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We discuss some recent developments in the implementation of the Schwinger multichannel
method for electron-molecule collision calculations. The evaluation of matrix elements involving
the operator VGp+'V, previously accomplished by insertion of a Gaussian basis on either side of
Gz+', is now done by direct numerical quadrature. This approach avoids the necessity of very large
Gaussian basis sets, allowing the size of the basis to reAect only the dynamical requirements of the
scattering wave function. We 6nd that the reduction in the required basis size results in improved
efBciency, in spite of the additional numerical efFort of performing the quadrature. Trial applica-
tions to electron-CH4 scattering in the static-exchange approximation and to electronic excitation of
H2 illustrate the excellent convergence characteristics of the procedure.

I. INTRODUCTION

In recent years the Schwinger multichannel (SMC)
method' has been used to study the cross sections for
elastic scattering of low-energy electrons by diatomic '

and polyatomic ' molecules and for electron-impact
excitation of Hz (Refs. 11 and 12). The SMC method al-
lows for an expansion of the complete scattering wave
function in square-integrable basis sets. With an expan-
sion of this wave function in Cartesian Gaussians all spa-
tia/ integrations arising in our procedure for the evalua-
tion of matrix elements in the associated variational ex-
pression can be done analytically for arbitrary molecular
targets. ' This feature has obvious practical consequences
in applications of the method to nonlinear polyatomics.
In applications to date "we have inserted approximate
unit operators defined on Cartesian Gaussian bases
around the Green's function to avoid the numerical in-
tegrations over linear momentum variables arising in the
principal-value piece of the VG&+'V matrix elements.
In applications of the method, however, this insertion
technique generally required far more basis functions
than could be expected to be needed to approximate the
scattering wave function well in Schwinger-like variation-
al methods. ' Furthermore, the results of several studies
using a fixed scattering basis of modest size and different
insertion sets of increasing size were disappointing. In
general, we found the procedure of using the same very
large basis for both scattering and insertion to be the
most reliable. For example, convergence of the elastic
cross sections for systems such as H20, NH3, and CH4 re-
quired of the order of 80 to 90 uncontracted Cartesian
Gaussian functions, ' ' while 64 such functions were
used in two-channel calculations of the electronic excita-
tion of Hz (Ref. 11). However, two-channel studies of
electron-impact excitation of CO revealed that conver-
gence with this many functions was still questionable and
suggested that further increases in the basis would be im-

practical. ' Furthermore, in multichannel studies of elec-
tronic excitation of the simpler system H2, the opening of
additional electronic channels introduced effects in our
cross sections that seemed to be multichannel, while in
fact they could just reflect a lack of convergence in the
basis.

In this paper we present results of applications of the
SMC method in which this insertion procedure is avoided
and the integrations over linear momentum variables
arising in the VG~+'V matrix elements are performed by
numerical quadrature. This procedure will be seen to im-
prove the efficiency of the calculations significantly by re-
ducing the size of the Gaussian basis sets needed to ob-
tain reliable cross sections. The size and composition of
these basis sets now reflect the dynamical requirements of
the scattering wave function only. In this way the physi-
cally uninteresting requirements of the insertion tech-
nique, which led to the use of very large basis sets, are
disentangled from the dynamical needs of the collision.
We illustrate this new approach with applications to elas-
tic scattering of electrons by CH4 in the static-exchange
approximation and to electron-impact excitation of H2.
Comparison between the present calculations with quite
modest basis sets and earlier studies with large basis sets
indicates that excellent convergence is obtained. This be-
havior now more closely reflects the known convergence
characteristics of Schwinger-like variational methods.

II. FORMULATION

Details of the SMC method have been discussed exten-
sively elsewhere. ' " Here we will review a few steps in
the development which are essential to the present dis-
cussloI1.

The Hamiltonian for the (N + 1)-electron collision sys-
tem can be written as

0 =(H~+ TN+, )+ V =Ho+ V,
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~'+'e'+'= vs
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where

(2)

'(pv+ —vp)+ u — (up+pu)
2 N+1 2

—vG,'+'v,

where Hiv is the target Hamiltonian, T~+( is the kinetic
energy operator for the incident electron, and V is the in-
teraction between the scattering electron and the nuclei
and electrons of the target. The complete scattering
wave function can be shown to satisfy a modified
Lippmann-Schwinger equation'

where

d „=&+.l~(+)Ie„& . (10)

If the orbitals in the (N + 1)-electron Slater determinants
are expanded in Cartesian Gaussian functions, all matrix
elements arising in Eq. (9) can be evaluated analyti-
cally with the important exception of those from
&'p

I
VGR+'VIV„&. Using Eqs. (6b) and (6c), these ma-

trix elements can be written as

&e Ivg,(+)vlq„&= &e IVGRRvle„&

+&+ lvg,'vlq„&,

where

I"m r
S), =4 (1, . . . , N)e "+' are solutions of the unper-

turbed Hamiltonian Ho, and P=E H. P—is a projec-
tion operator defined on the open-channel eigenstates 41
of HN, and GP+' is the projected outgoing-wave Green's
function defined formally as

and

&q lvgRvle. &=i~ g kg.'.(k)
I Eopen

(12a)

&q Ivg'vle&= g Pf dk, , g'„(k),
(Eopen p kl T(k

g(+)=P(E H, +ie—) '

1 &open 2 ki TN+1+ ~ ~

(12b)

(4) with

g „(k ) =fd 0„& p. I vl e,k & & km i I VI p. & (12c)
where —,'kI is the electron kinetic energy associated with

the 4( channel. GR+
' can be written as

G'+'= y fd'k l~)k&&k~, l

(5)
I Copen 2kl 2k +lE

and separated into a residue and principal-value term

g(+) GR+GPP P P ~ (6a)

Takatsuka and McKoy' originally proposed an inser-
tionlike quadrature for evaluation of the matrix elements
in Eqs. (12a) and (12b). This procedure, referred to as the
a-insertion technique, essentially consists of constructing
an approximate unit operator out of a large number of
Cartesian Gaussians, i.e., I=+ la&&al. Insertion of
this operator in Eqs. (12a) and (12b) leads to

where

and

ki fde) I C'(k) & & k(@( I

I E'open
(6b)

&e. lvg,'vle„&=i~ y yk, &e. lvlc, a&
I &open aP

X&A(IVI''. &h.p(k )

(13a)

k2
GR= y Pf "dk, ,", , fdQ„Ic(k&&ke, I. (6c)

Copen

In Eq. (6c) P represents the Cauchy principal value.
Based on the inhomogeneous Eq. (2), a multichannel

variational expression for the scattering amplitude is
given by

I« ——— ( &s„ I
vle(+) &+ &

e(-)I vis„&

and

where

I Copen aP

XPf dk, 2, 20 ' k(2 —-'k'
2 2

Xh p(k), (13b)

&
)p( —)

I
g (+ )l)p(+)

& )k~ k,.
h.,(k)= f dII„&alk&&klp& . (13c)

Expansion of %'& ' in terms of Slater determinants

)III,*'=g a' +—'(k }4

and the requirement of stability with respect to variation
of the coefficients (i'*'(k) leads to

y &s„ IVI'. &(d-') „&e„lvis„&, (9)
mn

The function h &(k) can be obtained analytically, and the
principal-value integral in Eq. (12b} can be evaluated in
closed form. ' Equations (13b) and (13c}show that this
procedure relies on a spectral decomposition of lk & onto
a finite Gaussian basis. If the matrix element in Eq. (13b)
is important in an application of interest, this decomposi-
tion of I k & must be adequate for a potentially wide range
of lkl. This is a formidable requirement for a basis of
reasonable size.
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VGA,
+'V integrals in Eqs. (12b) and (12c) are evaluated by

numerical quadrature, thus avoiding the use of any inser-
tion quadrature. We will see that with this procedure rel-
atively small basis sets are capable of providing reliable
cross sections. We also find that, generally, the reduction
in basis set size afforded by abandoning Eq. (13b} more
than compensates for the additional effort required to
evaluate Eq. (12b) numerically.
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FIG. 1. Elastic electron-scattering cross section for CH4.
Solid line: present results using numerical quadrature of
VGp+'V integrals and 27 scattering functions; short dashes: k-
insertion results in the same basis set; long dashes: converged
k-insertion results of Ref. 6.

Convergence of this procedure could be partially as-
sessed by monitoring the unitarity of the S matrix, which
in turn depends entirely on how well the on-shell ele-
ments of Eq. (12a) are approximated by Eq. (13a). Ex-
perience showed that this procedure could require a sub-
stantial number of Gaussian functions even for elastic
scattering. This led us to a hybrid procedure in which
the on-shell or residue contribution (qi

~ VGpV~+„) is
evaluated by numerical quadrature, thus assuring unitari-
ty, and the insertion quadrature Eq. (13b) is used to
evaluate the principal-value contribution with its off-shell
integrations. This hybrid technique, referred to as k in-
sertion, has been used in most applications of the SMC
method to date.

In more recent applications of the SMC method to sys-
tems such as Nz and CO with the k-insertion technique,
we learned that convergence of the insertion quadrature
in Eq. (13b) could demand very large Gaussian basis sets.
For example, convergence could still be questionable with
over 90 uncontracted Cartesian Gaussians, making fur-
ther attempts to assess convergence quite impractical.
Furthermore, we observed that, even for simpler systems
such as H2, opening of new electronic channels in a calc!u-
lation could introduce effects in our cross sections that
could be perceived as multichannel awhile, in fact, they
reflected only a failure in achieving convergence in Eq.
(13b).

These considerations suggested that Eq. (13b) should
be abandoned in multichannel studies, where the Green's
function of Eq. (5) must be well represented for all open
channels, and hence in difFerent energy regions, simul-
taneously. In the next section we present the results of
applications of the SMC method in which the ofF-shell

III. APPLICATIONS

In this section we test the numerical quadrature pro-
cedure for VGz+'V matrix elements by applying it to two
molecular test cases. The first case is elastic scattering by
methane in the static-exchange approximation; the
second is electronic excitation of H2 to the a 3X+ and
b X„+ states in the two-channel approximation. These
examples were chosen to allow assessment of the numeri-
cal quadrature technique in realistic applications for
which comparison to insertion results " obtained with
much larger basis sets is possible. Moreover, the conver-
gence of the insertion calculations has been confirmed by
comparable theoretical studies using independent numer-
ical methods for both the CH4 elastic' ' and the H2
b X„+ excitation' ' cross sections. In the present work
we have deliberately chosen basis sets which are too
small, based on our past experience, to yield meaningful
results using the k-insertion technique, and which there-
fore provide a stringent test of the numerical quadrature
procedure.

A. Methane

For the present static-exchange calculations on
methane we employed Dunning's (5s, 3p} set of con-
tracted Cartesian Gaussians on C and 3s contracted
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FIG. 2. Dimerential electron-CH4 elastic scattering cross sec-
tion at 7.5 eV. Solid line: present results; dashed line: results of
Ref. 6; circles: experimental results of Tanaka et al. (Ref. 21).
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basis sets in studies of more complex molecules, for
which convergence of the k-insertion procedure, which
can only be assured by repeating the calculation in pro-
gressively larger bases, quickly becomes impractical.

As might be anticipated from the agreement of the
present total cross section with that of Ref. 6, the
difFerential cross sections are also in very good accord.
To give an example, we show in Fig. 2 the differential
elastic scattering cross section at 7.5 eV, both as obtained
from the present numerical-quadrature study and as re-
ported in Ref. 6. This figure also shows that both calcu-
lations reproduce the experimental cross section ' very
well, apart from the shoulder at 60'-80, which is known
to be due to polarization effects omitted in both calcula-
tions. The situation at other scattering energies is highly
comparable to that illustrated in Fig. 2, and consequently
these results are not shown.

B. Hg

FIG. 3. Differential cross section for excitation of H2 to the
a 'Xg state at 20 eV impact energy. Short dashes: 17-function
basis; medium dashes: 30-function basis; long dashes: 46-
function basis; solid line: k-insertion results of Ref. 11 (see text
for discussion).

Gaussians on H for describing both the CH4 target and
the scattering orbitals. In addition, we included three
Cartesian d Gaussians (exponents 0.32, 0.128, and 0.0512)
in the expansion of the scattering orbital; however, we re-
tained only those components of the d functions which
contributed to E symmetry. Allowing for the 6ve occu-
pied orbitals, we therefore had a scattering basis of 27
functions. This basis is a subset of that used in Ref. 17
and represents both a subset and a contraction of the
basis used in the earlier k-insertion study, where a total
of 83 uncontracted scattering functions was employed.
The present basis was chosen as being of the minimal size
necessary to describe the molecular target and to allow a
fair representation of the E-symmetry contribution to the
scattering wave function.

Our results for the total elastic scattering cross section
using the 27-function basis and the numerical quadrature
technique are shown in Fig. 1. Evidently, the results of
this economical calculation are in excellent agreement
with the insertion results of Ref. 6, which required much
greater computational effort. The almost surprising per-
formance of the method in this small basis is highly en-
couraging. Also included in Fig, 1, for purposes of corn-
parison only, is the k-insertion result obtained from the
same 27-function basis used for the numerical quadrature
calculation. As we stated earlier, our past experience
with the insertion method led us to expect that it would
fail in so small a basis; however, the comparison in Fig. 1

serves to make explicit the point that this failure is due
soleIy to a poor representation of the Green's function,
and not to an inadequate expansion of the scattering
wave function. These results suggest that the numerical
quadrature procedure may permit the use of moderate
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FIG. 4. As in Fig. 3, at 30 eV.

The second test problem chosen for the numerical
quadrature technique is inelastic scattering from H2. We
have carried out two-state calculations of the differential
excitation cross section at selected energies for both the
a X+ and the b X„+ channels using several small basis
sets ranging in size from 17 to 46 scattering functions.
Once again, comparison with insertion calculations" car-
ried out in an extensive Gaussian basis provides a point
of reference for assessing the present results.

Differential cross sections for the a Xg+ excitation
channel at 20 and 30 eU impact energy are shown in Figs.
3 and 4, respectively. In addition to the cross sections of
Ref. 11, obtained using the insertion technique and a
basis of 63 uncontracted Gaussian orbitals, we present
numerical quadrature results using small, intermediate,
and fairly large basis sets, containing, respectively 17, 30,
and 46 contracted Gaussian scattering orbitals. The de-
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TABLE I. Basis sets used in H2 a'X~ and b X„+ calcu1a-
tions.

Center

H
H
H

c.m.
c.m.

Function type Exponent

17 scattering function basis'
S 0.06

0.48
pz 0.24
S 0.025
S 0.01

CoeScient
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1.0
1.0
1.0
1.0
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H
H
H
H
H
H
H
H
H
H
H
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c.m.
c.m.

H
H
H
H

c.m.
c.m.

30 scattering
S

S

S

46 scattering

X)I

ZP

de
S

function basis
48.4479
7.283 46
1.651 39
0.462 447
0.145 885
0.07
1.5
0.5
0.25
0.125
0.031 25
0.25
0.05
0.01

function basis
4.5
1.5
0.5
0.25
0.002
0.2

0.032 944 38
0.240 369 625
1.116538 16
2.554 141 62
2.214 558 76
1.0
1.080 102 85
1.595 293 36
1.0
1.0
1.0
1.0
1.0
1.0
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FIG. 5. As in Fig. 3, for the b 'X„+ state.

IV. DISCUSSION AND CONCLUSIONS

quality comparable to that obtained from a 63-function
basis with the insertion procedure. Together, these cal-
culations suggest that the numerical quadrature pro-
cedure should make it possible to perform exploratory
calculations quite economically on many electronic exci-
tation processes of interest, with quantitatively reliable
follow-up studies requiring only modest basis sets.

'In addition to the 3s contracted H basis of Ref. 22.
In addition to the 30 scattering function basis. We have discussed a recently developed technique for

improving the efficiency of electron-molecule scattering
calculations using the SMC method. ' This improve-

tails of these basis sets are given in Table I; the 30- and
46-function sets are contractions of subsets of the basis
used in Ref. 11. Examination of Figs. 3 and 4 indicates
that, using numerical quadrature of the VGz+'V matrix
elements, the basis of 17 scattering orbitals is already
sufficient to give a qualitatively correct a Xg differential
cross section, while improving the basis quickly leads to
convergence. Indeed, the residual differences between the
46-function cross section and that of Ref. 11 are
sufficiently minor that it is hard to say which is the more
nearly converged result; furthermore, some part of these
differences may well be due to variations among the basis
sets in the description of the target rather than the
scattering function, and thus not directly related to the
performance of the SMC method.

Similar behavior is found for the b X„+ excitation pro-
cess, as shown in the differential cross sections of Figs. 5
and 6, again at 20 and 30 eV impact energy. Although in
this case the 17-function cross section departs signi6-
cantly from the converged result at higher scattering an-
gles, it does correctly indicate the qualitative nature of
the angular dependence. As was true for the a X+ chan-
nel, the 30- and 46-function results are seen to be of a
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FIG. 6. As in Fig. 4, for the b X„+ state.
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ment consists in replacing the insertion of a Gaussian
basis set on either side of the principal-value part of the
Green's function with direct numerical quadrature in
momentum space. We generally find in practice that the
reduction in size of the Gaussian basis which it permits
more than compensates for the additional numerical
effort of the quadrature. This improved procedure has
the further advantage that it allows economical testing
for convergence of the VG&+'V terms. While further im-
provements are planned, including an investigation of the
optimization of the quadrature, the results of the test cal-
culations presented here and those of other studies now
under way indicate that, with numerical quadrature of
the VG&+'V integrals, the SMC method can be both an

efficient and a reliable tool for the study of electron-
rnolecule collision processes.
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