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Abstract 

After an extensive survey of mean-velocity profile measurements 

in various two-dimensional incompressible turbulent boundary-layer flows, 

it is proposed to represent the profile by a linear combination of two uni

versal functions. One is the well-known law of the wall. The other, called 

the law of the wake, is epitomized by the profile at a point of separation 

or reattachment. These functions are considered to be established em

pirically, by a study of the mean-velocity profile, without reference to 

any assumed mechanism of turbulence. Using the resulting complete 

analytic representation for the mean-velocity field, the shear field is 

computed from the boundary-layer equations and compared with experimental 

data for several flows. 

The state of a turbulent boundary layer is ultimately interpreted 

in terms of an equivalent wake profile , which supposedly represents the 

large -eddy structure and is a consequence of the constraint provided by 

inertia. This equivalent wake profile is modified by the presence of a 

wall, at which a further constraint is provided by viscosity. The wall 

constraint, although it penetrates the entire boundary layer, is manifested 

chiefly in the sublayer flow and in the logarithmic profile near the wall. 

Finally, it is suggested that yawed or three-dimensional..flows may 

be usefully represented by the same two universal functions, considered 

as vector rather than scalar guantities. If the wall component is defined 

to be in the direction of the surface shearing stress, then the wake com

ponent, at least in the few cases studied, is found to be very nearly 

parallel to the gradient of the pressure. 
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I. THE LAW OF THE WALL. 

A. Historical Development. 

l. Evolution before 1949. Consider a turbulent shear flow which 

is steady and two-dimensional on the average. Let ...u. (x, <J) and V (x, lj) 

be the mean velocities in the direction of increasing rectangular coor-

dinates x and lf respectively. Suppose that the flow exerts a shearing 

stress Tw (x) on a smooth impermeable wall at rest at 'I= 0. For a 

fluid of constant density, define a friction velocity -«-r-(x) by 

:::. lw (l) 

Under these conditions, experience with turbulent shear flow has been 

that the mean-velocity profile in a considerable region near the surface 

is described by a relationship called the law of the wall, 

= (2) 

The earliest statement of this law, by Prandtl, von Karman, and 

others, was based on a simple dimensional argument. Suppose that the 

mean-velocity profile is found to be adequately represented by a rela

tionship 1 ( -«, 'lf, S, T w,_)-'-, f)= 0, in an obvious notatio-n, and that this 

relationship is found in some region to be independent of the characteris-

tic length 6 It follows without any assumptions about the nature of 

the turbulence that -« /Mr in this region is necessarily a function of 

lj- .-U. 7 / '.) only. 
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Before the development of the mixing analogy the function in question 

was sometimes taken as a power law, for lack of a better representation. 

The sublayer, that is the region of predominantly viscous shear, was 

treated separately by assuming a linear velocity profile very near the 

wall; to this approximation o..u..jo!.j- = .-u../~ = Tj,JA = lw~ = .A..A..:/v, 
and therefore ..u.. I » 1 =- 1J .-U., I v . 

By 1930 the present general formulation of the law of the wall had 

been achieve-d, in the sense that no distinction was made in Eq. (2) 

between the sub layer and the fully turbulent flow. Nikuradse, at the 

suggestion of Pran~tl, expressed the law of the wall in this sense during 

an analysis 1 of some measurements in pipe flow. Eq. (2) also appears 

in articles by Tollmien and by Schiller in Volume IV of Handbuch der 

Experimentalphysik. 

A t about the same time, the mixing ,analogy of Prandtl2 and the 

similarity hypoth esis of von Karman3 had provided an equation 

OM (x, y.)lol.f- = ..u..1 {x)/r<..y. for the mean velocity in the fully turbu

lent region, with the integral A.A. /..u-,- = (1/r<..) £n [ "'j/l.Jo (x)] +constant. 

It should be noted, however, that the choice of v / ..u.1 for the unspecified 

characteristic length "/o(x) is. not properly a part of the mixing analogy, 

but rather a part of the dimensional argument already mentioned . 

.. 

2. Recent Developments. Until quite recently, the three most im-

portant elements in the dev.elopment of the law of the wall have been first, 

the dimensional argument implying Eq. (2); second, the stipulation that 

the function / is linear at the wall; and third, the recognition, for 

whatever reason, that the function =/ is very nearly logarithmic in a 

certain region outside the sublayer. 
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A fourth important element was contributed in 1949 by Ludwieg and 

Tillmann 
4

. By means of an ingenious heat-transfer technique for in

di,rect measurement of surface shearing stress. they showed that the 

function j- of Eq. (2) is apparently independent of pressure gradient for 
.. 

a wide range of experimental conditions. 

This last observation lies at the heart of the present study, vir-

tually every part of which depends directly or indirectly on the hypothesis 

that the law of the wall is a unique and universal relationship for flow past 

a smooth surface. 

For the special case of steady two-dimensional incompressible flow, 

the form of the universal law is supposedly known. In particular, for 

values of ~..u,./v greater than about 50, Eq. (2) takes the form 

= + c 

where )-(.. and c are constants to be determined experimentally. 

For flow in a boundary layer, the general validity of Eq. (3) can 

(3) 

be tested by observing, as have Clauser
5 

and others, that this expression 

is an implicit equation for -<-<r • i.e. for T w • when ? . r I and ...u.. ( ~j) 

are given. The law of the wall thus provides a means for accurate deter

mination of the elusive wall shearing stress, once the function / . in 

Eq. (2 ) has been established by a survey of experimental data in flows 

for which the shear is accurately known. 

3. Experimental Data. Nikuradse's classical pipe measurem~nts1 

in 1930 confirmed the prediction of a logarithmic region in the mean-

velocity profile. Fig. 1 shows the data obtained, including a small cor-

rection for wall interference, in sixteen surveys at various Reynolds 



numbers of the region between the pipe wall and'a value of ~j-/t- of 

about 0. 15, where Y... is the pipe radius. Nikuradse did not obtain 

data in the sub layer, rather inferring the validity of the general law of 

4 

the wall from the argument already given in favor of the limiting form 

.-U.-/-'A-r = ~-'.Ay /v at lJ- = 0. This omission was partly repaired in 

1940 by Reichardt's measurements
6 

of mean velocity in the sublayer 

of a channel flow, and more completely repaired about 1953 by work 

7 8 
of Laufer and Klebanoff in pipe flow and boundary-layer flow res-

pectively. 

The latter measurements, shown in Fig. l, include data in the 

sub layer obtained in each instance with a hot-wire anemometer. For 

Laufer's experiments in pipe flow the wall shearing stress has been 

derived from the ·observed axial pressure gradient. For Klebanof£ 1 s 

experiments in a boundary layer the wall shearing stress has oeen 

derived from the rate of momentum loss observed in other experiments 

with the same mode19• 
10

. For Reichardt's experiments in channel 

flow the wall shearing stress was not measured independently, as 

Reichardt's object was to. interpolate experimentally in the region of 

the mean-velocity profile not studied by Nikuradse. 

Finally, some measurements by Sheppard11 in a natural wind 

near the ground offer a striking example of a boundary-layer flow for 

which it would seem that no Reynolds number can be explicitly defined. 

However, difficulty in visualizing either an origin of coordinates or a 

second boundary does not prev'ent the presentation of these data in 

terms of the law of the wall. Sheppard observed the surface shearing 

stress directly, using the floating-element technique, together with 

the mean velocity at several points \,l.p to a height of two meters. The 



result of the measurements is given in Fig. -l. The agreement with 

wind-tunnel data is surprisingly good when it is considered that 

Sheppard's measurements were made over a concrete surface, and 

that the vertical temperature gradient may have differed significantly 

from the adiabatic lapse rate associated with neutral stability. 

5 

4. Numerical Evaluation. Two empirical constants, X: and C. , 

appear in Eq. (3). Through,out the present study, the numerical values 

given to these constants are 

.. 
){ = 0. 40 

c = 5.1 

A great variety of other values, especially for >< , can be found in the 

experimental literature. However, in all cases where Eq. (3) is expli

citly taken as a definition, K is found to lie between 0. 39 and 0. 41. 

Values outside this range are usually the result of operations or assump

tions which change the sense of the definition. In any event, it is clear 

in Fig. l that the data outside the sublayer are well represented by 

Eq. (3) when K and C are given the values already mentioned. 

Within the sublayer, on the other hand, large fluctuations in velocity 

and cramped quarters for experimentation usually combine to make 

measurements of mean velocity somewhat uncertain. The available 

data in Fig. l therefore should not be said to establish conclusively 

the uniqueness of the law of the wall in the sublayer, although these 

data have been used elsewhere 
12 

in forming a tentative estimate of 

the function -( ( "1f...U.r /v)and related functions. 

.. 
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B. Test of the Wall L aw. 

l. Momentum Balance . Except for a few applications of the 

floating-element technique in flows at constant pressure, values of 

surface shearing stress in turbulent boundary l.e.yers have usually 

been obtained indirectly from the observed pressure gradient and 

rate of momentum loss , using the momentum- integral equation of 

/ / 13 
von Karman . For two-dimensional incompressible steady mean 

flow in a boundary layer, this equation is 

= 
f 

* 

d .2 
...U. I () 

cl.x 
+ 

* 

The form of the last terrp in Eq. (4) anticipates the nature 

of the experiments to be cited presently. For an incom-

pressible flow with streamwise pressure gradient, but with-

out body forces, there is a~ energy integral p+f...u.,-'/2.= constant, 

or in differential form ,PM, cLu.,/d.x =-- d.p/dx.For incompressible 

flow under gravity force at constant pressure, with 1 the 

acceleration of gravity and ~ ~ 0( the component in the 

direction of flow, the corresponding expressions are 

where 'w (x) is the wall shearing stress, .A.-1. 1 (x) is the velocity of the 

free strea m outside the boundary layer, and s*"(x) and e (x) are the 

displacement and momentum thicknesses, defined respectively by 

0 

(4) 

(5) 
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and 

s 

e = /;,(1-~,)dlf (6) 

0 

Experience with Eq. (4) in flows with positive pressure gradient 

has usually been that the values obtained for Tw appear to increase 

rapidly when separation is imminent, contrary to the behavior which 

might be intuitively expected. In fact, the experiments of Ludwieg 

and Tillmann 4 were ~riginally designed not to study the law of the wall, 

but rather to investigate the validity of the momentum-integral equation ~ 

(4) by providfng an independent estimate for T w • 

It is therefore instructive to compare values of shear obtained by 

two of the methods already described. In order to avoid differentiation 

of measured quantities, Eq. (4) may be integrated with respect to x 

between two stations x 0 and X Replacing T w by. ? ..u.;. , the 

result of the integration can be expressed by the two equations 

X 

p (x) = + ~~ f d(~o:y (7) 

Xo 

and 

p (x) (8) 

where -'-<o= ..u, (xo) and eo= e (xo) 

The dimensionless function p ( x) may be evaluated experimentally 

c* from Eq. {7) if o , 8 , and ..u. 1 are known as functions of X • Quite 

independently, the same function p (x) may be evaluated from Eq. (8) 
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if the friction velocity Lt.1 is obtained by fitting the velocity profile ,u.. ( lf) 
to the hypothetical law of the wall. 

2. Presentation of Data. The discussio:p. will be limited to data 

obtained at reasonably large Reynolds numbers in experiments at 

reasonably large scale.* The experimental point of departure is flow 

* This survey of experimental data includes certain material 

which has not previously been reported in detail in the litera

ture. For their courtesy in proving this material I am indebted 

to F. Claus~r of the Johns Hopkins University, Baltimore; 

Smith J. D,eFrance of the N.A.C.A. Ames Aeronautical Labora 

tory, Moffett Field; W. Tillmann of the Max-Planck- Institut 

fur Stromungsforschung, Gottingen; K. Wieghardt of the 

Institut fur Schiffbau, Hamburg; and A. Kuethe of the University 

of Michigan, Ann Arbor.. I am also indebted to F. Goddard of 

the Jet Propulsion Laboratory, Pasadena, for making available 

the services of the JPL computing section. 

at constant pressure, for which some mean-velocity ~p.easurements of 

Wieghardt14 for a free-stream velocity of 33 meters per second are 

shown in Fig. 2. He .re and in the fifteen following figures, the mean

velocity profiles shown are typical of the measurements, although some 

of the profile data have occasionally been omitted for reasons of economy 

in the graphical presentation. 

All of the profiles, whether shown in the figures or not, have first 

been individually fitted to the logarithmic region of the law of the wall, 

i.e. to the formula -«/»-r = 5 . 75 ~10 lj..u..1 /v + 5 . 10 , and 
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the resulting values of .u.., /..urhave then been smoothed where neces

sary. In the fitting operation it has generally been assumed that the 

measurements for values of ?f-U-r j-v less than about 200 may be unre

liable as a result of large fluctuations in velocity, waH interference, 

poor probe sensitivity at small mean velocities, probe position err?r, 

or uncertainty in the static pressure. For consistency, therefore, 

jf 
the contribution to s and e of the sublayer and of the logarithmic 

region have been computed for the function f of Fig. l and Ref. 12 

rather than for the actual measurements. 

E ach of Figs. 2 - 17 includes a sketch showing both the geometry 

of the experiment and the .physical extent S (x) of the shear flow. 

Finally, each of Figs. 2 - 17 includes a comparison of the two functions 

p (x) of Eqs .. (7) and (8), represented by open points and by a solid 

line respectively. ·Agreement in the slope of the two functions indicates 

that the flow in question is consistent with the logarithmic law of the 

wall displayed in Fig. l. 

3. Unseparated Flows. Wieghardt' s measurements of boundary-

layer growth for a uniform external stream have already been presented 

in Fig. 2. Wieghardt
15 

also investigated the effect of increasing the 

tunnel turbulence level by means of a coarse screen, obtaining the meaJ;I.-

velocity profiles shown in Fig. 3. Using the same channel and instru

mentation, Ludwieg and Tillmann 4 observed a turbulent boundary-layer 

flow in a negative pressure gradient, with the result shown in Fig. 4. 

These particular profile measurements, and those of Figs. U and 12 

below, are the ones originally cited by Ludwieg and Tillmann in their 

4 cogent paper on the law of the wall. 
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Some measurements of flow near the lower boundary of a stream 

accelerating under the force of gravity at essentially constant pressure 

16 
have been reported by Bauer The fluid is water traversing the 

face of a model spillway; data for flow over a smooth plane surface at 

an angle of 20°, 40°, and 60° with the horizontal are reproduced in • 
. 

Figs. 5, 6 , and 7. In each case the body force per unit volume f> 'j _..4...Vyt ex 

is independent of both X and lf , and so plays the same role as a 

constant pressure force per unit volume df/cl..x. Except where the 

nominal bounda.ry-laye r thickness exceeds half of the total water 

depth, values of wall shearing stress obtained from the law of the wall 

(3) 'are in excellent agreement with values obtained from the momentum-

integral equation (4). 

4. Flows :Approaching Separation. Extensive measurements in a 

flow approaching separation have been made by Schubauer and Klebano££17 

• 
on a lar.ge airfoil at the National Bureau of Standards. Typical mean-

velocity profiles are shown in Fig. 8. Upstream of the 7 - foot station, 

the surface shearing stress and the free-stream dynamic pressure both 

increase in the direction of flow. Between X = 7 feet and X = 18 feet 

the shear and the pressure are nearly constant. The region of rising 

pressure begins at X = 18 feet , and separation occurs at about 

X =25.7feet . 

A similar study of a boundary-layer near separation is available 

in some work of Newman 
18 

for which the mean-velocity data are pre-

sented in Fig. 9. Because Newman measured the static pressure vari-

ation within the boundary layer, and also made a plausible correction 

to his observed mean-velocity profiles for instrumental errors caused 
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by turbulence, these data are among the most accurate and detailed 

which are availaple. Newman, like Schubauer and Klebanoff, also 

measured turbulence intensities and turbulent shearing stress within 

the shear flow. 

Boundary-layer flow in diffusers of constant width and rectangular 

section has been studied by Kehl19, by Ludwieg and Tillman
4

, and by 

Clauser
5

, with the results shown in Figs. 10 through 14. In none of 

these five expe!'iments did separation actually occur, and in the last 

two it was deliberately prevented. 

5. Flows Following Reattachment. Turbulent boundary-layer flow 

following reattachment downstream of a separation bubble has been inves-

tigated by McCullough and Gault
20 

Data for the upper surface of an 

NACA 64A006 airfoil section at an angle of attack of 5° are reproduced 

in Fig. 15. 

Reattachment of separated flow downstream of a tripping device 

or spoiler, in flow with nominally constant pressure, is illustrated in 

Figs. 16 and 17 for some measurements of Klebanoff and Dieh19 and 

of Tillmann
21

. In the experiment of Klebanoff and Diehl transition 

occurred at the spoiler, which was a 1 /4-inch diameter rod at the 

4-foot station of the plate. In the experiment of Tillmann the boundary 

layer was turbulent well upstream of the spoiler, which was a rectangular 

ledge l. 2 em. square at the 2. 02-meter station. In both cases it may 

be noted that the flow far downstream has apparently not recovered from 

the effects of the enforced separation, as the mean-velocity profiles do 

not resemble the profiles for flow at constant pressure shown in Fig. 2. 
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6. Evaluation. Manifestly, the data cited in the previous section do 

not provide a test of the hypothetical law of the wall alone, but a joint 

test of the law of the wall together with the turbulent boundary-layer 

approximation and the assumption of two-dimensional mean flow. 

These data confirm that the momentum-integral equation (4) cannot 

be relied upon to give accurate values of surface shearing stress in the 

.. 
neighborhood of separation, as the left side of Eq. (4) is then a small 

difference between two large quantities on the right . Consequently, large 

errors in Tw may be encountered either as a result of inconspicuous 

departures from two-dimensional mean flow or as a result of the omission 

from the boundary-layer approximation of certain terms involving the 

Reynolds normal stresses and the pressure variation normal to the walt. 

Both Ludwieg and Tillmann 4 , using a surface heat-transfer technique, 

and Schubauer and Klebano££17 , using extrapolated values of the measured 

turbulent shear, have found experimentally that the surface shearing 

stress not only decreases monotonically to zero on approaching a point 

of separation, but is given accurately in one case, and at least within a 

constant factor in the other, by the values deduced from the law of the 

wall . In ·any event, whether the hypothesis of a universal similarity 

l aw is correct for the flows in question or not, it is almost certain from 

the evidence for example of Figs. 8, ll, and 12 that the momentum-

integral equation in the form (4) is seriously in error. 

Except for the work of Ludwieg and Tillmann, perhaps the most con-

vincing evidence for a universal law of the wall is simply that a distinct 

logarithmic region occurs in each of several hundred mean-velocity pro-

files examined here, with very few exceptions; a definite estimate for 

the wall shearing stress is readily obtained; and this estimate is entirely 

plausible. 
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At the same time, it is known 
12 

that a necessary and sufficient condi

tion for a universal law of the wall, given the boundary conditions of vanish

ing velocity and Newtonian friction at the surface, is that the ratio ...I.A../..u.-,

is constant on streamlines of the mean flow. The edge of the sub layer, 

"for example, is a mean streamline. This relatively elegant result must 

surely carry some rneasure of conviction in any search for a fundamental 

order and unity in the description of turbulent shear flows. 

In view of these remc:rks,· the hypothesis of a universal law of the 

wall will be accepted for the purposes of the present paper. In fact, it 

will eventually be suggested that the similarity laws of this and the next 

section may be concepts sufficiently powerful to allow a quantitative 

treatment not only of flows approaching or recovering from separation, 

but of yawed flows and flows which are actually separated from the 

adjacent wall. 
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II. THE LAW OF THE WAKE 

A. The Momentum Defect Law. 

l. Historical Development. The description so far given of the· 

mean-velocity profile in a turbulent shear flow can be summarized by 

the formula 

(9) 

where the function £ is arbitrary except that it is assumed to be negli

gibly small in some finite region near the wall, say for 7-j /8 less than 

about 0. l. By hypothesis, f ( y.-«r/v) is a universal function for steady 

two-dimensional incompressible mean flow near a smooth impermeable 

plane wall. i£ the .friction ,is Newtonian at the surface, then { ( 1-f..u..,..jv)- lf-'<r/v 

in the limit y-o. Outside the sublaye;, on the other hand, -=/ . is given 

by Eq. (3), 

= _I_ k y.u.-,-
X v + c. 

where K = 0. 40 and c : 5. 1 . 

For uniform pipe and channel flow and for the boundary layer on a 

flat plate in a uniform stream, Eq. (9) is found experimentally to have the 

special form 

= (10) 

where 1f is a parameter. which is independent of X and }!- . That the 
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boundary-layer flow in particular has this property is demonstrated by 

Wieghardt' s measurements in Fig. 2. 

Profile similarity in terms of the argument 1J/ 8 is usually expressed 

by a relationship known as the velocity-defect law, or more properly the 

momentum-defect law. Outside the sublayer, it follows from the 

logarithmic variation of { that 

::: F(rr, r) 
where .-4. =-.-U-1 at y = S and, from Eq. (10), 

F ( Tr, ~) 

A special form of the relationship (ll) was proposed by Darcy 

nearly a hundred years ago, and again by Stanton in 1911, to describe 

(11) 

the mean-velocity profile in turbulent pipe flow. The defect law in the 

general form (ll) was formulated independently in 1932 by von Karman
3

, 

who derived an approximate friction law involving two empirical constants 

for the turbulent boundary layer with constant pres sut"e. According to 

experimental evidence from many sources, the defect function F ( 7f, ~ ) 

in a given flow is insensitive to roughness at the wall provided that the 

origin for the normal coordinate 7f is properly chosen. On the other 

hand, it appears from a c.omparison of Figs. 2 and 3 that there is a 

small dependence of the defect law on the turbulence level in the external 

stream. 

The awkward problem of defining a boundary-layer thickness 8 is 
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usually avoided by observing that b lS proportional* to b~l ~;. for 

*The notation S't,/..u, =-Ll has been used by F. C lauser
5

. 

any flow with a defect law. For if the displacement thickness 8* is com-

puted from Eq. (5) for the profile (ll), neglecting the departure of the 

flow in the sublayer from the logarithmic law, ·there is obtained 

I . 

fr(rr,l)d ·c (rr) 
0 

The particular combination S~,/S...u1will occupy an important place in 

the present study. Moreover, the present implicit notation for the 

parameter TT will be replaced in the next section by an explicit formula 

7T = K C(7T) = I 

2. The Equilibrium Boundary Layer. A brilliant new concept in the 

experimental definition of turbulent shear flows was recently introduced 

by F. Clauser
5

, who generalized the idea of a defect law by constructing 

two boundary-layer flows with positive pressure gradient such that Eqs. (10) 

and (ll) remained valid. The flows in question have already been described 

in Figs. l3 and 14. Clauser used the term "equilibrium flow'' to denote 

a member of the one-parameter class of flows for which, in the notation . 

of Eqs. (10) and (ll), the parameter 1f is constant. 

Examination of Figs. 5, 6, and 7 suggests that the three spillway 

flows studied by Bauer may be equilibrium flows in the sense of C lauser's 

definition. ·So, at least approximately, is the flow with falling pressure 

studied by Ludwieg and Tillmann and reported in Fig. 4. 
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A comparison of the velocity defect function F for three equili-

brium flows can be found in Fig. 18 of Clauser's paper, and is repeated 

here as Fig. 18. This figure, unfortunately, sheds little light on the 

way in which the argument ?j-/8 and th~ parameter 7f are involved in 

the function F (TT, ~) of Eq. (ll), and therefore does not immediately 

suggest any useful generalization of the defect law to non-equilibrium 

flows. 

3. The Logarithmic Region. At this point an important further 

consequence of the defect law in equilibrium flow should be mentioned. 

In the first instance, the mixing analogy of Prandtl and von Karman 

implies a logarithmic variation of the function f{lfl·Ar/v)in flows for which 

I does not depend on lf . However, if the law of the wall is univer

sally valid, then the velocity distribution .-u. ('3-) can be expressed inde

pendently of the shear distribution T { !J) , and the arguments of the 

mixing analogy in favor of a logarithmic mean-velocity distribution 

are seriously crippled. 

It is therefore instructive to consider another argument, first 

proposed by Millikan 
22 

and based on the wall and defect laws, which 

also leads to a logarithmic function f in Eq. (2). From the law of 

the wall, .-u.jM-,- =. t ( lJM1/ v) , it follows that 

= 

From the defect law, (A..(.
1
-...u.)/.uT= F(TT,lj/S), the corresponding expres-

sion is 
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= F I ( ~) 

where the constant parameter Tf has been suppressed for an equilibrium 

flow. Now suppose that there is a finite region in which the wall and de-

feet laws are simultaneously valid. In this region, the last two equations 

.require 

{'( Lj~T) = ~ p'(t)= I 
= 

K(x,l.j-) 

say. <?bviously, K. (x, !j.) is Jixed when either of the two variables y..-u.T /v 
or l.J/ (5 is specified. But these variables are formally independent of 

each other, since their ratio S..u.r/v may be chosen arbitrarily. It 

follows that )'( must be a constant. Furthermore, on integrating the 

expression for o..u.../dlJ in the region in question, it is found that 

= _I .b.. 
K 

+ CONSTANT 

in agreement with Eq. (3). 

The question naturally arises as to whether or not the inverse of 

Millikan's problem can be solved. That is, given a universal law of 

the wall which is ·logarithmic outside the sublayer, what further assump-

tions about the motion are necessary in order to establish a defect law? 

The real purpose of the present paper up to this point has been to prepare 

the way for the formulation of this question. The purpose of the remaining 

sections is to present and to exploit one possible answer . 

.. 
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B. The Wake Hypothesis. 

l. The Wake Function. It should first be noted that the defect 

law (ll) has at least a lin1ited physical interpretation, in that the loss 

of momentum is expressed independently of the viscosity . This pro-

perty, being consistent with the idea of a turbulent rather than a 

viscous transport process , can reasonably be assumed as in Millikan's 

argurr.ent to apply everywhere outside the sublayer. Furthermore, 

the observed sensitivity of the momentum defect to external turbulence 

level and the observed insensitivity to wall roughness are not surprising. 

O n the other hand, the various mean-velocity profiles so far 

studied are quite systematic in coordinates ( .,u_j..u. 7 , "Lf ..u..-,- / v ) which 

involve the viscosity of the fluid. In fact, once the universal law of the 

wall is accepted~ it"is difficult to escape the conviction that an arbi-

trarily chosen profile is completely determined.when the free-stream 

point ( .li.. 1 /AA-r, SAAr/ v ) is specified. To illustrate this remark, Fig. 19 

shows several mean - velocity profiles selected from various boundary

* layer flows described earlier . These profiles have essentially the 

* Reading from left to right, the profiles are taken from Fig. 16 

(K1ebanof£ and Diehl, ·Ref. 9, Sta. 4. 25), Fig. 14 (Clauser, 
~ 

Ref. 5, Series 2, Sta. 108), Fig .. 9 (Newman, Ref. 18, Sta. D 

and C), Fig. 14 (Clauser, Ref. 5, Series 2, Sta. 230), and 

Fig. 12 (Ludwieg and Tillmann,Ref. 4, Channel VIb, Sta. 3. 73 

and 3. 53). 

same defect law, which is to say the same value of the parameter 7T 

according to Eq. (10). in spite of wide variations in environment. 



Taking these properties together, it is something of an anti-

climax to discover that the puzzle of the defect law is apparently a 

si·mple one. The key lies not in a study of the defect function r 

2.0 

of Eq. (ll), but in a study of tpe original function<J-(7T, ~) of Eq. (10), 

which gives the departure of the mean- velocity profile from the 

logarithmic law of the wall. For the three equilibrium flows of 

Fig. 18, this departure is shown in Fig. 2.0, using a linear scale 

for lf/8 There is a striking resemblance between the three curves, 

including a characteristic anti-symmetry about a midpoint. But this 

resemblance is obviously not confined to equilibrium flows if, as 

has just been suggested in Fig. 19, an arbitrary profile in non-equi

librium flow coincides in the coordinate system ( M/..u.r, "'(! ..u.T / v ) 

with a profile from some member of the one-parameter family of 

equilibriuzn flows. 

In view of these remarks, and especially in view of Fig. 20, 

the mean-velocity profile may tentatively be written in the form 

= (12) 

where Tf (x) is a profile parameter, as before, but the function w ( 1-/8) 
is now supposedly common to all two - dimensional incompressible 

* turbulent boundary-layer flows . 

*The combination Tr(x)w(I.J/S) in Eq. (12) should be compared 

with the function <j(TT,~j/S) in Eq. (10). If Tr does not depend 

on X , then both 'j and TrW are functions of"// 8 only. This 

is the property assigned to equilibrium flows by Clauser. The 

present formulation of the mean-velocity profile is however more 
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general than Eq. (10), in the sense that the law of the wake, 

although a restricted form of Eq. (10) which. is itself a special 

form of Eq. (9), is here assumed to apply for non-equilibrium 

flows. 

The introduction of a second universal function in the mean-velo-

city profile will be referred to as the wake hypothesiS', for reasons 

which will become apparent, and the function W ( lj-/6) 

in Eq. (12) will be referred to as the law of the wake. 

2. Normalizing Conditions. In order to test the hypothesis of 

a universal wake function in Eq. (12), it is necessary first to define 

the thickness S and to specify some normalizing factor for w . To 

this end, the displacement thickness 8 * may be computed from the 

definition, Eq. (5 ), for the particular profile given by Eq. (l2). 

Neglecting the departure of the flow in the sublayer from the log<l:rith-

mic wall law, there is obtained 

s* 

where w1 is tentatively defined as the maximum value of W It is 

therefore convenient to take as a first normalizing condition 

lw~ dw 
s = I (13) 

0 

A second normalizing condition is suggested by the nearly anti-symmetric 

form of the curves in Fig. 20. The maximum val~e of w will occur very 

nearly at ~/&=I provided that 
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w (I) = w, = 2 (14) 

Now w(y/S) is by hypothesis a universal function, so that the boundary-

layer thickness 8 * is uniquely defined in terms of b by the integral 

condition (l3) and the maximum condition (14). That is, the two rela-

tionships 

+ c + 

and 

+T/ 

2Tr 
'K 

(15) 

(16) 

together with the id6fltity 

c rx~J 
are sufficient to determine all five of the dimensionless parameters 

.u,j-u.,, S*/ S, S.u..,jv, s*v...,jv, and 71 (or 8"1,/Sil-r} when any 

. * two are gtven . For example, if the two known qua~tities are ..u...1 /...uT 

*Given the two supposedly universal functions I ( ZJM,jv) and 

w(v-/S) in Eq. (12), it is clear that the dimensionless mean

velocity profile including the sublayer flow is completely 

det~rmined by any two of these five parameters. A great 

variety of two-parameter functional relationships, e. g. 
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).)../.v., = f(y/6, S~,/v, TT) is the"re-

fore implied by, and can be explicitly obtained from, the 

original Eq. (12) for the mean-velocity profile in a turbu-

lent boundary layer. 

and 8 ~ 1 /v, as is supposedly the case for the data cited earlier in 

this study, then Eq s. (15) and (16) lead to a simple transcendental 

equation for Tl ; 

27T-k(t+7T) - KC +h I 

X 

3. Profile at Separation. Eq. (12) as originally written is not 

in a convenient form for use near a point of separation or reattach-

ment. However, on multiplying by .v.,j..u, and using Eq. (16) to 

eliminate 7r , there is obtained 

= 
I 
K 

If ..u..T is put equal to zero in this expression, the result is evidently 

= 
s* 
s w(~) 

I 
2 

w( f) 

which does not invo1ve either J) or K . It follows , again since 

w(lf/S) is by hypothesis a universal function, that. the flow a:t a point 

of separation or reattachment is a pure wake flow, with .-U.. 1 as 

characteristic velocity and 8 as characteristic length. Moreover, 

(17) 
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certain numerical values can be assigned in advance to the ratios 

sjs 'ejs' and sje. 
The definition of S adopted here takes account of the nearly 

antisymmetric variation of w by requiring sjs = ~ at separation. 

A corollary result, anticipating numerical values of the next section, 

is 8/S == o_.12. approximately. On the other hand, the prediction 

sje = 4.2 approximately at separation or reattachfrlent is a result 

which is relatively free of preconceptions about the form of the 

function w . It should be noted that this prediction, although not 

incompatible with the experience of von Doenhoff and Tetervin
23 

and others, is based on examj.nation of the mean-velocity profile in 

flows which need not be close to separation. It may also be noted 

that the present formulation also requires the profile parameter of 

Gruschwitz
24

, 1. = 1- ~-/YeJ/.u2($), to have a fixed value at separation. 

4. Test of the Hypothesis. For obvious reasons, the existence 

and form of the hypothetical wake function w(lf/&)are most readily 

investigated in flows with a large wake component. Fig. 20 shows, 

with the normalizing conditions (13) and (14), the wake function w 

for several mean-velocity profiles taken from the present survey. 

At least for unseparated flows the wake hypothesis appears to be a 

useful concept, and a tentative determination of the wake function 

w ("V-/ S) is therefore tabulated in Table I and plotted in Figs. 19 and 

20. 

A few exceptions to the law of the wake can be found among the 

numerous profiles presented earlier. For example, it does not 

appear to be possible to find parameters A.-(7", S , and TT in the 
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general formula (12) such that the most westerly profile in Fig. 19 can 

be represented within the apparent exper~mental ac_curacy. Howeyer, 

this profile was obtained about two boundary-layer thicknesses down

stream of reattachment, and there is some uncertainty about the static 

pressure within the shear flow. Occasionally, for example in fitting 

the data of Schubauer and Klebanoff,as shown in Fig . 21, slight revisions 

have been made in the original values of .u,j..u. 7 , 8 , and 7r obtained 

from consideration of the law of the wall alone. 

It appears that the two-component profile ·equation (12) allows a 

quite satisfactory fit for the data of Newman, as shown in Fig. 22; of Kehl; 

of Clauser; of Ludwieg and Tillmann; of McCullough and Gault at 5° angle 

of attack, as shown in Fig. 23; and of Tillmann for reattaching flow, as 

shown in Fig. 24. 

Finally, it may be remarked that Wieghardt ' s experiments in Fig. 3 

show a definite change in shape as well as in amplitude for the wake com

ponent in flow at constant pressure when the free-stream turbulence level 

is increased. The term "universal function" applied to the l a w of the 

wake therefore implies that the external turbulence level is low, much as 

the same term applied to the law of the wall implies negligible surface 

roughness. 
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III. APPLICATIONS 

A. The Equations of Mean Motion . 

1. The Turbulent Shearing-Stress Profile. To the extent that 

the similarity laws of the two preceding sections are not founded on 

* unambiguous physical principles , these laws are not theoretical laws 

* A tentative and incomplete physical equivalent for the law 

of the wall is discussed in Ref. 12. 

in the usual sense. That is, they cannot at present be generalized with 

confidence to conditions outside the range of observation. At the same 

time, these similarity laws go well beyond the usual limits of dimen-

sional analysis. In particular, they can be combined with the equations 

of motion to take advantage of the fact that a complete analytical desc rip-

tion of the mean-velocity field implies complete analytical knowledge 

both of the streamline pattern and of the shear field, at least within 

the usual boundary-layer approximation. 

For example, the continuity equation 

v = (18) 

0 

may first be satisfied by introducing a stream function tf(X, y) such that 

...U.. = of/o~j and V=- otj;/ox; tf is then constant on streamlines of 

the mean flow. But Eq. (12), neglecting the departure of the profile in 

the sublayer from the logarithmic law of the wall, requires 

(19) 

0 
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A formula for the normal component of velocity may be obtained 

from V=- ot(/ox., using Eq. (19) for cf {x., y.), or directly from the con

tinuity equation (18), using Eq. {12) for .u..(x, lf)· In either case it is 

found that 

v 
..u._ =- (20) 

This expression is an exact consequence of Eq. {12), in the sub layer 
... 

as elsewhere. Its application in the calculation of the shear profile is 

most easily shown by putting - ov/o!.j for OM/ax in the boundary-layer 

momentum equation 

{21) 

to obtain 

{22) 

0 

2. Flow at Constant Pressure. For flow at constant pressure, i.e. 

for 7r and ..u. 1 constant, the expressions {18) and {22) may be evaluated 

explicitly for the profile given by Eq. (12). The result can be written 

. * 1n the form 

*The quantity in brackets in Eq. (24) is subject to the usual 

approximation in the sublayer, whereby for example j { dz 

is written / ;z -jzd( and d/ is replaced by d.z./K z as 
• 

if the function t were logarithmic everywhere. 



and 

v 
;(,..{_ 

~ d..(.,(.-r [I + ;,I (t:J, - I)] 
..li.T cJ. X """"-

28 

(23) 

(24) 

where u
1 

and Wz_ are auxiliary functions which depend on an argument 

? = "'j / S and a parameter Tr , 

(25) 

w{?) 

TT
217' ( w- w') d w' (ZO) 

7 0 

and w ( ~) is the wake function. The quantities GJ, (rr, 7) and (.,.)2.. ( TT, 7) 

are tabulated together with w in Table I. 

Finally, the derivative d...u.,..jdx in Eq. (24) may be disposed 

of by putting }/ = S . * to obta1n 

(27) 

* This expression, like Eq. (37) of Ref. lO, is a special form 

of the momentum-integral equation (4), and may be used to 

define a length Reynolds number. The present definition of the 
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thickness 5 , however, requires the numerical constants 

<(J(t) = 7.90, c, = 4. 05, and C z. = 2 9 . 0 of Ref. 10 to be 

7f = 0.55, by C+2.7T/>< = 7.85, replaced, anticipating the value 

n,;K = 3.88, and 2flz/Kz.= 26.4. 

withS2,(7T)=6J,(Tr,t) = I+TT and Ilz.(IT) == w 2 (7T,I) = /+! .60071+0.76/TTZ; 

8 Klebano££ has recently measured the turbulent shearing-stress 

distribution in a boundary layer with constant pressure such that 

= 9, 700 

8 * = 0. 400 inches 

The experimental mean-velocity profile for this flow has already been 

shown in Fig. l. However, in order to make the present calculation 

independent of Klebanoff' s measurements, it is convenient to estimate 

the parameter Tr from the data of Wieghardt in Fig. 2. Using either 

Eq. (12) and the observed maximum excursion from the logarithmic law, 

or Eq. (17) ~ * ; · and the experimental values for .-U- 1 /...u, and S,u_, J), 

it is found that Tr is very nearly 0. 55 for flow at constant pressure. 

Then from Eqs. (15) and (16), with S ~,jv = 9, 700 and Tr = 0:55, 

8.-uT I v = 2, 500 

C' *! C' 0 0 = 0.142 

Furthermore, with 5* = 0. 400 inches 

= 2. 83 inches 
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The profile .-u/..u.r computed as a function of y..ur/v = (l.j/8) .S.u,jv 
from Eq. (12) is plotted in Fig. l. The excellent agreement with 

Klebanoff' s measurements is to be expected, in view of the efforts 
* 

made at the National Bureau of Standards 9 to insure that the flow in 

question would be typical of the fully-developed boundary layer. 

The profile '/ / cg. = (I /T w )( 2 ..u.,''/ .M. /?") = - 2 --u..' v '/ ...u.;
computed from Eqs. (24) and (27) is plotted against 1-J/8 in Fig. 25, 

together with measured data using the revised value for 8 of 

2. 83 inches. The agreement here between measured and computed 

shear supports a finding of Liepmann and Laufer25 , in that the pheno-

menon of intermittency apparently does not invalidate either the con-

ceptual or the experimental procedure for defining mean velocity and 

mean turbulent shear. 

Finally. to establish the extent of the region of intermittent 

turbulence in terms of the coordinate -y./8 occurring in the law of 

the wake, Fig. 25 also shows Klebanoff' s measurements of the inter-

mittency factor Y' , defined as the fraction of the time that the flow 

is turbulent. The mean position of the turbulent boundary, i.e. the 

point Y = l/2, is found to be at <;/S = 0. 825, with a standard devia

tion of 0.148 about the mean. 

3. Flow Approaching Separation. 
17 

Schubauer and Klebanoff and 

Newman18 have recently carried out hot-wire measurements of turbu-

lent shear in flows approaching separation. The representation of the 

mean-velocity field by the general profile equation (12) has already 

been illustrated in Figs. 21 and 22 for the flows in question. The- corres-

ponding shear profiles, computed from Eqs. (20) and (22). are shown 

in the same figures together with the profiles determined experime~tally. 

The values of M.. 
1 v' reported by Schubauer and Klebanoff have been 
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reduced by 31 percent in view of the excessively large values obtained 

for 1 w when 1 ( !f) is extrapolated to 71 = 0 . It is likely that the 

hot-wire data are i'h fact too high, most probably as a result of over-

compensation. 

Unfortunately, these shear calculations can be attempted only 

for regions in which the mean- velocity field is in reasonable agreement 

with the momentum-integral condition expressed by Eq. (4). Elsewhere , 
in the .flow it is found to be possible to satisfy only one of the two boundary 

: z 
conditions (l) T = 0 at l.J = S or (2) T == p..u., at lj = 0 , .A.-(.1 being .de-

rived from a fit to the law of the wall. The alternative calcula,tions are 

shown in Figs. 21 and 22 by the dashed lines. Because Eq. (22) is pre-

cisely equivalent to Eq. (4), the values obtained for Tw on requiring 

T = o · at !.j- = S are the same as the values implied by the slope of the 

function p (x) defined by Eq. {7) and plotted in Figs. 8 and 9 for . the 

dat~ of Schubauer and Klebanoff and of Newman respectively. The 

discrepancies encountered in T w · are probably too large to be caused 

entirely by neglect in Eq. {22) of the R eynolds normal stresses and the 

pres sure variation o p/o l.j-• although this question is still open. 

Another explanation for the failure of the two-dimensional momentum-

integral equation (4) has been suggested on experimental grounds by 

Tillmann
26

, Clciuser5 , and others. The displacement of fluid is assumed 

to be described by the streamline slope v / A..l. , obtained by integrating 

the continuity equation o_.u_jo >< + o v jo 1J = 0 . This displacement will 

be affected by lateral convergence or divergence of the general flow if 

a w/oz =/: 0 . There may be ~n additional lateral component of displace-

ment in strongly wake-like flows if the pressure gradient is not in the 
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* same direction as the external flow . At the same time it does not 

* See Section III, Part B-2, on yawed and separated flows. 

follow that an accurate estimate of the wall shearing stress is not pro-

vided by the two-dimensional law of the wall. Moreover, difficulties 

with lateral flow would not necessarily be revealed by a study of the 

..mean-velocity profile .c<(~j-) measured at various lateral stations. 

If T w is known but the values taken for v /..u. are even slightly 

in error, the right-hand side of Eq. (22) will not vanish at the outer 

edge of the boundary layer. Conversely, large errors in Tw may be 

encountered on requiring T = 0 at lj = 8 

Figs. 21 and 22 the quantities 

I -

and 

At one station in each of 

are plotted separately in order to illustrate the extreme sensitivity of 

their sum T /rw to small variations in v /.A-<. or in d.u.,jcix. As a tenta-

tive correction for three-dimensional flow, finally, the streamline 

slopes v /.u.. have been multiplied by suitable constant factors close to 

unity in order to satisfy both boundary conditions on T The corrected 

shear profiles are shown by the solid lines in Figs. 21 and 22. 
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B. Other Applications. 

l. Physical Interpretation. In this paper the term "wake flow'' 

has consistently been used to denote the function w(~j/8) in Eq. (12). 

The reason for this choice of terminology can be found in some measure-

25 
ments by Liepmann and Laufer in a plane half-wake or half-jet; that 

is, in the wedge-shaped region of turbulent mixing between a uniform 

flow and a fluid at rest. 

The dimensionless mean-velocity profiles for the fully-developed 

half-wake were originally reported by Liepmann and Laufer to satisfy 

a similarity law corresponding to a linear growth of the shear flow. 

These same profiles, after a further translation and change of scale for 

. * the coord1nates , are compared in Fig. 20 with the wake function w 

* The present variable;>= ~j-/8 is related to the original variable 

o-1/x in Fig. 13 of Ref. 25 by the expression ~ = 0.505 +0.33( o-71-/x. 

When 7 = 0 , a-LJ/x = -l. 52; when 7 = 1, a-y./.x. = 1. 50. Then· 

o-8/x =3.02anditfollowsif o- =12that S/x =0.252radians 

or 14.4 degrees. 

for flow in a boundary layer. The residual velocity near }f/8 =0 in the 

figure is the normal component of velocity associated with fluid entrain

ment, and agrees in magnitude with the value v /..u.., = 0. 03 implied at 

= 0 by the equations of mean motion for the half -wake. 

Although the motion represented by the upper curve in Fig. 21 

is bounded on the low-velocity side by fluid at rest, rather than by a 
~ . 

solid wall, there can be little doubt that the similarity between the 

various experimental curves in the figure is more than accidental, and 

that substantially the same physical phenomenon is involved. This obser-
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vation suggests a useful interpretation of flow in a boundary layer, an 

interpretation illustrated in Fig. 26 for a flow which is proceeding 

from separation to separation through a region of attached flow. The 

dashed lines in the figure show the wake-like structure represented 

by the function w ( v-/S). The associated velocity defect .-~.-<.,-.-u. is given 

by Tr..u.r (2- w) />< , and the intercept at lf = 0 of the equivalent wake 

profile differs from the velocity in the free stream by an amount 

2 Tr A...<-,-/>-<."' The latter quantity is therefore a better measure of the 

strength of the wake component than rr itself. 

When the flow is bounded by a wall, it is ultimately necessary 

to satisfy the boundary conditions of vanishing velocity and Newtonian 

friction at the surface. These conditions impose a further constraint 

on the flow whose effect is to modify the mean-velocity distribution, as 

shown by the solid lines in Fig. 26. Near the wall,where the wake mean 

velocity is nearly constant, the constraint manifests itself in damping 

of the fluctuations and in the similarity relationship known as the law 
• 

of the wall. It is important to note, however, that the wall constraint 

penetrates the entire boundary layer, inasmuch as a logarithmic incre-

ment in the mean-velocity profile may always be identified when .JJ-7 

is different from zero. 

It is admittedly an oversimplification, although perhaps a useful 

one, to suppose that the wake component ought to be viewed as a large-

s cale mixing process constrained primarily by inertia, with 8 as 

characteristic scale, while the wall component is viewed as a small

scale mixing process constrained primarily by viscosity, with v /...u-,-
• 

a s c haracteristic scale. If the streamwise mean-velocity distribution 

in a turbulent boundary layer can in fact be expressed as a linear combi-
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nation of wall and wake components, as in Eq. (12), then so can the 

displacement thickness s* , the normal mean-velocity component 

v , and the mean stream function t{ , all of which are obtained 

from .u.{x,l.f) by linear operations. Not so, however, for the flow 

inclination v/-u., the momentum thickness e , or the shearing 

stress T , and most emphatically not so for the turbulent fluctu-

ations except insofar as the .wake and ~all components might be 

expected to contribute more strongly to the small and large wave-

number regions of the spectrum respectively. On the other hand, 

a foundation has been laid in the present paper for the comparison, 

at corresponding points in various free and bound shear layers, of 

measurements of intermittency factor as well as of s pectra and 

intensity of various fluctuating quantities. 

Finally, in the event that the parameter 7T is constant in a 

turbulent boundary layer, a certain balance is implied between the 

constraints imposed by inertia and by viscosity and between the two 

mixing processes. This balance is quite precisely measured in Eq. 

(16) by the magnitude of the parameter 1T or alternatively of the 

combination S ~' / 8-'-< 7 . From the point of view adopted in these 

paragraphs, therefore, Clauser's choice of the term "equilibrium 

flow" to describe the situation when 7T is constant may well be 

regarded as inspired. 

27 It should be noted that Lees and Crocco have recently attempted 

a qualitative analysis of turbulent shear flows in which they visualize 

a continuous spectrum of mixing processes having both wake-like and 

boundary-layer-like properties. The concept of two flow components, 

one depending on friction and the other on the cumulative effect of pres-
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sure gradient, has also been independently advanced by Ross and 

Robertson28 and by Rotta29, both ~f whom used a term linear in "}!

to represent what is called here the wake function w(y/o). These 

authors did not give any interpretation for either of the mean-velocity 

functions and were therefore able to recommend their formulation of 

the problem only·as a useful engineering approach, although Rotta 

obtained relationships which anticipate the present work. As a matter 

of historical interest, it should also be noted that a much earlier 

attempt by Millikan
22 

to examine the function denoted by.it(x,y)in 

Eq. (9) was unsuccessful because the experimental data studied were 

not sufficiently precise. These efforts have certainly contributed, 

if not to the specific concept called the law of the wake, at least to the 

atmosphere in which this concept was evolved. 

2. Yawed and Separated Flows. The present formulation of the 

mean-velocity profile in Eq. (12) automatically distinguishes between 

wake-like flows, for which Tr is positive, and jet-like flows, for , 

which 1T is negative. The turbulent boundary layer can ordinarily 

be expected to have a wake-like profile, as illustrated in Fig. 26. 

However, examples of jet-like flows may be found in some measure

ments by Keht19 in a doubly-converging channel, and possibly i~ 

some data obtained by Korkegi30 in an adiabatic compressible boun-

dary layer at constant pressure at a Mach number of 5. 8. These 

examples lie outside the scope of the present discussion, which is not 

concerned specifically with three-dimensional or compressible flows. 

It may be noted, however, that if the mean velocity A.A. within the .. 
boundary layer is not to exceed the free-stream velocity .AJ. 1 , in a 
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fluid of constant density, then o-U../olf from Eq. (l2) must be positive. 

This is to say that - T/5 d.w/ch; , where 7 = y./6, should be less 

than unity. Table I then leads to the estimate Tr '? - 0. 52 approxi-
.. 

mately. On the other hand, if the density is not constant, the 

question of interpretation of the parameter Tr _must obviously yield 

to the prior question of the effect of density changes on the equation (12) 

describing the mean-velocity profile. 

For a given fluid, Eq. (12) and Table I of the present paper and 

Table I of Ref. 12 allow the velocity field, including the flow in the 

sublayer, to be constructed whenever three of the four parameters 

.A.A.. 
1 

, ..u. 1 , S , and TT are given. The fourth of these quantities 

is determined by Eq. (15), 

= + J..<C + ZTT 

Once a sign convention is adopted for _,(_{I , a corresponding con-

struction can obviously be carried out for flows which are actually 

separated from the adjacent surface, as has in fact been done at one 

station in Fig. 23. Even this generalization may be unnecessarily 

restrictive, if it is eventually found that yawed or three-dimensional 

flows can be usefully represented by taking the wall and wake compo-

nents of the profile as vector rather than sea lar functions of position. 

Explicitly, suppose that Eq. (12) is rewritten in the form 

= + (28 ) 

where 
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= (29) 

and 

= w(r) (30) 

In these expressions /('f!j'-r/j)) and w{~.j-/2>) are identified with 

the scalar functions previously described for two-dimensional flow, 

and f-T is defined as the magnitude of a friction-velocity vector f,. 
-+ 

taken parallel to the surface shearing stress ?'"w , 

(31) 

Furthermore, both -,._ and 7r are assumed to depend on two space 

coordinates, say X and L Then the parameter 7f(x, z), if f1 
~ 

and !j-w are not parallel vecto.rs, should presumably be interpreted 

as a tensor; i.e. as a linec1r operator having the properties of a 

square matrix. It also follows that the generalized vector friction 

law is 

:::: 2 7/f, (32) 
K 

This notation is highly tentative, and may have to be revised after 

more data on yawed flows become available. In particular, the defi -

nition (31) for ~~ is not perfectly consistent with the streamline hy 

pothesis of Ref. 12 if .::r; is an arbitrary continuous function of two 
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coordinates on the surface. However, the notation does allow the 

interpretation already proposed, that the flow near the surface where 

the wake component is smaq should have the same direction and sense 

as the surface shearing stress. Thus the concept of a constraint pro-
.. 

vided by friction is a vector concept. 

.Given a mean-velocity profile in yawed flow, the vector nature of 

the wall and wake components can be tested in five steps. First, the 

direction of the mean flow near the surface, which is also by assumption 

the direction of the shearing-stress vector ~ and of the ~all compo-

nent 
~ [j.f , is noted. Second, the component of mean velocity in 

this direction is plotted in coordinates ( f· ~ / r-:: , y ~r /I) ) appro

priate to the law of the wall; a fit to the function -/ then yields a 

value for {j 1 . Third, the thickness S is estimated from this 

same plot, for example as twice the value of 1f for which the profile 

reaches half of its maximum excursion from the law of the wall. 

Fourth, the "wall" vector ~ 
1 
= ~ { ( 8 fjr/v) is computed and sub--tracted from the free-stream vector ~~ to obtain the "wake" vector 

f":, = 2 TT (r / >< • Finally, the profile is resolved in oblique coordi

nates determined by the direction of the wall and wake vectors. 

Remarkably few studies of yawed or separated turbulent flows 

have been reported in the experimental literature, in spite of the 

practical importance of such flows. An examination of the data of 

Gruschwitz
31 

in a curved channel suggests that serious errors were 

introduced in the mean-velocity measurements near the surface by 

the use of a periscope probe. In particular, the profiles in the straight 

portion of the channel differ from the concensus of data obtained by 
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other investigators under similar conditions. Fortunately the hot-wire 

32 measurement'S of Kuethe, McKee, and Curry on a swept airfoil, 

although carried out at relatively small Reynolds number, in:volve 

large angles of yaw within the boundary layer and therefore provide 

a useful test for the concept of vector similarity. In treating these 

data, incidentally, it has been assumed that the indication in some of 

the profiles of a sudden change in flow direction within the sublayer 

is fictitious. 

The airfoil of Kuethe et al. was of elliptical plan form, of 18-inch 

chord and 96. 5-inch span, with the major axis swept back at an angle 

of 25 degrees. Four profiles obtained near the trailing edge of the 

airfoil at an angle of attack of 14 degrees are plotted in Fig. 27 in 

terms of spanwise and ch.ordwise components of mean velocity; in 

terms of streamwise and crossflow components; and finally in terms of 

wall and wake components. 

The data in F ig. 27 can be fairly well represented by the character-

istic wall and wake functions defined previously for unyawed flows, and 

it is difficult to say whether or not there is any systematic discrepancy. 

A more stimulating result, which may be coincidental or may illustrate 

an important intrinsic property of strongly wake-like yawed flows, is 

that the direction of the wake component is found in each case to be 

nearly the same as the direction of the gradient of the pressure field 

over the airfoil surface. That is, the final resolution is for practical 

purposes along the directions defined by the two vectors r: and - F r, 
so that ~f X TTT; vanishes everywhere. The inference that 

the constraint provided by inertia is also a vector constraint is 
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.. 

potentially useful in investigating the nature of the tensor parameter Tr 

when more suitable data become available from experiments carried 

out at larger Reynolds numbers in flow on a larger scale. 



TABLE I 

THE WAKE FUNCTION w ( ~) AND RELATED FUNCTIONS 

Jw 
w 

cu,(rr, ?) Wz ( Tf, 7) 
~ w (r;) ~~dw 

d? 
0 .., 

0 0 0 l+O.OOOTI l + 0 . 0 0 0 II + 0 . 0 0 0 II
2 

. 05 .004 0 l+0.002II 
• 1 + o. 021 n + o. ooo II

2 
. 10 .029 .80 . 002 l + 0. 022 II 

.15 .084 1. 38 . 009 l + 0. 062 II 

.20 .168 1. 88 .024 l+0.119II l + 0.154 II+ 0. 008 n 2 

. 25 . 272 2.29 .047 l+0.190II 

.30 .396 2.64 .082 1 + 0. 272 II 1 + o. 360 n + o. 044 rr
2 

.35 .535 2.88 . 127 1 + o. 363 n 

.40 .685 3.03 .183 l + 0. 458 II 1 + o. 614 n + o. 121 n
2 

.45 .838 3. 10 .248 l + 0. 552 II . 
l + 0.880 II+ 0.257 rr

2 
.50 .994 3. 14 .322 l + 0. 645 II 

.55 1. 152 3. 13 .405 l+0.737II 

.60 1. 307 3.06 .495 1 + o. 824 n l + 1. 143 II + 0. 426 II
2 

.65 1.458 2.93 .589 l + 0. 906 II 

.70 1.600 2.71 .685 l+0.978TI l + l. 3 8 0 II + 0 . 61 0 II
2 

.75 1.729 2.39 .778 l + 1. 037 II 

.80 1.840 1. 97 .863 l + 1. 079 II 1 + l.561II + o. 765 n
2 

.85 1. 926 1.40 .935 1 + 1. 1oe n 

.90 1. 980 .73 .981 l + 1. 090 II 
2 

l + 1..640 II+ 0.823 II 

.95 1.999 . 999 l + 1.051 II 

1.000 2.000 1.000 1 + 1. ooo n 1 + L6oo II+ o. 761 n
2 
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F ig. 26. Hypothetical. Boundary L a yer Showing the Equivale nt Wake 



Fig. 27. Vector Resolution of the Yawed Flow of Kuethe, McKee, and Curry
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