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A Unified Model for 
Current-Programmed Converters 

F. Dong Tan, Member, IEEE, and R. D. Middlebrook, Life Fellow, IEEE 

Abstruct- A unified model is established for a current- 
programmed converter, which is both a modification and an 
extension of familiar models. Inclusion of the sampling effect 
allows the presence of an additional pole up in the current-loop 
gain to be derived. The resulting final double-slope asymptote is 
fixed in position, and the crossover frequency cannot exceed half 
the switching frequency. A stability parameter, Q 3 ,  determines 
the additional pole and describes the degree of peaking in the 
closed-loop transfer function. Experimental verification employs 
an analog signal injection technique. 

I. INTRODUCTION 
URRENT programming has become the regulating C scheme of choice in dc-to-dc converters owing to its 

advantages over duty-ratio programming such as better line- 
noise rejection, automatic overload protection, easy paralleling 
of multiple converters, and especially design flexibility in 
improving small-signal dynamics. 

Since its initial conception [ 11, 121, a large number of small- 
signal models have been proposed, for example, 131-1121. A 
brief nonexhaustive review of some of the previous efforts is 
presented in the following to show the evolution of models. 

A low-frequency circuit-oriented approach was proposed 
in 1.51. A modulator model (also referred to as “duty-ratio 
control law” by other authors) is derived by perturbation of 
an expression for the average inductor current in steady state. 
Then, the modulator model is interfaced with the state-space 
averaged model for the power stage to obtain a complete 
model for the entire converter system. Current-loop gains are 
identified and then absorbed. This approach has gained wide 
acceptance owing to its simplicity and the insight gained into 
the properties of current programming. 

One of the major insights gained in 1.51 is that the crossover 
frequency of the current loop can in general be considered 
wideband, implying possible degradation of performance of 
a low-frequency model. To cope with potential deficiencies, 
a separate earlier work [4] needed to be used. This model is 
capable of predicting the well-known subharmonic oscillation 
which occurs, for example, when the duty ratio is greater than 
0.5 and no compensating ramp is used. A general expression 
for the sampled-data version of the current-loop gain is de- 
rived, from which it is seen that the crossover frequency of 
the current loop is limited to approximately one third of the 
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switching frequency. It will be shown later analytically as well 
as experimentally that this estimate is too conservative. 

Another earlier work [ 121 suggested that the modulator gain 
factor F, can approach infinity at the limit of stability. A 
few authors have contested this result on the ground that 
Shannon’s sampling theorem limits the crossover frequency 
to half the switching frequency. This apparent contradiction is 
resolved by the unified model. The unified model inherits the 
value of the gain factor but reveals further that the crossover 
frequency of the current-loop gain can not exceed half the 
switching frequency, not by limiting the value of the modulator 
gain factor, but by the presence of an additional pole due to 
sampling. 

The modulator model in [ 5 ]  was derived by perturbation of 
an expression for inductor average current in steady state. This 
procedure was disputed in [6], where it is argued that the small- 
signal modulator model needs to be derived by perturbing 
an expression for inductor average current in perturbed state. 
Experimental measurements, however, did not support its 
prediction for the case where no compensating ramp is used. 
An explanation to this discrepancy is found in 171, which 
provides a geometric interpretation of the unified modulator 
gain to be proposed in this paper. 

A continuous-time model was proposed in 181, where a mod- 
ified Pad6 approximation of the complex exponential, accurate 
up to half the switching frequency, is used to approximate 
the sampled-data version of the current-loop gain derived 
in [4], allowing interpretation of sampled-data results in the 
continuous-time domain. Consequently, the mechanism behind 
the peaking, occurring at half the switching frequency in 
various closed-loop transfer functions, is seen to be due to the 
presence of a double right-half-plane zero at half the switching 
frequency. The expression for the current-loop gain crossover 
frequency, however, is found to be the same as in 141, which 
lacks experimental support and is inconsistent with the pro- 
posed corresponding closed-loop control-to-inductor-current 
transfer function. This inconsistency lies in the fact that diffi- 
culties were met in many attempts to derive the peaking at half 
the switching frequency, using the expression for the crossover 
frequency given in 141, [8]. Possible peaking at half the switch- 
ing frequency in closed-loop transfer functions was confirmed 
in 141, [8], [9] as well as by the present authors in [21]. 

A model for switches in a current-programmed converter 
was proposed in [lo], which enjoys easy implementation in 
computer simulation applications. The current-loop gain is not 
identified. A Q-factor is found lo determine the degree of 
peaking in closed-loop transfer functions. 
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In the following sections, a unified model for current- 
programmed converters is developed, which represents a low- 
frequency modification and a high-frequency extension over 
previous models. A low-frequency modification leads to a 
unified modulator model, which results in improved predic- 
tions for several essential quantities of current-loop gain. An 
extension to include sampling effect allows the presence of 
an additional pole wp in the current loop to be derived. Two 
parameters are found to be central quantities of interest. Pa- 
rameter D&, the minimum value of D‘ to maintain stability 
of the current loop, shows explicitly the stabilizing effect of the 
compensating ramp. A “stability parameter” Qs, related to the 
converter duty ratio and the compensating ramp, emerges as a 
central quantity of interest. Experimental verification employs 
an analog signal injection technique. 

Notation conventions adopted here are as follows. Capital 
letters are used to indicate quantities associated with steady- 
state, hatted letters are quantities associated with small-signal 
perturbations, and small letters represent quantities associated 
with perturbed state, i.e., quantities which are the sum of 
capital and hatted letters. 

11. A UNIFIED MODULATOR MODEL 

A brief introduction to the basics of current programming is 
first presented. Key steps of modeling a current-programmed 
converter are outlined. Then, a unified modulator model is 
derived. 

A. Basic Concept of Current Programming 

Figure ](a) shows an illustrative diagram for a conventional 
duty-ratio-programmed buck converter. Because of the nature 
of the comparator (duty-ratio modulator), the duty ratio is 
determined when a ramp reaches a certain peak value set by 
a control voltage TI<. .  In common implementations, the ramp 
starts and ends with zero values and with a constant rising 
slope. Since the ramp is independent of any power stage 
variables, the duty ratio can be considered to be uniquely 
determined by the value of the control voltage 71,. 

Figure l(b) is an illustrative diagram for a‘ current- 
programmed buck converter, where inductor current is sensed 
and compared to a control current i,. A clock signal initiates 
each switching cycle at a constant frequency. Duty ratio d is 
determined when inductor current il reaches a certain peak 
value set by i,. Thus, the duty ratio depends not only on the 
value of control current (which sets the peak value), but also 
on how long it takes the inductor current to reach the peak 
value. Also, this time duration is determined by the starting 
value and the up-slope of inductor current. 

Use of inductor current to determine duty ratio introduces 
feedback into the converter. Thus, small-signal dynamics is 
expected to change from a typical double pole high Q-factor 
low-pass filter to an effective single dominant pole [5]. 

A model for a current-programmed converter consists of 
two parts: 1) the model for the power stage, and 2 )  the model 
for the modulator, or interchangeably, the duty-ratio control 
law. Since the state-space averaged model [ 1 1 1  is frequently 
adopted as the model of choice for the power stage, the actual 

(b) 

Fig. 1 .  (a) A duty-ratio-programmed buck converter, and (b) a cur- 
rent-programmed buck converter where the ramp function is obtained by 
sensing the inductor current. 

task is reduced to the establishment of a modulator model in 
a form consistent with the power stage model. 

A modulator model is expected to be expressed in terms of 
the average inductor current i l ,  the average control current i,, 
and an effective voltage u U . f f ,  which determines the slopes 
of the inductor current (to be derived later). Therefore, a 
desired form of small-signal low-frequency model of a current- 
programmed converter can be drawn as shown in Fig. 2. 

This is essentially the same as in Figs. (1 I)-( 13) of [ 5 ] ,  
except that a general canonical model for the power stage has 
been incorporated. Values of the parameters of the canonical 
model are well known and can be found in [ 1 11. The modulator 
gain Fml and coefficients ak (replacing G6) and plc (replacing 
Hs)  reflect, respectively, the influence that the error current 
i, - il, line voltage 6,, and output voltage li may have on 
the duty ratio d. The indicated frequency dependence for F, 
is not due to the modulator; it will be shown later that its 
physical origin is the sampling effect. 

What remains to be done is to determine values of various 
gain factors in Fig. 2. 

Figure 3 shows the definition of u O f f  and io, as originally 
proposed in [14]. Voltage 71.fj is the sum of the voltages across 
the transistor ut and that across the diode vd. The subcircuit in 
Fig. 3 is actually the underlying topological structure called the 
PWM tree in all PWM converters [ 141, [15], which guarantees 
the desired PWM switching in a dc-to-dc converter. Use of 
‘ooff and ion has the potential of unifying expressions for 
variables in different PWM converters, which will be evident 
in the derivation for the modulator model. 

One of the useful results associated with u O f j  is the follow- 
ing identity established in [13], [14], Vof f / l on  = R / M ( D ) .  
This identity reveals that the dc operating parameter R, defined 
as the ratio of output dc voltage over the dc output current, 
can also be interpreted as a transfer resistance which has the 

* A  
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Fig. 2. The small-signal low-frequency model of a current-programmed 
converter consists of two parts: a model for the power converter, and a model 
for the duty-ratio modulator. It is shown later that the frequency response of 
the modulator gain Fn,(,5) is a simple pole at up = ( w S / 2 ) / Q s .  
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Fig. 3. 

through, the two switching devices. 

Definition of (a) u . f f ,  and (b) i o n  in  the PWM tree structure. Voltage 
is the sum of voltages across, and current io ,  is the sum of currents 

TABLE 1 
SIMPLIFIED EXPRESSIONS FOR QUANTITIES IN THE CANONICAL 

CIRCUIT MODEL FOR THREE BASIC CONVERTERS 

I- Buck 

Boost i Buck/Boost 

D l  v,,, 
D 1 Ion I 

value of V o f f / I o n  scaled by M ( D ) .  Table I presents modified 
expressions for the quantities in the canonical model [ 111. The 
unifying power of voff and io, is evident. 

Characterization of a converter is frequently pursued in 
terms of terminal quantities such as, for example, input voltage 
and output voltage. Under this circumstance, use of voff is not 
always convenient since voff is defined in terms of ut and V d ,  

which are not necessarily terminal quantities. To remedy this, 

I- Ts --I- Ts I 

Fig. 4. Geometries of inductor currents in steady (in thick lines) and 
perturbed (in thin lines) states. Essential information about the modulator 
model can be obtained from the geometries. 

a relation is derived which connects 6, f f  directly to input 
voltage 6,, and output voltage 8, 

6, f f = a8, + pc (1) 

where cy, ,6’ E (0, l} (details in [23]). 

B. A Unijied Modulator Model 

Figure 4 shows inductor current waveforms in steady state 
(in solid lines) as well as in perturbed state (in dashed lines), 
where -m, is the slope of the compensating ramp, ml is the 
up-slope and -m2 is the down-slope of the inductor current. 

The geometries of the waveforms provide fundamental 
information for derivation of a modulator model. From the 
geometry of the inductor current waveform in steady state (in 
solid lines) and with slopes ml, m2, and m, constant, one 
can write two equations: 

(2) 

Equation (2) is a set of simultaneous equations. They have 
to be met simultaneously. Many previous authors overlooked 
this point, which led to incomplete models. More importantly, 
conventional approaches can not be simply applied. Elimina- 
tion of variables is not useful, since all the variables need to 
be kept in order to obtain a complete characterization. Linear 
combination of two equations cannot be used either, since 
there are infinite possible combinations which yield the same 
average value of inductor current. This uncertainty is actually 
a manifestation of the fact that the average value of inductor 
current is determined by the instantaneous value of inductor 
current at the time instant t = DT,, when il reaches the peak 
value set by i,, not the other way around. In fact, (2) can 
also be considered as the instantaneous value of the perturbed 
averaged current at the time instant. 

To unify the two equations in (2) into a single expression, 
one can use the following general expressions, originated in 
[13], for ml and m2: 

i l  = a, - m, dT, - 1. ml dT, 
i l  = i, - m, dT, - T m2 d’T,. { 

(3) 
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Substitution of (3) into either expression in (2) leads to the 
same expression: 

of which satisfaction is equivalent to satisfaction of both 
equations in (2), simultaneously. 

Equation (4) is a unified large-signal expression which 
describes how a duty ratio d is determined. Small-signal 
information can be derived by its perturbation, which yields 

2L 
( D l  - D ) v o f f  1 . .  

a1 = a ,  - [M, + 

Then, the unified modulator model is obtained as 
1 

d =  
[W + (D' - D)Kf f /2L]T3 

where the expression Gaff = aG, + @.i, has been used, with 
rr = 1, 0, and 1 ,  and p = 0, 1, and 1 ,  respectively, for the 
buck, the boost, and the buck-boost converters. 

Hence, the following identifications can be made in Fig. 2: 

(7) 

(8) 

1 
[M,  + (D' - D)Voff/2LlT, 

Frn = 

D DIT, k = -  
2L ' 

The unified modulator model of (6) is a modification of that 
proposed in [5], and the modulator gain factor F, is equivalent 
to that of [12]. In terms of Fm and k ,  (6) becomes 

(9) 2 = F, [(i, - i i )  - IC(&, + PS)]  

A useful parameter can be identified by rewriting (7) as 

It reveals that F, approaches infinity for D' = 
1/[2LMc/D'V0ff + 21, which is the minimum value 
for D' to maintain a finite positive value for F,. Thus, it is 
useful to identify this particular value as 

It is obvious that Ad,, normalized with respect to a certain 
value, extends stability for DLlin < 0.5, or D,, = 1 - 
D& > 0.5, i.e., DL,, exhibits the stabilizing effect of M, 
explicitly (more on this issue later). 

Moreover, the unified modulator model indicates that a 
necessary condition for the current loop to be stable is that 
F,, remains positively finite, which in turn ensures that the 
current feedback remains negative and finite. The condition 
for F,,, to be positively finite is simply 

0 dB I - 
= 

Fig. 5. Current-loop gains for three basic converters. The extrapolated 
crossover frequency dC approaches infinity if D' -+ DL,,, the stability 
limit. Expressions for T,(O) reveal that the mechanism for instability for the 
buck is different from those for the boost and the huckhoost converters. 

which is exactly the conventional condition for stability of the 
current loop detailed in [5]. 

In terms of DLin, a low-entropy expression [22] for F, is 
obtained as 

Several physical interpretations are immediately available 
from low-entropy expressions for F, and k in (9). The first 
factor in the right of (1 3) is a measure for the value of slopes 
since (3) shows that both M I  and A 4 2  are proportional to the 
ratio V o f f / L .  The second factor represents the effect that the 
compensating ramp Mc has on the gain factor. The value of 
k in (8) reflects the effect that perturbations of slopes All 
and M2 have on duty ratio. The larger the inductance L is, 
the smaller the effect is, since both slopes are in reciprocal 
proportion to inductance. The product DD' reveals that at both 
extremes of the duty ratio, the effect due to slope perturbations 
is vanishingly small. 

Also, a geometric interpretation of the proposed unified 
modulator model (an original version appeared in [21]) is 
found in [7 ] .  The derivation in [7] was based on the averaged 
current in perturbed state, which is similar to [6], but with 
unequal values of the current at the start and the end of each 
switching cycle. 

111. CURRENT-LOOP GAIN 
This section derives expressions for current-loop gain for 

three basic converters and discusses their salient features. 

A. Current-Loop Gain 
Current-loop gain is derived by following the steps in [5].  

The results, shown in Fig 5,  are qualitatively the same as those 
in [5] .  The most salient feature is that the final asymptote is 
the same for all three converters, crossing zero dB at w,. This 
property reflects the fact that at high-frequencies, converter 
dynamics is determined by switches and inductances only. The 
expression for w, is of the form 

w, 
r (D' /DLin  - 1) 

w, = 
D' > DLir, 
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which is in terms of the operating point parameter D’ relative 
to its minimum value DLin for stability, and w, approaches 
infinity when D’ approaches Dkin, i.e., in the stability limit. 

Extension of T,(s) to include the sampling effect shows 
that w, is not necessarily the current loop crossover frequency 
because of the presence of an additional pole in T,(s). For 
this reason, wc will from now on be called the extrapolated 
crossover frequency of current-loop gain. 

It is interesting to note that expressions for T,(O) can be 
shown to be identical to those presented in [ 5 ] ,  where a 
different value for the modulator gain F, was used. This 
surprising result seems to suggest that the dc value of a 
current-loop gain is independent of the value of the modulator 
gain. Indeed, it can be shown that this is generally true [23]. 
Expressions for current-loop gains reveal that there are two 
different mechanisms for a current loop to become unstable. 
For a buck converter, the double pole is fixed in position. 
The extrapolated crossover frequency w, approaches infinity 
when Tc(0) becomes unlimited. Note that in reality, T,(O) 
will be limited by parasitic resistance that inevitably exists 
in a converter. For a boost or a buckhoost, the double pole 
changes in position with different values of the compensating 
ramp and the duty ratio. T,(O) is always finite. In these two 
cases, w, goes to infinity together with the double pole in the 
stability limit. 

The values w, and Tc(0) can be effectively controlled by 
introducing different values for the compensating ramp, if duty 
ratio and inductance are kept the same. The larger the ramp 
slope is, the lower the values of w, and dc gain are. A rule 
of thumb may be set as that for M, = Mz.  w, x w s / 3 .  In 
an actual design, it may be necessary to use a value of M ,  
larger than M2 to accommodate possible degradation caused 
by possible parasitic reactances associated with current sensing 
circuitry. 

IV. SAMPLING EFFECT 

The term “sampling” is used here to refer to the fact that 
duty ratio is determined only once in a switching cycle. 
Two independent approaches yield the same result: Only 
one additional pole wp needs to be added to a current-loop 
gain derived from the low-frequency model to represent the 
sampling effect. 

A. Additional Pole wp: First Approach 

The first approach is to find a rational function approxima- 
tion of the sampled representation of the closed-loop transfer 
function &/lc of the current-programmed power stage, from 
which the presence of one additional pole in T,(s) is inferred. 

From the geometry of the currents in Fig. 4, one can write 
two discrete-time equations: 

Two results can be obtained from this set of equations: one is 
the duty-ratio modulator gain F,, and the other is a discrete- 
time transfer function Azl/Azc. 

Information about the duty ratio can be obtained by solving 
for At,+l in (15). Subtraction of the first expression from the 
second and then rearranging yields 

With the restriction of low-frequency perturbation, one has 
Ail,n+l rz Ail,n, which in turn gives 

c 1  
1,” - 21 

which shows the same coefficient as in (6) and verifies the 
expression for the modulator gain F,. The low-frequency 
restriction is justified for the derivation of F,, since it is 
shown in [18] that no frequency dependency is associated 
with F,. 

In addition, the discrete transfer function from control Ai, 
to inductor current Ail is derived by introduction of the z- 
transform into the two equations in (15), which leads to 

where a = (A41 + Mz)/ (M1 + M,) = 2DLi,/0’. 
To derive a continuous expression for the current transfer 

function, two more relationships are needed: 1) the connection 
between the z domain and the sampled-Laplace domain; and 
2) the connection between the sampled- and the continuous- 
Laplace domains. 

The first is the identity z = e s T a .  The second is provided 
by the concept of “equivalent hold” proposed in [ 161, which 
states: In the small-signal limit, the continuous quantity i l  is 
related to its sampled counterpart by the transfer function of 
a zeroth-order-hold circuit. 

Applying this property, one obtains 

where the asterisk represents a sampled quantity and 

The approximation is made possible by the fact that the 
control current can be taken to be a pure sinusoid, and hence 
contributions of sidebands are negligible if a narrow-band 
analyzer is used for measurement. 

To simplify further the current transfer function, one can 
invoke the following modified Pad6 approximation for the 
complex exponential, originated implicitly in [ 81 : 
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which enjoys good accuracy up to half the switching fre- 
quency. Substitution of (21) into (19) yields 

Low- frequency model 

1 
2 (22) 

&(s) - 

Q s )  
- 

where QR = 2/ [7r (2/a - l)], or 

(23) 
2 

Q s  = .(D’/D;;, - 1). 

It is seen that the current transfer function is a standard low- 
pass quadratic with its corner located at half the switching 
frequency, and whose Q-factor Qs can be effectively con- 
trolled by the compensating ramp A4, through the parameter 

Moreover, the expression for Qs reveals explicitly that oscil- 
lation is possible if QS goes to infinity, that is, if the inequality 
D‘ > DLin is violated, which is exactly the conventional 
criterion for stability of the current loop [3], [5 ] .  Since this 
potential oscillation will be at half the switching frequency, it 
is commonly referred to as subharmonic oscillation. 

The denominator of (22) is typical of the closed-loop 
response of a system having a two-pole loop gain in the neigh- 
borhood of the crossover frequency. If in this neighborhood 
the loop gain is Tf(s), then TL(s) can be inferred from 

DLin. 

1 

which leads to 

where 

;clA/+y-T 
Introducing a sampler 

1 Analog injection I 

I I Equivalent continuous form 

( e )  

Fig. 6. krivation of the additional pole. (a) A low-frequency current-loop 
gain. (b) A practical sampler is introduced to account for the sampljng effect. 
( c )  A digital injection measures a sampled current-loop gain T,‘ zf/z:. (d) 
An analog injection measures a hybrid current-loop gain T,, = iy/;x and 
Tcs. (e) Absorbs the sampler to give an equivalent continuous form. 

It is seen that w, is identical to that shown i‘n Fig. 5 
which identifies the high-frequency asymptote of TC(s ) ,  
hence the sampling effect can be considered responsible for 
introducing an additional pole wp in T , ( s ) .  It Can therefore 
be concluded that the current-loop gains Tc of Fig. 5 may 
be augmented by the additional pole wp to account for the 
sampling effect. 

B. Additional Pole wp: Second Approach 

The second approach gives straightforward physical insight 
into the problem of how to include the sampling effect in 
current loop. It represents a further development of and a 
significant departure from its original form presented in [4]. 

Figure 6 shows a sequence of events for deriving a high- 
frequency correction factor for current-loop gain. Fig. 6(a) 
is a block-diagram representation of a current-programmed 
converter for the evaluation of current-loop gain. Current-loop 

gain T, is the one derived from a low-frequency model such 
as the unified low-frequency model. 

To represent the sampling mechanism, a practical sampler 
can be introduced immediately in front of the duty-ratio 
modulator as shown in Fig. 6(b). The term “practical” is used 
here to imply two things: 1 )  the sampling is done by a series 
of pulses, not impulses; 2) the sampling is quasiperiodic. 
The former will have profound impact on the evaluation 
of sampled-data current-loop gain. The latter has, as shown 
before in the previous section, negligible consequence. 



TAN AND MIDDLEBROOK: UNlFlED MODEL FOR CURRENT-PROGRAMMED CONVERTERS 

Because of the presence of the sampler, current-loop gain 
is not uniquely defined. 

Injection at point “b” in Fig. 6 identifies an current-loop 
gain corresponding to digital injection. 

Injection at point “a,” shown in Fig. 6(d), defines a current- 
loop gain which corresponds to analog signal injection. This is 
so because the difference of two continuous signals, (i, - &), 
is still a continuous signal. An important feature of analog 
injection at point “a” is that it is possible to absorb the 
sampler to yield an equivalent analog current-loop gain with 
the sampling effect accounted for. Indeed, if the big box in 
Fig. 6(d) is treated as a black box, the block diagram can be 
reduced to the one shown in Fig. 6(e) with continuous input 
and output. The resultant gain is a “new” current-loop gain 
T,,(s), where subscript ‘‘s” indicates the fact that the sampling 
effect has been accounted for. The next step is the evaluation 
of the new current-loop gain z.s(s). Fig. 6(d) shows an analog 
injection measurement, from which one can derive 

That is, T,, (s) is simply Tc( s), the current-loop gain obtained 
from the low-frequency model, multiplied by a correction 
factor 1/[1 + T,*(s) - Tc(s)] .  

It needs to be pointed out that one can find the original form 
of (28) in [4]. What is different here is that the evaluation 
of T,*(s) will have to depart from the original approach as 
elaborated below. 

In-depth discussion of sampled-data modeling in [4] col- 
lected three equivalent ways to evaluate T,*(s) for a given 
T , ( s ) .  Here, only one approach will be discussed for brevity. 
For a given Laplace spectrum, say Tc(s) ,  the corresponding 
sampled-data spectrum T,*(s) is given by 

which is one particular form of the well-known Shannon’s 
sampling theorem [ 191, showing explicitly the well-known 
phenomenon of frequency folding and aliasing. 

Unfortunately, this formula cannot be applied directly to 
the evaluation of the sampled current-loop gain. The reason is 
that in Shannon’s theorem, the sampling process is modeled 
by a series of impulses. For a physical switching converter, 
this constraint is too strong to be true. 

Two things need to be discussed. First, in a switching 
converter, duty-ratio- or current-programmed, a value of duty 
ratio is determined when the ramp reaches the peak value set 
by the control signal. The control is actually exercised in a 
brief, but finite moment, once in a switching cycle, since a 
small, but finite time duration is required for the modulator to 
respond. To accomplish it instantaneously, an ideal modulator, 
i.e., a modulator with instantaneous response time, is needed. 

Another aspect is that, in a measurement, duty ratio per- 
turbation is still finite, even if a duty ratio is assumed to be 
determined instantaneously. This is so because in a measure- 
ment at least a perturbation of a few percent has to be provided 
in order to maintain a certain signal-to-noise ratio at the input 
port of the analyzer. 

~ 
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Evaluation of the sampled current-loop gain is pursued by 
working with geometries of current waveforms to derive dis- 
crete expressions. From the geometries of current waveforms 
in Fig. 4, (16) is obtained. Introducing z-transform into it leads 
to 

(30) 

which, upon substitution of z = esTs and use of the concept 
of equivalent hold, yields the following expression for the 
sampled current-loop gain, 

2 ( z )  = -; (1 + .-1)F,$(.) 

Substitution of the modified Pad6 approximation and simpli- 
fication leads to 

Refer to Fig. 6(c). The sampled current-loop gain can be 
written as 

(33) 

Since T,* differs from T, only at the high frequencies, the 
high-frequency asymptote is sufficient for the expression for 
T,, i.e, 

(34) 

Therefore, the current-loop gain with the sampling effect 
accounted for is found to be given by 

1 + 
11 + (-&)a - 11 

(35) 

where wp = ( W , / ~ ) ~ / W ,  = 7rwS(DLi,/D - 1)/4, which is 
identical to the value derived in (26). Hence, it is established 
again that accounting for the sampling effect introduces an 
additional pole wp into the current-loop gain. 

C. “Stability Parameter” Qs and High-Frequency Dynamics 

Having identified the additional pole, its influences on the 
high-frequency dynamics of the current-loop gain can be 
characterized. 

The most striking feature of the high-frequency dynamics 
is that the high-frequency magnitude asymptote is fixed both 
in its slope and in its position. The asymptote is a straight 
line with a -40 dB/dec slope and crosses over 0 dB at half 
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OdB - 

-40dB/dec ’I 
Fig. 7. 
over at ds/2 on a double slope: closed-loop quadratic peaks up. 

Current-loop gain for “stability parameter” Q3 > 0.5. T, crosses 

Fig. 8. 
slope; closed-loop quadratic has real poles at U J ~  and U J ~ .  

Current-loop gain for Q, < 0.5. T, crosses over at w ‘ ~  on a single 

the switching frequency ws/2. Choice of different values of 
parameters will only move the low-frequency asymptotes up or 
down all together. The shape of them remain unchanged. Even 
though the extrapolated crossover frequency w, can approach 
infinity, the additional pole wp will provide sufficient attenu- 
ation at high frequencies which limits the actual crossover to 
half the switching frequency. 

High-frequency dynamics are directly determined by the 
value of Q s .  Two cases of interest, for two values of Qs, 
are shown in Figs. 7 and 8. In each, appropriate expressions 
for T,(O) and adjacent corner frequencies can be taken from 
Fig. 5 for the different converters. Increasing K / K ,  (larger 
inductance) increases only the low-frequency range of T,(  s). 

In Fig. 7 for Q.? > 0.5, T, crosses over at w,/2 on a double 
slope and the resulting closed-loop response, represented by 
Ti/(l + T:), has a corresponding peak at w,/2. 

In Fig. 8, for Q, < 0.5,T, crosses over at w, less than 
ws/2 on a single slope, and the additional pole wp is beyond 
crossover. The resulting closed-loop response has two real 
poles w, and wp. 

A wealth of useful design-oriented information is available 
from these low-entropy results. First, the final -40 dBIdec 
asymptote for T, is fixed in position, crossing 0 dB at w,/2. 

Whether current-loop gain T, crossover occurs at or below 
w s / 2  depends solely on Qs,  which is a function of the 
operating point D’ relative to DLin given by (23). In turn, 
DLin is determined by the slope of the compensating ramp 
M,, by (11). 

Thus, if all quantities are considered constant except M,, 
increasing M,  results in a smaller DLin and a smaller Qs, 
lowering w, and changing the configuration of T, from that of 
Fig. 7 toward that of Fig. 8. Alternatively, if all quantities are 
constant except the operating point parameter D’, increasing 
D’ (lower D )  also results in a smaller QS with the same 
consequences. 

Since Figs. 7 and 8 illustrate the familiar loop-gaidclosed- 
loop relationships for a single-loop system, in which increasing 
loop-gain slope at crossover (lower phase margin) leads to 
peaking in the closed-loop response, it emerges that Qs is the 
central quantity of interest in the current-loop gain and could 
be referred to as a “stability parameter,” since Qs approaches 
infinity in the stability limit of D’ declining to L&,. Further, 
a smaller Qs inexorably results in a lower T,(O). 

Finally, a unified model for current-programmed converters 
with the sampling effect accounted for is obtained by expres- 
sion of the modulator gain F,(s) in Fig. 2 as F,/( 1 + s/wp). 
Note that the frequency dependence of F,, is an “effective” 
representation of the sampling effect. A natural-sampled mod- 
ulator alone does not have any frequency dependence [ 181. 

v. MEASUREMENT OF CURRENT-LOOP GAIN 

As discussed before, if a sampler is introduced into a 
model, different injection points define different loop gains. A 
problem tightly coupled with this ambiguity is measurement 
of current-loop gain. The uncertainty about proper ways of 
measuring current-loop gain and lack of thorough understand- 
ing of the issue have hindered progress in understanding of 
current programming, which may have been one of reasons 
for an unusually large number of different models competing 
with each other and, in some cases, with conflicting results. 

A.  Digital Signal Injection Measurement 
Figure 9 illustrates one particular way of representing a 

digital injection measurement proposed in [17]. It injects a 
perturbation of duty ratio d: at the output terminal of the duty 
ratio modulator. To represent its discrete nature, a sampler, 
shown ahead of the modulator, is introduced. From the simple 
model in Fig. 9, one can write: 

4 = [&Gdi(s)]*F, = [ G ~ ~ ( S ) F , ] * &  (36) 

where Gdi ( s )  denotes the duty-ratio-to-inductor-current trans- 
fer function, and F, denotes the modulator gain which has 
been taken to be a real number, although the actual values 
of these quantities are of no concern for this discussion. The 
above equation gives 

2 - ? = [Gd2(s)F,]* = T,*(s). 
d: 

(37) 

Therefore, the digital injection technique actually obtains a 
sampled version of current-loop gain T,( s). 
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Fig. 9. 
the condition i,, = 0 and i c  = 0. The measured result T,* 
sampled version of the low-frequency current-loop gain T,. 

Measurement of current-loop gain using digital injectiol d:A under 
d t / d :  is a 

If the sampler is ideal, sampled current-loop gain can 
be easily evaluated. As shown before, the high-frequency 
asymptote of current-loop gain can be expressed as Tb(s) = 
w,/s, whose sampled version is given by, according to [4], 

Substitution of the modified Pad6 approximation and simpli- 
fication leads to 

Therefore, the overall sampled current-loop gain is obtained as 

which is exactly the form proposed in [8]. 
As pointed out in the discussion about sampling effect, in 

a switching converter, a sampler needs to be modeled as a 
practical sampler, i.e., a sampler which is quasiperiodic and 
has a finite sampling pulse width. This quasiperiodicity is 
characterized in [16], where it is shown that in the small-signal 
limit, the quasiperiodicity is inconsequential. 

The finite sampling pulse width does have a consequence. 
It can be shown [23] that the fundamental component of the 
sampled version of a spectrum is given by 

1 
G S ( j w )  z - G(jw) .  

7r 

Thus, the sampled spectrum will have a reduced amplitude. 
The attenuation is about one third, approximately -10 dB. 
This provides an explanation of the puzzling question: Why 
dc gains measured by digital injection are much lower than 
those obtained by analog injection measurement. 

Another disadvantage associated with digital injection is 
that, according to (40), the sampled current-loop gain will 
always be folded over along half the switching frequency, 
regardless of the details of the loop gain around half the 
switching frequency. Hence, information about loop gain there 
and above will be lost. 

Fig. 10. Measurement of a cuTent-loop gain by using analog injectiop iz 
under the condition 6, = 0 and z, = 0. The measured result T,, E zy / i r  is 
a hybrid version of T, and T:, Whether a sampler is ideal or practical does 
not have any impact on the accuracy of an analog injection measurement. 

B. Analog Signal Injection Measurement 

An alternative can be found if one property of switching 
converters is fully appreciated. It can be easily seen that in a 
2-switch converter, the transistor current is identical to the up- 
going portion of the inductor current (in the case of multiple 
inductors, it will be the sum of all the inductor current). 
Hence sensing an inductor current is equivalent to sensing 
a transistor current. As a consequence, the sensed current is 
nonpulsating, which in turn suggests that a conventional analog 
signal injection technique [20] can be used. 

Advantages of analog injection are almost exactly the dis- 
advantages associated with digital injection technique. Analog 
signal injection is easy to use, with no need for special 
hardware. Since it injects and measures analog signals, no 
complications associated with sampling exist. 

The only requirement is that the inductor current needs to 
be sensed, which is hardly a constraint at all for the following 
reason. For the purpose of measuring a current-loop gain, in- 
ductor current needs to be sensed. In practical implementations 
of designs, either transistor current or inductor current can be 
sensed (because of their equivalence), depending totally on 
practical considerations such as circuit reliability, cost, etc., as 
well as individual preferences. 

In summary, analog injection can be used to measure 
current-loop gain if inductor current is sensed. For cases where 
both techniques are applicable, analog injection is the preferred 
technique since it outperforms digital injection in all aspects. 

VI. EXPERIMENTAL VERIFICATIONS 

To verify theoretical predictions from the unified model and 
to check the proposed measurement technique, a prototype 
boost converter and a prototype buck converter have been 
constructed. Extensive measurements are performed. Analog 
signal injection is used to measure current-loop gain for the 
very first time. Good agreements between predictions and 
measurements are consistently seen for various different values 
of the duty ratio and the compensating ramp. 
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Fig. 1 1 .  Test buck converter. 

Measured data for the buck converter are presented here 
with smooth curves of prediction to show accuracy of the 
proposed unified model. 

A.  Measurements on a Buck Converter 

Figure 11 shows a test buck converter operating at 50 
kHz. The nonpulsating inductor current is sensed resistively. 
Two LM324s are used tp reduce noise in the sensed inductor 
current, and to allow convenient analog signal injection. 

Various values of compensating ramp slope M,  are used to 
establish corresponding values of Oil, and Qs.  All measure- 
ments are made at a converter operating point D = 0.45, D' = 
0.55. A high value for duty ratio is intentionally chosen for the 
buck converter to test the accuracy of prediction of the unified 
model, since predictions are expected to degrade drastically 
as current-loop approaches its limit for stability. This is so 
because of one unique feature of a buck converter, which 
is that the dc gain T,(O), unlike the cases for a boost or a 
buckhoost, is expected to become unbounded in the stability 
limit. Hence, test under this situation is more demanding than 
lower values of duty ratio for the unified model. 

Figure I2 shows the predicted smooth curves and measured 
results of current-loop gain for Dkin = 0.5 (M, = 0). Since 
the operating point is D' = 0.55, little larger than Dkin, Qs is 
very high: from (23) QS = 6.4 > 1, from (26) the additional 
pole is at f, = 3.9 kHz, and the unified model predicts that T, 
crosses over at f s / 2  = 25 kHz on a double slope. Agreement 
between prediction and measurement is good, and the presence 
of the additional pole wp can clearly be seen, especially from 
the phase measurement. 

Figure 13 shows the same comparison for Oi in  = 0.37 
(Mc  = M2/2). Since Qs = 1.2 > 1, f p  = 25/1.1 = 21 kHz 
and fc = 25 x 1.2 = 29 kHz. Good agreement between two 
smooth curves is again seen in the entire frequency range of 
interest. The existence of wp is also seen in the amplitude and 
phase measurements. 

Phasddag 
1 

Fnin=bHz FreqMz FnaxSRKHz 

Fig. 12. Measured results (data points) and prediction (in asymptotes) of 
current-loop gain for a buck converter with DL, ,  = 0.50. Good accuracy of 
the unified model predictions are clearly seen. 

Fig. 13. Measured results (data points) and predicted asymptotes of cur- 
rent-loop gain for a buck converter with DLin = 0.10. Good accuracy of the 
unified model predictions are clearly seen. 

Figure 14 shows again good agreement between the unified 
model prediction and the measured results of current-loop 
gain for Dkin = 0.3 ( M ,  = M2). Since Q S  = 0.64 is 
now less than onity, T, crosses over on a single slope near 
f, = 0.64 x 25 = 16 kHz, showing that improved stability 
is obtained by increasing the compensating ramp to give a 
lower Qs.  

Figure 15 shows one more time good agreement between 
the unified model prediction and the measured data for the 
case where Dkin = 0.2 (Mc  = 2M2). Since QS = 0.35, 
much less than unity, T, crosses over on a single slope 
near f ,  = 0.35 x 25 = 8.8 kHz. It is seen that the effect 
of the additional pole is negligible, since it is located at 
fp = 25/0.35 = 71 kHz, well above half the switching 
frequency. The current-loop for this case is much like a single 
pole system at high frequencies. Good agreement between two 
smooth curves is seen one more time. 

Reviewing above comparisons, one concludes that the pre- 
dictions for a buck converter by the unified model are verified. 
Note also that the double pole of the current-loop gain is shown 
to be fixed by the measured data for a buck converter. 
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Fig. 14. Measured results (data points) and predicted asymptotes of cur- 
rent-loop gain for a buck converter with 04, = 0.30. The additional pole 
+, lies above d 8 / 2 .  Good accuracy of the unified model predictions are 
clearly seen. 

Fig. 15. Measured results (data points) and predicted asymptotes of cur- 
rent-loop gain for a buck converter with DLi, = 0.20. The additional pole 
q, lies well above w 9 / 2 .  Good accuracy of the unified model predictions 
are clearly seen. 

Note that additional measured results on a boost prototype 

It is therefore concluded that the unified model is theoreti- 
[21], [23] also support the unified model consistently. 

cally sound and experimentally verified. 

VII. CONCLUSION 

A unified model for a current-programmed converter is 
established as in Fig. 2. Although the format is the same as 
in [ 5 ] ,  a modified modulator model leads to correspondingly 
modified expressions for F, and IC as given in (7) and (8), 
and also for the loop gain T,(s) shown in Fig. 5. 

It is well-known that use of a compensating ramp of slope 
M, extends upwards from 0.5 the limit of the duty ratio D 
for which stability is maintained. It is found convenient to 
introduce a new parameter Dkin, defined by M,  as in ( l l ) ,  
which represents the minimum value of the complementary 
duty ratio D‘ = 1 - D for which stability is maintained. 

The sampling effect is here accounted for by an extension of 
the previous model from which the presence of an additional 
pole wp in T,(s), given by (26), is inferred and incorporated 

in the modulator gain F,(s) in Fig. 2, since they appear in 
cascade. 

The presence of the additional pole wp causes the final 
high-frequency asymptote of T,(s) to be -40 dB/dec, as 
shown in Figs. 7 and 8. A salient feature is that this final 
asymptote is fixed in position, crossing zero dB at w,/2. 
The loop-gain crossover frequency cannot exceed half the 
switching frequency regardless of any component values or 
converter operating point. Whether crossover occurs at or 
below w s / 2  is determined by the value of the operating point 
D’ relative to DLin through another parameter Qs defined 
in (23). The “stability parameter” Qs emerges as the central 
quantity of interest in the current-loop gain Tc(s) ,  since its 
value determines not only the crossover frequency but also 
the degree of peaking, which occurs at w,/2, in the low-pass 
quadratic of (22) that is contained in all of the closed-loop 
transfer functions. 

It is revealed that inherent limitations exist for accuracy of 
a digital signal injection measurement [17]. The dc value of 
current-loop gain measured by digital injection is at least 10 
dB below what it should be because of the finite pulse width of 
the practical sampler. To avoid complications caused by finite 
pulse width of the practical sampler, analog injection [20] can 
be used. It is found that analog injection outperforms digital 
injection in all aspects for the cases where both of them are 
applicable. 

The unified model is verified by experimental measurements 
of current-loop gain on a buck and a boost converters. Agree- 
ments between predictions and measured data are consistently 
good. An analog signal injection technique is enabled by 
sensing the (nonpulsating) inductor current instead of the 
pulsating switch current, which does not change the nature 
of the current loop. 

Figure 12 shows T J s )  for Qs = 6.4, for a buck. Q s  

has a high value since D’ = 0.55 are little larger than 
DLin = 0.5; the presence of the additional pole wp at 3.9 
kHz, well below crossover, is clearly visible. The effect that 
the compensating ramp M,  has on the current loop is clearly 
seen to be the stabilizing effect in Figs. 12-15. Current loop 
loses its stability when the corresponding current-loop gain 
loses its phase margin, an identical mechanism to that of a 
classical second-order low-pass system. Subtle differences in 
the way that current-programmed converters go to instability 
are also verified. 
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