becomes spontaneously un- 
stable. 

In Sec. II we reformulate Atkins' model of the 
film, and show that the resulting equations have 
wave solutions representing third sound and also, 
under certain conditions, the instability. In ad- 
dition, the new expression for the velocity of third 
sound i s  compared to previous usage. In Sec. I11 
the instability i s  discussed, and the proposition 
that it accounts for the onset curve is  considered. 

11. THE EQUATIONS OF THE FILM 
AND THEIR SOLUTIONS 

Our general formulation of the model of the 
film follows closely that of Atkins', ' differing in 
only the following 3 ways: (1) Atkins focuses on 
the interplay between T, us, and d, the thickness 
of the film. We shall use, instead of d, N, the 
amount adsorbed per unit area  (in moles per 
square centimeter), N i s  a more easily measured 
quantity than d. The two a re  approximately pro- 
portional, although the relationship between them 
depends on the compression of the film due to 
van der Waals forces. For convenience and clar- 
ity we shall continue to refer in qualitative dis- 
cussions to the thickness of the film since the 
qualitative behavior of d and N a re  the same. 
(2) We shall take into account the fact that the 
molar entropy of the film, S, depends on the film 
thickness a s  well as  the temperature, S = S( T, N). 
The dependence of S on N i s  not significant in the 
nearly saturated films considered by Atkins, and 
so he ignored it. (3) We shall assume that if the 
film i s  locally perturbed in T and N, i t  i s  never- 
theless locally in internal equilibrium. Thus if 
the chemical potential of an equilibrium film i s  
some function pj( T, N), then when the variables 
have locally become T'and N', the chemical po- 
tential locally is pf( TI, N'), Since a t  equilibrium 
pf= pg, where pg is the chemical potential of the 
gas above the film, we can represent perturbations 
in I L ~  a s  equal to changes in the functional form of 

I J . ~ .  
Thus we write, dpf = - SgdT + VgdP, where 

S is the molar entropy and Vg i s  the molar vol- 
g 

ume of the gas. This is not to imply that the gas 
is perturbed in this way, nor that the film i s  lo- 
cally in equilibrium with the gas; the assumption 
made about the state of the gas is discussed below. 

With Atkins, we assume the normal fluid is 

clamped by viscosity, ignore motion perpendic- 
ular to the substrate, and consider disturbances 
whose .wavelengths a re  long compared to the thick- 
ness of the film. We consider the superfluid ve- 
locity, us, to be small, and ignore all  terms be- 
yond first  order in the disturbances, us, AT, and 
AN (a steady- state background superflow has no 
effect on these considerations). 

With this model we have, for one-dimensional 
flow in the x direction, writing M for the atomic 
mass, 

where a = V ( ~ P / ~ N ) T  i s  a quantity measured in 22 
adsorption isotherms [ P(N) a t  constant TI, and 

S i s  called the partial molar entropy. Since NS 
is the total entropy per unit area, S i s  just the 
change in entropy per unit a rea  when N changes. 
In arriving a t  Eq, (2) we have used the thermo- 
dynamic identityg~10 

As Eq. (4) makes clear, i s  a quantity that may 
be deduced from adsorption isosteres [ P( T) at con- 
stant N] . The quantity qst = T( Sg - S ) i s  some- 
times called the isosteric heat of adsorption. lo 

The local rate of evaporation from the film i s  
given by 

where AT i s  the difference between the local and 
average temperatures, and y -  1. Aside from 
using ( O P / ~ T ) ~  in place of d P 0 / d ~  in order to 
apply to unsaturated films, Eq. (5) is the same 
a s  that used by Atkins. The underlying assump- 
tion is that aside from the temperature term, the 
chemical potential of the gas is locally the same 
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a s  that of the perturbed film. Temperature t e rms  
aside, the surface of the film suffers a change in 
chemical potential when the thickness varies,  due 
to i t s  change in position in the van der  Waals field. 
The gas  a t  the interface, however, suffers the 
same change, and we assume i t  i s  unable to ad- 
just i t s  density before the wave has been restored. 
Thus the interface i s  assumed to be an isobaric 
surface in the gas, but not a surface of constant 
chemical potential, the van der  Waals potential 
being lower for  gas  a t  the interface of a thin spot 
than a thick spot, just a s  i t  i s  for the film. 
Essentially, we a r e  assuming that the gas does 
not respond to changes in potential a s  fast  a s  
does the film, the justification being that while 
the driving forces a r e  the same, the film is in 
superflow and the gas i s  not. 'l Using Eq. (4) and 
the assumption that no entropy flows in the film 
we get 

Recalling that S = S( T, N) and using Eq. (51, we 
have 

We now write ( a ~ / a t ) ~  = (CN/T) (aT/at) ( c N  i s  the 
specific heat) and get 

Conservation of mass  gives us  

o r  finally, 

Equations (2), (6) and (7) together constitute the 
equations of motion of our model of the film. 

Formally, these equations a r e  very similar  to 
those arr ived a t  by Atkins. They differ only in 
that d has been replaced by N, S has been re-  
placed by S, and t e rms  involving f a r e  replaced 
by t e rms  involving the slopes of adsorption iso- 
therms. l 2  

To put the equations into an easy form for ma- 
nipulation, i t  is convenient to make the following 
se t  of transformations; 

wO = KTS /NCN, G = KTS/NC~ , 
g 

n = w ,  AN, O=KAT, T = w,t . 
Putting these in, ignoring second-order te rms in 
the perturbations, and substituting Eq. (7) into 
Eq. (6) we get 

General solutions may be written in the form 

U T  
n  =no sinkx e 

a7 
u = u, C O S ~ X  e 

OT 
8 = 0, sinkxe . (12) 

Solutions with imaginary a correspond to propa- 
gating wave modes, real, negative a leads to 
damping, and any solution with a positive, rea l  
part  in o means the film is dynamically unstable. 
Substituting Eqs. (12) into Eqs. (9), (lo), and ( l l ) ,  
and setting the determinant of the coefficients of 
the amplitudes (no, u,, and 8,) equal to zero, the 
condition for  consistency becomes a cubic equa- 
tion in a, 

Physically, g = S/sg i s  always much l e s s  than 1. 
Also, a s  we shall see  below, in cases  where these 
equations apply, 62 > (ag, so that if we ignore g re -  
lative to 1 we get 

Thus one solution i s  damped: a = - 1 o r  or=-w, t .  
The other solution is a = *ik6, o r  writing ar = iwt, 

This solution is a propagating wave with phase 
velocity v,; i t  i s  just Atkins' third sound. The 
difference between Eq. (14) and Eq. (1) will be 
discussed below. 
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For g+ 0 we look for solutions of the form 

Substituting Eq. (15) into Eq. (13) and retaining 
terms to first  order in c, we get 

which becomes after rationalizing 

Thus there is a hydrodynamic instability i f  

Ignoring g with respect to 2, and substituting in 
Eqs. (81, we get a s  the condition for instability, 

The physical origin and significance of this in- 
stability will be discussed in Sec. 111. l3 

A more general solution for the propagating 
parts of Eq. (13) with g+  0 gives a more precise 
expression for the velocity of third sound 

This should be compared to Atkins' result, 

where L is the latent heat of the liquid. The terms 
TS/L and S/Sg a re  small with respect to 1 and we 
shall ignore them hereafter. 

To use Eq. (1) for the interpretation of third- 
sound data previous auth01-s~)~ have written fd 
=3Ap, where Ap i s  the difference between the 
chemical potentials of the film and bulk liquid a t  
the same temperature, Ap = ( RT/M) lnP, /P. This 
comes from making use of the assumption pf= y 
at this point, and in addition assuming Ap 

g 

= (constant)/d 3, i. e. , that the difference in po- 
tential i s  due to van der Waals attraction to the 
substrate, and that the van der Waals potential 
goes inversely a s  the third power of the distance. 
There results for the speed of third sound, 

Equation (22) agrees with Eq. (14) i f  3 lnP,/P 
= (a l@/a 1niV)T. Experimentally this indentifica- 
tion is only approximately satisfied, For example, 
for approximately five layer films a t  T= 1 . 5 " ~  
( a  l@/a lnN) = 1.9 when 3 I~P,/P = 1.4, There a re  
a number of possible reasons for the discrepancy: 

1. Ay i s  not due only to the van der Waals po- 
tential of an atom at the surface; in addition the 
density of the film differs from that of the liquid, 
so that the difference in He-He interaction be- 
tween the film and the liquid should enter into Ay. 

2. The exponent in the van der Wads  potential 
may not be exactly three. This point has a con- 
siderable history of controversy. l4 

3. The internal state of the film may differ 
from that in the liquid. It i s  known that ps/p is 
always lower in the film than the liquid2; Ay may 
require a term depending on the value of P,/P, in 
order to insure that if a slab of liquid had a lower 
than equilibrium value of ps/p it would be unstable, 

In any case i t  is clear that Eq. (14) is more ac- 
curate than Eq. (22) since it involves fewer as- 
sumptions and no new ones. Any strange be- 
havior in p has been taken care of in Eq. (14), f since adsorption isotherms measure pf, and Eq. 
(14) uses only the results of those measurements. 
It should be noted that Eq. (14) depends on the 
logarithmic slope of an adsorption isotherm, so 
that the substrate area, always a problem in ad- 
sorption work, need not be known. 

Equation (22) has been used to deduce values of 
Ps/p in the film to be compared to predictions 
for the average value of the order parameter 
from microscopic theory. Whether one uses 
Eq. (14) or Eq. (22)) ad hoc assumptions must 
be made about whether the f i rs t  and second layers 
of film participate in the ordering process. 
Equally important, the connection between a mi- 
croscopically defined quantity such a s  an order 
parameter, and the quantity ps/p that enters the 
present considerations may be less than obvious. 
Nevertheless wherever experimental data is  avail- 
able the use of Eq. (14) seems preferable. 

111. INSTABILITY AND THE ONSET 
CURVE 

In Sec. I1 we showed that a film described by 
Eqs. (2), (6), and (7) would be unstable under 
certain conditions. We shall now discuss the 
physical nature of the instability, and examine 
the proposition that i t  i s  this instability which 
leads to the onset curve. 

In a crude but helpful picture of a third sound 
wave, the temperature and thickness oscillations 
a re  in opposite phase, the two working against 
superflow (actually, the phase relation depends on 
the frequency). Thus at the crest  of a wave, the 
temperature is lower than average due to the ex- 
cess of superfluid, and outward flow i s  beginning 
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to accelerate. At the trough the film i s  thin and 
hot. This situation i s  depicted by Atkins in Fig. 1 
of Ref. (1). Evaporative processes play two con- 
flicting roles. At the c r e s t  of the wave there i s  
net condensation, which tends to increase the 
amplitude of the wave in N (and therefore T )  but 
this condensation causes warming which tends to 
decrease the amplitude of T (and therefore N) 
waves. At the trough there i s  evaporation which 
increases the amplitudes and cooling which de- 
c reases  them. When the thermal effects dominate, 
evaporative processes lead only to the attenuation 
of third sound. But when the mass  transfer effect 
dominates, a perturbation se ts  a third sound os- 
cillation in motion, and this oscillation grows 
on each cycle, so that the film i s  unstable. 

One can follow the energy balance in this heu- 
r is t ic  picture; indeed, the most convincing way 
to show that we have correctly described the phys- 
ics  of the instability i s  to rederive the stability 
criterion, Eq. (19), from plausibility arguments 
about the energy balance. Heat flows into the film 
a t  low temperature and out a t  high temperature - 
this i s  the mechanism of irreversible energy loss 
and damping. On the other hand, atoms a r e  added 
a t  the c r e s t  of the wave, fall through the van der  
Waals field, and evaporate a t  the trough, feeding 
energy into the oscillation. The film i s  unstable 
when there i s  a net gain of energy on each cycle 
in the competition between these two processes. 

For simplicity we consider equal intervals of 
time, dt, a t  the c r e s t  and trough of a symmetric 
wave. Let the amplitudes of the wave be 6T and 
6N, with additional changes due to evaporative 
processes d T  and dN. If dE i s  the energy change, 
dQ the heat change and li, the chemical potential, 
we have due to evaporation a t  the trough, 

Due to condensation a t  the crest ,  

Now T, - T, = 26 T and N, - N, = 26N, so  that the net 
energy change per cycle in the opposite intervals 
dt, becomes, 

but p 2  - p,  = S ( T z  - TI) - CY(N,-N~) = -  2 S 6 ~  - 2a6N,  

so that 

We estimate the relationship of the amplitudes 
of the wave, 6N and 6T in the absence of evapora- 
tion. From Eq. (6) then, 

This yields 

Since S'>>S we get finally dE > 0 if 

which agrees  with Eq. (19). l5 

This does not represent  the entire energy bal- 
ance. Indeed, a gain of energy on each cycle 
would allow a violation of the second law of ther- 
modynamics. There a r e  other t e rms  in the en- 
ergy balance of the same order. For example, 
the evaporation rate constant, K, has a rapid 
temperature dependence, being proportional to 
the slope of the vapor pressure  curve and there- 
fore roughly exponential in temperature. As a 
result, the waves a r e  not actually symmetric. 
There is  more evaporationat the hot half-cycle than 
condensation a t  the cold. The average thickness 
of the film decreases, providing enough energy 
to let  the waves grow; a rough estimate made by 
taking K =  KO * GK, retaining t e rms  to order 6K6T, 
and using 6 ~ / 6 T =  ( s ~ / R T )  K leads to the estimate 
that the energy lost from the unstable film by this 
mechanism i s  grea ter  than that gained so  long a s  
(aNCN/$ sg ) < TS< (aNCN /Sg 1. 

We wish to suggest that the disappearance of 
superflow observed in unsaturated helium films 
i s  due to the occurrence of this instability. It i s  
not to be expected that this simple, linear theory 
should give precise quantitative agreement with 
the observed onset curve. However, Eqs. (2), 
(6), and (7) form a model system based on the 
same se t  of assumptions used to predict and inter- 
pret third sound. This model system has in i t  an 
instability which may be taken a s  a prediction 
that superflow will cease under certain conditions. 
Both third sound and the cessation of superflow 
a r e  observed in rea l  films. 

Quantitative comparison with experiment i s  
hindered by the lack of detailed, precise experi- 
mental data. However, some est imates may be 
made. Using existing measurement of CNI6 and 
the latent heat of the liquid (to get S g )  and esti-. 
mating 8 l n ~ / a  lnNw 3 I~P , /P  i t  is found that the 
right-hand side of the inequality Eq. (19) does 
not vary much along the onset curve: i t  goes 
from about 0.13 R a t  I.. 2°K to -0.15 R at  1. 5", 
to- 0 .1  R at 1.8". S, does not change very rap- 
idly, but cN - m and (a l n ~ / a  1 n N ) ~  - 0 a s  the bulk 
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lambda transition i s  approached. Sufficiently de- 
tailed data for S at the onset exists only T 1: 1.5". 
Here i t  i s  found that S drops abruptly on crossing 
the onset, from between 0.1 and 0.3 R in the 
superflow region, to a much smaller  value where 
there is no superflow, in excellent agreement with 
the criterion proposed here. 

One of the uncertainties of the model, pointed 
out in Sec. 11, is the assumption needed to get 
Eq. (5)) essentially that if the wave were iso- 
thermal there would be no evaporation or  conden- 
sation. To the extent that this is not correct, the 
film may be stabilized by extra evaporation a t  the 
thick spots and extra condensation a t  the thin. 
This would tend to decrease the value of S re-  
quired for instability in a somewhat unpredictable 
way: The dynamics of the interaction between an 
oscillating film and a rarified gas (mean free path 
>> film thickness) can be very s ~ b t l e . ' ~ ) ' ~ ~  Thus the 
agreement between theory and experiment at  
1 . 5 ' ~  may be fortuitous, and one cannot be sure  
of doing a s  well a t  all temperatures. It should 
be emphasized that even for very rough compari- 
son with the criterion, 3 data of high resolution 
i s  needed. The observed behavior a t  1,5" i s  an 
inflection in 1 SdT a s  the onset is crossed. It 
would not be clear from the broad general be- 
havior of g in films of that thickness that the 
criterion i s  crossed at  the onset. 

The presence of a f ree  surface and exchange 
with the gas phase i s  necessary for the instability. 
Thus the problem noticed by Brewer et  al. "hat 
the film behaves differently from liquid in fine 
pores of essentially the same dimension, i s  auto- 
matically solved by supposing that the instability 
causes superflow to stop. 

The instability we have described here is spon- 
taneous; i t  may be se t  off by a perturbation in 
any of the film variables, T, N, o r  v,. It i s  
furthermore an energetically unfavorable state, 
a s  we have argued above, since i t  involves a de- 
crease in the mean film thickness. It seems 
likely that the nature of the film to the right of 
the onset curve in Fig. 1 i s  not spontaneously 
unstable, but rather some other state which be- 
comes energetically more stable than the super- 
flow state when the instability occurs in the latter. 
The f i r s t  possibility that comes to mind is that 
the film forms patches, o r  beads up, since the 
instability seems to be trying to form such a 

state. However, there a re  good arguments 
against such a state. He4 wets every solid (with 
the possible exception of solid ~ e ~ )  precisely be- 
cause the He-He interaction is much weaker than 
the interaction of helium with anything else; thus 
beading up (the opposite of wetting) i s  a highly 
unfavorable state for helium. A different -3ossi- 
bility would be that the over-all film thickness 
remains essentially constant but the superfluid 
fraction beads up, i. e., there a r e  local patches 
of superfluid distributed through a normal fluid 
background. This would be closely analogous to 
the intermediate state in superconductivity. In- 
ternal stability of the superfluid patches might 
be achieved by making them of order of the film 
thickness in lateral dimension (we have made the 
opposite assumption with regard to wavelengths 
in deducing a model which is unstable). It would 
be a very interesting theoretical problem to try 
to construct possible states and calculate their 
Gibbs free energy for comparison with the super- 
flow state. 

Regardless of the nature of the new state, i t  
cannot be very different energetically from the 
superflow state in the region close to, but to the 
left of the onset curve in Fig, 1 (i. e . ,  where 
superflow is still observed, but close to the on- 
set). Thus regions of this state should be ex- 
cited from time to time, causing superflow to 
decay. This would explain the observation that 
the critical velocity goes continuously to zero  a t  
the onset.4 In fact we can easily construct a 
model qualitatively the same a s  that used to ex- 
plain the decay of helium supercurrents and the 
observation of an intrinsic, nongeometry-depen- 
dent critical velocity in bulk superfluid close to 

TX. We need only assume that, to the left of 
the onset curve, creation of local patches of the 
nonsuperflow state lowers the over-all Gibbs en- 
ergy of the film, but requires that an energy 
barr ier  be overcome. 

IV. ACKNOWLEDGMENTS 

The author i s  especially grateful for enthusiastic 
help from Professor P. G. Saffman and Professor 
R. P. Feynman. In addition, there have been 
fruitful discussions with Professors I. Rudnick, 
D. Bergmann, and R. Elgin. 

'K. R. Atkins, Phys. Rev. 113, 962 (1959); Pollack 
has considered the effect of normal fluid mobility on the 
theory of third sound. The effects a r e  small  and should 
be  much smal ler  still for  the unsaturated films of in- 
te res t  here,  and therefore a r e  not considered in the 
present work. See G. L. Pollack, Phys. Rev. 143, 103 

(1966); and=, 72  (1966). 
'c. W. F .  Everitt, K. R. Atkins, and A. Denenstein, 

Phys. Rev. 136, A1494 (1964). 
3 ~ .  Rudnick, R. S. Kagiwada, J. C .  Frazer ,  and F .  

F .  Guyon, Phys. Rev. Letters 20, 430 (1968); R. S. 
Kagiwada, J. C .  Frazer ,  I. Rudnick, and D. Bergmann, 



334 L. R E A T T O  183 

ibid.  22, 338 (1969). 
4 ~ .  P .  Henkel, G. Kukichi, and J .  D. Reppy, in Pro- 

ceedings of the Eleventh International Conference on 
Low Temperature Physics, to be published. 

5 ~ .  L. Goodstein and R. L. Elgin, Phys. Rev. Letters 
22, 383 (1969). - 

%. F. Brewer, A. J. Symonds, and A. L. Thomson, 
Phys. Rev. Letters E, 182 (1965). 

7 ~ .  Bergmann, private communication. 
'see, for  example, D. H. Young and A.  D. Crowell, 

Physical Adsorption of Gases (Buttenvorths, Scientific 
Publications Ltd. , London, 1962), pp. 94, 95. 

'see E .  Long and L. Meyer, Advan. Phys. 2, 1 (1953). 
' O T .  L. Hill, J .  Chem. Phys. 17, 520 (1949). 
 his approximation breaks down for  low-frequency 

long-wavelength wave modes, whose period i s  long 
compared to whatever relaxation time i s  associated 
with the gas at the interface. One can introduce on the 
right-hand side of Eq. ( 5 )  a term proportional to 
(8P/8NTAN to tes t  the importance of the approximation. 
The ensuing mathematical analysis becomes more  com- 
plicated, but the qualitative results  a r e  unchanged, and 
the quantitative results  presented below, for  the ve- 
locity of third sound and the cri terion for instability, 
a r e  not changed very much even in the most extreme 
limit, where the chemical potential of the gas i s  taken 
to  be constant everywhere. We therefore omit this 
complication, a s  did Atkins, in this simple model. 

I21n I it was asserted that thermally activated super- 
flow could be expected to cease if $= 0. It may be seen 
from the equations of motion that in this model, that i s  
indeed the case .  When S= 0 the equations describe waves 
in N and v,, with rapid damping of any temperature 

perturbation. 
I31t has  been suggested (Rudnick, private communication; 

s ee  also Ref. 3) that S< 0 might represent an unstable 
region for  two fluid hydrodynamics. However, an ex- 
amination of Eq. (17) shows that the film becomes 
stable in this region. It is  an important result  of the 
present formulation that S enters not only into heat 
flow in the film, in Eq.  (61, but also into the two fluid 
hydrodynamics itself in Eq. (2). Thus if %were  less  
than zero,  superfluid would flow away from hot spots 
ra ther  than toward them. 

I 4 ~ h i s  question i s  discussed briefly in Ref. 2. 

I 5 ~ l o n g  the locus of points S= aNCN/TSg evaporative 
processes have no net effect and the wave propagates 
undamped. Thus in this region evaporative effects may 
be considered small, and the use of Eq. (27) is  justified. 

I6H. P. R .  Frederickse, Physica 2, 860 (1949). The 
data a r e  r e ~ r i n t e d  in Ref. 9. 
 he e r r o r  introduced depends on the frequency and 

wavelength of the disturbance, and the relevant cor- 
rected criterion would be that for the least  stable mode, 
i . e . ,  the mode in which the present approximation i s  
most nearly correc t .  
ITaNote added i nproo f .  It has now been shown that if one 

assumes complete thermal and chemical potential equi- 
librium across  the interface, third sound i s  always at- 
tenuated and the phase velocity i s  appreciably altered. 
[D. Bergmann, Report (unpublished)]. ~ e r g m a n n ' s  as- 
sumptions a r e  most valid a t  low frequencies, whereas 
the present assumptions a r e  most valid at  high frequen- 
c ies .  

I8J .  S. Langer and M. E .  Fisher,  Phys. Rev. Letters 
19, 560 (1967). - 

P H Y S I C A L  R E V I E W  V O L U M E  1 8 3 ,  N U M B E R  I F J U L Y  1 9 6 9  

Bose-Einstein Condensation for a Class of  Wave Functions 

L. Reatto 
Istituto di  Fis ica ,  Gruppo Nazionale Struttura della Materia, Consiglio Nazionale delle Ricercke,  

UniversitZl d i  Milano, Milano, Italy 
(Received 29 January 1969) 

It i s  verified that the class of wave functions used in variational calculations for ' ~ e  has 
Bose-Einstein condensation. These t r ia l  wave functions have the form of a product of pair  
functions. ' h o  cases  a r e  considered: In the f i rs t  the correlations in the wave function a r e  
assumed to be short  range and in the second the correlations include also the long-range 
par t  due to the zero-point motion of phonons. The one- and two-dimensional system i s  
briefly considered. 

The variational method seems to be the only method able to give, from f i rs t  principles, quantitative 
information on the ground-state properties of liquid 4He.1 It is  important to verify that the tr ial  wave 


