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Differential rotation of the unstable nonlinear r-modes
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At second order in perturbation theory, the r-modes of uniformly rotating stars include an axisymmetric
part that can be identified with differential rotation of the background star. If one does not include radiation
reaction, the differential rotation is constant in time and has been computed by Sá. It has a gauge dependence
associated with the family of time-independent perturbations that add differential rotation to the unperturbed
equilibrium star: For stars with a barotropic equation of state, one can add to the time-independent secondorder solution arbitrary differential rotation that is stratified on cylinders (that is a function of distance ϖ to
the axis of rotation). We show here that the gravitational radiation-reaction force that drives the r-mode
instability removes this gauge freedom; the exponentially growing differential rotation of the unstable
second-order r-mode is unique. We derive a general expression for this rotation law for Newtonian models
and evaluate it explicitly for slowly rotating models with polytropic equations of state.
DOI: 10.1103/PhysRevD.93.024023

I. INTRODUCTION
Unstable r-modes [1,2] may limit the angular velocity of
old neutron stars spun up by accretion and may contribute
to the spin down of nascent neutron stars (see Refs. [3–6]
for references and reviews). Spruit [7] argued that angular
momentum loss from the star would generate differential
rotation, because the loss rate depends on the mode shape
and varies over the star. Growing differential rotation winds
up and amplifies the star’s magnetic field, and Rezzolla and
collaborators [8–10] studied the possibility that the energy
lost to the magnetic field would damp out the r-mode
instability. (In Spruit’s scenario, a buoyancy instability of
the greatly enhanced magnetic field could power a γ-ray
burst.) To estimate the magnetic-field wind-up, Rezzolla
et al. used a drift velocity of a fluid element; this is second
order in perturbation theory, but because the second-order
velocity field had not been computed, they estimated it by
integrating the first-order velocity field. Subsequently,
Cuofano et al. [11,12] used this estimate of drift velocity
to study the evolution of the r-mode instability damped by
magnetic field wind-up.1
*
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Following Spruit’s work, Levin and Ushomirsky found
the differential rotation of the unstable r-mode in a toy
model of a spherical shell of fluid [14]. Sá [15] then
carried out the first computation of the differential
rotation associated with a stable r-mode of uniformly
rotating barotropic Newtonian stellar models and, with
collaborators, looked at implications of the calculation for
the unstable mode [16,17]. The differential rotation arises
at second order in perturbation theory as a time-independent, axisymmetric part of the solution to the perturbed Euler equations; for the r-mode whose linear part
is associated with the angular harmonic Y ll , Sá’s solution
has the form
δð2Þ Ω ¼ α2 ΩCΩ

 2  2l−4
z
ϖ
ð2Þ
þ α2 δN ΩðϖÞ:
R
R

ð1Þ

Here α measures the amplitude of the first-order perturbation, CΩ is dimensionless and of order unity, the z axis
is the axis of rotation, and ϖ is the distance from the
ð2Þ
axis. The function δN ΩðϖÞ is arbitrary. This ambiguity
in the rotation law is present for the following reason.
One can perturb a uniformly rotating barotropic star by
adding differential rotation, changing the angular velocity
from Ω to Ω þ δΩðϖÞ. If δΩðϖÞ is chosen to be
ð2Þ
quadratic in α, δΩðϖÞ ¼ α2 δN ΩðϖÞ, it and the corresponding time-independent perturbations of density, pressure,
and gravitational potential Φ constitute a solution to the
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time-independent second-order perturbation equations.
Cao et al. [18] use a particular choice of δð2Þ Ω to recompute
the magnetic damping.
In the present paper, we show that the second-order
radiation-reaction force removes the ambiguity in the differential rotation associated with the Newtonian r-modes. In
effect, the degeneracy in the space of zero-frequency
solutions is broken by the radiation-reaction force, which
picks out a unique differential rotation law that depends
on the neutron-star equation of state. We find an explicit
formula for that rotation law for the unstable r-modes of
slowly rotating stars.
To lowest nonvanishing post-Newtonian order, the growth
time τ of the radiation-reaction driven ChandrasekharFriedman-Schutz instability instability of an r-mode is
given by
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angular velocity Ω. The notation is defined as it is
introduced in Secs. II and III, but, for easy reference, we
also provide a table that summarizes the notation in
Appendix A. We use gravitational units, setting G ¼ c ¼ 1.
II. NEWTONIAN STELLAR MODELS
Let Q ¼ fρ; va ; p; Φg denote the collection of fields that
determine the state of the fluid in a self-gravitating
Newtonian stellar model. The quantity ρ represents the
mass density, va the fluid velocity, p the pressure, and Φ the
gravitational potential. For a barotropic equation of state
p ¼ pðρÞ, the specific enthalpy h of the fluid is
Z p
dp
h¼
;
ð2Þ
ρ
0
and we define a potential U by

1
G
β ≡ ¼ Cβ 2lþ3 MR2l Ω2lþ2 ;
τ
c

U ¼ h þ Φ:

where Cβ is a dimensionless constant that depends on the
equation of state. In using the Newtonian Euler equation
together with the radiation-reaction force at lowest nonvanishing post-Newtonian order, we are neglecting radiation-reaction terms smaller by factors of OðRΩ=cÞ and
OðGM=Rc2 Þ; this means, in particular, that we keep only
terms linear in the dimensionless parameter β=Ω.
Three small parameters appear in the paper: the amplitude α of the perturbation; the dimensionless growth rate
β=Ω; and, in the final, slow-rotation part of the paper, the
angular velocity Ω. For the logic of the paper, it is helpful to
note that these three parameters can be regarded as
independent of one another. The growth rate β can be
varied by changing the equation of state of the material
while keeping α and Ω fixed; for example, in polytropes
(stars based on the polytropic equation of state p ¼ Kρn ),
one can change β by changing the polytropic constant K.
The plan of the paper is as follows. Section II lists the
equations governing a Newtonian star acted on by a postNewtonian radiation-reaction force, with the star modeled as a
self-gravitating perfect fluid. In Sec. III, we discuss first- and
second-order perturbations of a uniformly rotating star. From
the second-order equations, we obtain a formal expression for
the unique differential rotation law of an unstable r-mode in
terms of the first-order perturbations and second-order contributions that will turn out to be of higher order in Ω. Up to
this point in the paper, the analysis holds for rapidly rotating
stars. In Sec. IV, we specialize to a slowly rotating background, keeping terms of lowest nonvanishing order in Ω and
thereby obtaining an explicit formula for the radiationreaction induced differential rotation. Finally, a discussion
section briefly comments on the validity of the results for an
accreting neutron star, when one includes magnetic fields,
nonzero initial data for other modes, and viscosity.
Our notation for fluid perturbations is chosen to make
explicit the orders of the expansions in the amplitude α and

ð3Þ

The evolution of the fluid is determined by Euler’s
equation, the mass-conservation law, and the Poisson
equation for the Newtonian gravitational potential. These
equations may be written as
Ea ≡ ∂ t va þ vb ∇b va þ ∇a U ¼ f aGR ;

ð4Þ

0 ¼ ∂ t ρ þ ∇a ðρva Þ;

ð5Þ

∇2 Φ ¼ 4πρ:

ð6Þ

The version of the Euler equation that we use, Eq. (4),
includes f~ GR , the post-Newtonian gravitational radiationreaction force (per unit mass). This force plays a central
role in the nonlinear evolution of the r-modes that is the
primary focus of our paper. It is given by
f~ GR ¼

~ l Y lm Þ d2lþ1 I lm
X X ð−1Þlþ1 N l ∇ðr
pﬃﬃﬃ
ℜ
32π
dt2lþ1
l
l≥2 jmj≤l

lm
~ l Y lm Þ d2lþ1 Slm 
2rl Y~ B d2lþ2 Slm 2~v × ∇ðr
pﬃﬃﬃ
;
− pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
−
dt2lþ1
l þ 1 dt2lþ2
l

ð7Þ
where ℜðZÞ denotes the real part of a complex quantity Z.
The quantities I lm and Slm are the complex mass and
current multiple moments of the fluid source [cf. Thorne
[19] Eqs. (5.18a) and (5.18b)] defined by
Z
Nl
lm
I ¼ pﬃﬃﬃ ρrl Y lm d3 x;
ð8Þ
l
Z
2N l
lm
Slm ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð9Þ
ρrl v~ · Y~ B d3 x;
lþ1
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with N l the constant,

III. PERTURBED STELLAR MODELS

16π
Nl ¼
ð2l þ 1Þ!!

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðl þ 2Þðl þ 1Þ
:
2ðl − 1Þ

ð10Þ

The functions Y lm are the standard spherical harmonics,
lm
while the Y~ B are the magnetic-type vector harmonics
defined by
~ lm
~r × ∇Y
lm
Y~ B ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
lðl þ 1Þ

δQðα; t; x~Þ ≡ Qðα; t; x~Þ − Qð0; t; x~Þ:

ð11Þ

R
We use the normalizations 1 ¼ jY lm j2 d cos θdϕ and 1 ¼
R lm 2
jY~ B j d cos θdϕ for these spherical harmonics. In
Cartesian coordinates, ~r is given by ~r ¼ ðx; y; zÞ. We point
out that this expression for the gravitational radiationreaction force, Eq. (7), agrees with the mass-multipole part
of the force given by Ipser and Lindblom [20]. It also agrees
with the current-multipole part of the force given by
Lindblom, et al. [21] (following Blanchet [22] and
Rezzolla et al. [23]) for the l ¼ 2 and m ¼ 2 case. The
general form of the force given in Eq. (7), however, is new.
The post-Newtonian radiation-reaction force is gauge
dependent, so the expression for it is not unique. We
derived the expression for the force given in Eq. (7) by
requiring that it implies a time-averaged (over several
oscillation periods) power ⟪dE=dt⟫jGR (which is gauge
~
invariant) and angular momentum flux ⟪dJ=dt⟫j
GR lost to
gravitational waves that agree with the standard postNewtonian expressions, cf. Thorne [19]. We present
expressions for these flux quantities in Appendix B that
are equivalent to, but are somewhat simpler than, the
standard ones.
We consider small perturbations of rigidly rotating,
axisymmetric, barotropic equilibrium models (models with
a barotropic equation of state). The fluid velocity in these
equilibria is denoted
~
v~ ¼ Ωϕ;

We denote by Qðα; t; x~Þ a one-parameter family of stellar
models. For each value of the parameter α, Qðα; t; x~Þ
satisfies the full nonlinear time-dependent Eqs. (4)–(6).
We assume that the model with α ¼ 0 is an axisymmetric
equilibrium model, as described in Eqs. (12) and (13). The
exact perturbation δQ, defined as the difference between
QðαÞ and Qð0Þ, is defined everywhere on the intersection
of the domains where QðαÞ and Qð0Þ are defined:

ð12Þ

It is also useful to define δðnÞ Q, the derivatives of the oneparameter family QðαÞ evaluated at the unperturbed stellar
model, where α ¼ 0:

1 ∂ n Qðα; t; x~Þ
ðnÞ
δ Qðt; x~Þ ¼
ð15Þ
 :
n!
∂αn
α¼0
These derivatives can be used to define a formal power
series expansion for δQ:
δQðα; t; x~Þ ¼ αδð1Þ Qðt; x~Þ þ α2 δð2Þ Qðt; x~Þ þ Oðα3 Þ:
ð16Þ
Each point in the interior of the unperturbed star is, for
sufficiently small α, in the interior of the perturbed star; the
derivatives δðnÞ Q defined in Eq. (15) and the formal power
series expansion in Eq. (16) are thus well defined at all
points of the interior of the unperturbed star, but may
diverge at the surface. We consider constant-mass sequences of stellar models, i.e., models whose exact mass
perturbations, δM ¼ MðαÞ − Mðα ¼ 0Þ, vanish identically
for all values of α. The integrals of the nth-order density
perturbations therefore vanish identically for these models:

Z
1 dn MðαÞ
pﬃﬃﬃ
0¼
¼ δðnÞ ρ gd3 x:
ð17Þ
n 
n! dα
α¼0
The exact (to all orders in the perturbation parameter α)
perturbed evolution equations for these stellar models can
be written in the form

~ generates rotations about the z axis; in Cartesian
where ϕ
~ ¼ ð−y; x; 0Þ. For barotropic equilibria,
coordinates, ϕ
Euler’s equation reduces to


1 2 2
0 ¼ ∇a h þ Φ − ϖ Ω ;
2

δEa ¼ ð∂ t þ Ω£ϕ Þδva þ 2Ωδvb ∇b ϕa þ ∇a δU

ð13Þ

where h is the specific enthalpy of the fluid and ϖ is the
cylindrical radial coordinate, ϖ 2 ¼ x2 þ y2 . The surface of
the star is the boundary where the pressure and the enthalpy
vanish: p ¼ h ¼ 0.

ð14Þ

þ δvb ∇b δva ¼ δf aGR ;

ð18Þ

0 ¼ ð∂ t þ Ω£ϕ Þδρ þ ∇a ðρδva þ δρδva Þ;

ð19Þ

∇2 δΦ ¼ 4πδρ;

ð20Þ

~ and ρ
where £ϕ is the Lie derivative along the vector field ϕ
is the density of the unperturbed star. The exact perturbed
gravitational radiation-reaction force δf~ GR that appears in
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Eq. (18) is given by

Pa b ≡ δa b − ϖ −2 ϕa ϕb

δf~ GR ¼

~ l Y lm Þ d2lþ1 δI lm
X X ð−1Þlþ1 N l ∇ðr
pﬃﬃﬃ
ℜ
32π
dt2lþ1
l
l≥2 jmj≤l
lm
2rl Y~ B d2lþ2 δSlm
− pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l þ 1 dt2lþ2
~ l Y lm Þ d2lþ1 δSlm
~ × ∇ðr
2Ωϕ
pﬃﬃﬃ
−
dt2lþ1
l
~ l Y lm Þ d2lþ1 δSlm 
2δ~v × ∇ðr
pﬃﬃﬃ
;
−
dt2lþ1
l

ð1Þ

ð21Þ

where
Nl
δI lm ¼ pﬃﬃﬃ
l

Z

δρrl Y lm d3 x;

2N l
δSlm ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lþ1

Z

is the projection operator orthogonal to ϕa , and δN Q̂ ¼
ð1Þ
δN Q̂ðϖ; zÞ depends on the cylindrical coordinates ϖ and
z, but not on ϕ or t. The origin of time has been chosen to
give the perturbations definite parity under the diffeomorphism ϕ → −ϕ at t ¼ 0. We use the term ϕ- parity to
mean parity under this transformation. The subscripts 
ð1Þ
ð1Þ
ð1Þ
indicate that δN ρ̂− , δN Û− , and δN Φ̂− are parts of odd ϕð1Þ
parity scalars, while δN v̂aþ is part of an even ϕ-parity
vector field.
When gravitational radiation reaction is included, the
Euler equation is altered by the relatively weak radiationreaction force f~ GR . The first-order radiation-reaction force
can be written in the form

ð22Þ
lm

~ þ δ~vÞ · Y~ B d3 x.
rl ½ρδ~v þ δρðΩϕ
ð23Þ

It is convenient to decompose the perturbations δQ into
parts δN Q that satisfy the pure Newtonian evolution
equations and parts δR Q caused by the addition of the
gravitational radiation-reaction force. In particular, the
nonradiative stellar perturbations δN Q satisfy the perturbed
Euler equation:
~ ¼ 0:
δE

ð24Þ

When the effects of gravitational radiation-reaction
are included, the complete perturbation, δQ, satisfies the
Euler equation driven by the gravitational radiation-reaction force
~ ¼ δf~ GR :
δE

ð30Þ

ð25Þ

ð1Þ
ð1Þ
δð1Þ f~ GR ¼ βδN v~ þ þ δ⊥ f~ GRþ ;

ð31Þ

where β is the growth rate of the r-mode instability, and
ð1Þ
δ f~ GRþ is (by definition) the even ϕ-parity part of the
⊥

ð1Þ

radiation-reaction force that is orthogonal to δN v~ þ and
that therefore does not contribute directly to the energy
evolution of the mode. Equation (21) implies that the
odd ϕ-parity part of the radiation-reaction force,
ð1Þ
δ⊥ f~ GR− , vanishes when the classical r-mode is chosen
to have the ϕ-parity given in Eqs. (26)–(29). The
gravitational radiation-reaction force causes an instability by introducing an imaginary part β to the
frequency of the mode. The overall structure of the
modes is therefore changed in the following way
(schematically),
ð1Þ

ð1Þ

ð1Þ

δð1Þ ρ ¼ ðδN ρ̂− þ δR ρ̂− Þsinψeβt þ δR ρ̂þ cosψeβt ;

ð32Þ

ð1Þ

δð1Þ va ¼ δR v̂b− ½ϖ −2 ϕa ϕb cos ψ þ Pa b sin ψeβt
ð1Þ

ð1Þ

þ ðδN v̂bþ þ δR v̂bþ Þ
A. First-order perturbations
The classical first-order (in powers of α) r-modes have
angular and temporal dependence [4,24]
ð1Þ

ð1Þ

δN ρ ¼ δN ρ̂− sin ψ N ;
ð1Þ

ð1Þ

ð1Þ

¼

ð1Þ
δN Û−

sin ψ N ;

ð28Þ

¼

ð1Þ
δN Φ̂−

sin ψ N ;

ð29Þ

where ψ N ¼ ωN t þ mϕ, with m ≠ 0. The tensor

ð1Þ

ð1Þ

þ δR Ûþ cos ψeβt ;
ð1Þ

ð27Þ

ð1Þ
δN Φ

ð1Þ

ð33Þ

δð1Þ U ¼ ðδN Û− þ δR Û− Þ sin ψeβt

ð26Þ

δN va ¼ ϖ −2 ϕa ϕb δN v̂bþ sin ψ N þ Pa b δN v̂bþ cos ψ N ;

ð1Þ
δN U

× ½ϖ −2 ϕa ϕb sin ψ þ Pa b cos ψeβt ;

ð34Þ

ð1Þ

δð1Þ Φ ¼ ðδN Φ̂− þ δR Φ̂− Þ sin ψeβt
ð1Þ

þ δR Φ̂þ cos ψeβt ;

ð35Þ

where ψ ¼ ψ N þ ψ R ¼ ωN t þ ωR t þ mϕ. The radiative
ð1Þ
corrections δR Q̂ are smaller than the nonradiative
ð1Þ
perturbations δN Q̂ by terms of order Oðβ=ωN Þ. The
radiative correction ωR to the frequency is smaller than
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ωN by a term of order Oðβ=ωN Þ2, so we ignore that
change here, setting ψ ¼ ψ N .2
ð1Þ
The radiative corrections to the r-mode, δR Q, are
determined by substituting Eqs. (32)–(35) into the firstorder perturbed mass conservation and Euler equations.
After applying the equations satisfied by the nonradiative
ð1Þ
parts of the perturbations, δN Q, the resulting system of
equations can be divided into parts proportional to sin ψ N
and cos ψ N respectively, each of which must vanish
separately. The resulting equations can be divided further
ð1Þ
ð1Þ
ð1Þ
into a set that determines δR ρ̂− , δR Û− , and δR v̂aþ and
ð1Þ
ð1Þ
ð1Þ
another that determines δR ρ̂þ , δR Ûþ , and δR v̂a− .
The equations that determine the radiative corrections
having the same ϕ-parity as the classical nonradiative rmodes are then
ð1Þ

ð1Þ

ðωN þ mΩÞδR ρ̂− þ mρϖ −2 ϕa δR v̂aþ
ð1Þ

þ ∇a ðρPa b δR v̂bþ Þ ¼ 0;

ð36Þ

ð1Þ

ð1Þ

½ðωN þ mΩÞϕa þ 2ϖΩ∇a ϖδR v̂aþ ¼ −mδR Û− ;

ðωN þ mΩÞPa b þ

ð37Þ

2
ð1Þ
Ω∇a ϖϕb δR v̂bþ
ϖ

ð1Þ

¼ Pab ∇b δR Û− :

ð38Þ

These equations are homogeneous and are identical to
those satisfied by the classical r-modes. The solutions for
ð1Þ
ð1Þ
ð1Þ
δR ρ̂− , δR Û− , and δR v̂aþ are therefore proportional to the
ð1Þ
ð1Þ
ð1Þ
classical r-modes: δN ρ̂− , δN Û− , and δN v̂aþ . The effect of
adding these radiative corrections to the classical r-modes
is simply to rescale its amplitude. We choose to keep the
amplitude, α, of the mode fixed, and therefore without loss
of generality, we set
ð1Þ

ð1Þ

ð1Þ

0 ¼ δR ρ̂− ¼ δR Û− ¼ δR v̂aþ :

ð39Þ

It follows that the first-order radiative corrections
have ϕ-parity opposite to that of the classical r-modes:
ð1Þ
ð1Þ
ð1Þ
ð1Þ
ð1Þ
ð1Þ
δR ρ̂ ¼ δR ρ̂þ , δR Û ¼ δR Ûþ , and δR v̂a ¼ δR v̂a− . They
are determined by the equations
2

Friedman and Schutz [25] derive the following general
expression for the frequencies of the modes of Lagrangian
systems (including Newtonian fluids with gravitational radiation-reaction forces): 0 ¼ Aðω þ iβÞ2 − ðB þ iDÞðω þ iβÞ − C,
where A, B, C, and D are real. The term D vanishes for
nondissipative Newtonian fluid stars. When D is small, it is
straightforward to show that the real part of the frequency, ω,
differs from the frequency of the nondissipative D ¼ 0 system,
ωN , by terms of order D2 : ω ¼ ωN þ OðD2 Þ. It is also easy to
show that the imaginary part of the frequency β is proportional to
D for a mode with βN ¼ 0.

ð1Þ

ð1Þ

ðωN þ mΩÞδR ρ̂ þ mρϖ −2 ϕa δR v̂a
ð1Þ

ð1Þ

− ∇a ðρPa b δR v̂b Þ ¼ βδN ρ;
ð1Þ

ð40Þ
ð1Þ

½ðωN þ mΩÞϕa − 2ϖΩ∇a ϖδR v̂a þ mδR Û
ð1Þ

¼ ϕb δ⊥ f̂ bGR ;

ð41Þ

½ðωN þ mΩÞPa b −
ð1Þ

2
ð1Þ
Ω∇a ϖϕb δR v̂b
ϖ
ð1Þ

þ Pab ∇b δR Û ¼ Pa b δ⊥ f̂ bGR :

ð42Þ

The general solution to the inhomogeneous system,
ð1Þ
ð1Þ
ð1Þ
Eqs. (40)–(42), for δR ρ̂, δR Û, and δR v̂a consists of an
arbitrary solution to the homogeneous equations (obtained
ð1Þ
ð1Þ
by setting βδN ρ̂ ¼ δ⊥ f aGR ¼ 0) plus a particular solution.
These homogeneous equations are identical to Eqs. (36)–
(38), so their general solution is a multiple of the classical
r-modes. Because their ϕ-parity is opposite to that of the
classical r-modes, the effect of the homogeneous contrið1Þ
ð1Þ
ð1Þ
butions δR ρ̂, δR Û, and δR v̂a is to change the overall
phase of the mode. We choose (by appropriately adjusting
the time that we label t ¼ 0) to keep this phase unchanged,
and we can therefore, without loss of generality, set to zero
the homogeneous parts of the solutions to Eqs. (36)–(38).
The inhomogeneous terms on the right sides of Eqs. (40)–
ð1Þ
ð1Þ
(42), βδN ρ̂ and δ⊥ f̂ aGR , are all of order β. Thus, the
particular solution to Eqs. (40)–(42) must also be of order β
as well. It follows that the radiation-reaction corrections to
ð1Þ
the first-order r-modes δR Q are smaller than the classical
ð1Þ
r-modes δN Q by terms of order Oðβ=ωÞ. To lowest order
in β, therefore, the corrections to the first-order r-modes in
Eqs. (32)–(35) simply change the overall scale of the mode
ð1Þ
by the factor eβt : δð1Þ Q ¼ δN Qeβt .
B. Second-order perturbations
The second-order perturbation equations are a sum of
terms linear in δð2Þ Q and terms quadratic in δð1Þ Q.
For example, the second-order perturbation of the
d2
a
Euler equation, δð2Þ Ea ¼ 12 dα
, includes the term
2 E j
α¼0
ð1Þ b
ð1Þ a
δ v ∇b δ v , which serves as an effective source term
for the second-order perturbations δð2Þ va and δð2Þ U. In the
absence of gravitational radiation reaction, it follows that
ð2Þ
the second-order Newtonian r-mode δN Q is a sum of
terms of three kinds: a term with angular and temporal
dependence cosð2ψ N Þ, where ψ N ¼ mϕ þ ωN t, a term
with dependence sinð2ψ N Þ, and a term that is time
independent and axisymmetric. This time-independent
axisymmetric part of the velocity perturbation can be
regarded as differential rotation. As we have emphasized
in the Introduction, the second-order Newtonian r-modes
are not determined uniquely; given a particular solution
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ð2Þ

δNP Q to the second-order Newtonian perturbation equað2Þ
tions with perturbed velocity field δNP va , there is a family
ð2Þ
of solutions δN Q with perturbed velocity field
ð2Þ
ð2Þ
ð2Þ
ð2Þ
δN va ¼ δNP va þ δN ΩðϖÞϕa , where δN ΩðϖÞ is arbitrary. This degeneracy is broken by the gravitational
radiation reaction. The presence of the radiation-reaction
force picks out a unique δð2Þ va that displays the gravitational radiation driven growth of the second-order
r-modes: δð2Þ va ∝ e2βt .
To find this differential rotation law, one must solve
the second-order axisymmetric perturbation equations with
the radiation-reaction force for the axisymmetric parts
of the second-order r-modes. Denote the axisymmetric
part of a perturbation δQ by hδQi, and denote by δð2Þ Ω the
exponentially growing differential rotation of the unstable
r-mode:
ð2Þ

ð2Þ

ð2Þ

δð2Þ Ω ≡ hδN vϕ ie2βt ¼ ½hδNP vϕ i þ δN ΩðϖÞe2βt :

ð43Þ

Without solving the full system, however, one can obtain
a formal expression for δð2Þ Ω in terms of the known firstorder perturbation together with other parts of the secondorder axisymmetric perturbation. As we will see in the next
section, this expression is all that is needed to find δð2Þ Ω to
lowest nonvanishing order in Ω: The other parts of the
second-order perturbation give only higher-order contributions. Finding this formal expression for δð2Þ Ω and showing
that it is unique are the goals of the present section.
We now turn our attention to solving the perturbation
equations for the axisymmetric parts of the second-order rmodes. The axisymmetric parts of the second-order perturbations can be written in terms of their radiative and
nonradiative pieces:
ð2Þ

ð2Þ

hδð2Þ ρi ¼ ðhδN ρi þ hδR ρiÞe2βt ;
ð2Þ

ð2Þ

hδð2Þ va i ¼ ðhδN va i þ hδR va iÞe2βt ;
ð2Þ

hδ Ui ¼

ð2Þ
ðhδN Ui

þ

ð2Þ

ð2Þ
hδR UiÞe2βt ;
ð2Þ

hδð2Þ Φi ¼ ðhδN Φi þ hδR ΦiÞe2βt ;
ð2Þ

hδð2Þ f aGR i ¼ hδR f aGR ie2βt :

¼

ð1Þ a

− hδ v ∇b δ v i;

2βhδð2Þ ρi þ ∇a ½ρhδð2Þ va i þ hδð1Þ ρδð1Þ va i ¼ 0;

ð1Þ

ð1Þ

ð2Þ

hδð1Þ vb ∇b δð1Þ va i ¼ ðhδN vb ∇b δN va iþβhδR V a iÞe2βt ;
ð48Þ
ð1Þ

ð1Þ

ð2Þ

hδð1Þ ρδð1Þ va i ¼ ðhδN ρδN va i þ βhδR W a iÞe2βt ;
ð49Þ
where

ð44bÞ
ð44cÞ
ð44dÞ
ð44eÞ

2βhδð2Þ va i þ 2Ωhδð2Þ vb i∇b ϕa þ ∇a hδð2Þ Ui
ð1Þ b

ð47Þ

The uniqueness of the second-order differential rotation
~ be
δð2Þ Ω can be seen as follows. Let hδð2Þ Qi and hδð2Þ Qi
two solutions to the second-order perturbation equations,
Eqs. (45)–(47), associated with the same time dependence
e2βt and with the same first-order solution δð1Þ Q. The
~ of the two solutions then
difference hδð2Þ Qi − hδð2Þ Qi
satisfies the linearized Poisson equation and the linearized
Euler and mass conservation equations obtained by setting
to zero the terms involving δð1Þ va and δð2Þ f aGR in Eqs. (45)
~ 2βt is an axisymand (46). That is, ðhδð2Þ Qi − hδð2Þ QiÞe
metric solution to the first-order Newtonian perturbation
equations. But the Newtonian star has no such solution,
no mode with growth rate 2β. Thus, ðhδð2Þ Qi −
~ 2βt ¼ 0, implying that δð2Þ Ω is unique. [Note,
hδð2Þ QiÞe
however, that the decomposition (43) is not unique; the
arbitrariness in the differential rotation of the Newtonian
ð2Þ
r-mode means that one is free to add to hδNP vϕ i an arbitrary
ð2Þ
function fðϖÞ if one simultaneously changes δN ΩðϖÞ
ð2Þ
to δN ΩðϖÞ − fðϖÞ.]
ð2Þ
ð2Þ
We now obtain equations for δN Q and δR Q. Keeping
terms to first order in β, the terms quadratic in first-order
perturbed quantities that appear in Eqs. (45) and (46) have
the forms

ð44aÞ

These quantities are determined by the second-order
axisymmetric parts of the perturbed stellar evolution
equations:

hδð2Þ f aGR i

∇2 hδð2Þ Φi ¼ 4πhδð2Þ ρi:

ð2Þ

ð1Þ

ð2Þ

ð1Þ

ð1Þ

ð1Þ

ð1Þ

ð1Þ

ð46Þ

ð1Þ

βhδR W a i ¼ hδR ρδN va i þ hδN ρδR va i:

ð50Þ
ð51Þ

ð2Þ

The nonradiative parts hδN Qi of the perturbations are
determined, up to a perturbation that adds differential
ð2Þ
rotation δN ΩðϖÞ, by the axisymmetric parts of the
Newtonian Euler and mass-conservation equations:
ð2Þ

ð2Þ

ð1Þ

ð1Þ

2ΩhδN vb i∇b ϕa þ ∇a hδN Ui ¼ −hδN vb ∇b δN va i; ð52Þ
ð2Þ

ð1Þ

ð1Þ

∇a ½ρhδN va i þ hδN ρδN va i ¼ 0:
ð2Þ

ð45Þ

ð1Þ

βhδR V a i ¼ hδR vb ∇b δN va i þ hδN vb ∇b δR va i;

ð53Þ

Given a particular solution δNP Q to these equations, we
ð2Þ
want to find the remaining contribution δN ΩðϖÞ to the
differential rotation of Eq. (43) that is picked out by the
radiation reaction.
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ð2Þ
hδR Qi,

We define the radiative part of the perturbation,
by requiring that it be created entirely by the radiationð2Þ
reaction forces; hδR Qi is therefore proportional to the
ð2Þ
radiation-reaction rate β. When hδN Qi satisfies the
Newtonian equations (52) and (53), the axisymmetric parts
of the full perturbed Euler and mass-conservation equations
with radiation reaction have at OðβÞ the form
ð2Þ

ð2Þ

ð2Þ

2βhδN va i þ 2ΩhδR vb i∇b ϕa þ ∇a hδR Ui
ð2Þ

ð2Þ

¼ hδR f aGR i − βhδR V a i;
ð2Þ

ð54Þ

ð2Þ

ð2Þ

∇a ðρhδR va iÞ ¼ −2βhδN ρi − β∇a hδR W a i: ð55Þ
ð2Þ

To find an expression for δN ΩðϖÞ, we first write
ð2Þ a
ð2Þ
ð2Þ
hδN v i as hδNP va i þ δN ΩðϖÞϕa and move the term
ð2Þ a
involving hδNP v i to the right side of Eq. (55),
ð2Þ

ð2Þ

−∞

ð2Þ

2βδN ΩðϖÞϕa þ 2ΩhδR vb i∇b ϕa þ ∇a hδR Ui
ð2Þ

¼ βhδR Fa i;

ð56Þ

where
ð2Þ

ð2Þ

ð2Þ

ð2Þ

βhδR Fa i ¼ hδR f aGR i − 2βhδNP va i − βhδR V a i:

ð57Þ

We next write the components of the axisymmetric part
of the second-order perturbed Euler equation, Eq. (56), in
cylindrical coordinates:
ð2Þ

ð2Þ

ð2Þ

2βϖδN ΩðϖÞ þ 2ΩhδR vϖ i ¼ βϖhδR Fϕ i;
ð2Þ

ð2Þ

ð58aÞ

−2ΩϖhδR vϕ i ¼ −∂ ϖ hδR Ui þ βhδR Fϖ i;

ð2Þ

ð58bÞ

0 ¼ −∂ z hδR Ui þ βhδR Fz i:

ð2Þ

ð58cÞ

ð2Þ

ð2Þ

Using Eq. (58a) to determine hδR vϖ i, the axisymmetric
part of the second-order mass conservation Eq. (55) can be
written as
β
ð2Þ
ð2Þ
∂ ½ρϖ 2 ðhδR Fϕ i − 2δN ΩðϖÞÞ
2Ωϖ ϖ
ð2Þ

R
Appendix C, δð2Þ ρdz is finite. Here, we denote by
zS ðϖÞ the value of z (the Cartesian coordinate axis parallel
to the rotation axis) at the surface of the unperturbed star.
We now multiply the second-order mass conservation
equation, Eq. (59), by 2ϖΩ=β and integrate with respect to
z over the support of the star. It will be convenient to extend
the domain of integration to extend slightly beyond the
surface of the unperturbed star. Because each integrand has
support on the unperturbed star, we simply take the
integrals to extend from −∞ to ∞ instead of −zS to zS .
We then have
Z ∞
ð2Þ
0 ¼ 4ϖΩ
dzhδN ρi
Z ∞ −∞
ð2Þ
ð2Þ
þ
dz∂ ϖ ½ρϖ 2 ðhδR Fϕ i − 2δN ΩðϖÞÞ
−∞
Z ∞
ð2Þ
þ 2ϖΩ
dz∇a hδR W a i:
ð60Þ

ð2Þ

ð2Þ

þ ∂ z ½ρhδR vz i ¼ −2βhδN ρi − β∇a hδR W a i:

ð59Þ

The star’s surface is defined as the p ¼ 0 surface.
Because δð2Þ ρ is a derivative evaluated at α ¼ 0, it has
support on the unperturbed star. While the density perturbation δð2Þ ρ is not finite for some equations of state Rat the
surface of the star, it is integrable in the sense that δð2Þ ρdz
is finite, as one would expect from the integrability of the
mass-conservation condition in Eq. (17). In particular, for
polytropes with fractional polytropic index 0 < n < 2,
δð2Þ ρ diverges at z ¼ zS , but, as we show in

The second integral on the right side of Eq. (60) can be
rewritten as
Z ∞
ð2Þ
ð2Þ
dz∂ ϖ ½ρϖ 2 ðhδR Fϕ i − 2δN ΩðϖÞÞ
−∞
Z ∞
ð2Þ
ð2Þ
¼ ∂ϖ
dzρϖ 2 ðhδR Fϕ i − 2δN ΩðϖÞÞ: ð61Þ
−∞

The expression in Eq. (60) can then be integrated from
ϖ ¼ 0 to ϖ, using Eq. (61), to obtain an expression for
ð2Þ
δN ΩðϖÞ:
Z ∞
Z ∞
ð2Þ
ð2Þ
2
2
2ϖ δN ΩðϖÞ
dzρ ¼ ϖ
dzρhδR Fϕ i
−∞
Z ϖ −∞ Z ∞
ð2Þ
þ 4Ω
dϖ 0 ϖ 0
dzhδN ρi
0
−∞
Z ϖ
Z ∞
ð2Þ
0 0
þ 2Ω
dϖ ϖ
dz∇a hδR W a i:
ð62Þ
0

−∞

Because of the axisymmetry of its integrand, the third term
on the right side of Eq. (62) is, up to a factor of 2π, the
volume integral of a divergence. The boundary of the threedimensional region of integration has two parts: One is
ð2Þ
outside the surface of the star, where δR W a vanishes; the
second is the cylinder at constant ϖ from −zS to zS , with
outward normal ∇a ϖ and element of area ϖdϕdz. The
term is then given by
Z ϖ
Z ∞
Z ∞
ð2Þ a
ð2Þ
0 0
dϖ ϖ
dz∇a hδR W i ¼ ϖ
dzhδR W ϖ i:
0

−∞

−∞

ð63Þ
With this simplification, Eq. (62) can be written in the
form
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ð2Þ

Z

∞

Z

∞

can express these quantities in terms of the first-order
perturbations:

ð2Þ

2ϖ 2 δN ΩðϖÞ
dzρ ¼ ϖ 2
dzρhδR Fϕ i
−∞
−∞
Z ϖ
Z ∞
ð2Þ
0 0
þ 4Ω
dϖ ϖ
dzhδN ρi
0
−∞
Z ∞
ð2Þ
þ 2ϖΩ
dzhδR W ϖ i:

1
ð2Þ
ð1Þ ð1Þ
ð1Þ ð1Þ
hβδR W a i ¼ Pa b ðδR ρ̂δN v̂b þ δN ρ̂δR v̂b Þ;
2
ð64Þ

−∞

ð2Þ

ð2Þ

ð2Þ

βhδR Fϕ i ¼ hδR f ϕGR i − 2βhδN vϕ i − βhδR V ϕ i:

ð65Þ

ð2Þ

To evaluate hδR f ϕGR i, we must find the axisymmetric,
second-order, part of the expression for δf~ GR on the right
side of Eq. (21). Recall that the axisymmetric parts of any
second-order quantity have time dependence e2βt . The first
three terms in the bracketed expression in Eq. (21) involve
high-order time derivatives of δð2Þ I l0 or δð2Þ Sl0 and are
therefore proportional to high powers of β and can be
neglected. We are left with only the fourth term,
ð−1Þl N l
ð2Þ
pﬃﬃﬃ
hδR f~ GR i ¼
8π l

ð67Þ

1
ð2Þ
ð1Þ
ð1Þ
hβδR V a i ¼ ϖ −2 ϕa ½δR v̂k ∇k ðδN v̂b ϕb Þ
2

ð2Þ

This provides a formal expression for δN ΩðϖÞ in terms
ð2Þ
of the first-order perturbations that comprise hδR Fϕ i and
ð2Þ
ð2Þ
hδR W ϖ i and the second-order perturbation hδN ρi.3
ð2Þ ϕ
Together with hδNP v i, it determines the differential
rotation of the unstable r-mode.
We conclude this section with a discussion of two
ð2Þ
simplifications in evaluating δN ΩðϖÞ, one from the fact
that we work to first order in the growth rate β and the
second from the slow-rotation approximation of the next
section. The first is a simplification of the expression for the
radiation-reaction force. The integrand of the first term in
ð2Þ
Eq. (64), ρhδR Fϕ i, is given by the ϕ-component of
Eq. (57):
ð2Þ
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ð1Þ

ð1Þ

þδN v̂k ∇k ðδR v̂b ϕb Þ:

ð68Þ

As we will see in the following section, these terms and the
ð2Þ
term involving δN ρ in Eq. (64) are higher order in Ω than
the first two terms of Eq. (65) and can therefore be
ð2Þ
neglected when evaluating δN ΩðϖÞ for slowly rotating
ð2Þ
stars using Eq. (64). This fact is essential, because δN ρ
ð2Þ
itself depends on δN Ω.
This discussion has been somewhat abstract but quite
general. Apart from assuming the integrability of the
perturbed density so that mass conservation, Eq. (17),
can be enforced, no assumption has been made up to this
point about the particular equation of state of the matter in
these stellar models, nor has any assumption been made
about the magnitude of the angular velocity of the star. In
order to proceed further, however, we will need to assume
that the stellar model is slowly rotating in a suitable sense.
ð2Þ
To find an explicit solution for δN ΩðϖÞ, we will also need
to make some choice for the equation of state for the stellar
matter. The slow rotation assumption and its implications
are discussed in Sec. IV, while the complete solution for
δð2Þ Ω, the second-order r-mode angular velocity that is
driven by gravitational radiation reaction, is determined in
Sec. V for the case of stars composed of matter with a range
of polytropic equations of state.
IV. SLOW ROTATION EXPANSION

2lþ1 ð1Þ ll
δN S
2lþ1

ð1Þ
~ l Y ll Þ d
× ℜ δN v~ × ∇ðr

dt

:

ð66Þ

The second simplification involves the quantities
ð2Þ
and hδR W a i that appear in Eq. (64). They are
defined in Eqs. (50) and (51). Using the general expressions
for the first-order perturbations given in Eqs. (32)–(35), we
ð2Þ
hδR V a i

3
As mentioned above, Appendix C shows that assuming
smoothness of the displacement of the surface as a function of
ð2Þ
α and x~ implies integrability of δN ρ. A simpler way to see that
the right side of Eq. (63) is finite is to note that smoothness of the
displacement of the surface implies one-sided differentiability of
δð2Þ v~ at the surface. The perturbed mass conservation equation,
ð2Þ
Eq. (55), then implies that the combination 2hδN ρi þ
ð2Þ a
∇a hδR W i is finite at the surface and hence integrable. This
ð2Þ
is enough to imply that the expression in Eq. (64) for δN ΩðϖÞ is
finite.

We consider the one-parameter families of stars Q ¼
QðΩÞ composed of matter with a fixed equation of state and
having masses that are independent of the angular velocity:
MðΩÞ ¼ M0 . The structures of slowly rotating stellar
models in these families are conveniently written as
expansions in the dimensionless angular velocity,
~ ¼ Ω;
Ω
Ω0

ð69Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where Ω0 ¼ M 0 =R3 , and M0 is the mass and R the radius
of the nonrotating star in the sequence. The slow rotation
expansion of these stellar models is denoted
X
~ 3 Þ: ð70Þ
~ n ¼ Q0 þ Q1 Ω
~ þ Q2 Ω
~ 2 þ OðΩ
Q¼
Qn Ω
n¼0

For equilibrium rotating stars, these expansions of the basic
fluid variables have the forms
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~ 2 þ OðΩ4 Þ;
ρ ¼ ρ0 þ ρ2 Ω

ð71Þ

va ¼ Ωϕa ;

ð72Þ

~ 2 þ OðΩ4 Þ;
p ¼ p0 þ p2 Ω

ð73Þ

~ 2 þ OðΩ4 Þ:
Φ ¼ Φ0 þ Φ2 Ω

ð74Þ

We will represent the perturbations of these stellar models
δQ as dual expansions in the mode amplitude α and the
~
angular velocity parameter Ω:
X
~ k δðnÞ Qk :
δQ ¼
αn Ω
ð75Þ
n;k

Our main goal here is to determine to lowest order in
angular velocity the axisymmetric part of the second-order
ð2Þ
perturbations of the r-mode angular velocity field hδR vϕ i
that is driven by the gravitational-radiation instability.
Doing this requires the explicit slow-rotation forms of
the first- and the second-order perturbations. These slowrotation expansions are described in the remainder of this
section.
A. First-order perturbations
The effect of the first-order gravitational radiationreaction force δð1Þ f~ GR on the structure of the classical rmode (beyond its overall effect on its amplitude) was first
studied (for l ¼ 2) by Dias and Sá [17]. We agree with the
results they obtain but will need to clarify their meaning.
We also extend the calculation to general values of l.
To first order in mode amplitude α and lowest nontrivial
~ the classical r-modes with the
order in angular velocity Ω,
ϕ-parity described in Sec. III A can be written the form
ð1Þ

ð1Þ

ð1Þ

δN p1 ¼ δN ρ1 ¼ δN Φ1 ¼ 0;

 
RΩ0 r l
ð1Þ
l ilϕþiωt
~
~r × ∇ðsin
δN v~ 1 ¼ ℑ
θe
Þ ;
R
l

ð1Þ

ll

iA rl ll
l−l
¼ − l ½Y~ B eiωt − ð−1Þl Y~ B e−iωt ;
2

ð78Þ
ð79Þ

ð80Þ

ðl − 1Þðl þ 2Þ
Ω þ OðΩ3 Þ:
lþ1

ð81Þ

At this order in Ω, the r-modes do not affect the fluid
variables δρ and δp, which are OðΩ2 Þ. Because of this, the
r-mode velocity field at order Ω does not depend on the
equation of state.
Four features of the gravitational radiation-reaction force
are important in determining the way it alters each r-mode:
a) The ϕ-parity of δð1Þ f~ GR , as shown in the last section, is
opposite to that of the classical mode; b) its magnitude, as
shown below, is dominated by the current current multipole
Sll ; c) it can be decomposed in the manner
ð1Þ
ð1Þ
δð1Þ f~ GR ¼ βδN v~ þ δ⊥ f~ GR ;

ð82Þ

where the two terms in the decomposition are orthogonal
with respect to a density-weighted inner product,
R pﬃﬃﬃ 3
ð1Þ
ð1Þ
gd xρ0 δN v~ · δ⊥ f~ GR ¼ 0; and d) as we show below,
ð1Þ
ð1Þ
~ ð1Þ F .
δ⊥ f~ GR is a gradient, δ⊥ f~ GR ¼ ∇δ
⊥
It is straightforward to evaluate the multipole moments
of the r-modes using Eqs. (22) and (23) and the expressions
for the classical r-modes from Eqs. (76) and (77). The
expressions for the nonvanishing multipole moments of the
r-modes can be written in the form
ð1Þ

ð1Þ

δN Sll ¼ ð−1Þl δN Sl−l
Z
Al N l eiωt R 2lþ2
¼ −i pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r
ρ0 dr:
lþ1 0

ð83Þ

Inserting these expressions into the formula for the gravitational radiation-reaction force, Eq. (21), we find
ð1Þ
δN f~ GR

ð77Þ

where Al is given by
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4πlðl þ 1Þ −lþ1
R
Ω0 :
Al ¼ ð−1Þl 2l ðl − 1Þ!
ð2l þ 1Þ!

ωN ¼ −

ð76Þ

where ℑðZÞ is the imaginary part of a quantity Z. An
equivalent expression for the classical r-mode velocity in
terms of vector spherical harmonics is
δN v~ 1 ¼ ℑðAl rl Y~ B eiωt Þ;

The frequencies of these classical r-modes have the form


ð−1Þl N l
iω
ll
¼
ℜ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ rl Y~ B
8π
lþ1


Ω ~ ~ l ll d2lþ1 δSll
p
ﬃﬃﬃ
ϕ × ∇ðr Y Þ
:
þ
dt2lþ1
l

ð84Þ

This expression can be rewritten as a linear combination of
ll
~ l Y ll Þ using the identity
rl Y~ B and ∇ðr
~ l Y ll Þ ¼ i
~ × ∇ðr
ϕ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ll
~ l Y ll Þ:
lðl þ 1Þrl Y~ B − z∇ðr

ð85Þ

ð1Þ
The resulting expression for δN f~ GR can therefore be
written in the following way,
ð1Þ
ð1Þ
δð1Þ f~ GR ¼ βδN v~ þ δ⊥ f~ GR ;

where β is given by
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β¼

N 2l ω2lþ2
4πðl2 − 1Þðl þ 2Þ

Z

0

R

r2lþ2 ρ0 dr

ð87Þ

ð1Þ
and where δ⊥ f~ GR is defined by

Z
N 2 ω2lþ1 Ω R 2lþ2
ð1Þ
δ⊥ f~ GR ¼ − l
r
ρdr
8π
0
 ð1Þ
~ l Y ll Þeiωt 
δN v~ ℜ½zAl ∇ðr
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
:
þ
×
lþ1
lðl þ 1Þ

ð88Þ

ð89Þ

Equations (86) and (89) give the decomposition of Eq. (82),
and the orthogonality of the two parts,
Z
pﬃﬃﬃ
ð1Þ
ð1Þ
ρ0 δN v~ · δ⊥ f~ GR gd3 x ¼ 0;
ð90Þ
is implied by the relation
Z
pﬃﬃﬃ
ϵabc ∇a ðcos θY ll Þ∇b r∇c Ȳ ll gd2 x
Z
pﬃﬃﬃ
¼ − ϵabc cos θY ll ∇b r∇a ∇c Ȳ ll gd2 x ¼ 0;

To evaluate δN Ω using Eq. (64), we need to determine
ð1Þ
ð1Þ
δR ρ and δR v~ , or at least to show that they are negligibly
small compared to other terms in the equation. We show in
ð1Þ
the heuristic argument below that δR ρ ¼ OðβΩÞ and
ð1Þ
δR v~ ¼ OðβΩ2 Þ, which will allow us to neglect them in
our slow rotation expansion. A more precise version of the
ð1Þ
argument is given in Appendix D. The fact that δR v~ is
ð1Þ
higher order in Ω than δR ρ is the reverse of their relation in
the classical r-modes. This reversal depends on the appear~ ð1Þ F in the decomposition of the
ance of the gradient ∇δ
⊥
ð1Þ
gravitational radiation-reaction force δR f~ GR .
ð1Þ
The equations that determine δR Q, Eqs. (40)–(42), can
be written more compactly as
ð1Þ
~ · ðρδð1Þ v̂Þ
~ ¼ βδð1Þ ρ;
ðωN þ lΩÞδR ρ̂ þ ∇
R
N

ð94Þ

ð1Þ
ð1Þ
~ ð1Þ Û − δð1Þ F Þ:
~ ¼ −∇ðδ
ðωN þ lΩÞδR v̂~ þ 2ΩδR v̂~ · ∇ϕ
R
⊥

ð95Þ
ð91Þ

pﬃﬃﬃ
pﬃﬃﬃ
where gd2 x is the volume element on the sphere: gd2 x ≡
−r2 d cos θdϕ. At this order in Ω, the density ρ0 plays no role
in the orthogonality, but it is with respect to the densityweighted inner product that the operators appearing in the
perturbed Euler equation are formally self-adjoint.
ð1Þ
It follows that δ⊥ f~ GR is the part of the gravitational
radiation-reaction force that does not contribute directly to
the exponential growth of the classical r-mode instability
and that the coefficient β is the growth rate of the
gravitational radiation driven instability in the r-modes.
Substituting into Eq. (87) the expressions for N l from
Eq. (10) and the r-mode frequency ω from Eq. (81) gives
β¼

ð93Þ

ð2Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


lðl þ 1Þ ~ lþ1
ll iωt
¼ ℑ iβAl
cos θY e 
∇½r
2
~ ð1Þ F :
≕ ∇δ
⊥

properties of the first-order r-modes in Sec. III A. It follows
from that discussion that the general form of the first-order
r-mode velocity, to lowest order in the angular velocity of
the star, is given by
~ ð1Þ v~ 1 eβt :
δð1Þ v~ ¼ Ωδ
N

ð1Þ
This expression for δ⊥ f~ GR can be rewritten as a gradient,
ð1Þ
δ⊥ f~ GR
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Z
32πΩ2lþ2 ðl − 1Þ2l l þ 2 2lþ2 R 2lþ2
r
ρ0 dr;
lþ1
½ð2l þ 1Þ!!2
0

ð1Þ
The value of δR v̂~ is fixed by the curl of the perturbed Euler
equation (95),

~ × ½ðωN þ lΩÞδð1Þ v̂~ þ 2Ωδð1Þ v̂~ · ∇ϕ
~ ¼ 0;
∇
R
R
ð1Þ

~ Its two independent components
which involves only δR v̂.
ð1Þ ~
in
give two relations for the three components of δR v̂,
ð1Þ ~
which all coefficients are OðΩÞ. All components of δR v̂
are therefore of the same order in Ω. Similarly, the two
ð1Þ
ð1Þ
ð1Þ
relations among δR U, δR Φ, and δR ρ given by the
equation of state and the Poisson equation imply that
ð1Þ
ð1Þ
δR U and δR ρ are of the same order in Ω. The continuity
ð1Þ
ð1Þ
equation (94) then implies that δR v~ ¼ OðΩδR ρÞ. Finally,
the ϕ-component of the Euler equation gives, to lowest
order in Ω,

ð92Þ
which agrees with the expression for the gravitational
radiation growth rate of the r-mode instability given by
Lindblom et al. [3].
These expressions for the slow rotation limits of the
radiation-reaction force confirm the general expressions,
e.g. Eq. (31), used in our discussion of the general

ð96Þ

ð1Þ

ð1Þ

ð1Þ

δR U ¼ δ⊥ F þ OðΩ2 δR ρÞ:

ð97Þ

From its definition in Eq. (89), it follows that
ð1Þ
ð1Þ
δ⊥ F ¼ OðΩβÞ, which then implies that δR ρ ¼ OðβΩÞ
ð1Þ
and δR v~ ¼ OðβΩ2 Þ.
Dias and Sá [17] find, for an l ¼ 2 perturbation, a
ð1Þ
ð1Þ
solution δR v~ ; δR U that is a sum of a) our solution with
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ð1Þ

0¼

δR U given by Eq. (97) and b) a solution to the homogeneous equations with ϕ-parity opposite to that of the
ð1Þ
Newtonian r-mode δN Q. As noted above, adding part b of
their solution is equivalent to changing the initial phase of
the perturbation.

From these, one finds explicit expressions for the cylinð1Þ
ð1Þ
drical components of the quadratic term hδN vb1 ∇b δN va1 i,
which appears as a source in the second-order Euler
equation, Eq. (45):
 2l−3
2
ð1Þ
~ ð1Þ vϖ i ¼ Ω0 ½2ðl − 1Þz2 − ϖ 2  ϖ
hδN v~ 1 · ∇δ
;
N 1
R
2R
ð1Þ
hδN v~ 1

ð2Þ

ð99bÞ

ð1Þ
~ ð1Þ vϕ i ¼ 0:
hδN v~ 1 · ∇δ
N 1

ð2Þ

ð2Þ

0 ¼ hδN Eϖ i ¼ −2ϖΩ0 hδN vϕ1 i þ ∂ ϖ hδN U 2 i
 2l−3
2
2
2 Ω0 ϖ
;
þ ½2ðl − 1Þz − ϖ 
2R R
 2l−2
ϖ
ð2Þ
ð2Þ
2
;
0 ¼ hδN Ez i ¼ ∂ z hδN U 2 i − lzΩ0
R
ð2Þ

ð2Þ

ð2Þ

ð2Þ

0 ¼ hδN Eϕ i ¼ 2ϖΩ0 hδN vϖ
1 i:

ð100aÞ
ð100bÞ

ð2Þ

hδN vϖ
1 i ¼ 0;
ð2Þ
hδNP vϕ1 i

ð101bÞ
ð101cÞ

 
Ω0 z2 ϖ 2l−4
¼ ðl − 1Þ
:
2R2 R
2

ð102Þ
ð103Þ

ð2Þ

The remaining component, hδN vz1 i, is determined from the
lowest order in the angular velocity piece of the perturbed
mass conservation equation [cf. Eq. (53)],
ð2Þ

∇a ðρhδN va1 iÞ ¼ 0:

ð104Þ

This equation, together with Eq. (102), shows that the only
ð2Þ
nonsingular solution for hδN vz1 i is
ð2Þ

hδN vz1 i ¼ 0:

ð105Þ

The scalar parts of the second-order nonradiative
ð2Þ
ð2Þ
r-mode, hδN ρi and hδN Φi, are determined by completing
ð2Þ
the solution to the perturbed Euler equation hδN Ea i ¼ 0
and then solving the perturbed gravitational potential
ð2Þ
equation. The potential hδN Ui is determined by integrating
the perturbed Euler Eqs. (100a) and (100b). Using Eqs. (43)
and (103), we obtain the following expression for the
axisymmetric part of the solution, to lowest order in angular
velocity,
ð2Þ

hδN U2 i ¼

ð100cÞ

 
 
Ω20 R2 ϖ 2l lΩ20 z2 ϖ 2l−2
þ
R
R
4l
2
Z ϖ
ð2Þ
ð2Þ
þ 2Ω0
ϖ 0 δN Ωðϖ 0 Þdϖ 0 þ δN C2 ;
0

The integrability conditions for these equations,
ð2Þ
ð2Þ
hδN Ea i ¼ 0, are given by ∇½a hδN Eb i ¼ 0. In cylindrical
coordinates, these integrability conditions, at lowest order
in angular velocity, are

ð101aÞ

These conditions, together with the requirement that the
solution is nonsingular on the rotation axis, determine
ð2Þ
ð2Þ ϕ
hδN vϖ
1 i and hδN v1 i, up to the time-independent differð2Þ
ential rotation δN ΩðϖÞ As before, we denote a particular
ð2Þ
choice by δNP vϕ :

ð99cÞ

The axisymmetric parts of the nonradiative second-order
ð2Þ
ð2Þ
perturbations hδN va i and hδN Ui are determined by
solving the perturbed Euler equation, Eq. (52), and the
perturbed mass conservation equation, Eq. (53). The
contributions to each component of Euler's equation at
lowest order in angular velocity are given by,
ð2Þ

ð2Þ

0 ¼ ∇½ϖ hδN Eϕ i ¼ Ω0 ∂ ϖ ðϖhδN vϖ
1 iÞ:

ð99aÞ

 2l−2
ϖ
ð1Þ z
2
~
· ∇δN v1 i ¼ −lΩ0 z
;
R

ð2Þ

¼ −ϖΩ0 ∂ z hδN vϕ1 i
 
Ω20 z ϖ 2l−3
2
;
þ ðl − 1Þ
R R

0 ¼ ∇½z hδN Eϕ i ¼ Ω0 ∂ z hδN vϖ
1 i;

B. Second-order axisymmetric perturbations
In computing the quadratic terms that enter the secondorder perturbation equations, it will be useful to have
ð1Þ
explicit expressions for the classical r-mode δN va1 in
cylindrical coordinates ðϖ; z; ϕÞ,
 l−1
ϖ
ð1Þ ϖ
δN v1 ¼ −Ω0 z
cosðlϕ þ ωtÞ;
ð98aÞ
R
 l
ϖ
ð1Þ z
cosðlϕ þ ωtÞ;
ð98bÞ
δN v1 ¼ Ω0 R
R
 
z ϖ l−2
ð1Þ ϕ
sinðlϕ þ ωtÞ:
ð98cÞ
δN v1 ¼ Ω0
R R

ð2Þ
∇½z hδN Eϖ i

ð2Þ

ð106Þ

where δN C2 is a constant.
The pressure as well as the density perturbations, δð2Þ p
and δð2Þ ρ, are related to δð2Þ U as follows,
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1
1
δð2Þ U ¼ δð2Þ Φ þ δð2Þ p − 2 δð1Þ pδð1Þ ρ
ρ
2ρ

γp
p γðγ − 2Þ dγ ð1Þ 2
¼ δð2Þ Φ þ 2 δð2Þ ρ þ 2
þ
ðδ ρÞ ;
ρ
dρ
ρ
2ρ
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ð1Þ

ð107Þ
ð2Þ
hδR Fϕ i

where γ ¼ d log p=d log ρ is the adiabatic index. For the rmodes, the first-order perturbations δð1Þ p and δð1Þ ρ are
OðΩ2 Þ. So at lowest order in angular velocity, the relation
between δð2Þ U and δð2Þ ρ simplifies to
γp
δð2Þ U2 ¼ δð2Þ Φ2 þ 2 δð2Þ ρ2 :
ρ

ð108Þ

The gravitational potential δð2Þ Φ is determined by
solving the perturbed gravitational potential equation,
∇2 δð2Þ Φ ¼ 4πδð2Þ ρ:

ð109Þ

For the r-modes, to lowest order in the angular velocity, this
equation my be rewritten as
∇2 δð2Þ Φ2 þ

4πρ2 ð2Þ
4πρ2 ð2Þ
δ Φ2 ¼
δ U2 :
γp0
γp0

ð2Þ
δN ΩðϖÞ

0

ð2Þ

þ

Finally, we use Eq. (64) to obtain an explicit formula for
ð2Þ
the second-order differential rotation, δN ΩðϖÞ, in terms of
the second-order radiation-reaction force and the secondð2Þ
order velocity perturbation δN va . Of the three terms on the
right side of that equation, we will see that the second and
third are higher order in Ω than the first, and we will
evaluate the first term to leading order in Ω.
We first use Eq. (66) to find an explicit form for the
ð2Þ
second-order radiation-reaction force hδR f~ GR i. From
ð1Þ θ
ð1Þ ll
Eqs. (98) and (83) for δN v and δN S , we find
ð2Þ
hδR f~ GR i

 2l−2
ðl þ 1Þ2
ϖ
~
¼−
βΩ
ϕ:
R
4
ð2Þ

ð112Þ

The second term δN vϕ in Eq. (65) is given by Eq. (103). In
ð2Þ
the final term, δR V ϕ , by its definition (50), is proportional

Rz
¼

S

ð2Þ

dzρhδR Fϕ i
Rz
:
S dzρ
2 −z
S

−zS

ð114Þ

This integrand can be rewritten in a more explicit form
using Eqs. (113) and (103),
δN ΩðϖÞ ¼ −Ω

ð111Þ

ð113Þ

ð2Þ

2

4πρ ð2Þ
ð2Þ
∇2 hδN Φ2 i þ
hδ Φ2 i
γp0

 
 
4πρ2 Ω20 R2 ϖ 2l lΩ20 z2 ϖ 2l−2
¼
þ
R
R
γp0
4l
2

Z ϖ
ð2Þ
0 ð2Þ
0
0
þ2Ω0
ϖ δN Ωðϖ Þdϖ þ δN C2 :

 2l−4 
 
ϖ
ðl þ 1Þ2 ϖ 2
¼ −Ω
R
R
4
 2
z
:
þðl2 − 1Þ
R

Equation (113) implies hδR Fϕ i ¼ OðΩÞ. The second term
ð2Þ
in Eq. (64) has an integrand proportional to hδN ρi.
ð2Þ
Because δN ρ ¼ OðΩ2 Þ, the integrand is OðΩ2 Þ, and the
ð2Þ
term itself is OðΩ3 Þ, two orders higher than hδR Fϕ i.
ð2Þ
Finally, the last term in (64) is proportional to ΩhδR W a i.
ð2Þ a
Equation (51) implies hδR W i ¼ OðΩ2 Þ, whence the last
term is again OðΩ3 Þ.
With the dominant term in Eq. (64) determined by
ð2Þ ϕ
hδR F i, we have

ð110Þ

Using the expression derived in Eq. (106) for the axisymð2Þ
metric part of δN U2 , we find the general equation for
ð2Þ
hδN Φ2 i:

ð1Þ

to a product of components of δN v~ and δR v~ . By our initial
ð1Þ
normalization, δN v~ ¼ OðΩÞ, and we found in Sec. IVA
ð1Þ
ð1Þ
that δR v~ is OðΩδR f~ GR Þ ¼ OðβΩ2 Þ.
From Eqs. (65), (112), and (103), we have

 2l−4 
 
ϖ
ðl þ 1Þ2 ϖ 2
R
R
8

ðl2 − 1Þ
ϒðϖÞ ;
2

ð115Þ

where ϒðϖÞ is the equation of state-dependent, massweighted average of ðz=RÞ2 ,
Rz
2
S
−z dzρz
:
ð116Þ
ϒðϖÞ ¼ 2 RS zS
R −zS dzρ
The limits of integration, zS ðϖÞ, in this expression are the
ϖ-dependent values of z at the surface of the equilibrium
star. To lowest order in Ω, these limits are the same as those
in a spherical nonrotating star:
zS ðϖÞ ¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 − ϖ 2 :

ð117Þ

The part of the second-order differential rotation that is not
ð2Þ
explicitly caused by the radiation-reaction force, hδNP vϕ1 i,
is given in Eq. (103):
  
Ω z 2 ϖ 2l−4
ð2Þ ϕ
2
hδNP v i ¼ ðl − 1Þ
:
ð118Þ
2 R
R
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Together, Eqs. (115) and (118) determine (to lowest order
in Ω) the time-dependent differential-rotation induced by
the gravitational-radiation reaction:
ð2Þ

ð2Þ

δð2Þ Ω ¼ ½hδNP vϕ i þ δN ΩðϖÞe2βt :

ð119Þ

The key result of this section is the derivation of an
ð2Þ
explicit expression (114) for δN ΩðϖÞ in terms of the firstorder r-mode. An expression of this kind exists because the
rest of the second-order perturbation, the perturbed density,
pressure, and potential, are higher order in Ω. Like the
velocity field of the first-order r-mode, the second-order
differential rotation of the unstable r-mode can be found
without simultaneously solving for the perturbed density
and pressure.
This separation of orders also leads to an iterative
method for solving the second-order Newtonian perturbation equations at successive orders in Ω that mirrors the
method we have just used to determine the axisymmetric
ð2Þ
ð2Þ
ð2Þ
ð2Þ
parts of δN va at OðΩÞ and δN ρ, δN p, and δN Φ at OðΩ2 Þ.
At each order, the ambiguity in the Newtonian differential
rotation is resolved by using Eq. (64). We assume that the
first-order Newtonian perturbation equations have been
solved to the desired order in Ω. We suppose one has found
ð2Þ
the perturbed Newtonian velocity δN va to OðΩ2k−1 Þ and
ð2Þ
the scalar quantities in δN Q to OðΩ2k Þ, and we list the
ð2Þ
steps to obtain the next-order correction, to find δN va2kþ1
and the scalar quantities to OðΩ2kþ2 Þ:
ð2Þ
(1) Because δN va2k−1 is known, and the integrability
ð2Þ
conditions ∇½a δN Eb ¼ 0 have an additional power
of Ω in each term, they are satisfied at OðΩ2k Þ. One
can then integrate the ϖ or z component of the
perturbed Newtonian Euler equation (52) to find
ð2Þ
ð2Þ
δN U2kþ2 up to a constant δN C2kþ2 .
ð2Þ
(2) Equation (107) determines δN ρ2kþ2 up to the
ð2Þ
ambiguity associated with δN C2kþ2 . The Poisson
ð2Þ
equation, Eq. (47), with the conditions that δN Φ2kþ2
vanish at infinity and have no monopole part (no
ð2Þ
change in mass), determines both δN Φ2kþ2 and the
ð2Þ
constant δN C2kþ2 .
(3) Equation (107) (or, alternatively, the Poisson equað2Þ
tion) gives δN ρ2kþ2 , and the equation of state
ð2Þ
determines δN p2kþ2 .
(4) Finally, one uses the known first-order perturbation
ð1Þ
δN va to solve two independent components of the
ð2Þ
ð2Þ
curl of the Euler equation, δN Ea ¼ 0 for δN vϕ2kþ1
ð2Þ

ð2Þ

ϕ
and δN vϖ
2kþ1 ; hδN v2kþ1 i has an fðϖÞ ambiguity
that is resolved by Eq. (64). The final component
ð2Þ
δN vz2kþ1 is found from the second-order massconservation equation.

C. Secular drift of a fluid element
The differential rotation we have found for the unstable
r-mode extends the work of Sá and collaborators [15–17] to
obtain the differential rotation of the unstable second-order
r-mode. The studies of magnetic-field wind-up by Rezzolla
et al. [8–10], which predated this work, explicitly omitted
the form of the second-order perturbation to the velocity
field that we have computed here. These authors obtained a
secular drift ϕðtÞ in the position of a fluid element by
integrating the l ¼ 2 form of the equations for the position
ϕðtÞ and θðtÞ of a particle whose perturbed velocity field is
ð1Þ
found solely from the first-order perturbation δN va of
Eq. (77), from the equations
dθ
ð1Þ
¼ αδN vθ ½θðtÞ; ϕðtÞ;
dt

ð120aÞ

dϕ
ð1Þ
¼ αδN vϕ ½θðtÞ; ϕðtÞ:
dt

ð120bÞ

The equations are nonlinear in θðtÞ; ϕðtÞ, and the solution is
written to Oðα2 Þ. The axisymmetric part of the solution is
again the part that is not oscillatory in time; in our notation,
it has the form
 2
 2
ϖ
z
23
hθðtÞi ¼ 0; hϕðtÞi ¼ α
Ωt: ð121Þ
−2
4
R
R
A secular drift obtained in this way has been used in
subsequent papers by Cuofano et al. [11,12] and by Cao
et al. [18].
When one includes the second-order differential rotation
ð2Þ
δ Ω of the unstable l ¼ 2 r-mode from Eqs. (119),
additional terms are added to the secular drift ϕðtÞ of a
fluid element’s position. The resulting expression is given
for t ≪ 1=β by
  2  2

3 ϖ
z
hϕðtÞi ¼ α2
Ω þ δð2Þ Ωjt¼0 t: ð122Þ
−2
4 R
R
Using the expression for δð2Þ Ω in Eq. (119), with Eqs. (115)
and (118), we obtain the following explicit form for the
second-order drift of an unstable l ¼ 2 r-mode:
  
3 2 1 ϖ 2
hϕðtÞi ¼ − α Ω
þ ϒðϖÞ t:
ð123Þ
2
4 R
This expression for the drift hϕðtÞi is independent of z and
therefore describes a drift that is constant on ϖ ¼ constant
cylinders. The analogous expression for the drift found
previously by Sá [15] has this same feature, and Chugunov
[26] observes that the drift in these modes can therefore be
completely eliminated in the pure Newtonian case by
appropriately choosing the arbitrary second-order angular
velocity perturbation.
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For long times (that is, for βt arbitrary but β ≪ Ω),
the time dependence t in Eq. (123) is replaced by
ðe2βt − 1Þ=2β. This expression is not of order 1=β but
satisfies the bound
e2βt − 1
e2βt þ 1
<t
;
2β
2

ð124Þ

for t > 0.
V. POLYTROPIC STELLAR MODELS
In this section, we evaluate Eq. (119), to determine the
changes in the rotation laws of uniformly rotating polytropes that are induced by the gravitational-radiation driven
instability in the r-modes. Polytropic stellar models (polytropes) are stars composed of matter whose equation of
state has the form
p ¼ Kρ1þ1=n ;

ð125Þ

where K and n, the polytropic index, are constants. We start
with the simplest case, n ¼ 0, the uniform-density models.
The only dependence of the differential rotation δð2Þ Ω on
the equation of state is in ϒðϖÞ, the mass-weighted average
of ðz=RÞ2 at fixed ϖ defined in Eq. (116). This average can
be evaluated analytically in the uniform-density case:
ϒðϖÞ ¼

R2 − ϖ 2 z2S ðϖÞ
¼
:
3R2
3R2

ð126Þ

Combining this result with Eqs. (115), (118), and (119)
gives
 
 2l−4 
ϖ
ðl þ 1Þðl − 7Þ ϖ 2
ð2Þ
δ Ω¼Ω
R
24
R


ðl2 − 1Þ
z2
3 2 − 1 e2βt :
þ
ð127Þ
6
R
In particular, for the l ¼ 2 r-mode, the radiation-reaction
induced differential rotation has the form
 
  2
3 z
5 ϖ 2 1 2βt
ð2Þ
δ Ω¼Ω
−
− e ;
ð128Þ
2 R
8 R
2
which is positive in a neighborhood of the poles and
negative near the equatorial plane. Figure 1 illustrates the
gravitational-radiation driven differential rotation δð2Þ Ω=Ω
from the l ¼ 2 r-mode instability of a slowly rotating
uniform-density star. This figure shows contours of constant δð2Þ Ω=Ω, on a cross section of the star that passes
through the rotation axis. For example, this figure illustrates
that δð2Þ Ω=Ω ≈ −9=8 near the surface of the star at the
equator. This indicates that the angular velocity of the star is
reduced by an amount ≈ − ð9=8ÞΩα2 e2βt in this region,
where αeβt is the amplitude of the r-mode and Ω is the

FIG. 1. Differential rotation δð2Þ Ω=Ω from the l ¼ 2 r-mode
instability evaluated on a cross section through the rotation axis
of a slowly rotating uniform-density star. The solution scales with
time as e2βt .

angular velocity of the unperturbed star. Similarly, this
figure illustrates that δð2Þ Ω=Ω ≈ 1 near the poles. The
angular velocity of the star is enhanced by the r-mode
instability in these regions.
The equilibrium structures of n ¼ 1 polytropes can also
be expressed in terms of simple analytical functions, but the
integrals that determine ϒðϖÞ in Eq. (116) cannot. We
therefore evaluate these quantities for all the n ≠ 0 polytropes numerically.
The structures of the nonrotating Newtonian polytropes
are determined by the Lane-Emden equations, which are
generally written in the form


d
dθ
ξ2
¼ −ξ2 θn ;
ð129Þ
dξ
dξ
where θ is related to the density by ρ ¼ ρc θn, with θ ¼ 1 at
the center of the star and θ ¼ 0 at its surface. The variable ξ
is the scaled radial coordinate, r ¼ aξ, with
ð1−nÞ=n

a2 ¼

ðn þ 1ÞKρc
4πG

:

ð130Þ

We solve Eq. (129) numerically to determine the LaneEmden functions θðξÞ; use them to evaluate the density
profiles of these stars, ρðrÞ ¼ ρc θn ; and finally perform the
integrals numerically in Eq. (116) that determine the massweighted average ϒðϖÞ of ðz=RÞ2 for spherical polytropes.
Figure 2 illustrates the results for a range of polytropic
indices. Because they are more centrally condensed, stars
with softer equations of state, i.e. polytropes with larger
values of n, have smaller ϒðϖÞ. This is most pronounced
near the rotation axis of the star where ϖ ¼ 0 and values of
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0.4
n = 0.0
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FIG. 2. Dimensionless ratio of the integrals ϒðϖÞ defined in
Eq. (116) that determines the gravitational-radiation induced
differential rotation in polytropic stellar models having a range of
polytropic indices n.

z2 in the dense core dominate the average. Figure 3
ð2Þ
illustrates δN Ω=Ω from Eq. (115), the differential rotation
induced by the gravitational-radiation driven instability in
the l ¼ 2 r-modes for polytropes having a range of
polytropic indices n. This graph shows that the equatorial
ð2Þ
surface value (ϖ ¼ R) of δN Ω=Ω is the same for all the
polytropes. This is not a surprise, because ϒðϖÞ ¼ 0 there
for all equations of state. Stars composed of fluid having
stiffer equations of state, i.e. smaller values of n, have larger
1.2
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0.8
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FIG. 3. Differential rotation induced by the gravitationalradiation instability in the l ¼ 2 r-modes for a range of
polytropic indices n.
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1

FIG. 4. Differential rotation induced by the gravitationalradiation instability in various r-modes of n ¼ 1 polytropes
for a range of spherical harmonic mode index l values.
ð2Þ

values of jδN Ω=Ωj near the rotation axis where ϖ ¼ 0.
Figure 4 illustrates the differential rotation induced by the
gravitational-radiation induced instability in the r-modes of
n ¼ 1 polytropes having a range of different spherical
harmonic mode index l values. The figure portrays a
ð2Þ
differential rotation δN Ω=Ω induced by gravitational radiation that, like the magnitude of the linear mode, is more
narrowly confined to the equatorial region near the surface of
the star as the r-mode harmonic index l is increased.
VI. DISCUSSION
The radiation-reaction force uniquely determines the
exponentially growing differential rotation of the unstable,
nonlinear r-mode. We have found expressions for the
rotation law and for the corresponding secular drift of a
fluid element and have obtained their explicit forms for
slowly rotating polytropes. The formalism presented here
describes an r-mode, driven by a gravitational radiation
reaction, at second order in its amplitude α, and restricted to a
perfect-fluid Newtonian model. We now comment briefly on
the meaning of the work within a broader physical context.
First, a realistic evolution involves coupling to other
modes, because realistic initial data have small, nonzero
initial amplitudes for all modes and, at higher orders in α,
other modes are excited by the r-mode itself. As a result of
the couplings, the r-mode amplitude will saturate, and
studies of its nonlinear evolution (see Refs. [5,6] and
references therein) suggest a saturation amplitude of order
10−4 or smaller. By the time the mode reaches saturation,
the amplitude of daughter modes may be large enough that
their own second-order axisymmetric parts contribute
significantly to the differential rotation law.
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Second, when there is a background magnetic field,
the growing axisymmetric magnetic field generated by the
r-mode’s secular drift can change the profile of the
growing differential rotation [26]. The second-order Euler
equation (45) is altered by the second-order Lorentz force per
unit mass, given in an ideal magnetohydrodynamics approxi~ × Bi.
~
mation by α2 hδð2Þ f magnetic i ¼ α2 hδð2Þ ½ 1 ð∇ × BÞ
4πρ

This will be of order the radiation-reaction force after an
amplitude-independent time4
t∼

βt2A

∼

106

s

1015

 8
2
ρ
β
10 G R
;
B0 106 cm
g=cm3 10−6 s−1
ð131Þ

Alfvén
where tA is the
pﬃﬃﬃﬃﬃﬃﬃ
ﬃ time associated with the background
field, tA ¼ R 4πρ=B0 . After this time and until the mode
reaches its nonlinear saturation amplitude, we expect that the
radiation-reaction force will continue to drive growing
differential rotation. The functional form of this differential
rotation, however, will be determined by both δð2Þ f GR
and hδð2Þ f magnetic i.
After nonlinear saturation, we expect the growth of
differential rotation and of the magnetic field to stop within
a time on the order of the Alfvén time. This is because
(1) the radiation-reaction force is now time independent
and (2), with a background magnetic field, there should no
longer be a zero-frequency subspace of modes associated
with adding differential rotation. Reason 2 means that the
differential rotation and the magnetic field at the time of
mode saturation become initial data for a set of modes
whose frequencies are of order the Alvén frequency. The
second-order axisymmetric part of the r-mode after saturation becomes effectively a system of stable oscillators
driven by a constant force. Such systems have no growing
modes and therefore no secularly growing magnetic field.
4
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The explicit form of the secular drift we obtain is new,
but its magnitude is consistent with that used in earlier
work [8–12,18] that examines the damping of the unstable
r-mode by this energy transfer mechanism. This damping
mechanism becomes important whenever the rate of
energy transfer to the magnetic field (by winding up
magnetic-field lines or, for a superconducting region in a
neutron-star interior, by stretching magnetic-flux tubes or
other mechanisms) is comparable to the growth rate of the
unstable r-mode. Assuming the energy transferred to the
magnetic field is not returned to the r-mode and that a
large fraction of the core is a type-II superconductor,
Rezzolla et al. [8] estimate that the instability will be
magnetically damped for a magnetic field of order 1012 G.
As noted above, we expect this magnetic damping
mechanism to play a role only if the magnetic field
reaches this 1012 G range prior to the nonlinear saturation
of the r-mode. We think it likely that a limit on magneticfield growth imposed by saturation means that this field
strength can be reached only if the initial field is not far
below 1012 G. In addition, for an initial field of order
B ≥ 1012 G or larger, if all axisymmetric perturbations
that wind up the magnetic field have frequency higher
than or of order the Alfvén frequency, we conjecture
(based on the toy model mentioned in Footnote 4) that the
enhancement of the magnetic field will be too small to
damp the r-mode.
Finally, if the magnetic field is large enough to significantly modify the structure of the first-order r-modes, all of
the calculations here would need to be modified. Previous
studies, however [13,29–34], find that field strength B ≳
1014 − 1015 G is needed to significantly alter the linear rmode of a star with spin greater than 300 Hz. When the
viscous damping time is comparable to the gravitationalwave growth time, one would also need to include viscosity
in the second-order equations that determine the differential
rotation.

For a magnetic field that grows linearly in time, we have
α2 hδð2Þ f

magnetic i

∼

α2
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APPENDIX A: NOTATION
The symbols in Table I are listed by order of appearance
in the paper, starting with Sec. II. We omit a few symbols
that are used only where they are defined.
TABLE I.
Symbol

Notation.
Meaning

The set of variables fρ; v~ ; p; Φg
Mass density
Fluid velocity
Fluid pressure
Newtonian gravitational potential
Fluid specific enthalpy
Effective potential
Ea ¼ 0 is the Newtonian Euler equation
Radiation-reaction force
Mass and current multipoles
A constant defined in Eq. (10)
Fluid angular velocity
Rotational symmetry vector xŷ − yx̂
Dimensionless amplitude of r-mode
First-order perturbation of Q: ∂ α Qjα¼0
Second-order perturbation of Q: 12 ∂ 2α Qjα¼0
First- and second-order Newtonian perturbations (no
radiation reaction)
ð1Þ
ϖ; z dependence of perturbation: Eqs. (32)–(35)
δN Q̂
ð1Þ
A correction in first-order perturbation due to radiation
δR Q̂
reaction
δð1Þ Q Subscript  denotes even (þ) or odd (−) ϕ-parity
under the diffeomorphism ϕ → 2π − ϕ
ωN
Frequency of Newtonian r-mode
ψN
ψ N ≡ ωN t þ mϕ
~ Eq. (30)
Pa b
Projection operator orthogonal to ϕ:
β
Imaginary part of frequency of unstable r-mode
hδQi
Axisymmetric part of δQ
ð2Þ
Second-order
Newtonian perturbation with a
δNP Q
ð2Þ
Particular choice of δN ΩðϖÞ
ð2Þ
δN ΩðϖÞ Arbitrary function of ϖ in second-order
Newtonian differential rotation
Second-order differential rotation, hδð2Þ vϕ i
δð2Þ Ω
ð2Þ
2βt
Radiative
part of second-order perturbation
δR Qe
ð2Þ ~
Defined in Eqs. (50) and (51)
δR V,
ð2Þ ~
δR W
ð2Þ
ð2Þ ~
hδR Fi Effective driving force for hδR v~ i: Eq. (57)
M0 ; R
Mass
and radius of spherical stellar model
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ω0
M 0 =R3
~
Dimensionless
angular velocity, Ω=Ω0
Ω
~ Eq. (70)
Qn
Part of Q that is nth order in Ω:
ð1Þ
ð1Þ ~
ð1Þ ~
~
Part
of
δ
orthogonal
to
δ
f
GR
N v
δ⊥ fGR
ð1Þ ~
ð1Þ
~
ð1Þ
Function for which δ⊥ fGR ¼ ∇δ⊥ F
δ⊥ F
Q
ρ
v~
p
Φ
h
U
Ea
f~ GR
I lm ; Slm
Nl
Ω
~
ϕ
α
δð1Þ Q
δð2Þ Q
ð1Þ ð2Þ
δN ; δN

APPENDIX B: GRAVITATIONAL WAVE
ENERGY AND ANGULAR MOMENTUM FLUXES
The expression for the radiation-reaction force f~ GR given
in Eq. (7) was derived by constructing a force that
reproduces the standard expressions for the time averaged
gravitational wave energy and angular momentum fluxes:

Z
dE 
¼
ρ~v · f~ GR d3 x ;
dt GR
 lþ1 lm 2
XX 1
d I 


¼−
 dtlþ1 
32π
l≥2 jmj≤l
 lþ1 lm 2
d S 
 ;
ðB1Þ
þ 
dtlþ1 

Z
dJ~ 
¼
ρ~r × f~ GR d3 x ;
dt GR
lm
XX 1
dl I lm dlþ1 ~IB
ℜ
¼
32π
dtl dtlþ1
l≥2 jmj≤l
lm

þ

dl Slm dlþ1 S~ B
dtl
dtlþ1

:

ðB2Þ

The expression given here for the angular momentum flux,
Eq. (B2), is somewhat more compact than the standard
post-Newtonian expression [cf. Thorne [19], Eq. (4.23)].
We express this flux in terms of the magnetic-type mass
lm
lm
and current-multipole moments, ~IB and S~ B , which we
define as
Z
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lm
~Ilm
¼
N
ðB3Þ
l
þ
1
ρrl Y~ B d3 x;
l
B
2N l
lm
S~ B ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lþ1

Z

3
~ Y~ lm
ρrl ð~v · ~r × ∇Þ
B d x:

ðB4Þ

These magnetic-type mass and current mutipole moments
can be expressed in terms of the standard I lm and Slm ,
i pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ lmþ1
~Ilm
ðl − mÞðl þ m þ 1ÞI
ðx̂ þ iŷÞ
B ¼−
2
i pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ lm−1
ðl þ mÞðl − m þ 1ÞI
ðx̂ − iŷÞ − imI lm ẑ;
−
2
ðB5Þ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
i
ðl − mÞðl þ m þ 1Þ lmþ1
lm
S
ðx̂ þ iŷÞ
S~ B ¼ −
2
lðl þ 1Þ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
i ðl þ mÞðl − m þ 1Þ lm−1
−
S
ðx̂ − iŷÞ
2
lðl þ 1Þ
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where x̂, ŷ, and ẑ are unit vectors. Both of these expressions
are based on the following identity for vector spherical
harmonics:
lm
Y~ B

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðl − mÞðl þ m þ 1Þ lmþ1
Y
ðx̂ − iŷÞ
lðl þ 1Þ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
i ðl þ mÞðl − m þ 1Þ lm−1
þ
Y
ðx̂ þ iŷÞ
2
lðl þ 1Þ

i
¼
2

im
þ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ Y lm ẑ:
lðl þ 1Þ

from the fact that n is not an integer. We now show for
the perturbed polytrope that ρ is again proportional to
ðdistance to the surfaceÞn to second order in α.
The vanishing of θ at the surface of the perturbed star is
equivalent to the vanishing of the Lagrangian perturbation
of θ at the unperturbed surface,
Δθ ¼ 0;

ðC1Þ

Δθ≔θðα; t; x~ þ ~ξÞ − θð0; t; x~Þ;

ðC2Þ

where
ðB7Þ

Using this transformation, Eq. (B2) reproduces the standard
post-Newtonian expression [cf. Thorne [19], Eq. (4.23)].
The calculation needed to verify that the expression for the
radiation-reaction force f~ GR given in Eq. (7) satisfies the
time averaged gravitational wave energy and angular
momentum flux expressions given in Eqs. (B1) and (B2)
is straightforward but lengthy.
APPENDIX C: INTEGRATING δρ
For rotating equilibrium stellar models having polytropic
equations of state with polytropic index n, the density ρ ∝
ðdistance to the surfaceÞn near the star’s surface. We
assume here that the surface of the perturbed star is smooth
as a function of α and x~. Although the surface itself is
smooth, the behavior of ρ near ρ ¼ 0 implies that ∇a ρ
diverges for n < 1 and ∇a ∇b ρ diverges for n < 2. It
follows that δð1Þ ρ and δð2Þ ρ diverge because they involve
first and second derivatives, respectively, of the unperturbed density. We show, however, that continuity and
differentiability of the star’s surface as a function
R ∞ ð1Þof x~ and α
imply finiteness of the integrals −∞
δ ρdz and
R ∞ ð2Þ
ð2Þ
−∞ δ ρdz, when δ ρ is regarded as a distribution.
We first verify the claimed behavior of ρ for the
unperturbed polytrope and then use the form of the
Lagrangian perturbation of the enthalpy to deduce
the behavior of δð1Þ ρ and δð2Þ ρ near the surface. Denote
by z
S ðα; t; ϖ; ϕÞ the values of z at the top and bottom parts
of the surface of the perturbed star. We again introduce the
polytropic function θ, related to the specific enthalpy by
−
θ ¼ ρo =½ðn þ 1Þpo h. Then, ρ ¼ ρo θn Θðzþ
S − zÞΘðz − zS Þ,
þ
þ
þ
where Θ ðzS − zÞ ¼ 1 for zS > z and Θ ðzS − zÞ ¼ 0
for zþ
S < z. For the unperturbed rotating polytrope, θ is
finite with finite derivatives at the surface of the star.5
The lack of smoothness in ρ at the surface thus arises
For the unperturbed star, Eq. (13) implies θ ¼ ρo =½ðn þ
1Þpo ðE − Φ þ 12 ϖ 2 Ω2 Þ, where E is the constant injection energy
per unit mass. Caffarelli and Friedman prove that ρ is Hölder
continuous, ρ ∈ C0;α ðR3 Þ [35], and the Poisson equation then
implies Φ ∈ C2;α ðR3 Þ. Thus, θ has one-sided first and second
derivatives at the surface.
5
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with ~ξðα; t; x~Þ the exact Lagrangian displacement—a vector
from the position x~ of each fluid element in the unperturbed
star to its position x~ þ ~ξ in the perturbed fluid. Our
assumption that the surface changes smoothly as a function
of α and x~ is then the requirement that ~ξ and its derivatives
are smooth at the surface of the star. Writing
~ξ ¼ α~ξð1Þ þ α2 ~ξð2Þ þ Oðα3 Þ

ðC3Þ

and taking derivatives of (C2) with respect to α, we have
δð1Þ θ ¼ Δð1Þ θ − ξð1Þa ∇a θ;

ðC4aÞ

δð2Þ θ ¼ Δð2Þ θ − ξð2Þa ∇a θ − ξð1Þa ∇a δð1Þ θ
1
− ξð1Þa ξð1Þb ∇a ∇b θ:
2

ðC4bÞ

Then, δð1Þ θ and δð2Þ θ are finite at the unperturbed surface,
and, to second order in α, we can write for θ the Taylor
expansion
þ 2
θðα; z; ϖÞ ¼ ∂ z θjzþS ðz − zþ
S Þ þ Oðz − zS Þ ;

ðC5Þ

n
for z < zþ
S . The corresponding expansion for ρ ¼ ρ0 θ is
thus
þ
n
nþ1
ρðα; z; ϖÞ ¼ ρ0 ð−∂ z θjzþS Þn ðzþ
:
S − zÞ þ OðzS − zÞ

ðC6Þ
R∞

We
now show directly that the integrals −∞ δð1Þ ρdz
R ∞can ð2Þ
and −∞ δ ρdz are finite for polytropic equations of state
with any polytropic index n > 0 for which the equilibrium
star has a finite surface. More precisely, they are finite
everywhere except the equator, where the range of integration vanishes.
For a given value of ϖ, we choose Z with 0 < Zþ < zþ
S
and 0 > Z− > z−S for all α < ϵ, for some finite ϵ > 0. We
write the integral as a sum of three parts,
Z ∞
Z Zþ
Z ∞
Z Z−
δρdz ¼
δρdz þ
δρdz þ
δρdz: ðC7Þ
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ð1Þ
ð2Þ
In the first integral on the right side,
R ∞ δð1Þ ρ and
R ∞δ ð2Þρ are
finite, so we need only to consider Zþ δ ρdz, Zþ δ ρdz,
and the corresponding integrals near the bottom part of the
surface. Because the finiteness argument is identical for the
þ
integrals near z−S and zþ
S , we consider the integrals near zS .
We have
n
∂ α ρ ¼ ∂ α f½ρ0 ð−∂ z θjzþS Þn ðzþ
S − zÞ
nþ1
þOðzþ
 Θ ðzþ
S − zÞ
S − zÞg
þ
þ
n
n
¼ ρ0 ð−∂ z θjzþS Þn ∂ α ½ðzþ
S − zÞ Θ ðzS − zÞ þ OðzS − zÞ

ð1Þ

APPENDIX D: ORDERING IN Ω OF δR Q
To make the heuristic argument of Sec. IVA more
precise, we use the two-potential formalism of Ipser
ð1Þ
and Lindblom [36] to write an explicit form for δR va in
ð1Þ
ð1Þ
terms of δR U and δR F . Because that formalism uses the
ð1Þ
complex version of a perturbation, we write δR Q ¼
ð1Þ
ℑðδ~ R QÞ. The perturbed Euler equation, Eq. (95), with
radiation-reaction force then has the form
~ ð1Þ b
~ ð1Þ b
Q−1
ab δR v ≡ ½ðωN þ lΩÞgab þ 2iΩ∇a ϕb δR v
ð1Þ
ð1Þ
¼ i∇a ðδ~ R U − δ~ R F Þ:

þ
n
¼ −ρ0 ∂ α zþ
Þn ∂ z ½ðzþ
S ð−∂ z θjzþ
S − zÞ Θ ðzS − zÞ
S
n
þ Oðzþ
S − zÞ ;

ðC8Þ

implying

Using the slow-rotation form (81) of ωN and Eq. (13) of
ð1Þ
Ref. [36], we write the solution to this equation for δ~ R va as
ð1Þ
ð1Þ
ð1Þ
δ~ R va ¼ iQab ∇b ðδ~ R U − δ~ ⊥ F Þ;

δð1Þ ρ ¼ −ρ0 ½ξð1Þz ð−∂ z θÞn zS ∂ z ½ðzS − zÞn Θ ðzS − zÞ
þ OðzS − zÞn ;

ðC9Þ

ð1Þz
jzS . From
where we have used the relation ∂ α zþ
S jα¼0 ¼ ξ
Eq. (C8), we have

~ ab ¼ −
Q

þ
2
n
¼ ρ0 ð∂ α zþ
Þn ∂ 2z ½ðzþ
S Þ ð−∂ z θjzþ
S − zÞ Θ ðzS − zÞ
S

ðC10Þ

ð1Þ
~ ab ∇b ðδ~ ð1Þ
∇a ½ρQ
R U − δ⊥ F Þ

þ

1
δð2Þ ρ ¼ ρ0 ½ðξð1Þz Þ2 ð−∂ z θÞn zS ∂ 2z ½ðzS − zÞn Θ ðzþ
S − zÞ
2
þ OðzS − zÞn−1 :
ðC11Þ
R
Finiteness of δð1Þ ρdz is immediate from the integrability of ðzS − zÞn−1 for n > 0. For δð2Þ ρ, we had to retain
the factor Θ ðzS − zÞ, and we kept it for δð1Þ ρ as well to
display pairs of analogous equations. From Eqs. (C9) and
(C11), the leading term in each of δð1Þ ρ and δð2Þ ρ is a
z-derivative, and we immediately obtain the integrals
∞

Zþ

Z

∞

Zþ

δð1Þ ρdz ¼ ρðZÞξð1Þz jzS þ OðzS − Zþ Þnþ1 ;

ðD3Þ

With δ~ R va replaced by the expression on the right side
of Eq. (D2), the mass conservation equation, Eq. (94)
ð1Þ
ð1Þ
becomes an elliptic equation for δ~ R U − δ⊥ F, namely

implying

Z

lþ1
2lðl þ 2Þ
ð1Þ

n−1
þ Oðzþ
S − zÞ

n−1
;
þ Oðzþ
S − zÞ

ðD2Þ

ab
~ ab, with
¼ Ω−1 Q
where the inverse of Q−1
ab is the tensor Q

× ½gab − ðl þ 1Þ2 ∇a z∇b z − iðl þ 1Þ∇a ϕb :

þ
n
∂ 2α ρ ¼ −ρ0 ∂ α zþ
Þn ∂ α ∂ z ½ðzþ
S ð−∂ z θjzþ
S − zÞ Θ ðzS − zÞ
S

ðD1Þ

ðC12Þ

n ρðZÞ
δð2Þ ρdz ¼
ðξð1Þz jzS Þ2 þ OðzS − Zþ Þn :
2 zS − Zþ
ðC13Þ

2
dρ ð1Þ
ð1Þ
ð1Þ
Ω2 ρ ðδ~ R U − δ~ R ΦÞ ¼ iΩβδN ρ:
lþ1
dp

ðD4Þ

ð1Þ
ð1Þ
The potentials δ~ R U and δ~ R Φ are determined by this
equation, together with the Poisson equation,
ð1Þ

∇2 δ~ R Φ ¼ 4πρ

dρ ~ ð1Þ
ð1Þ
ðδ U − δ~ R ΦÞ;
dp R

ðD5Þ

and the two boundary conditions,
ð1Þ
lim δ~ Φ
r→∞ R

¼0

ðD6Þ

and
ð1Þ
ð1Þ
ð1Þb
Δð1Þ h ¼ ðδ~ R UjS − δ~ R Φ þ ξ~ R ∇b hÞjS ¼ 0;

ðD7Þ

here, S is the surface of the unperturbed star, and the
ð1Þa
Lagrangian displacement ξ~ R is defined by

R ∞ ð2Þ
R ∞ ð1Þ
δ ρdz and −∞
δ ρdz are therefore
The integrals −∞
finite as claimed.
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ð1Þa
ξ~ R ¼

1
ð1Þ
δ~ va :
iðωN þ lΩÞ R

ðD8Þ
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Using the value of ωN from Eq. (81), and Eq. (D2), we can
write the second boundary condition as
~ ð1Þ
~ ab ∇a h∇b ðδ~ ð1Þ
Q
R U − δ⊥ F Þ þ

2
ð1Þ
ð1Þ
Ω2 ðδ~ R U − δ~ R ΦÞ ¼ 0:
lþ1
ðD9Þ
ð1Þ
δR v~ ,

ð1Þ
δR U,
2

PHYSICAL REVIEW D 93, 024023 (2016)
ð1Þ

and δR Φ are the same order in Ω. From Eq. (D4), we then
ð1Þ
ð1Þ
ð1Þ
have δR U − δ⊥ F ¼ OðΩ2 δ⊥ F Þ þ OðΩ3 βÞ ¼ OðΩ3 βÞ.
Then,
ð1Þ

ð1Þ

ð1Þ

δR Φ ¼ OðδR UÞ ¼ Oðδ⊥ F Þ ¼ OðΩβÞ:

ðD10Þ

Finally, Eq. (D2) implies

ð1Þ
δR Φ,

and
we
To find the orders in Ω of
ð1Þ
begin with the relations δN ρ ¼ OðΩ Þ and, from Eq. (89),
ð1Þ
ð1Þ
δ~ ⊥ F ¼ OðΩβÞ. From the Poisson equation (D5), δR U

δR va ¼ OðΩ−1 Ω3 βÞ ¼ OðΩ2 βÞ:
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