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Fig. 18. Force required to produce steady state motion of rigid wedge in rigid perfectly plastic full space 

Solutions for the rough wedge are valid so long as the interface friction coefficient is larger 
than a critical value µ.0 (given by equation (4)) which is relatively small. In most practical 
cases where the indenter surface is not treated with friction reducing agents, µ. is expected to 
exceed µ.0 and will therefore have no effect on the results . 

The force H per unit length of the wedge required to drive a rough wedge is given by equa­
tion (8) and represented by the dotted lines in Figs 18 and 19. For a fixed length of side L with 
constant k, the value of H increases with &. However for a fixed width B the value of Hf Bk 
attains a minimum of 9· 194 at {} = 33·6°. 

From Fig. 19 it can be seen that for sharp rough wedges the value of Hf Bk rises sharply as{} 
decreases. This is due to the substantial effect of the shearing stresses T along the faces of the 
wedge. As an example, when &=I 0 , the value of Hf Bk is 63·06, of which 91 % is due to T. 

It is interesting to compare the results of the present solution, for small {}, with the indenta­
tion of a rigid plastic half space by a rigid rough wedge (Grunzweig et al., 1952). When the 
coefficient of interface friction µ. is larger than 0·39 (a condition frequently met in applica­
tions), both solutions hold and are thus comparable. The mechanism of failure is similar ; 
specifically the interface shearing stress T is equal to k (the cohesion of the clay) in both cases. 
For&= I 0 Grunzweig's solution gives a value of H f Bk which is lower than the present solution 
by less than 10%. Since the main difference between the two problems is in the location of 
the free surface, this result means that, for small {}, the geometry of the plastic region has only 
a small effect on the indentation force. Moreover, when Grunzweig's problem was checked 
experimentally (Hirst and Howse (1969)) his failure mechanism proved correct for small &. 
Other experiments with cones and pyramids (Atkins and Tabor, 1965; March, 1964) have shown 
similar results and proved the plane strain solution to be a good start in interpreting the more 
complicated case. 

From Fig. 19 for rough wedges having {} between 15° and 45°, the value of H /Bk is bounded 
between 10·5 and 9· 194. In fact the same result would hold if the present solution was 
extended to &= 90°. Thus over a wide range of wedge angle the value of H /Bk changes only 
slightly (less than 15% ). Some previous observations in this regard (De Mello, 1969; Mensen­
bach, 1961) are : 

(a) the value of Hf Bk for a wedge (where His the load per unit width) is roughly the same 
as for a cone when H is the total load and B is the projected area of the cone and this 
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Fig. 19. Force required to produce steady state motion of rigid wedge in rigid perfectly plastic full space 

value is about 9; this is one reason why the results of plane strain solutions can be used in 
connexion with the axisyrometric point resistance of piles (Berezantzev, 1965; Meyerhof, 
1951; Skempton, 1951; Terzaghi, 1943); 

(b) the effect of{} on Hf Bk for a cone is negligibly small for a range of practical values of 
{} (say 15° < {} < 90°), which confirms the use of the cone penetrometer test ( {} = 30°) to 
estimate pile resistance where in piles 60° < {} < 90° (see DeBeer, 1963). 

Deformations in the soil due to rough wedge penetration were obtained and are shown in 
Figs 11-13 for {}= 10°, 30° and 45° respectively. Distortions occur in the plastic zone which 
extends a distance L on either side of the wedge and are generally too large to allow the use of 
infinitesimal strain theories in the analysis of penetration problems. Comparing the three 
figures to see the effect of wedge angle 2{} on the distorted mesh, for a constant wedge thickness 
B: 

(a) the plastic zone decreases in size as {} increases; 
(b) the curvature of the stream lines increases as {} increases; 
(c) the slope of the distorted vertical lines becomes larger as {}increases. 

Points (a) and (b) mean that for a constant indentation velocity Uthe rate of straining and the 
intensity of straining become larger as {}increases. These results are important if the response 
of the clay is rate dependent or if its behaviour is either strain hardening or strain softening. 
Different values of penetration resistance obtained in one material with these kinds of be­
haviour for different penetrometer angles can then be understood. 

When an attempt was made to start with the deformation patterns in Fig. 11 and then to 
derive the strains with sufficient accuracy to compute stress fields, very limited success was 
achieved. This operation is sometimes performed when experimental deformations are 
recorded and later used to compute strain and stress distributions. If complications caused 
by the actual material response are also included, this technique should be viewed with caution. 
A crucial factor in this process is the accuracy in differentiating the displacement field. A 
graphical method can be calibrated by performing the same operations on the present solutions. 
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Solutions presented for rough wedges were not proven unique and do not include blunt 
wedges; hence failure modes including a dead zone ahead of the wedge and moving with it are 
likely to occur when {} is large. The presence of a dead zone was experimentally observed in 
the indentation of a half space by a rigid blunt wedge (Johnson, 1970). 

From the symmetry of the problem, a dead zone, if present, will also be symmetrical. A 
first attempt to incorporate it in the solution is to assume that it has straight boundaries, in 
which case the solution is readily available and is given by the rough wedge results. In this 
case, however, {}represents the half angle of the dead zone. Suppose that the criterion govern­
ing the motion of wedges is that the energy dissipated in the indentation process is a minimum. 
The previously mentioned dead zones develop if necessary in order to meet this condition. 
Assuming that dead zones have straight boundaries, a rough wedge with & up to 33·6° will thus 
develop no dead zones and require pushing with the value of H given by curve ab in Fig. 19. 
However, when & exceeds 33·6° a dead zone develops with a half angle equal to 33·6°. The 
result of this is a constant value of H equal to 9· 194 Bk (the straight horizontal line bd in Fig. 
19). On the other hand, a smooth wedge will develop no dead zones up to t>= 58·05° and the 
value of H for this angle is given by the straight line ef in Fig. 19. When & exceeds 58·05°, the 
theoretical resistance of the smooth wedge would exceed that of the rough wedge. This would 
not occur, so that the distinction between smooth and rough surfaces vanishes and a dead zone 
develops with a half angle equal to 33·6°. The result is a constant value of H for both smooth 
and rough blunt wedges, equal to 9· 194 Bk (the straight horizontal line fd in Fig. 19). 

The above speculations with respect to the dead zones ahead of the wedges require either 
that they be in a plastic state but moving with a constant velocity U or that the yield criterion 
is not reached anywhere in them. A theoretical study of the existence and geometry of the 
dead zones is difficult to conceive and it is necessary to rely on experiments (Baligh and Scott, 
1975). The prime target of those experiments will be to determine the pattern of deformation 
as a function of{} because the measurement of indentation forces alone is expected to be incon­
clusive in view of their weak dependence on &. 

Finite element results showed that a strong similarity exists for cone and wedge solutions. 
The resistance of a cone is indicated to be 10-25% higher than that of a wedge. In view of the 
flexibility of the finite element technique and its potential for extending present concepts to 
more practical problems, the following difficulties of large deformations, material and geo­
metrical nonlinearities, the singularity at the penetrometer tip and the soil/penetrometer 
interface deserve special consideration and need to be represented in finite element models. 

The effect of internal friction in the plastic material was not included in this analysis and is 
currently under investigation to develop a better understanding of penetration in sand. 
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