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Elastic electron scattering cross sections from 5-30 eV are reported for the molecules C H
C 2H 6, C 3 Hs, Si 2H 6, and GeH 4 , obtained using an implementation of the Schwinger 2 4'
multichannel method for distributed-memory parallel computer architectures. These results,
obtained within the static-exchange approximation, are in generally good agreement with the
available experimental data. These calculations demonstrate the potential of highly parallel
computation in the study of collisions between low-energy electrons and polyatomic gases. The
computational methodology discussed is also directly applicable to the calculation of elastic
cross sections at higher levels of approximation (target polarization) and of electronic
excitation cross sections.

I. INTRODUCTION

Studies oflow-energy electron-molecule collisions by ab
initio methods, although of much fundamental and practical
interest, have proven much more difficult, and proceeded
more slowly, than corresponding studies of bound-state electronic structure. In recent years there has been considerable
progress both in the application of existing methods (see, for
example, Refs. 1-4) and in the development of promising
new approaches;5-s nevertheless, ab initio studies of molecules other than diatomics and linear triatomics remain relatively scarce, and have mostly been confined to small hydrides such as water,9 ammonia,1O methane,I,5.11.12 and
silane 13 (see, however, Refs. 7, 14, and 15).
The demand for data on the collision cross sections of
low-energy electrons and gaseous poly atomics has continued to grow, owing to the expanding use of cold plasmas in
the processing and fabrication of materials. 16 In nonequilibrium plasmas, the molecular species remain at temperatures
of a few hundred Kelvin, while the electrons are accelerated
to energies on the order of tens of electron volts. Collisions
between these "hot" electrons and molecules generate reactive species-radicals, ions, and atoms-which can initiate
useful chemistry, including etching, polymerization, boriding, nit riding, etc. A wide variety of gases is employed in
plasma processing applications, including hydrocarbons
such as CH 4 , C 2H 4 , and C 3 H 8 ; other hydrides, such as
PH}, AsH 3 , SiH 4 , and Si 2 H o ; and various fluorinated and
chlorinated hydrocarbons, e.g., CCI 4 , CH 3 F, and C 2 F 4 •
Many of these molecules are difficult and hazardous to work
with experimentally, and information on the cross sections
for even the most important species remains limited. This is
especially true of the momentum transfer and excitation
cross sections that are important in plasma modeling.
Considering the size of the molecules and range of processes involved, it seems clear that, if ab initio theory is to
contribute to the understanding of low-temperature plas-
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mas, significant availability of computing power, and theoretical methods which can exploit that power, will be required. As a step toward addressing this need, we have
recently described 17 an implementation of the Schwinger
multichannel (SMC) procedure lS •19 for the JPL/Caltech
Mark IIIfp hypercube, a distributed-memory concurrent
computer. Here, we report some initial studies using that
implementation which, we feel, illustrate the great promise
of highly parallel computation in the field of electron-molecule collisions. We have chosen to examine elastic scattering
of low-energy electrons by a number of small poly atomics
relevant to cold plasma technology, specifically C 2 H 4 ,
C 2 H 6 , C 3 Hs, Si 2 H 6 , and GeH 4 • These calculations, carried
out within the static-exchange approximation, cover the energy range 5-30 eV, over which we find reasonable agreement with experimental data where measurements are available. Together with previously reported 11,13 studies of CH 4
and SiH 4 , the present work also forms the basis for a preliminary examination of systematics in the electron scattering
cross sections ofX n H 2n + 2 systems (X = C, Si, Ge). We will
discuss below the possible relation between the position and
width of shape resonances present in the cross sections of
these molecules and the X-H bond length.
The present work serves in addition as a necessary prelude to studies planned or under way that will incorporate
polarization and electronic excitation, and thus provide insight into the vibrational-excitation and dissociation phenomena which are of great importance in initiating plasma
chemistry yet very difficult to determine experimentally.
Such studies are not qualitatively more demanding than the
present one and will be quite feasible on the generation of
parallel machines which is currently becoming available, notably the Intel iPSC/860 hypercube and its mesh-connected
successors. Prospects are thus very good both for obtaining
highly accurate elastic cross sections, which will assist in
determining total excitation cross sections from measured
total scattering data, and for directly calculating reasonably
accurate excitation cross sections for vibrational and lowlying electronic channels.
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The remainder of this paper is organized as follows. In
Sec. II we review the SMC method, outline its implementation for highly parallel computers, and give details of the
present calculations. Cross sections for the various molecules are presented in Sec. III, while Sec. IV contains a discussion of the results and concluding remarks.
II. THEORETICAL AND COMPUTATIONAL
A. Schwinger multichannel method

The SMC method for obtaining low-energy electronmolecule scattering cross sections has been described previously,18,19 so we recall here only its key features. In the
SMC approach, the (N + I)-electron wave functions
'I'~- )(k m) and 'I'~ + ) (k n ) of the electron-molecule scattering system are expanded in a basis set, and the coefficients of
that expansion determined variationally by requiring that
the scattering amplitudej(km,k n ) be stationary. This leads
to the expression

(1)

for the scattering amplitude, where Sm (k m ) is an (N + 1)electron interaction-free or zeroth-order function of the
form
Sm (k m) =

<Il;a':'iet (1,2, ... ,N)exp(ik m 'r N + 1 ),

(2)

Vis the interaction between the target and the scattered electron, and Xi are elements of the expansion basis. The
(A - I) ij are elements of the inverse of the matrix
(Xi IA ( + )Ix), where A ( + ) is given by
A ( + ) = ~ (PV + VP) - VG ~ + ) V
2
_ _1_ {H

_ N + 1 (HP+ Pll)}.

N+l
2
In this expression, P is a projector onto open channels,

L I<Ill (1,2, ... ,N»

P=

(<Ill (1,2, ... ,N) I,

(3)

(4)

iEopen

and G ~ +) is the projected Green's function. In Eq. (3),
H), where Eis the total energy of the system and
H is the full Hamiltonian.
In ourimplementation, the basis Xi consists of (N + 1)electron Slater determinan ts of molecular orbitals, which are
in tum expanded in Cartesian Gaussian functions

H= (E -

N lmn (x - Ax )l(y - Ay )m(z - A z )nexp( - air - AI2),
(5)

widely used in bound-state quantum chemistry. With this
choice, all matrix elements required in Eq. (1) forj(k m ,k,,),
except those involving VG ~ + ) V, can be computed analytically. The VG ~ + ) V matrix elements are obtained by numerical quadrature over the momentum variable occurring
in a spectral representation of the Green's function. 20
B. Parallel implementation

The computationally intensive step in the SMC procedure as formulated above is the evaluation of the primitive

two-electron integrals
(aPlVlyk) =

JJ

d3rl d 3r 2 a(r l )p(r 1 )

1

x-y(r 2 )e
r 12

Ik'"

,

(6)

which involve three Cartesian Gaussians a, p, and y, and a
plane wave e'k-r. These integrals must be obtained for all
distinct combinations of a, P, and y, and for a wide range of
k in both direction and magnitude. Although they are evaluated analytically, their computation nevertheless consumes
the bulk of the computer time, simply because the number of
such integrals required is so large.
The fact that most of the computation in the SMC procedure is concentrated in the evaluation of the primitive integrals makes it attractive to consider implementing the SMC
method on a parallel computer architecture, permitting the
calculation of various subsets of the primitive integrals to
proceed concurrently. A parallel approach is especially appealing since the integral-evaluation algorithms involve recursive steps that inhibit vectorization on CRA Y-type machines. As described in detail elsewhere,17 we have found a
parallel version of the SMC method quite successful as implemented for the Mark IIIfp hypercube computer.
The Mark IIIfp, 21 developed at the Jet Propulsion Laboratory, is a multiple-instruction, multiple-data (MIMD)
machine of the distributed-memory type. 22 Its individual
processing elements, or nodes, are fairly powerful microprocessor-based computers, incorporating accelerator boards
for 64-bit floating-point arithmetic and substantial memory
(4 megabytes/node). The nodes operate autonomously,
communicating with each other and with the front end via
message-passing routines over a communications net with
hypercube topology. The Mark IIIfp design allows for up to
128 such nodes in a single machine, thus achieving aggregate
processing speed and central memory comparable to those of
conventional supercomputers. 23
Because of the large memory per node, the entire primitive-integral package from the original SMC code can run
intact on each processor, accumulating a subset of the required primitive integrals in the processor memory. Transformation from the primitive integrals to matrix elements
needed in Eq. (1) is achieved in an efficient and regular
fashion by exploiting distributed matrix-multiplication algorithms. A similar strategy is employed in certain integration steps that also require interprocessor communication.
The solution of a system of linear equations occurring in the
final stages of the calculation is also achieved on the hypercube using an adaptation of a distributed LU solver24 for
complex arithmetic.
In comparisons for elastic electron-CO scattering in a
fairly small basis set, we have found that the performance of
the hypercube SMC code surpasses that of the original code
running on one CRAY Y-MP CPU for as few as 32 Mark
IIIfp nodes, while performance on a 64-node Mark IIIfp, the
largest currently available, is approximately a factor of 3
greater than on the eRA y.17 Speedup factors for larger
problems, such as those reported below, are likely to be still
more favorable, since the ratio of computation to inter-
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processor communication overhead is increased;z5 however,
the CRA Y execution times for these problems are not available for comparison.
C. COMPUTATIONAL DETAILS

All of the calculations reported below were carried out
within the static-exchange approximation, and thus neglect
polarization of the target by the scattering electron. Based on
previous experience,9-11.13 we do not expect this to be a serious limitation at energies above 5 eV, except in shifting the
positions of resonance features toward higher energy by
about 1-3 eV.
The contracted Gaussian basis sets used for both the
electronic structure calculations on the target molecules and
construction of the scattering basis were as follows. For C,
we used the (9s5p) / [ 4s3p] set of Dunning, 26 supplemented
by one s, one p, and one d orbital, with exponents 0.0473,
0.0365, and 0.06, respectively. The Si basis used was the
(12s8p)/[ 4s2p] set of McClean and Chandler,27 supplemented by two s orbitals (exponents 0.05 and 0.02), two p
orbitals (exponents 1.0 and 0.05), and two d orbitals (exponents 0.2 and 0.07). For Ge we used the (14sllp5d) basis of
Huzinaga. 28 Two comparable (4s)/[3s] basis sets were
used for H; the Si2 HI> and GeH4 calculations used that of
Pacansky and Dupuis,29 while the remaining calculations
employed that of Dunning. z6 All calculations were carried
out at fixed nuclear geometries. 30-34
No detailed study was made of the basis set dependence
of the results; however, a larger basis set was tested for C 2HI>
and found to make little difference. Similar basis sets gave
con verged results in previous studies 13.20 on SiH 4 and CH 4,
where it was also possible to compare to results obtained in
larger bases. We therefore do not believe basis set limitations
to be a major source of error in the present work. Convergence of the numerical quadrature for VG ~ + ) V was tested
in all cases, and it is believed that errors arising from this
source amount to no more than a few percent over the range
of energies studied. Further refinement does not appear warranted in light of the intrinsic limitations of the fixed-nuclei
static-exchange model.

data shown include integrated elastic differential cross sections 35 ,36 for CH 4 and C 2H6 as well as total cross sections
obtained by transmission measurements 37 -39 for each molecule. The latter include contributions from electronically inelastic scattering at higher energies. These contributions appear to be quite large above IS eV. To our knowledge no
theoretical cross sections have yet been published for C 2H 4 ,
C 2HI>' or C 3Hs. Other static-exchange calculations for
e- -CH4 scattering S•I2 generally agree well with the curve
shown in Fig. I.
The present calculations appear to give fairly reliable
results for the integral elastic cross sections. Specifically, our
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We have calculated differential elastic, integral elastic,
and momentum-transfer cross sections at a number of energies for each of the molecules C Z H 4, CzHI>' C)Hs, GeH4'
and Si z HI>' Tabulated values of these cross sections are available on request. Below we present representative results, emphasizing cases where experimental data is available for
comparison. Since the static-exchange level of theory is not
sufficient to give highly quantitative predictions, we compare our integrated elastic results both with elastic and with
total experimental cross sections, with the aim of giving
some measure of the general quality of the calculations. This
seems appropriate since the experimental integrated elastic
results, where available at all, may be subject to large uncertainties.
Integral elastic cross sections for C z H 4 , C 2HI>' and
C~ H~ are shown in Fig. 1, which also includes the CH 4 cross
section 11 for purposes of comparison. Selected experimental
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FIG. 1. (a) Integral elastic cross sections for electron scattering by CH.,
C, H", and C, H,. Solid curves are static-exchange results (CH. results
from Ref. 11). Experimental points shown are total cross sections for CH.
(filled circles), C,H" (filled squares) and C,H, (solid triangles) from
Refs. 37 (CH.) and 39; and integrated differential elastic cross sections for
CH. (open circles) and C, H" (open squares) from Refs. 3S and 36, respectively. (b) Integral elastic cross section for C2 H. in the static-exchange
approximation (solid curve). Experimental points are total cross section
measurements of Ref. 38 (circles) and 39 (triangles).
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results have the correct overall magnitudes, and for C 2 HI>
and C 3Hs reproduce the well-known 40 broad shape resonance. However, the position of the resonance maximum is
shifted to higher energy in the static-exchange approximation: whereas the experimental maxima are located at roughly 7.5 eV, as in CH 4, the maxima in the calculated curves fall
at approximately 10 eV. These shifts are comparable to that
seen in CH 4 (Fig. 1) and indeed are to be expected when
polarization of the target is neglected.
The C 2 H4 cross section is somewhat more complicated.
Although not shown on the figure, the experimentally observed low-energy (2 eV) shape resonance 3S in C 2 H 4 is
present in the static-exchange cross section, but shifted toward higher energy. The tail of this resonance extends above
5 eV, enhancing the calculated cross section at the lowest
energies shown in Fig. 1. At higher energies, the calculated
cross section shows indications of overlapping resonances at
about 10 and 14 eV. This energy region will be discussed
further below.
In Fig. 2 the integral elastic cross sections for Si 2 HI> and
GeH4 are shown. For comparison, the cross section for SiH4
obtained in an earlier study l3 is also given. Experimental
total cross section 41 and integrated elastic 42 data for SiH4
are plotted; we are not aware of any such data for Si 2 HI> or
GeH4' although differential scattering cross-section measurements have been reported 43 for Si2 HI> (see below). Examining Fig. 2, we see that the Si 2 HI> cross section is approximately a factor of 1.5 larger than that for SiH 4 . A similar
ratio is observable in Fig. 1 between the C 2 HI> and CH 4 cross
sections. Likewise, a shape resonance is seen in Si 2 HI> below
5 eV, near the energy where one is observed in SiH4, as was
the case in the alkane series. However, the cross sections for
the silicon-containing molecules are much larger than those
for the corresponding hydrocarbons shown in Fig. 1, and the
resonances lie at much lower energies. The larger cross sec-
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FIG. 3. Differential elastic cross sections for C 2 Hb and C, H, at 10 eV,
including measurements of Ref. 36 for C 2 H. (circles).

tions of the Si species are attributable in most part simply to
their greater geometric size. Consistent with this explanation is the similarity in magnitude of the GeH4 and SiH4
cross sections, the Ge-H bond length in GeH 4, 1.527 A,
being quite close to the Si-H bond length in SiH4, 1.480 A.
There also appears to be a connection between the X-H
(X = C, Si, Ge) bond length and the resonance position,
which will be discussed in detail in the next section.
Differential cross sections for C 2 H 4, C 2 HI>' C 3H s '
Si 2 HI>, and GeH 4 are shown at selected energies in Figs. 3-6.
Experimental data 36 ,43 are included in the figures where
available. In general, there is good agreement between our
results and these measured values.
In Figs. 7 and 8 we present the momentum-transfer
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FIG. 5. Differential elastic cross section for C 1 H. at 5, 10, 15, and 20 eV.

cross sections for the five molecules we have studied, along
with experimental values for C 2 H 6 • 36 Results for silane 13.42
are included in Fig. 8 for comparison. The momentumtransfer cross sections follow the trend of the integral cross
section fairly closely, as may be seen in comparing Figs. 7
and 8 to Figs. 1 and 2. There is a large discrepancy between
the experimental and theoretical momentum-transfer cross
sections for C 2 H6 that is only partially accounted for by the
shift in the resonance position. Our differential cross section
for C 2 H6 nevertheless agrees fairly well with the experimental data over the range where measurements were made (see
Figs. 3 and 4). However, we find the scattering at smaller
and larger angles to be unusually large, and the disagreement
in the momentum-transfer cross sections may thus be due to
the extrapolation of the measured differential cross section
at large angles. Agreement with the integral cross section

FIG. 7. Momentum-transfer cross sections for C2 H., C 2 H", and C,H •.
Open circles are values of Ref. 36 for C,H", derived from the measured
differential cross section.

derived from the same data is much better (Fig. 1), since the
large-angle scattering is not as heavily weighted in this case.
IV. DISCUSSION

The present study has several goals: first, to provide reasonably accurate theoretical elastic cross sections for some
molecules currently of interest in low-temperature plasma
applications; second, to explore some trends in the cross sections of these molecules; third, to test the reliability of the
static-exchange approximation for somewhat larger systems
than it has usually been applied to in the past; and fourth, to
demonstrate the potential of highly parallel computers in
electron-scattering applications.
Regarding the first and third objectives, the reliability of
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sured differential cross section.
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the present static-exchange results may be gauged from the
agreement with experiment in those cases where measurements have been reported. Such a comparison indicates that,
as for smaller systems,9-1 J, 13 the static-exchange approximation is sufficient to yield the correct overall magnitude of the
integral and momentum-transfer cross sections, and the correct general shape of the differential cross section. The staticexchange approximation does not position resonances correctly, nor does it give differential cross sections that are
correct in detail, especially at lower energies. However, since
resonances are systematically shifted, always appearing at
too high an energy, static-exchange calculations can form
the basis for an accurate estimate of the true cross section.
This is an important consideration, since more elaborate calculations may not be feasible for still larger molecules than
those considered here.
We have observed two principal trends in the molecules
we have studied. One is a fairly straightforward and unsurprising dependence of the integral cross section on molecular
size. More interesting is the relation between resonance positions in these XnH2n + 2 compounds and X-H bond length.
All of the carbon compounds studied have similar C-H bond
lengths (respectively, 1.09, 1.07, 1.11, and 1.09 A in CH 4,
C 2H 4 , C2H 6, and C 3Hs ), and each exhibits a broad shape
resonance maximum at about 7.S eV. The Si-H and Ge-H
bond distances are considerably longer than the C-H distances (l.48, 1.S3, and 1.53 A, respectively, in SiH4, Si2H 6,
and GeH4 ), and the shape resonance in each of these molecules occurs significantly lower in energy than in its carbon
analog.
In the XH 4 molecules, there is a direct relation between
the X-H bond length and the size of the molecule. A simple
particle-in-box model of the resonance would therefore suffice to predict that longer bond length would correlate with
lower resonance energy. However, the "size" of a molecule
such as propane is determined more by the length of the
carbon chain than by that of the C-H bond. Nevertheless,
the broad maximum in propane (and even butane 39 •4o ) occurs at the same energy as that in methane. Likewise, the
SiH4 and Si 2H6 resonance maxima occur at nearly the same
energy. Thus the resonance seems to be associated with the
X-H bond itself, presumably as temporary trapping in an
antibonding X-H orbital. Indeed, there is evidence from experimental studies of vibrational excitation to support this
view. 44 ,45
Arguing against the above interpretation is the wellknown analogy between the CH 4 and SiH4 resonances and
the d-wave shape resonances observed in argon, krypton,
and xenon, which are explainable in terms of the I = 2 angular-momentum barrier. That similar resonances occur in
these noble gases certainly suggests that the X-H antibonding orbitals are not the whole story. The differential cross
sections of both CH 4 and SiH4 do in fact reflect substantial
d-wave character in the resonance region. 35 ,42 However, in
Td symmetry the I = 2 partial wave transforms according to
both the T2 and the E representations, yet the resonance in
CH4 and SiH4 occurs only in T 2 , which is the symmetry of
the unoccupied antibonding valence orbital. There need not
be a total dichotomy between the angular momentum bar-

rier and valence orbital interpretations; both may contribute
to formation of the resonance. The location of the resonance
appears, however, to correlate better with the location of the
appropriate virtual orbital than with the most pronounced
d-wave character in the differential cross section. Experimentally, the d-wave pattern is most evident at about 3-4 eV
in both methane 35 and silane,42 for instance, while the resonance maximum lies in this range only for silane.
In a molecule such as propane one might expect to find
several shape resonances, since there are inequivalent hydrogen atoms and more than one virtual valence orbital has CH antibonding character. We do not see any clear evidence
of this in our results, possibly because the resonances are so
broad as to merge together. On the other hand, we do see a
suggestion of a multiple resonance structure in C 2H 4, with
maxima at 10 and 14 eV. Vibrational-excitation measurements have also indicated that two resonances may be present. 44 More elaborate studies of this molecule, including vibrational excitation cross sections, are currently under way
in our group.
The results we have presented here demonstrate the potential of highly parallel supercomputers in the field of electron-molecule scattering. We found that the conversion of
our existing sequential program to a distributed-memory
concurrent implementation, while not straightforward, was
accomplished in a reasonable amount of time, and that the
performance of the resulting code on the Mark IlIfp amply
rewarded this effort. While we are continuing to make improvements to the program, the greatest performance increase in the future is likely to be due to improved hardware.
The newest commercial distributed-memory machines, notably the Intel iPSC/860, promise per-node performance far
above that of the Mark IlIfp, as well as larger memory per
node and, significantly, more than 128 nodes. Both the absolute performance and the price/performance ratio of such
machines will make them highly attractive for computationally intensive work, provided that the methods employed in
that work are suitable for a parallel implementation.
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