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3 CHERN–SIMONS THEORY, SURFACE SEPARABILITY,

AND VOLUMES OF 3-MANIFOLDS

PIERRE DERBEZ, YI LIU, AND SHICHENG WANG

ABSTRACT. We study the setvol (M,G) of volumes of all representationsρ : π1M →

G, whereM is a closed oriented3-manifold andG is eitherIso+H
3 or IsoeS̃L2(R).

By various methods, including relations between the volumeof representations and the
Chern–Simons invariants of flat connections, and recent results of surfaces in 3-manifolds,
we prove that any 3-manifoldM with positive Gromov simplicial volume has a finite cover
M̃ with vol(M̃, Iso+H

3) 6= {0}, and that any non-geometric 3-manifoldM containing

at least one Seifert piece has a finite coverM̃ with vol(M̃, IsoeS̃L2(R)) 6= {0}.
We also find 3-manifoldsM with positive simplicial volume butvol(M, Iso+H

3) =

{0}, and non-trivial graph manifoldsM with vol(M, IsoeS̃L2(R)) = {0}, proving that it
is in general necessary to pass to some finite covering to guarantee thatvol(M,G) 6= {0}.

Besides we determinevol (M,G) whenM supports the Seifert geometry.
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1. INTRODUCTION

The volume of representations of 3-manifolds groups is a beautiful theory which has
rich connections with many branches of mathematics. However the behavior of those vol-
ume functions seems still quite mysterious. To make our meaning more explicit, we first
give some basic notions (which will be defined later) and properties of volume of represen-
tations. LetN be a closed orientable3-manifold. LetG be eitherIso+H3 ∼= PSL(2;C),

the orientation preserving isometry group of the hyperbolic 3-space, orIsoeS̃L2(R) ∼=

R ×Z S̃L2(R), the identity component of the isometry group of̃SL2(R). For each repre-
sentationρ : π1M → G, the volume ofρ is denoted byvolG(M,ρ).

Define

vol (M,G) = {volG(M,ρ)whenρ runs over the representationsπ1M → G}

SupposeM supports a hyperbolic, respectively añSL2(R)-geometry. ThenM naturally
has its own hyperbolic volumevolH3(M), respectively Seifert volumevol

S̃L2(R)
(M). We

denote by||M || the Gromov norm ofM , which measures, up to a multiplicative constant,
the total hyperbolic volume of the hyperbolic pieces ofM [Gr, So]. The following the-
orem contains some known basic results of the theory of volume representations. For its
development, see [BG1, BG2, Re] and their references.

Theorem 1.1. LetN be a closed orientable3-manifold.

(1) Both vol(N,PSL(2;C)) and vol(N, IsoeS̃L2(R)) contain at most finitely many
values. Hence the supremumsHV(N) and SV(N) of vol(N,PSL(2;C)) and

vol(N, IsoeS̃L2(R)) are reached.
(2) If N admits a hyperbolic geometric structure, thenHV(N) equalsvolH3(N),

reached by any discrete and faithful representation. A similar statement holds

whenN admits anS̃L2(R) geometric structure.
(3) HV(N) ≤ µ3 ||N ||, whereµ3 denotes the volume of any ideal regular tetrahedron

in H
3.

(4) Let f : M → N be a map between closed orientable3-manifolds and letρ :
π1N → G denote a representation. Then

volG(M, f∗ρ) = deg(f) volG(N, ρ).

Hence,

HV(M) ≥ |degf |HV(N) andSV(M) ≥ |degf | SV(N).

We callHV(N) andSV(N) in the conclusion of Theorem 1.1 (1) thehyperbolic volume
and theSeifert volumeof N , respectively.

Remark1.2. Let M andN be two closed oriented3-dimensional manifolds and let
D(M,N) be the set of degrees of maps fromM to N . Let D be the set of all closed
orientable 3-manifoldsN with D(M,N) finite for any fixedM . By Theorem 1.1 (4),



CHERN–SIMONS, SEPARABILITY, AND VOLUMES 3

SV(N) = HV(N) = 0 if N /∈ D. It is known that (see [DSW] for example),N ∈ D
if and only if N contains a prime factorQ with non-trivial geometric decomposition, or

supporting anS̃L2(R) or a hyperbolic geometry. This fact combined with Theorem 1.1

(2), (3), (4) implies that ifvol
(
N, IsoeS̃L2(R)

)
6= {0} then necessarily a prime factor

of N has a non-trivial geometric decomposition, or supports añSL2(R) or a hyperbolic
geometry and ifvol (N,PSL(2;C)) 6= {0} then necessarily a prime factor ofN contains
some hyperbolic JSJ pieces.

Besides Theorem 1.1, Thurston pointed out the relation between Chern–Simons invari-
ants and the hyperbolic volume of hyperbolic 3-manifolds for discrete and faithful repre-
sentations [Th2]. Such a relation is extended by Kirk–Klassen [KK] for cusped hyperbolic
3-manifolds and discrete and faithful representations into PSL(2;C), and by Khoi [Kh]

for closed manifolds with the group̃SL2(R) (as a subgroup ofIsoS̃L2(R)).
Despite those significant results, the answer to the questions below, which is a main mo-

tivation of this paper, seems still remarkably unknown. Recall that a non-negative invariant
η of 3-manifolds is said to satisfy thecovering propertyin the sense of Thurston, if for any
finite coveringp : Ñ → N , we haveη(Ñ) = |deg(p)|η(N).

Question1. LetM be a closed3-manifold and letG be eitherPSL(2,C) or IsoeS̃L2(R).

(1) (a) How to find non-zero elements invol(M,G)?
(b) More weakly, how to find non-zero elements invol(M̃,G) for some finite

coverM̃ of M?
(2) DoesHV or SV satisfy the covering property?

Remark1.3. Three-manifold invariants with the covering property was first addressed by
Thurston in the 1970s [Ki, Problem 3.16(A)]. The simplicialvolume has the covering
property (See Gromov, Thurston, Soma [Gr, Th1, So], an earlyevidence of such applica-
tion appears in Milnor–Thurston [MT]). Some papers define invariants with the covering
property for graph manifolds, say [WW, LW, Ne], but each one vanishes for some graph
manifolds.

So far it seems that we only know thatHV, respectively,SV, satisfies the covering
property for the hyperbolic, respectively, Seifert manifolds. In hyperbolic geometry this
property comes from the relation between the simplicial volume andHV. In Seifert geom-
etry one can computeSV in terms of the Euler classes of the Seifert manifold and the Euler
characteristic of its orbifold and these invariants behavenaturally under covering maps.

The results of Brooks–Goldman [BG2] and Eisenbud–Hirsch–Neumann [EHN] allow

us to describe the setvol
(
M, IsoeS̃L2(R)

)
for each closed 3-manifoldM supporting an

S̃L2(R)-geometry. It is known thatM supports anS̃L2(R)-geometry if and only ifM is
a Seifert manifold with non-zero Euler numbere(M) over an orbifold of negative Euler
characteristic. We usexay andpaq for a ∈ R to denote respectively, the greatest integer
less than or equal toa and the least integer greater than or equal toa.

Proposition 1.4. SupposeM supports anS̃L2(R)-geometry and that its base2-orbifold
has a positive genusg. Then

vol
(
M, IsoeS̃L2(R)

)
=





4π2

|e(M)|

(
r∑

i=1

(
ni

ai

)
− n

)2


(1.1)
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wheren1, . . . , nr, n are integers such that
r∑

i=1

xni/aiy− n ≤ 2g − 2,

r∑

i=1

pni/aiq− n ≥ 2− 2g

anda1, . . . , ar are the indices of the singular points of the orbifold ofM .

Remark1.5. In order to check Proposition 1.4, we will describe all representations with
non-zero volume. Proposition 1.4 presents explicitly the rationality of the elements in

vol(M, IsoeS̃L2(R)), which was proved by Reznikov [Re].

As a partial answer to Question 1 (1) for non-geometric manifolds, it was known
recently that each non-trivial graph manifoldM has a finite coverM̃ such that

vol(M̃, IsoeS̃L2(R)) contains non-zero elements, see [DW]. Thus Question 1 (1.a)is re-
duced to the non-geometric 3-manifolds containing hyperbolic JSJ pieces (the so-called
mixed 3-manifold). In view of Theorem 1.1 (2) (3), as well as the result of [DW], and in an
attempt to seal a relation between theGromov simplicial volumeand thehyperbolic volume,
M. Boileau and several others wondered the following more direct version of Question 1
(1):

Question2. Suppose that the Gromov norm||M || is positive.

(1) Is there a representationρ : π1M → PSL(2;C) with positive volume?
(2) More weakly is there a representationρ : π1M̃ → PSL(2;C) with positive vol-

ume for some finite covering̃M of M?

From now onM will always be assumed to be a closed oriented irreducible non-
geometric 3-manifold.

The main results of this paper are the following two theorems, which answer Questions
1 and 2 respectively.

Theorem 1.6. Suppose thatM is a closed oriented irreducible non-geometric 3-manifold.

(1) If M contains at least one hyperbolic geometric piece, then the hyperbolic volume
of some finite cover̃M is positive.

(2) If M contains at least one Seifert geometric piece, then the Seifert volume of some
finite coverM̃ is positive.

Theorem 1.7.
(1) There are closed oriented non-trivial graph manifolds withvanishing Seifert vol-

ume.
(2) There are closed oriented irreducible 3-manifolds with non-vanishing Gromov

norm but vanishing hyperbolic volume.

Corollary 1.8. Neither the hyperbolic volume nor the Seifert volume have the covering
property.

Now let us have a brief discussion of our proofs of the main results.
The difficulty of Question 1 can more or less be seen from the definition: to get a non-

zero element invol (M,G) we need first to find ana priori “significant” representation
ρ : π1M → G, and then to be able to compute its volume. In the geometric case, there is
a natural significant representation given by the faithful and discrete representation of its
fundamental group in the Lie group of its geometry. In the non-geometric case one might
think to use the geometry of its pieces to construct a global significant representation.
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However in this new situation many problems occur: First thegeometric pieces have non-
empty boundary and the volume of representation is not easy to manipulate and moreover
we must make sure that the local representations are compatible in the toral boundaries
in order to be glued together. Then another problem arises when we want to compute the
volume of a global representation from the local volumes. Can we add the volumes of
those pieces to get the volume of the presentation?

In order to prove Theorem 1.6 and Theorem 1.7, we will first consider the volume
of representations from the perspective of Chern–Simons theory and prove the so-called
additivity principle.

Denote byG the semi-simple Lie groupIsoeS̃L2(R) or PSL(2,C) with the associated

Riemannian homogeneous spacesX which is S̃L2(R) or H3 endowed with the closed
G-invariant volume formωX .

Denote byg the Lie algebra ofG. We recall (see Section 3 for more details) that
the Chern–Simons classes with structure groupPSL(2,C) are based on the first Pontrja-
gin class and in the same way we define the Chern–Simons classes with structure group

IsoeS̃L2(R) based on the invariant polynomial defined byR(A⊗A) = Tr(X2)+t2 where

A is an element of the Lie algebra ofIsoeS̃L2(R) which decomposes intoX+twhereX is

in the Lie algebra ofS̃L2(R) andt ∈ R. Denote the imaginary part of the complex number
z byℑ(z).

Proposition 1.9. Let ρ be a representation ofπ1M intoG andA be a corresponding flat
G-connection in the principal bundleP = M ×ρ G. Suppose thatP admits a sectionδ
overM .

(1) If G equalsIsoeS̃L2(R) then

(1.2) csM (A, δ) =

∫

M

δ∗R

(
dA ∧ A+

1

3
A ∧ [A,A]

)
=

2

3
volG(M,ρ).

In particular, the Chern–Simons invariant of flatIsoeS̃L2(R)-connections is gauge
invariant.

(2) If G equalsPSL(2;C) then

(1.3) ℑ (csM (A, δ)) = −
1

π2
volG(M,ρ).

Remark1.10. Assuming thatP =M ×ρ G admits a section in Proposition 1.9 (1) means

equivalently thatρ admits a lift intoS̃L2(R) so that the bundle admits a reduction to an

S̃L2(R)-bundle and we reckon that the correspondence forG = S̃L2(R) is pointed in
[Re], and verified in [Kh] by a long and subtle computation. However for our own under-
standing we reprove it in a very simple way underscoring thatthe correspondence is quite
natural and comes directly from the structural equations ofthe Lie group involved (Section
3.3). The correspondence in Proposition 1.9 (2) is derived from [KK], using a formula
established by Yoshida in [Yo] (Section 3.4). The imaginarypart of the Chern–Simons
invariants of flatPSL(2;C)-connections is gauge invariant from the formula for it doesnot
depend on the chosen section.

Then from the representations in normal form developed in [KK], we have the so-called
additivity principle, that is, we can add the volumes of those pieces to get the globe vol-
umes. We state it in the following
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Theorem 1.11. Let M be an irreducible oriented closed3-manifold with JSJ tori
T1, · · · , Tr and JSJ piecesJ1, · · · , Jk, and letζ1, · · · , ζr be slopes onT1, · · ·Tr, respec-
tively.

Suppose thatG is eitherIsoeS̃L2(R) or PSL(2;C), and that

ρ : π1(M) → G

is a representation vanishing on the slopesζi, and thatρ̂i : π1(Ĵi) → G are the induced
representations, wherêJi is the Dehn filling ofJi along slopes adjacent to its boundary,
with the induced orientations. Then

volG(M,ρ) = volG(Ĵ1, ρ̂1) + volG(Ĵ2, ρ̂2) + . . .+ volG(Ĵk, ρ̂k).

With Proposition 1.9 and Theorem 1.11 at hands, for a given 3-manifoldM satisfying
the conditions of Theorem 1.6, how do we contstruct a finite cover M̃ of M and a repre-
sentationρ : π1(M̃) → G with positive volume? Such a cover̃M and a representationρ
are not difficult to describe up to some finite cover and conjugation as we see below.

The prime picture of the cover̃M is simple. Fix a JSJ pieceJ of M with the right
geometry. The regular finite cover̃M of M can be cut along some of its JSJ tori into
three parts: Part 1 are some disjoint preimage components (elevations) ofJ , Part 2 some
“corridors”, and Part 3 the remaining part; components in Part 1 and Part 3 are connected
by those corridors in Part 2. The crucial property of corridors is that in each corridorX
there is a corridor surfaceR, so that ifX is a corridor connecting somẽJ in Part 1 through
a component̃T of ∂J̃ , then∂R has exactly one component (circular doorsill) inT̃ .

It seemed hopeless to find such corridors in general, until the recent striking results of
surfaces in 3-manifolds due to Wise and his co-authors [HW, Wi, PW1, PW2, PW3]. In
this paper we will construct such corridors (Theorem 4.12) from what we call parallel-
cutting partial Przytycki–Wise subsurfaces (Theorem 4.11), then we will merge the three
parts above to provide the designed finite coverM̃ (Proposition 4.2, Corollary 4.5). To
understand the key issue that we will address, consider the following situation: IfS is aπ1-
injectively immersed, virtually embedded, connected, closed subsurface ofM , and ifT is a
JSJ torus ofM , is there a regular finite cover̃M ofM such that any elevation ofS intersects
any elevation ofT in at most one connected component? Generally speaking, theanswer
seems to be negative whenS andT intersects in more than one component. In particular,
the double separability betweenS andT does not automatically lead to such a coverM̃ .
However, the main new input of Theorem 4.12 is the parallel cutting condition, which
morally assumes thatS intersects every JSJ torus ofM in virtually parallel components
(Definition 4.10). Under this and other suitable working assumptions, we will be able
to resolve the key issue by applying the separability criterion of Rubinstein–Wang [RW]
in graph submanifolds ofM and the relatively quasiconvex separability of Wise [Wi] in
hyperbolic pieces.

Thus the term “surface separability” in the title of this paper mostly refers to virtual
simplification of intersection between an immersed subsurface and any JSJ torus, rather
than intersection of an immersed subsurface with itself.

We describe the representationρ : π1(M̃) → G (Theorem 5.2) as follows:ρ| on the
group of each component̃J of Part 1 factors through a “mighty and natural” representation
of theπ1(Ĵ), whereĴ is the closed 3-manifold obtained by Dehn filling ofJ̃ along its
doorsills and the representation is discrete and faithful (the corridor surfaces can be chosen
to be so);ρ| on the group of each component of Part 3 is trivial; andρ| on the group of
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each corridor is based on the crucial property of its corridor surface and is given by the

homological pairingπ1(X) −→ H1(X ; Z)
[R]
−→ Z−→G, where everything is oriented,

[R] ∈ H2(X, ∂X ;Z) ∼= H1(X ;Z). The global representationρ can be obtained by gluing
together the local representationsρ| provided they induce conjugate representations on
each boundary components of the Parts 1, 2 and 3 (Lemma 3.2 or Remark 5.5). To make
sure that the local representations are conjugate in the boundary, we need the concepts of
colored chunks and colored merging, where colored chunks can be merged with matching
color in a further finite cover (Lemma 5.3) and also certain socalled ”class invertible

properties” of the groupsIsoeS̃L2(R), andPSL(2;C) (Lemma 6.1). Finally the conjugacy
issue above will be managed in Lemma 5.4

To prove Theorem 1.7, some arguments in [EHN], an example of Motegi [Mo] and a
result of Hoffman–Matignon [HM] are also used.

The organization of this paper is reflected by the table of contents. Efforts have been
made in organizing the materials so that our results can be verified smoothly, and readers
can access the topic more easily.

Acknowledgement. We thank Professor Michel Boileau and Professor Daniel Matignon
for helpful communications.

2. PRELIMINARIES

In this section, we review the geometric decomposition of3-manifolds and volume of
representations of closed manifolds.

2.1. Topology of 3-manifolds after Thurston. LetN be a connected compact prime ori-
entable 3-manifold with toral or empty boundary.

2.1.1. Geometric decomposition.As consequence of the geometrization of3-manifolds
[Th1, Th2] achieved by G. Perelman and W. Thurston, exactly one of the following holds:

• EitherN is geometric, supporting one of the following eight geometries: H3,

S̃L2(R), H2 × R, Sol, Nil, R3, S3 andS2 × R (whereHn, Rn andSn are then-
dimensional hyperbolic space, Euclidean space, and spherical space respectively);

• or N has a canonical nontrivial geometric decomposition. In other words, there
is a nonempty minimal unionTN ⊂ N of disjoint essential tori and Klein bottles
of N , unique up to isotopy, such that each component ofN \ TN is either Seifert
fibered or atoroidal. In the Seifert fibered case the piece supports theH2 × R

geometry and thẽSL2(R) geometry, and in the atoroidal case the piece supports
theH3 geometry.

WhenN has nontrivial geometric decomposition, we call the components ofN \ TN the
geometric piecesof N , or more specifically,Seifert piecesor hyperbolic piecesaccording
to their geometry. We callN a mixed 3-manifoldif N contains at least one hyperbolic
piece, or agraph manifoldotherwise.

A chunkof N is a submanifold that is a union of a subset of geometric pieces, glued up
along the cut tori between them. A graph chunk is a chunk whichis a graph manifold.

Traditionally, there is another decomposition introducedby Jaco–Shalen [JS] and Jo-
hannson [Joh], known as theJSJ decomposition. WhenN contains no essential Klein
bottles and has a nontrivial geometric decomposition, the JSJ decomposition ofN coin-
cides with its geometric decomposition, so the cut tori and the geometric pieces may be
referred to as theJSJ tori and theJSJ pieces, respectively. Possibly after passing to a
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double cover ofN , we may assume thatN contains no essential Klein bottle. In fact, the
following lemma of virtual reduction is well known, (cf. [PW3, Lemma 3.1]).

Lemma 2.1. If N is a closed prime 3-manifold which is not geometric, then there exists a
regular finite coveringÑ ofN satisfying the following:

• Ñ contains no essential Klein bottle;
• each JSJ torus of̃N is adjacent to a pair of distinct JSJ pieces;
• each Seifert piece is a product ofS1 and a compact surface of positive genus.

2.1.2. Hyperbolic pieces.A hyperbolic pieceJ can be realized as a complete hyperbolic
3-manifold of finite volume, unique up to isometry by Mostow Rigidity. With respect
to the geometry, any properlyπ1-injectively immersed connected subsurfacej : S #

J of finite type, is eithergeometrically finiteor geometrically infinite, unlessπ1(S) is
elementary (trivial or infinite cyclic). Geometrically infinite subsubsurfaces are virtual
fibers; geometrically finite subsurfaces are quasi-Fuchsian so any conjugate ofπ1(S) in
π1(J) is quasiconvex relatively to the cusps. It follows from the work of Wise [Wi] that
π1(S) is separable inπ1(J) in the cusped case, and the closed case follows from Agol’s
proof of the Virtual Haken Conjecture [Ag]. In particular,S is virtually embedded inJ .

We briefly recall the Thurston’s Hyperbolic Dehn Filling Theorem. LetJ denote a
compact, orientable3-manifold whose boundary consists of toriT1, . . . , Tp and whose
interior admits a complete hyperbolic metric. We denote byJmax the interior ofM with a
system of maximal cusps removed. IdentifyJ with Jmax, then∂J has a Euclidean metric
induced from the hyperbolic metric and each closed Euclidean geodesic in∂J has the
induced length. The Hyperbolic Dehn Filling Theorem [Th1, Theorem 5.8.2] can be stated
in the following form.

Theorem 2.2. LetJ be a compact oriented3-manifold with toral boundaryT1 ∪ . . . ∪ Tp
whose interior admits a complete hyperbolic structure. Identify J with Jmax. Then there
is a positive constantC such that the the closed 3-manifoldJ(ζ1, . . . , ζn) obtained by
Dehn filling eachTi alongζi admits a complete hyperbolic structure if each slopeζi has
then length greater thanC. Moreover, with suitably chosen base points,J(ζ1, . . . , ζn)
converges toJ in the Gromov–Hausdorff sense as the minimal length ofζi tends to infinity.

2.1.3. Seifert pieces.A Seifert pieceJ of a non-geometric prime closed3-manifoldN

supports both theH2 × R geometry and thẽSL2(R) geometry. In this paper we are more

interested in the latter, so we describe the structure of̃SL2(R) geometric manifolds in the
following.

We consider the groupPSL(2;R) as the orientation preserving isometries of the hyper-
bolic 2-spaceH2 = {z ∈ C,ℑ(z) > 0} with i as a base point. In this wayPSL(2;R)

is a (topologically trivial) circle bundle overH2. Denote byp : S̃L2(R) → PSL(2;R)

the universal covering ofPSL(2;R) with the induced metric. TheñSL2(R) is a line bun-

dle overH2. For anyα ∈ R, denote bysh(α) the element ofS̃L2(R) whose projection

into PSL(2;R) is given by

(
cos(2πα) sin(2πα)
− sin(2πα) cos(2πα)

)
. Then the set{sh(n), n ∈ Z}, is

the kernel ofp as well as the center of̃SL2(R), acting by integral translation along the

fibers of S̃L2(R). By extending thisZ-action on the fibers by theR-action we get the

whole identity component of the isometry group of̃SL2(R). To summarize we have the
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following diagram of central extensions

{0} //

��

Z //

��

S̃L2(R) //

��

PSL(2;R) //

��

{1}

��
{0} // R // IsoeS̃L2(R) // PSL(2;R) // {1}

.

In particular the groupIsoeS̃L2(R) is generated byS̃L2(R) and the image ofR which
intersect together in the image ofZ, where each elementx onR is naturally identified with
the translationτx of lengthx. More precisely we state the following useful lemma which
is easy to check.

Lemma 2.3. We have the identificationIsoeS̃L2(R) = R ×Z S̃L2(R): where(x, h) ∼
(x′, h′) if and only if there exists an integern ∈ Z such thatx′ − x = n and h′ =
sh(−n) ◦ h.

LetFg,n be an orientedn-punctured surface of genusg ≥ 0 with boundary components
s1, . . . , sn with n ≥ 0. ThenJ ′ = Fg,n × S

1 is oriented ifS1 is oriented. Lethi be the
orientedS1-fiber on the torusTi = si × hi. We say that(si, hi) is asection–fiberbasis of
Ti. Let0 ≤ s ≤ n. Now attachs solid toriVi’s to the boundary toriTi’s of J ′ such that the
meridian ofVi is identified with the slopeaisi + bihi whereai > 0, (ai, bi) = 1 for i =

1, . . . , s. Denote the resulting manifold by
(
g, n− s; b1

a1
, · · · , bs

as

)
which has the Seifert

fiber structure extended from the circle bundle structure ofJ ′. Each orientable Seifert
fibered space with orientable baseFg,n−s and with≤ s exceptional fibers is obtained in
such a way. IfJ is closed, i.e. ifs = n, then define the Euler number of the Seifert fibration
by

e(J) =

s∑

i=1

bi
ai

∈ Q

and the Euler characteristic of the orbifoldO(J) by

χO(J) = 2− 2g −

s∑

i=1

(
1−

1

ai

)
∈ Q.

From [BG2] we know that a closed orientable3-manifoldJ supports theS̃L2(R) geom-

etry, i.e. there is a discrete and faithful representationψ : π1J → IsoS̃L2(R), if and only
if J is Seifert fibered with non-zero Euler numbere(J) and negative Euler characteristic
χO(J) of the base orbifold.

A properly π1-injectively immersed subsurfacej : S # J of finite type is said to
be horizontal if it can be properly homotoped to be transverse to the fiber atany point.
Otherwise it is said to bevertical, and in this case, it is an annulus or a torus fibering over
a properly immersed path or loop in the base orbifold.

2.2. Volume of representations of closed manifolds.We recall three definitions of vol-
ume of representations.

2.2.1. Via developing maps.Given a semi-simple, connected Lie groupG and a closed
oriented manifoldMn of the same dimension as the contractible spaceXn = G/K,
whereK is a maximal compact subgroup ofG, we can associate, to each representation
ρ : π1M → G, a volumevolG(M,ρ) in the following way.
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First fix aG-invariant Riemannian metricgX onX , and denote byωX the correspond-
ingG-invariant volume form. Let̃M denote the universal covering ofM . We think of the
elements̃x of M̃ as the homotopy classes of pathsγ : [0, 1] → M with γ(0) = x0 which
are acted byπ1(M,x0) by setting[σ].x̃ = [σ.γ], where. denotes the paths composition.

A developing mapDρ : M̃ → X associated toρ is aπ1M -equivariant map such that
for anyx ∈ M̃ andα ∈ π1M , then

Dρ(α.x) = ρ(α)−1Dρ(x)

whereρ(α) acts onX as an isometry. Such a map does exist and can be constructed
explicitly as in [BCG]: Fix a triangulation∆M of M . Then its lift is a triangulation∆

M̃

of M̃ , which isπ1M -equivariant. Then fix a fundamental domainΩ of M in M̃ such that
the zero skeleton∆0

M̃
misses the frontier ofΩ. Let {x1, . . . , xl} be the vertices of∆0

M̃
in

Ω, and let{y1, . . . , yl} be anyl points inX . We first set

Dρ(xi) = yi, i = 1, . . . , l.

Next extendDρ in an π1M -equivariant way to∆0
M̃

: For any vertexx in ∆0
M̃

, there is
a unique vertexxi in Ω andαx ∈ π1M such thatαx.xi = x, and we setDρ(x) =
ρ(αx)

−1Dρ(xi). Finally we extendDρ to edges, faces, etc., andn-simplices of∆
M̃

by
straightening the images to geodesics using the homogeneous metric on the contractible
spaceX . This map is unique up to equivariant homotopy. ThenD∗

ρ(ωX) is a π1M -

invariant closedn-form onM̃ and therefore can be thought of as a closedn-form onM .
Thus define

volG(M,ρ) =

∫

M

D∗
ρ(ωX) =

s∑

i=1

εivolX(Dρ(∆̃i))

where{∆1, . . . ,∆s} are then-simplices of∆M , ∆̃i is a lift of ∆i andεi = ±1 depending
on whetherDρ|∆̃i is preserving or reversing orientation.

2.2.2. Via continuous cohomology classes.Let g andk denote the Lie algebra ofG and
K. Let o = {K} be the base point ofX = G/K and for anyg1, . . . , gl ∈ G denote
by∆(g1, . . . , gl) the geodesicl-simplex ofX with vertices{o, g1(o), . . . , gl . . . g2g1(o)}.
There is a natural homomorphism

H∗(g, k;R) = H∗(G−invariant differential forms on X) → H∗
cont(G;R)

defined in [Du1] byη 7→
(
(g1, . . . , gl) →

∫
∆(g1,...,gl)

η
)

which turns out to be an isomor-

phism by the Van Est Theorem [V].
Recall that for each representationρ : π1M → G one can associate a flat bundle over

M with fiberX and groupG constructed as follows:π1M acts diagonally on the product
M̃ ×X by the following formula

σ.(x̃, g) = (σ.x̃, ρ−1(σ)g)(2.1)

and we can form the quotient̃M ×ρX = (M̃ ×X)/π1M which is the flatX-bundle over
M corresponding toρ.

Then for eachG-invariant closed formω onX , q∗(ω) is aπ1(M)-invariant closed form
on M̃ × X , whereq : M̃ × X → X is the projection, which induces a formω′ on
M ×ρ X . Thens∗(ω′) is a closed form onM , wheres : M → M ×ρ X is a section
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(sinceX is contractible, such a section exists all such sections arehomotopic). Thus any
representationρ : π1M → G leads to a natural homomorphism

ρ∗ : H∗
cont(G;R) = H∗(G−invariant differential forms on X) → H∗(M ;R)

induced byρ∗(ω) = s∗ω′. The volume ofρ is therefore defined by

volG(M,ρ) =

∫

M

ρ∗(ωX)

The equivalence between the two definitions is immediate since theπ1M -equivariant
mapId×Dρ : M̃ → M̃ ×X descends to a sectionM →M ×ρ X .

2.2.3. Via transversely projective foliations.This definition only makes sense for the
Seifert volume. LetF be a co-dimension one foliation on a closed smooth manifoldM
determined by a 1-formω. Then by the Froebenius Theorem one hasdω = ω∧ δ for some
1-form δ. It was observed by Godbillon and Vey [GV] that the 3-formδ ∧ dδ is closed
and the class[δ ∧ dδ] ∈ H3(M,R) depends only on the foliationF (and not on the chosen
form ω). This cohomology class is termedthe Godbillon–Vey classof the foliationF and
denoted byGV (F).

Proposition 2.4([BG1, Proposition 1]). SupposeF is a horizontal flat foliation on a circle
bundleS1 → E →M with structural groupPSL2(R). Then

∫

S1

GV (F) = 4π2ẽ(E),

where
∫
S1 : H

3(E) → H2(M) denotes the integration along the fiber andẽ denotes the
Euler class of the bundle.

LetM be a closed orientable 3-manifold andφ : π1M → PSL2(R) be a representation
with zero Euler class. SincePSL2(R) acts onS1 then one can consider the corresponding
flat circle bundleM ×φ S

1 overM and the associated horizontal(PSL2(R),S1)-foliation
Fφ. Since the Euler class ofφ is zero we can choose a sectionδ ofM×φS

1 →M . Brooks
and Goldman showed thatδ∗GV (Fφ) only depends onφ (and not on a chosen sectionδ)
[BG1, Lemma 2]. Then they defined theGodbillon–Veyinvariant ofφ by setting

GV (φ) =

∫

M

δ∗GV (Fφ).

For a given representationφ : π1M → PSL2(R), φ lifts to φ̃ : π1M → S̃L2(R) if and
only if ẽ(φ) = 0 in H2(M,Z). The following fact has been verified in [BG1].

Proposition 2.5. LetM be a closed oriented3-manifold, letφ : π1M → PSL2(R) be a

representation with zero Euler class and fix a liftφ̃ : π1M → S̃L2(R) of φ. Then

GV (φ) = vol
S̃L2(R)

(M, φ̃),

whereS̃L2(R) is viewed as a semi-simple Lie group acting on itself by multiplication with

corresponding homogeneous spacẽSL2(R).
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3. CHERN–SIMONS THEORY AND ADDITIVITY PRINCIPLE

In this section, we consider volume of representations fromthe perspective of Chern–
Simons theory. In particular, we prove the additivity principle (Theorem 3.5).

Throughout this section we refer to [CS] and [KN]. In this part, all the objects we deal
with are smooth. Letπ : P → M denote a principalG-bundle over a closed manifoldM .
We suppose thatG is a Lie group acting on the right onP and we denote byRg the right
action

P ∋ x 7→ x.g ∈ P

whereg in an element ofG. Denote byg the Lie algebra ofG. Let V P be the vertical
subbundle ofTP .

Let P1 andP2 denote two principalG1, respectively,G2-bundles over manifoldsM1

respectively,M2. Following the formalism in [KN, p. 53] ahomomorphism of principal
bundlesconsists of a mapf : P1 → P2 as well as a homomorphismf ′ : G1 → G2 such
thatf(x.g) = f(x).f ′(g), wherex ∈ P1 andg ∈ G1. We say that a bundle homomor-
phism induces theidentity in the structural groupif G1 = G2 = G andf ′ is the identity
map.

3.1. Connections on principal bundles. We denote byΩk(P ; g) the set of differential
k-forms taking values ing. We define the exterior product ofω1 ∈ Ωk(P ; g) by ω2 ∈
Ωl(P ; g) as an elementω1 ∧ ω2 of Ωk+l(P ; g⊗ g) by setting

ω1 ∧ ω2(X1, . . . , Xk+l) =

1

(k + l)!

∑

σ∈Sk+l

sign(σ)ω1(Xσ(1), . . . , Xσ(k))⊗ ω2(Xσ(k+1), . . . , Xσ(l)).

The Lie bracket[., .] in g induces a mapΩk+l(P ; g⊗ g) → Ωk+l(P ; g) and we denote
[ω1, ω2] the image ofω1 ∧ ω2 under this maps. Explicitly we get:

[ω1, ω2](X1, . . . , Xk+l) =

1

(k + l)!

∑

σ∈Sk+l

sign(σ)[ω1(Xσ(1), . . . , Xσ(k)), ω2(Xσ(k+1), . . . , Xσ(l))].

The differentiald : Ωk(P ; g) → Ωk+1(P ; g) is defined by the Cartan formula

dω(X1, . . . , Xk+1) =
1

k + 1

k+1∑

i=1

Xi.ω(X1, . . . , X̂i, . . . , Xk+1)+

1

k + 1

∑

i<j

(−1)i+jω([Xi, Xj ], X1, . . . , X̂i, . . . , X̂j , . . . , Xp+1).

The derivative at the identity1 of G of the map

G ∋ g 7→ x.g ∈ P

induces an isomorphismνx : g → VxP ⊂ TxP and we get the exact sequence

0 → g
νx→ TxP

dπx→ Tπ(x)M → 0.

A horizontal subbundleHP of TP is a smooth distribution such thatTxP = VxP ⊕HxP
for anyx ∈ P that isG equivariant:Hx.g = dRg(x)Hx. This is given equivalently by the
kernel of an elementω ∈ Ω1(P ; g) such that for anyx ∈ P

(1) ωx ◦ νx = Idg and
(2)R∗

gω = Adg−1(ω).
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An element ofΩ1(P ; g) satisfying (1) and (2) is termeda connection ofP . Denote by
A(P ) the space of all conections onP . This space is naturally acted on by thegauge group
denoted byGP consisting of theG-equivariant bundle automorphisms ofP .

The basic example is the groupG itself, viewed as a trivial bundle over a point or
more generally the trivialized bundleM ×G with the so-called Maurer–Cartan connection
ωM.C. = d(Lg−1 ◦ π2), whereLg denotes the left translation inG andπ2 the projection of
P ontoG. This connection satisfies the Maurer–Cartan equation, namely

dωM.C. = −
1

2
[ωM.C., ωM.C.].

Let us make a concrete computation forG. LetX1, . . . , Xn be a basis ofg. Sinceg can
be thought of as the space of left invariant vector fields inG, its dualg∗ is the space of left
invariant differential 1-forms onG. Let θ1, . . . , θn denote the dual basis ofg∗. Then

ωM.C. = θ1 ⊗X1 + . . .+ θn ⊗Xn.

Let us write the constants structure ofg which are given by the formula

[Xj , Xk] =
∑

i

cijkXi.

Thus by the Maurer–Cartan equation we get the equalities

dθi = −
1

2

∑

j,k

cij,kθ
j ∧ θk(3.1)

In general, for a given connectionω in a bundleP , the element

Fω = dω +
1

2
[ω, ω](3.2)

is thecurvatureof ω lying in Ω2(P ; g) and measuring the integrability of the correspond-
ing horizontal distribution. WhenFω = 0 we say that the connection is flat. Denote
by FA(P ) the subset ofA(P ) which consists of flat connections onP . This space is
preserved by the gauge group action.

We recall the following basic fact that will be used very often in this paper. To each flat
connectionω one can associate a representationρ : π1M → G by lifting the loops ofM
in the leaves of the horizontal foliation given by integrating the distributionkerω.

On the other handω can be recovered fromρ by the following construction. The
fundamental group ofM acts on the product̃M × G by the formula[σ].([γ], g) =

([σ.γ], ρ([σ]−1).g) and the quotient̃M ×ρ G under thisπ1M -action is isomorphic toP
and the push forward of the vertical distribution of̃M ×G in M̃ ×ρG corresponds toω in
P . We get a natural map

IP : B(P ) = FA(P )/GP →֒ R(π1M,G)/conjugation,

whereR(π1M,G) is the set of representations ofπ1M intoG acted by the conjugation in
G.

3.2. Chern–Simons classes.Given a Lie groupG, a polynomial of degreel is a symmet-
ric linear mapf : ⊗l g → K, whereK denotes either the real or the complex numbers
field. The groupG acts ong by Ad and the polynomials invariant under this action are
called theinvariant polynomials of degreel and are denoted byI l(G) with the convention
I0(G) = K. DenoteI(G) the sum⊕l∈NI

l(G).
The Chern–Weil theorygives a correspondenceWP from I l(G) to H2l(M ;K) con-

structed in the following way. Choose a connectionω in P then for anyl ≥ 1 a polynomial
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f ∈ I l(G) gives rise to a2l-form f(∧lFω) in P . It follows from the Chern–Weil Theory
thatf(∧lFω) is closed and is the pull-back of a unique form onM underπ : P → M
denoted byπ∗f(∧lFω). ThenWP (f) is by definition the class ofπ∗f(∧lFω) in H2l(M).
The Chern–Weil Theorem claims thatWP (f) does not depend on the chosen connection
ω and thatWP is actually a homomorphism.

Let EG denote theuniversal principalG-bundle and denote byBG the classifying
space ofG. This means that any principalG-bundleP → M admits a bundle homo-
morphismξ : P → EG descending to the classifying map, still denotedξ : M → BG,
that is unique up to homotopy. There exists the universal Chern–Weil homomorphism
W̃ : I l(G) → H2l(BG) such thatξ∗W̃ (f) =WP (f).

The Chern–Simons invariants were derived from this construction by Chern and Simons
who observed thatf(∧lFω), for l ≥ 1, is actually exact inP and a primitive is given
explicitly in [CS] by

Tf(ω) = l

∫ 1

0

f(ω ∧ (∧l−1F t))dt(3.3)

whereF t = tFω + 1
2 (t

2 − t)[ω, ω]. The formTf(ω) is closed whenM is of dimension
2l − 1. For instance whenl = 2 andM is a3-manifold, pluggingF t and (3.2) into (3.3)
we get a closed3-form onP , namely

Tf(ω) = f(Fω ∧ ω)−
1

6
f(ω ∧ [ω, ω]) = f(dω ∧ ω) +

1

3
f(ω ∧ [ω, ω])(3.4)

ConsideringG as a principal bundle over the point this yields to

Tf(ωM.C.) = −
1

6
f(ωM.C. ∧ [ωM.C., ωM.C.]).

The(2l − 1)-form Tf(ωM.C.) is closed, bi-invariant and defines a class inH2l−1(G;R).
Let us denote by

I0(G) = {f ∈ I(G), T f(ωM.C.) ∈ H2l−1(G;Z)}.

The elements ofI0(G) are termedintegral polynomials. If f ∈ I0(G) then there is a well
defined functional

cs∗M : AM×G → K/Z(3.5)

defined as follows: sinceP =M ×G is a trivial(ized) we can consider, for any sectionδ,
the Chern–Simons invariant

csM (ω, δ) =

∫

M

δ∗Tf(ω)(3.6)

Sincef is an integral polynomial, the elementcsM (ω, δ) is well defined moduloZ when
the section changes. Then definecs∗M (ω) to be the class ofcsM (ω, δ) in K/Z.

The fundamental classical examples areG = SU(2;C) andG = SO(3;R).
The Chern–Simons classes for the groupSU(2;C) are based on the second Chern class

f = C2 ∈ I20 (SL(2;C)). We recall that the Chern classes, denoted byC1,C2 for SU(2;C),
are the complex valued invariant polynomials such that

det

(
λ.I2 −

1

2iπ
A

)
= λ2 + C1(A)λ + C2(A⊗A),
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whenA ∈ sl2(C). Thus after developing this equality we get

C2(A⊗A) =
1

8π2
tr(A2),

so that we get the usual formula (using (3.4))

TC2(ω) = 1
8π2Tr

(
Fω ∧ ω − 1

6ω ∧ [ω, ω]
)

(3.7)

=
1

8π2
Tr

(
dω ∧ ω +

1

3
ω ∧ [ω, ω]

)

The Chern-Simons classes of the special orthogonal groupG = SO(3;R) are based
on the first Pontrjagin classf = P1 ∈ I20 (SO(3;R)) that is a the real valued invariant
polynomial such that

det

(
λ.I3 −

1

2π
A

)
= λ3 + P1(A⊗A)λ,

whenA ∈ so3(R). Thus after developing this equality we get

P1(A⊗A) = −
1

8π2
tr(A2).

Example 3.1. WhenM is an oriented Riemaniann closedn-manifold one can consider
its associatedSO(n;R)-bundleSO(M) which consists of the positive orthonormal unit
frames endowed with theLevi Civita connection. WhenM is of dimension3 it is well
known that its is parallelizable so that there exist sections δ of SO(M) → M . Therefore
one can consider the Chern-Simons invariant of the Levi Civita connection onM that will
be denoted bycsL.C.(M, δ).

A natural question arises in the following situation. Thereis an epimorphism
π2 : SU(2;C) → SO(3;R) that is the2-fold universal covering. Thus any connection
ω on the trivializedSU(2;C)-bundle overM induces a connectionω′ on the correspond-
ing SO(3;R)-bundle overM . How can we computeTP1(ω

′) from TC2(ω)? The answer
is given in [KK, pp 543, end of Section 3] by recalling thatπ2 induces a homomorphism
between the corresponding classifying spaces

π∗
2 : H

4(BSO(3;R)) → H4(BSU(2;C)),

such that
π∗
2W̃ (P1) = −4W̃ (C2).

Thus using the definition and the Chern–Weil universal homomorphism we get the equality

csM (ω′, δ′) = −4csM (ω, δ)(3.8)

whereδ is a fixed section in theSU(2;C)-bundle overM andδ′ is the corresponding
section in theSO(3;R)-bundle overM . On the other hand sinceG = SO(3;R), respec-
tively, SU(2;C), are the maximal compact subgroup ofPSL(2;C), respectively,SL(2;C),
whose quotientsPSL(2;C)/SO(3;R), respectively,SL(2;C)/SU(2;C) are contractible
then it follows from [Ho, Chapter 15, Theorem 3.1] and [Du2, Proposition 7.2, p. 98] that
the natural inclusion gives rise to isomorphismsH∗(BPSL(2;C)) → H∗(BSO(3;R))
andH∗(BSL(2;C)) → H∗(BSU(2;C)). We have the following commutative diagram

H∗(BPSL(2;C))
≃ //

��

H∗(BSO(3;R))

��
H∗(BSL(2;C))

≃ // H∗(BSU(2;C))

.
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Hence we also get (fixing a trivialization, using (3.6), (3.7), (3.8))

csM (ω′, δ′) = −4csM (ω, δ)(3.9)

= −
1

2π2

∫

M

δ∗Tr

(
Fω ∧ ω −

1

6
ω ∧ [ω, ω]

)

whereδ is a fixed section in theSL(2;C)-bundle overM and δ′ is the corresponding
section in thePSL(2;C)-bundle overM .

3.3. Volume and Chern–Simons classes in Seifert geometry.In this section we check
Proposition 1.9 (1) keeping the same notation as in the introduction. The proof is in-
spired from [BG2, p. 532] and we we will follow faithfully their presentation. IfG =

Isoe(S̃L2(R)) then the matrices

X =

(
1 0
0 −1

)
, Y =

(
0 0
1 0

)
, andZ =

(
0 1
0 0

)
,

together with the generatorT of R form a basis of the Lie algebrag of G. SettingW =
Z − Y − T we get a new basis{X,Y, Z,W} of g with commutators relations

[X,Y ] = −2Y, [X,Z] = 2Z,(3.10)

[Y, Z] = [Y,W ] = [Z,W ] = −X, [X,W ] = 2Y + 2Z

which determine the coefficients in the Maurer–Cartan equations. Denote by
ϕX , ϕY , ϕZ , ϕW the dual basis ofg∗. The Maurer–Cartan form ofG is given by

ωM.C. = ϕX ⊗X + ϕY ⊗ Y + ϕZ ⊗ Z + ϕW ⊗W.

Denote byA a flat connection onM ×ρ G. By Section 3.1, ifM̃ denotes the universal
covering and ifq : M̃ × G → G denotes the projection, thenA corresponds to the form
q∗(ωM.C.), where− : M̃ × G → M̃ ×ρ G denotes the push-forward which makes sense
sinceq∗(ωM.C.) is π1M -invariant. The Chern–Simons class of the flat connectionA is
TR(A) = q∗TR(ωM.C.). Using equations (3.1) and (3.10), we calculate

dϕX = ϕY ∧ ϕZ + ϕY ∧ ϕW + ϕZ ∧ ϕW(3.11)

dϕY = 2ϕX ∧ ϕY − 2ϕX ∧ ϕW(3.12)

dϕZ = −2ϕX ∧ ϕZ − 2ϕX ∧ ϕW(3.13)

dϕW = 0(3.14)

Notice that those equations also imply that2(ϕX ∧ ϕY + ϕX ∧ ϕZ) = d(ϕY − ϕZ) and
therefore

TR(ωM.C.) =
2

3
ϕX ∧ ϕY ∧ ϕZ +

1

3
d(ϕY ∧ ϕW − ϕZ ∧ ϕW ).
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The end of the proof follows from the commutativity of the diagram below and from the

Stokes formula, sinceϕX ∧ ϕY ∧ ϕZ represents the volume form onX = S̃L2(R).

G // X

M̃ ×G

qG

OO

−

��

π̃ // M̃ ×X

qX

OO

−

��
M ×ρ G

π // M ×ρ X

M

δ

OO

s

88
r
r
r
r
r
r
r
r
r
r
r

This completes the proof of Proposition 1.9 (1).

3.4. Volume and Chern–Simons classes in hyperbolic geometry.We now check Propo-
sition 1.9 (2). The following construction is largely inspired from [KK, pp. 553–556], using
a formula established by Yoshida in [Yo].

Denote byp : PSL(2;C) ≃ Iso+H
3 → H

3 the natural projection. For short denote
PSL(2;C) byG. For each representationρ : π1M → G admitting a lift intoSL(2;C), we
have the (trivial) principal bundleM ×ρ G and the associated bundleM ×ρ H

3. Denote
byA the flat connection overM corresponding toρ andωH3 theG-invariant volume form
onH3 corresponding to the hyperbolic metric.

The matricesX =

(
1 0
0 −1

)
, Y =

(
0 0
1 0

)
, Z =

(
0 1
0 0

)
form a basis of the Lie

algebrasl(2;C) with commutators relations

[X,Y ] = −2Y , [X,Z] = 2Z, [Y, Z] = −X.

Denote byϕX , ϕY , ϕZ the dual basis ofsl∗(2;C). The Maurer–Cartan form ofG is

ωM.C. = ϕX ⊗X + ϕY ⊗ Y + ϕZ ⊗ Z,

and

TP1(ωM.C.) =
1

π2
ϕX ∧ ϕY ∧ ϕZ .

By the formula of Yoshida in [Yo] we know that

iTP1(ωM.C.) =
1

π2
p∗ωH3 + icsL.C.(H

3) + dγ,

where p∗ωH3 is the pull-back ofωH3 under the projectionp : PSL(2;C) → H
3,

csL.C.(H
3) is the Chern–Simons 3-form of the Levi Civita connection over H3 (see Ex-

ample 3.1) with the hyperbolic metric in itsSO(3)-frame bundlePSL(2;C) anddγ is an
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exact real form. Consider the following commutative diagram

G
p // H3

M̃ ×G

qG

OO

−

��

p // M̃ ×H
3

q
H3

OO

−

��
M ×ρ G

p // M ×ρ H
3

M

δ

OO

s

88
q
q
q
q
q
q
q
q
q
q
q

Notice that the sections in the bottom triangle are obtainedas follows. SinceM is a 3-
manifold then it follows from the obstruction theory that any principal bundle with simply
connected group is trivial. Sinceρ : π1M → G admits a lift intoSL(2;C) M ×ρ G is
trivial. Denote byδ a section ofM ×ρ G → M . It induces, byp ◦ δ = s, a section of
M ×ρ H

3 →M .
Since all the maps are clear from the context, in the sequel, we will drop the index in

the projectionsqG andqH3 and we denote them just byq. Now the 3-formωH3 induces a
3-formq∗ωH3 onM ×ρ H

3 and

iq∗TP1(ωM.C.) =
1

π2
q∗p∗ωH3 + iq∗csL.C.(H3) + q∗dγ

in M ×ρ G, where the push-forward operationq∗(.) indeed makes sense since
TP1(ωM.C.), p

∗ωH3 andcsL.C.(H
3) are left invariant forms inG. Then

icsM (A, δ) =
1

π2

∫

M

δ∗q∗p∗ωH3 + i

∫

M

δ∗q∗csL.C.(H3) +

∫

M

δ∗q∗dγ.

Sinceδ∗q∗p∗ωH3 = δ∗p∗q∗ωH3 = s∗q∗ωH3 and
∫
M δ∗q∗dγ = 0 by the Stokes Formula,

we have

icsM (A, δ) =
1

π2

∫

M

s∗q∗ωH3 + i

∫

M

δ∗q∗csL.C.(H3) =
1

π2
vol(M,ρ) + ics(Mρ; δ),

where we denote
∫
M
δ∗q∗csL.C.(H3) by cs(Mρ; δ). We get eventually

csM (A, δ) = cs(Mρ; δ)−
i

π2
vol(M,ρ)(3.15)

This completes the proof of Proposition 1.9 (2).

3.5. Normal form near toral boundary of 3-manifolds. In this part we recall the ma-
chinery developed in [KK]. LetM be a compact oriented3-manifold with toral boundary
∂M endowed with a preferred basiss, h of H1(∂M ;Z) (this implies that for each com-
ponentTi of ∂M , there is a basissi, hi, but for simplicity, we omit the sub-index). Let

ρ : π1M → G be a representation whereG is eitherPSL(2;C) or ˜SL(2;R). We consider
the space of flat connectionsFA(P ) whereP is the trivialized bundleM × G. For rep-

resentations into˜SL(2;R) the corresponding principal bundles are always trivial whereas
the representationsρ into PSL(2;C) leading to a trivial bundle are precisely those who
admit a lift ρ into SL(2;C). Moreover if follows from [KK] and [Kh] that after a con-
jugation, the representationρ|π1T can be put innormal form, which eitherhyperbolic,
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elliptic or parabolic. Since the parabolic form will not be used in the explicit waywe
only recall the definitions of those representations which are elliptic or hyperbolicin the

PSL(2;C) case andelliptic in the ˜SL(2;R) case in the boundary ofM . Then by [KK],
whenG = PSL(2;C), we may assume, after conjugation, that there existα, β ∈ C such
that

ρ(s) =

(
e2iπα 0
0 e−2iπα

)
and ρ(h) =

(
e2iπβ 0
0 e−2iπβ

)
;

whenG = ˜SL(2;R), after conjugation, we may assume that after projecting toPSL(2;R)
there existα, β ∈ R such that

s 7→

(
cos(2πα) sin(2πα)
− sin(2πα) cos(2πα)

)
andh 7→

(
cos(2πβ) sin(2πβ)
− sin(2πβ) cos(2πβ)

)
.

In either case, ifA denotes a connection onP corresponding toρ then after a gauge trans-
formationg the connectiong ∗A is in normal form:

g ∗A|T × [0, 1] = (iαdx+ iβdy)⊗X.

Let M be a closed oriented 3-manifold andT be a union of finitely many tori cutting
M into J1, . . . , Jk. For eachT in T , we endow a homology basis(mT , lT ) and a base
point xT = mT ∩ lT ; and for simplicity we assumeT shared byJj andJl, j 6= l (this
condotion can be reached in a finite cover, see Lemma 2.1). With the setting above, we have
the following cut and paste result according to the correspondence between connections in
normal form and representations for manifolds with toral boundary due to Kirk and Klassen
(the similar fact has been used in [DW]).

Lemma 3.2. Letρi : π1Jj → G be a elliptic/hyperbolic representation, whereG is either
˜SL(2;R) or PSL(2;C), i = 1, ..., k. If for eachT the induced representationsρj |π1T

andρl|π1T are conjugated inG, then there exists a global representationsρ : π1M → G
inducingρi overJi up to conjugacy,i = 1, ..., k.

Proof. For eachT in T , ρi inducesρi|T : π1(T × [−1, 1], xT ) → G, wherei = j, l,
T × [−1, 1] is a regular neighborhood ofT with T × [−1, 0] ⊂ Jj andT × [0, 1] ⊂ Jl.

Denote byAi be a flat connection overJi corresponding toρi. ThenAi|T × [−1, 1]
can be put into normal form after gauge-transformation. Specially, there existsgi,T : T ×
[−1, 1] → G, i = j, l, such thatgi,T ∗Ai|T × [−1, 1] = (iαi,T dx + iβi,T dy) ⊗ X . By
obstruction theory one can extend

∐

T∈∂Ji

gi,T → G

to gauge transformationsgi : Ji → G.
Since for each torusT , ρj |T andρl|T are conjugated, they have the same eigenvalues,

therefore the connectionsgj ∗Aj andgl ∗Al match onT × [−1, 1]. So their union define a
flat and smooth connectionC overM and therefore a representationρ of π1M intoG. �

We quote the following result stated in [KK, Lemma 3.3] withG = SL(2;C) and in

[Kh, Theorem 4.2] withG = ˜SL(2;R), that will be used latter :

Proposition 3.3. LetA andB denote two flat connections in normal form over an oriented
3-manifold with toral boundary. IfA andB are equal near the boundary and if they are
gauge equivalent then

i) csM (A, δ) = csM (B, δ) whenG = ˜SL(2;R) and,
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ii) csM (A, δ)− csM (B, δ) ∈ Z whenG = PSL(2;C).

The second statement follows from [KK, Lemma 3.3] using identity (3.9).

Remark3.4. As a consequence of Proposition 3.3, ifA andB are flat connections on a solid
torus that are equal near the boundary then the associated representations are automatically
conjugated so that the conclusion of the proposition applies.

3.6. Additivity principle. Fix a closed oriented 3-manifoldM and denote by[M ] its
orientation class. LetT be a union of finitely many tori cuttingM into J1, . . . , Jk. For
eachT ∈ T , supposeT is shared byJi andJj . Denote by[Ji, ∂Ji] the induced orientations
classes so that the induced orientations on∂Ji and∂Jj are opposite onT , and we have

[M ] =

k∑

i=1

[(Ji, ∂Ji)].

Fix a regular neighborhoodW (T ) = [0, 1]×T such thatT = {1/2}×T ,Ji∩W (T ) =
[0, 1/2] × T andJj ∩ W (T ) = [1/2, 1] × T . Let A denote a flat connection overM .
Applying the same arguments as in [KK] we may assume thatA|W (T ) is in normal form.
Then by linearity of the integration

csM (A) =

k∑

i=1

csJi
(A|Ji).

Denote byV the solid torus with meridianm. Denote byc a slope inT and for each
T ∈ T , we perform a Dehn filling toJi identifying c with m and denote bŷMi = Ji ∪
(∪c⊂∂Ji

Vc) the resulting closed oriented manifold. Suppose eachA|Mi smoothly extend
to flat connections over̂Ji denoted byÂi for i ∈ {1, . . . , k}. This is to say that for any
representationρ corresponding toA then[c] ∈ kerρ. By the linearity we have

csĴi
(Âi) = csJi

(A|Ji) +
∑

c⊂∂Ji

csVc
(Âi|Vc) (i).

Since the extensions fromJi andJj over their ownVc, based on the normal form on
[0, 1]× T , are the same on theT direction but opposite on the[0, 1] direction, then using
Proposition 3.3 and Remark 3.4 we have

csVc
(Âi|Vc) + csVc

(Âj |Vc) = 0 (∗).

Summing up(i) from 1 to k, then apply (*), we get

csM (A) =

k∑

i=1

csĴi
(A|Ĵi).

Then applying Proposition 1.9 (1.2) and (1.3) in the introduction to the former equality we
get the so-called additivity principle:

Theorem 3.5. LetM is an oriented closed3-manifold with JSJ toriT1, · · · , Tr and JSJ
piecesJ1, · · · , Jk, and letζ1, · · · , ζr be slopes onT1, · · · , Tr, respectively.

Suppose thatG is eitherIsoeS̃L2(R) or PSL(2;C), and that

ρ : π1(M) → G
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is a representation vanishing on the slopesζi, and thatρ̂i : π1(Ĵi) → G are the induced
representations, wherêJi is the Dehn filling ofJi along slopes adjacent to its boundary,
with the induced orientations. Then:

volG(M,ρ) = volG(Ĵ1, ρ̂1) + volG(Ĵ2, ρ̂2) + . . .+ volG(Ĵk, ρ̂k).

We end this section by a simple lemma which will be used later and which is based on
computation already developed in [KK].

Lemma 3.6. Suppose thatG is eitherIsoeS̃L2(R) or PSL(2;C) and thatM is a closed
oriented 3-manifold. Ifρ : π1M → G has image either infinite cyclic or finite, then
volG(M,ρ) = 0.

Proof. Suppose first the imageρ(π1M) is a cyclic group generated byg. SinceG is path
connected, there is a path connecting the unite andg which provides a path of representa-
tion ρt : π1M → G such thatρ1 = ρ andρ0 is the trivial representation.

Consider the associated path of flat connectionsAt. This path defines a connectionA on
the productM × [0, 1] that is no longer flat but whose curvatureFA satisfies the equation
FA ∧ FA = 0 (this latter point follows from the fact thatFAt = 0 for any t). Hence
it follows from the construction of the Chern–Simons invariant combined with the Stokes
Formula thatcsM (A1) = csM (A0) = 0. HencevolG(M,ρ) = 0 by Propsotion 1.9.

Suppose then the imageρ(π1M) is a finite groupΓ. Letp : M̃ →M be the finite cover
corresponding to the unit ofΓ, then we have the induced trivial representationρ ◦ p∗ :
π1M̃ → G. ClearlyvolG(M̃, ρ◦p∗) = 0. Then byvolG(M̃, ρ◦p∗) = |Γ|volG(M,ρ) and
thereforevolG(M,ρ) = 0. �

4. PRZYTYCKI –WISE SUBSURFACES AND SEPARABILITY

Sections 4 and 5 are prepared for the construction part of theproof of Theorem 1.6.
This section is inspired by recent work of P. Przytycki and D.Wise on surface subgroups

of mixed3-manifolds [PW1, PW2, PW3]. We first review the merging trickwhich will be
used repeatedly in the constructions of finite covers. Then we introduce the partial PW
subsurfaces and the parallel cutting condition. We show that parallel-cutting partial PW
subsurfaces with virtually prescribed boundary exist under very general conditions (The-
orem 4.11), and that any parallel-cutting partial PW subsurface can virtually be arranged
in nice position with respect to the JSJ tori (Theorem 4.12).These results are interesting
on their own right from the perspective of geometric topology, and they should be extend-
able to certain more natural contexts. Besides techniques from Przytycki–Wise, the proofs
essentially employ results of Wise [Wi] and Rubinstein–Wang [RW] as well.

For notational convenience and to avoid repetition we always, from now, consider mixed
3-manifolds that contain no essential Klein bottles so that the JSJ decomposition coincide
with the geometric decomposition. This causes no loss of generality as we are interested
in virtual properties (Lemma 2.1).

4.1. Merging finite covers. In the study of virtual properties of mixed3-manifolds, we
often need to construct a finite cover of a3-manifold from given covers of geometric pieces.
This is possible via a procedure calledmerging.

Definition 4.1. Let M be a compact orientable irreducible3-manifold with (possibly
empty) incompressible toral boundary. For a positive integerm, we say that a finite cover
M̃ is JSJm-characteristic, if every elevationT̃ of a JSJ torus or of a boundary torus
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T ⊂ ∂M is them-characteristic cover ofT , namely, which means that every slope ofT̃
covers a slope ofT with degreem.

Proposition 4.2. Let M be a compact orientable irreducible3-manifold with (possibly
empty) incompressible toral boundary. SupposeJ ′

1, · · · , J
′
s are finite covers of all the JSJ

piecesJ1, · · · , Js of M , respectively. Then there is a positive integerm0, satisfying the
following. For any positive integral multiplem ofm0, there is a regular finite cover̃M of
M , which is JSJm-characteristic, such that any elevatioñJi of a JSJ pieceJi is a cover
of Ji that factors throughJ ′

i .

Proof. First observe that ifM ′ is a JSJm-characteristic finite cover ofM , then there is a
further JSJm-characteristic regular finite cover̃M of M that factors throughM ′. To see
this, we may choose base points and assumeM ′ corresponds to a finite-index subgroup
π′ of the pointed fundamental groupπ of M . Then the coverM̃ corresponding to the
normal corẽπ = ∩g∈π(g

−1π′g) of π′ is clearly a regular finite cover ofM . To see that
it is JSJm-characteristic, note that for any torus subgroupP̃ ≤ π̃ that represents a JSJ or
boundary torus̃T of M̃ , we haveP̃ = P ∩π̃ for some JSJ or boundary torusT ofM . Since
P ∩ g−1π′g for anyg ∈ π is them-characteristic subgroup ofP , and them-characteristic
subgroup ofP is unique, denoted asPm, then

P̃ = P ∩ π̃ = P ∩ (∩g∈π(g
−1π′g)) = ∩g∈π(P ∩ (g−1π′g)) = ∩g∈πPm = Pm

is them-characteristic subgroup ofP as well. In other words, any JSJ or boundary torus
T̃ of M̃ is also anm-characteristic cover of a JSJ or boundary torusT of M .

Furthermore, we may reduce the proof to the case whenM is either hyperbolic or
Seifert fibered. In fact, assuming that we have proved that case, then applying the lemma
to eachJi allows us to take the positive integerm0(Ji) corresponding to eachJi. Letm0

be the least common multiple of allm0(Ji). Then for any multiplem of Ji, there is a
further regular finite cover̃Ji of J ′

i , which is JSJm-characteristic overJi. Now (see [Lu]
384-385) letdi be the degree of̃Ji overJi, and letD be the least common multiple of all
di. We takeD

di
copies of each̃Ji. For anyT in ∂Ji, there will be exactlyDdi

· di

m = D
m

elevations for each side ofT , and they are allm-characteristic overT . Thus we may glue
these copies naturally along boundary, and a connected componentM̃ will be a finite cover
of M which is JSJm-characteristic. The observation at the beginning of the proof allows
us to pass to a further regular finite JSJm-characteristic cover ofM .

It remains to prove the result whenM is either hyperbolic or Seifert fibered. IfM is hy-
perbolic, the conclusion is implied by the omnipotence for cusped hyperbolic3-manifolds
due to Wise [Wi, Corollary 16.15] (cf. [PW3, Lemma 3.2]). Indeed, in this case, a cover
M ′ is given and there is no JSJ torus insideM . Denote the boundary tori of∂M by {T }
and∂M ′ by {T ′}. By [PW3, Lemma 3.2], there are finite covers{T ′′} of {T ′} such that
for any further finite cover{T̃} of {T ′′} there is a finite cover̃M ofM ′ so that the restric-
tion on the boundary is the cover{T̃} = ∂M̃ → {T ′}. Therefore, we may pick a positive
integerm0 and{T̃} above so that the composition{T̃} → {T } ism0-characteristic, and
then the compositioñM → M is a desired cover. IfM is Seifert fibered, the conclusion
can be seen directly. Indeed, in this case, supposeS1 → M → O is the Seifert fibration
over the base orbifoldO. Letm0 be the maximal order of torsion elements ofH1(O;Z).
SinceM contains no essential Klein bottles,H1(M ;Z) ∼= H1(S

1;Z) ⊕H1(O;Z). Thus,
the coverM̃0 corresponding to the kernel ofπ1(M) → H1(M ;Zm0

) is a regular finite
cover ofM that ism0-characteristic on the boundary. For any positive multiplem of m0,
we may takeM̃ to be the cover corresponding to the kernel ofπ1(M̃0) → H1(M ;Zm/m0

).
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Note thatM̃0 is homeomorphic to a product ofS1 with an orientable compact surface,M̃
is a regular finite cover ofM which ism-characterisitc on the boundary. This meansm0

is as desired. �

Remark4.3. In the proof of Proposition 4.2, if the cover̃M is chosen to be corresponding
to the subgroup̃π = ∩α∈Aut(π′)α(π

′), whereAut(π′) is the automorphism group ofπ′, it
will be a characteristic finite cover ofM , and similarly we can verify that this cover is JSJ
m-characteristic.

Definition 4.4 (Cf. [PW3, Definition 3.3]). For a compact orientable irreducible3-
manifoldM with (possibly empty) incompressible toral boundary, asemicoverof M with
respect to the JSJ decomposition is a compact orientable irreducible3-manifoldN together
with an immersionµ : N → M , so that restricted to each component of∂N , µ covers a
JSJ torus ofM .

Corollary 4.5 (Cf. [PW3, Proposition 3.4]). With the notations above, ifµ : N → M is
a semicover, then there is a JSJm-characteristic regular finite cover̃M ofM in which a
finite coverÑ ofN is embedded as a chunk or a regular neighborhood of a JSJ torus, and
the semicover̃N →M induced fromµ is isotopic to the compositioñN →֒ M̃ →M .

Proof. This has essentially been proved in [PW3, Proposition 3.4],and we derive it from
Proposition 4.2. For each JSJ pieceJi ofM , if Ji is covered by a JSJ piece ofN , letJ ′

i be a
common finite cover of all JSJ pieces ofN that isotopically coverJ , otherwise letJ ′

i = Ji.
By Proposition 4.2, we can obtain a JSJm-characteristic regular finite coverp′′ : M ′′ →
M , such that any elevationJ ′′

i of a JSJ pieceJi factors throughJ ′
i . Let µ′′ : N ′′ → M ′′

be any elevation ofµ, whereN ′′ coversN . SupposeJ ′′
∗ is an elevation of a JSJ-piece

J∗ of N , thenJ ′′
∗ covers a JSJ-pieceJ ′′

i of M ′′ underµ′′, whereJ ′′
i is an elevation of a

JSJ-pieceJi of M . By our construction we havep′′∗(π1(J
′′
i )) ⊂ µ(π1(J∗)) and therefore

µ′′
∗ | : π1(J

′′
∗ ) → π1(J

′′
i ) is surjective andµ′′| : J ′′

∗ → J ′′
i is a homeomorphism. That isµ′′

is an embedding restricted to each JSJ piece ofN ′′.
Notice that the virtual embedding property is preserved after passing to a finite cover-

ing. Now eitherN ′′ is isotopic to a regular neighborhood of a JSJ torus ofM ′′, or every
JSJ piece ofN ′′ is mapped to a unique JSJ piece ofM ′′ by a homeomorphism. In the
latter case, it follows that the induced map on the dual graphof the JSJ decompositions
Λ(N ′′) → Λ(M ′′) is a canonical combinatorial local isometry, which isπ1-injective. Be-
causeπ1(Λ(N ′′)) is a free group of finite rank, and hence is LERF, there is a finite coverΛ̃
of Λ(M ′′), in which an elevation ofΛ(N ′′) is embedded as a complete subgraph. There-
fore, we have a regular finite JSJ1-characteristic covering̃M →M ′′ so that any elevation
µ̃ : Ñ → M̃ of µ′′ is an embedding. Therefore we have a JSJm-characteristic covering
M̃ → M so that any elevatioñµ : Ñ → M̃ of µ is an embedding. As we discussed at the
beginning proof of Proposition 4.2, by passing to a further finite covering, we may assume
thatM̃ →M is regular. �

4.2. PW subsurfaces and partial PW subsurfaces.

Definition 4.6. LetM be a closed orientable irreducible mixed3-manifold containing no
essential Klein bottles. APrzytycki–Wise subsurfaceof M , or simply aPW subsurface, is
an immersed closed orientable surface

j : S #M

in minimal general position with respect to the JSJ decomposition, satisfying the following:
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• j is π1-injective;
• for each maximal graph-manifold chunkQ of M , each component ofj−1(Q) is

virtually embedded inQ; and
• for each hyperbolic pieceJ of M , each component ofj−1(J) is geometrically

finite in J .

We may also regard any JSJ torus as a basic PW subsurface.

In our discussion, it will usually be convenient to regard the unpointed fundamental
groupπ1(M) of a 3-manifoldM as the group of deck transformations on its universal
coverM̂ . Then, by aPW surface subgroup, we mean the stabilizer of an elevation in̂M of
a PW subsurface, which depends on the choice of the elevation.

Recall that a subsetW of a groupG is said to beseparableif it is closed in the profinite
topology. More precisely, this means that for anyh ∈ G not contained inW , there is a
finite quotientḠ in which h̄ 6∈ W̄ .

The following lemma is a consequence of [PW2, Strong separation property] and [HW,
Corollary 9.20].

Lemma 4.7. LetM be a closed orientable irreducible mixed3-manifoldM . Then every
PW surface subgroup ofπ1(M) is separable.

We introduce the notion of partial PW subsurfaces.

Definition 4.8. Let M be an orientable closed irreducible mixed3-manifold. A partial
PW subsurfaceis a triple(S,R, j) satisfying the following:

• j : S #M is a PW subsurface ofM ;
• R ⊂ S is a connected compact essential subsurface; and
• every component of∂R is immersed into a JSJ torus underj.

We often ambiguously say thatj : R # M is a partial PW subsurface, with the triple
(S,R, j) implicitly assumed. Theboundaryof the partial PW subsurface is the boundary
of R.

Definition 4.9. Let M be an orientable closed irreducible mixed3-manifold containing
no essential Klein bottles. LetJ0 be a JSJ piece, andT0 be a JSJ torus adjacent toJ0,
andζ0 be a slope onT0. A partial PW subsurfacej : R # M is said to bevirtually
bounded byζ0 outsideJ0, if the boundary∂R of R is nonempty, coveringζ0 underj, and
if the interior R̊ of R missesJ0 underj. In this case, thecarrier chunkX(R) ⊂ M of
R is the unique minimal chunk that containsR, and thecarrier boundaryof X(R) is the
componentT0 ⊂ ∂X(R).

Definition 4.10. We say that a partial PW subsurfacej : R #M is parallel cuttingif for
every JSJ torusT ⊂M , all components ofj−1(T ) in R cover the same slope ofT .

4.3. Virtual existence of partial PW subsurfaces.

Theorem 4.11. LetM be an orientable closed irreducible mixed3-manifold containing
no essential Klein bottles. Letζ0 be a slope on a JSJ torusT0 adjacent to a JSJ piece
J0. Then for some finite cover̃M of M together with an elevation(J̃0, T̃0, ζ̃0) of the
triple (J0, T0, ζ0), there exists a parallel-cutting partial PW subsurfaceR̃ # M̃ , bounded
virtually by ζ̃0 outsideJ̃0.

Proof. We need to strengthen some arguments in the work of Przytycki–Wise [PW1,
PW2]. Below is an outline of the construction. Note that in Case 2 one needs a little
extra argument.
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By Lemma 2.1, we may assume that every JSJ torus ofM is adjacent to two distinct
pieces. We will rewriteJ0 asJ−, and writeJ+ ⊂M be the other JSJ piece adjacent toT0.
The discussion falls into three cases according to the typesof the piecesJ±.

Case 1. If J± are both hyperbolic, by [PW2, Proposition 3.11], we may construct two
geometrically finite subsurfacesR±, π1-injectively, properly immersed inJ±, such that
∂R± are nonempty and coverζ0. The merging trick allows us constructS. More precisely,
we pass to a possibly disconnected finite coverR̃± of R±, so that they have the same
number of boundary components, and such that all componentsof ∂R̃± coverζ0 with
the same unsigned degree, [PW2, Lemma 3.14]. ThenS can be obtained by arbitrarily
matching up the boundary components and taking a connected component of the result.
In this case, we do not need to pass to a further cover ofM , so we takeM̃ to beM , and
(J̃0, T̃0, ζ̃0) to be(J0, T0, ζ0). SetS̃ = S, j̃ : S̃ #M the immersion and̃R a copy ofR̃+.
The partial PW subsurface iñM can be picked as(S̃, R̃, j̃).

Case 2. If J± are both Seifert fibered, we need to recall the antennas property for graph
manifolds, introduced in the proof of [PW1, Proposition 3.1].

For simplicity, letN be a graph manifold with nonempty boundary that satisfies Propo-
sition 2.1. Then in our notations, we say thatN has theantennas property, if for any two
adjacent JSJ piecesJ0, J1, there is a chunkA of N , called anantenna, which is the union
of consecutively adjacent distinct piecesJ0, J1, · · · , Jn (more precisely,Ji ∩ Jj is a JSJ
torus if |j − i| = 1, and is empty otherwise), such thatJn contains a boundary component
of N .

In our discussion, we consider the maximal graph-manifold chunkQ ⊂ M containing
T0 as a JSJ torus. It is implied by the proof of [PW1, Proposition3.1] that there is a finite
coverM̃ of M , such that any elevatioñQ has the antennas property.

Note thatJ± ⊂ Q. Take elevations̃J± ⊂ Q̃ of J± adjacent along an elevatioñT0 of T0,
and take an elevatioñζ0 ⊂ T̃0 of ζ0. For simplicity, still denoteJ̃± and so on byJ± and
so on in this and further coverings. We take two antennasA±, starting withJ0 = J∓ and
J1 = J±, respectively. Passing to a finite cover ofM̃ induced by a cover of its dual graph
if necessary, we may assumeA+ andA− have no common JSJ piece other thanJ±, so we
callB = A+ ∪ A− a bi-antennas throught̃T0. We may further assume the dual graph of
Q̃ has no cycle of at most three edges, then there is no JSJ piece of Q̃ adjacent to two JSJ
pieces ofB.

DenoteB± the two parts ofB separated bỹT0. We proceed to construct a properly
embedded, incompressible, and boundary-incompressible subsurfaceẼ∗ such thatẼ∗ in-
tersectsT̃0 in slopes parallel tõζ0, and thatT̃0 cuts Ẽ∗ into two partsẼ∗

± ⊂ Q̃. This
follows the construction in [PW1, Proposition 3.1], as outlined below.

Start with ζ̃0 and try to extend a surfacẽE± ⊂ B±. Due to the symmetry, we just
discuss the extension onB+. Suppose first̃ζ0 is not a fiber ofJ1 up to isotopy. One can
find a horizontal properly embedded incompressible subsurfaceẼ+ of B+, such thatẼ+

intersectsT̃0 in parallel copies of̃ζ0. Moreover, if a component of∂Ẽ+ does not lie on
∂Q̃, one can also make sure that it lies on a JSJ torus insideQ̃ parallel to the adjacent
fiber. Take a pair of oppositely oriented parallel copiesẼ↑

+ and Ẽ↓
+ of Ẽ+. For each

componentc ⊂ ∂Ẽ+ that lies in a JSJ torus insidẽQ, one can find a properly embedded,
boundary-essential vertical annulus in the adjacent pieceboundingc↑ ∪ c↓, and glue this
vertical annulus toẼ↑

+ andẼ↓
+ along the boundary, correspondingly. Since we assumed

that no piece ofQ̃ is adjacent to two JSJ pieces ofB, the result is a properly embedded,
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incompressible, and boundary-incompressible subsurfaceẼ∗
+ as desired. Suppose thenζ̃0

is a fiber ofJ1. Then two copies of̃ζ0 with opposite direction bound an essential vertical
annulus inJ1 as we just discussed, which will be ourẼ+ = Ẽ∗

+.
In general,Ẽ∗ is not closed, and∂Ẽ∗ intersects∂Q̃ in parallel slopes on each com-

ponent that it reaches. SincẽQ is a maximal graph-manifold chunk of̃M , for each such
component as above, there is a geometrically finite,π1-injectively immersed proper sub-
surface of the adjacent hyperbolic piece whose boundary finitely covers the corresponding
slope. Performing the merging trick again, we obtain a PW subsurfacẽj : S̃ # M̃ , so
that the part of̃S insideQ̃ coversẼ∗. Note that the virtual embeddedness ofS̃ in graph-
manifold chunks follows from [PW2, Lemma 3.6]. In particular, S̃ intersectsT̃0 along
covers ofζ̃0. Moreover,S̃ is cut by T̃0 into two partsS̃±, and the part of̃S± insideQ̃
coversẼ∗

±, respectively. We pick a connected component ofS̃+ for R̃.
Now the triple (S̃, R̃, j̃) defines a partial PW subsurface of̃M with respect to

(J̃0, T̃0, ζ̃0).

Case 3. Suppose one ofJ± is hyperbolic and the other is Seifert fibered. This case is a
mixture of the previous two cases, and the construction is very similar, so we omit the de-
tails. In fact, this case was also covered by the construction of [PW2, Section 3], although
not explicitly stated. �

4.4. Virtual existence of corridor surfaces. The surfaces provided in the following the-
orem, later serving as corridor surfaces, will be crucial inproving Theorem 1.6.

Theorem 4.12. LetM be an orientable closed irreducible mixed3-manifold and letζ0
be a slope on a JSJ torusT0 adjacent to a JSJ pieceJ0 ⊂ M . SupposeR # M is
a parallel-cutting partial PW subsurface bounded virtually by ζ0 outsideJ0. Then there
exists a regular finite cover̃X of the carrier chunkX(R) in which every elevation ofR is
embedded, intersecting any elevation of the carrier boundary T0 in at most one slope.

The major part of the proof of Theorem 4.12 is the following weaker version Proposition
4.13, which is stated in a rather complicated form so that theapplication of Przytycki–Wise
results, the merging process, and the intersection counting become more explicit in the
proof. To state Proposition 4.13, we need some terminologies.

For any positive integerm, we construct a2-complexYm(R) immersed inX(R) as
follows. For each componentc ⊂ ∂R, let T̃m

0 (c) be a copy of a cover ofT0, in which there
are exactlym distinct elevations ofζ0, each of them coveringζ0 with the same degree as
c. We glueT̃m

0 (c) with R naturally by identifying an elevation ofζ0 with c ⊂ ∂R. After
the gluing for each boundary component ofR, we get a2-complex

Ym(R) = R ∪
⋃

c⊂∂R

T̃m
0 (c),

and there is a natural immersion

Ym(R) # X(R),

which is the immersion of the partial PW subsurface restricted toR, and is the covering of
the boundary torusT0 restricted to the torĩTm

0 (c). Note thatYm(R) is naturally defined
in the sense that if we chose a different coverT̃m

0 (c) or a different elevation ofζ0 for the
gluing, the resulted immersion would differ only by a homeomorphism ofYm(R). If R is
oriented, so is∂R and its covers.
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Proposition 4.13. With the notations above and the oriented surfaceR, there exists an
integerm0 > 0 such that for any positive integral multiplem ofm0, there is a regular finite
coverX̃ ofX(R) in which every elevatioñYm(R) of Ym(R) is embedded, and moreover
R̃ ∩ T̃0 consists ofr directed parallel circles inT̃0 induced from∂R, whereR̃ is the union
of elevations ofR contained inỸm(R), T̃0 is an elevation ofT0 contained inỸm(R), and
r is a positive integer.

To prove Proposition 4.13, we need the following Lemma 4.14.
There is a canonical (possibly disconnected) compact essential subsurface ofR, called

thehorizontal part. It is the union of all subsurfaces ofR that are properly horizontally im-
mersed in Seifert fibered pieces, glued up along the cut curves where any two are adjacent.
Note that every complementary component of the union of the horizontal part and the cut
curves is either a vertical cylinder immersed in a Seifert fibered piece, or a geometrically
finite cusped subsurface immersed in a hyperbolic piece.

Lemma 4.14. For every componentF of the horizontal part ofR, there is a unique graph-
manifold chunkQF ⊂ X(R) in whichF is properly horizontally immersed. Moreover,
supposẽQF is a regular finite cover ofQF in which any elevation ofF is embedded, then
for any elevationT̃ of a componentT ⊂ ∂QF and any elevatioñF of F , the number of
components of̃T ∩ F̃ depends only onT andF .

Proof. The first claim is direct: letQF be the minimal subchunk ofX(R) containing the
image ofF , which is unique. SinceR is parallel cutting, it is clear that∂F cannot sit in
any JSJ torus in the interior ofQF , soF is properly horizontally immersed inQF . Below
we devote to the proof the ”moreover” part.

SinceQ̃F is a regular cover ofQF , it suffices to fix an elevatioñF and show that the
number of components of̃T ∩ F̃ is constant for all elevations̃T of T . Let f ⊂ T be a
Seifert fiber of the adjacent JSJ piece ofQF . AsR is parallel cutting, there is also a slope
s ⊂ T covered by all the components of∂F that are immersed inT . For any elevatioñT
of T , we may pick elevations̃f, s̃ ⊂ T̃ of f ands, respectively.

The (geometric) intersection numbersi(f̃ , s̃) andi(f, s) are related by the formula

i(f̃ , s̃) = i(f, s) ·
[f̃ : f ] [s̃ : s]

[T̃ : T ]
, (4.1)

where[− : −] denotes the covering degree. This follows fromp−1(f) = [T̃ :T ]

[f̃ :f ]
f̃ , p−1(s) =

[T̃ :T ]
[s̃:s] s̃ and i(p−1(f), p−1(s)) = [T̃ : T ] i(f, s), wherep : T̃ → T is the discussed

covering.
SinceF̃ is horizontally embedded,̃QF fibers over the circle with fiber̃F , each compo-

nents ofT̃ ∩ F̃ must be a copy of̃s. Hence the number of components ofT̃ ∩ F̃ satisfies

|π0(T̃ ∩ F̃ )| =
i(f̃ , F̃ )

i(f̃ , s̃)
.

Thus it suffices to showi(f̃ , F̃ ) is constant for all elevations̃f of f .
By a calculation similar to formular (4.1) we have

i(f̃ , F̃ ) = i(f̃ , ∂̃F ) = i(f̃ , p−1(s)) = i(f, s)[f̃ : f ] (4.2).

Let Λ andΛ̃ be the dual graph associated to the JSJ decompositions ofQF andQ̃F .
Note that there is a natural combinatorial mapΛ̃ → Λ induced by the covering. For any
vertexṽ of Λ̃, we write the corresponding JSJ piece ofQ̃F asJ̃ṽ, and the ordinary Seifert
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fiber of J̃ṽ asf̃ṽ; for any edgẽe of Λ̃, we write the corresponding JSJ torus asT̃ẽ, and the
slope ofT̃ẽ parallel to the components of̃Tẽ ∩ F̃ ass̃ẽ. The notations forΛ are similar. As
R is parallel cutting, for any directed edgee of Λ, the ratio

λe =
i(fter(e), se)

i(fini(e), se)

is a positive rational number depending only onF andTe. Hereini(e), ter(e) denotes the
initial vertex and the terminal vertex ofe, respectively. Supposẽe1, · · · , ẽn is a sequence
of edges of̃Λ, consecutively joining the sequence of verticesṽ0, · · · , ṽn of Λ̃. We write
vk, ek for the image of̃vk, ẽk underΛ̃ → Λ, respectively. From the formula (4.2), we
have:

i(f̃ṽn , F̃ )

i(f̃ṽ0 , F̃ )
=

n∏

k=1

i(f̃ṽk , F̃ )

i(f̃ṽk−1
, F̃ )

=

n∏

k=1

i(fvk , sek)

i(fvk−1
, sek)

·
[f̃ṽk : fvk ]

[f̃ṽk−1
: fvk−1

]

=
[f̃ṽn : fvn ]

[f̃ṽ0 : fv0 ]
·

n∏

k=1

λek .

In particular, if f̃ and f̃ ′ are two elevations of the Seifert fiberf on a given component
T ⊂ ∂QF , we may pick a path as above so thatf̃ṽ0 = f̃ andf̃ṽn = f̃ ′. Sincev0 = vn and
Q̃F is a regular cover,[f̃ṽn : fvn ] = [f̃ṽ0 : fv0 ]. Thus it suffices to showλe1 · · ·λen = 1
for any cyclee1, · · · , en of Λ.

To see this, note thatF is properly horizontally immersed inQF . If e is a directed
edge ofΛ, then any component ofj−1(Jini(e)) ⊂ F is adjacent to a component of
j−1(Jter(e)) ⊂ F . Therefore, ife1, · · · , en is a cycle ofΛ, then starting with any compo-
nentC ⊂ j−1(Jv0), we may find a pathγ : [0, 1] # F so thatγ(0) lies inC, consecutively
intersectsTe1 , · · · , Ten , andγ(1) lies in a componentC′ ⊂ j−1(Jv0). Since there are only
finitely many components ofj−1(Jv0), we may join a number of suchγ’s as above to
obtain a loopS1 # F which goes around the cycle for a positive number of times, say r
times. BecauseF # QF is a proper horizontal immersion which is a virtual embedding,
it follows from the criterion of Rubinstein–Wang [RW, Theorem 2.3] that

(λe1 · · ·λen)
r
= 1.

Therefore,λe1 · · ·λen = 1 and this completes the proof. �

Proof of Proposition 4.13.Since one cannot directly claim thatYm(R) is π1-injectively
immersed inX(R) (indeed this is not necessarily true in general), we will prove the propo-
sition by the following strategy: First for virtually all positive integerm, by using the re-
sults of Przytycki and Wise, as well as Lemma 4.14, we can virtually embedYm(R) into
a compact3-manifoldY∗

m and make sure thatY∗
m # X(R) is virtually embedded when

restricted on each JSJ piece. And finally we will apply the merging trick (Proposition 4.2)
to get the global embedding in the Proposition 4.13. For simplicity, we writeX for X(R)
andYm for Ym(R).

For the triple(S,R, j) associated to the partial PW subsurfaceR # M , there is a
regular finite cover ofM in which any elevation ofS is embedded, by the separability of
PW subsurfaces (Lemma 4.7). Hence we may assumeX ′ is a regular finite cover ofX in
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which any elevation ofR is embedded. Let

R′ ⊂ X ′

be an elevation ofR. Take a compact regular neighborhood of the horizontal partof R′,
and for each cut curve or boundary curve not adjacent to the horizontal part, take a com-
pact regular neighborhood of it, and make sure these regularneighborhoods are mutually
disjoint. LetF ′ ⊂ R′ be the union of these regular neighborhoods. For each component
F ′ ⊂ F ′, let Q′

F ′ ⊂ X ′ be a compact regular neighborhood of a chunk, or of a JSJ or
boundary torus, so thatF ′ is properly embedded inQ′

F ′ . HenceQ′
F ′ is a bundle over the

circle with fibreF ′, denoted as(F ′, φF ′ ), whereφF ′ : F ′ → F ′ is the gluing map, which
is a periodic on each reducible piece in the sense of Nielsen-Thurston.

By Lemma 4.14 and some straighforward verification, for a JSJor boundary torusT ⊂
X and a componentF ′ ⊂ F ′, any elevationT ′ of T intersectsF ′ if and only ifT ′ ⊂ Q′

F ′ ;
and furthermore, suchT ′ intersectsF ′ in a numberµT (F

′) > 0 of components, depending
only of T andF ′ (indeed, only on the subsurface ofR thatF ′ covers). AsR is parallel
cutting, lets ⊂ T be the slope covered by the components ofF ′. Note thats is ζ0 if T is
T0. Let

k′T =
[T ′ : T ]

[s′ : s]

be the number of elevations ofs in any elevation ofT , which is well defined sinceX ′ is a
regular finite cover ofX . Let

m′
0 > 0

be the product of the least common multiple of allk′T and the least common multiple of all
µT (F

′). For any positive multiplem of m′
0, let p∗ : Q∗

F ′ → Q′
F ′ be the cyclic covering

dual toF ′, of degree

d = [Q∗
F ′ : Q′

F ′ ] = m ·
µT0

(F ′)

k′T0

,

or justm if Q∗
F ′ contains no elevations ofT0.

ClearlyQ∗
F ′ = (F ′, φdF ′ ). Sinced is a multiple of eachµT0

(F ′), each component of
∂F ′ (also cutting curves) is invariant underφdF ′ . Therefore each component of∂Q∗

F ′ con-
tains one and only one component of∂F ′. Note thatp−1

∗ (F ′) hasd components inQ∗
F ′

and each one is a lift ofF ′; moreover for eachT ′
0 coveringT0, p−1

∗ (T ′
0) hasµT0

(F ′) com-
ponents. Letp0 : T ′

0 → T0 be the discussed covering, thenp0−1(ζ0) hask′T0
components

in T ′
0, therefore(p∗ ◦ p0)

−1
(ζ0) hasdK ′

T0
components on∂Q∗

F ′ . It follows that in every

component of∂Q∗
F ′ that coversT0, there are exactly

dK′

T0

µT0
(F ′) = m elevations ofζ0,

Let W ′
R′ ⊂ X ′ be a compact regular neighborhood ofR′, and letW∗

F ′ ⊂ Q∗
F ′ be a

compact regular neighbood of a fiberF ′. SinceW ′
R′ ∩ Q′

F ′ is naturally homeomorphic to
W∗

F ′ , we may take a copy ofW ′
R′ and glue it with a copy ofQ∗

F ′ by identifyingW ′
R′ ∩Q′

F ′

andW∗
F ′ , for all componentsF ′ ⊂ F ′. The result is a compact3-manifold

Y∗
m = W ′

R′ ∪
⋃

F ′⊂F ′

Q∗
F ′

with boundary, and there is a natural immersion

ϕ : Y∗
m # X ′,

which sendsW ′
R′ toW ′

R′ ⊂ X ′ by the identity and eachQ∗
F ′ to Q′

F ′ ⊂ X ′ via the given
covering. Moreover, the union of the copyR′ ⊂ Y∗

m and all components of∂Q′
F ′ that
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coverT0 is an embedded2-complex

Y ∗
m ⊂ Y∗

m.

Moreover,Y ∗
m naturally coversYm with degree[R′ : R], and the hanging torĩTm

0 (c) all lift.
In other words,Ym is virtually embedded inY∗

m, naturally in the sense that the mapY ∗
m #

X ′ induced from the immersions ofYm and ofY∗
m are the same up to homeomorphism of

Y ∗
m.

We are going to show thatϕ : Y∗
m # X ′ is a virtual embedding. To do this we first

show that the restriction on each JSJ piece ofY∗
m is a virtual embedding.

The JSJ tori ofY∗
m are exactly the JSJ or boundary tori of allQ∗

F ′ . The JSJ pieces ofY∗
m

are the JSJ pieces ofQ∗
F ′ , and the pieces containing the components ofR′\F ′. To describe

the latter type more precisely, consider any connected compact subsurfaceV ′ ⊂ R′, which
is properly immersed in a JSJ piece ofX ′ and vertically or geometrically finite. For each
suchV ′, there is a unique component ofR′ \ F ′ contained inV ′, which is isotopic to the
interior of V ′. Then the unique JSJ piece ofY∗

m containingV ′ is the piece bounded by
all the JSJ tori adjacent to∂V ′, and this piece deformation retracts to the union ofV ′ and
all its adjacent JSJ tori, denoted byY ∗(V ′). In fact,Y ∗(V ′) can be described in a similar
fashion as that ofYm(R). For each componentc′ ⊂ ∂V ′ that covers a slope in a torus
T ⊂ X , we glue a copy of a cover̃Tm(c′)(c′) of T toV alongc in a similar way as̃Tm

0 (c).
Explicitly, since there is a uniqueF ′ ⊂ F ′ containingc′,

m(c′) = [Q∗
F ′ : Q′

F ′ ] ·
k′T

µT (F ′)
,

which is a positive integer by our choice ofm′
0.

SupposeV ′ ⊂ R′ is a vertical or geometrically finite subsurface as above, and K∗ ⊂
Y∗
m is the unique JSJ piece containingV ′. As we have seen, the inclusion of the2-complex

Y ∗(V ′) →֒ K∗ is a homotopy equivalence. LetJ ′ ⊂ X ′ be the JSJ piece in which
K∗ is immersed into, so that there is an induced immersionϕ| : Y ∗(V ′) # J ′. If J ′

is hyperbolic, then by [PW3, Theorem 4.1],ϕ restricted toY ∗(V ′) is π1-injective and
relatively quasiconvex if allm(c′) above are sufficiently large; and in this case, it is a
consequence of the relative quasiconvex separability due to Wise [Wi, Theorem 16.23]
(cf. [PW3, Corollary 4.2]) thatπ1(Y ∗(V ′)) is indeed separable. Then we may find a finite
cover ofJ ′ in which the elevations ofY ∗(V ′), and hence elevations ofK∗, are embedded.

If J ′ is Seifert fibered, thenJ ′ is a product andY ∗(V ′) is just the union of a properly
immersed (boundary-essential) vertical annulus togetherwith covers of the tori that are
adjacent to. If allm(c′) are sufficiently large, one can easily see thatπ1(Y

∗(V ′)) is em-
bedded inπ1(J ′) and is separable. Then we may again find a finite cover ofJ ′ in which
elevations ofY ∗(V ′), and hence elevations ofK∗, are embedded. From the formula of
m(c′) above, it is clear thatm(c′) can be arbitrarily as large as desired ifm is sufficiently
large. Therefore, we may pick

m0 > 0

to be a sufficiently large multiple ofm′
0, so that any multiple ofm is sufficiently large to

ensure that theπ1-injectivity and separability ofY ∗(V ′) work.
Note that ifK∗ is a JSJ piece ofY∗

m that is contained in someQ∗(F ′), it covers a JSJ
pieceJ ′ of X ′.

Therefore, we have shown that for every JSJ pieceK∗ ⊂ Y∗
m, there is a JSJ piece

J ′ of X ′ that contains the immersed image ofK∗, and moreover we have an embedding
φ′′ : K ′′ → JK∗ which coversϕ| : K∗ → J ′. Now for eachJ ′

i ⊂ X ′, if J ′
i contains the

image of a JSJ pieceK∗ ⊂ Y∗
m, let J∗

i be the common finite cover of all thoseJK∗ , and
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otherwise setJ∗
i = J ′

i . By Proposition 4.2, we have a regular finite JSJl-characteristic
coveringp′′ : X ′′ → X ′ such that each coveringJ ′′ → J ′

i factor throughJ∗
i .

Letϕ′′ : Y ′′
m # X ′′ be any elevation ofϕ : Y∗

m # X ′. Since the virtual embeddedness
is preserved under passage to further covers,ϕ′′| on each JSJ piece is an embedding. It
follows that the induced map on the dual graphΛ(Y ′′

m) → Λ(X ′′) is a combinatorial local
embedding, which isπ1-injective. Becauseπ1(Λ(X ′′)) is a free group, and hence is LERF,
it has a regular finite cover in which any elevation ofΛ(Y ′′

m) is an embedded subgraph.
Therefore, we have a regular finite JSJ 1-characteristic coveringp′′′ : X ′′′ → X ′′ so that
any elevationϕ′′′ : Y ′′′

m # X ′′′ of ϕ : Y∗
m # X ′ is an embedding. As we discussed

in Proposition 4.2 and its remark, by passing to a further finite coverX̃, we can assume
that the JSJl-characteristic covering̃X → X ′ is characteristic in the usual sense, which
implies that the covering̃X → X ′ → X is a finite regular covering.

In conclusion, for any positive multiplem of them0 we have chosen, there is a regular
finite coverX̃ of X , in which any elevation ofY∗

m, and hence any elevatioñY of Ym, is
embedded.

Now we are going to prove the “moreover part”: We fix an orientation ofR. Letm be
a positive integer ensured by the first half of Proposition 4.13, so thatYm(R) # X(R)

is a virtual embedding. We assumẽX is a regular finite cover ofX(R) constructed in
Proposition 4.13 in which any elevatioñY of Ym(R) is embedded.

Note that there is a copy ofR contained inYm(R), so for any elevatioñY ⊂ X̃, there
is a collection of mutually disjoint, embedded elevations of R, with naturally induced
orientations. We fix an elevatioñY of Y , and letR̃ ⊂ Ỹ be the union of elevations ofR
contained inỸ .

Sinceζ0 has [T̃0:T0]

[ζ̃0:ζ0]
elevations in any elevatioñT0 of T0, andζ0 hasm elevations in

Tm
0 (c) ⊂ Ym(R) for each componentc of ∂R, it follows that c ⊂ Tm

0 (c) ⊂ Ym(R)

hasr = [T̃0:T0]

m[ζ̃0:ζ0]
elevations inT̃0. SinceR ⊂ Ym(R) meetsTm

0 (c) exactly onc, it

follows that for any elevatioñT0 of T0 contained inỸ , there are exactlyr components of
∂R̃ ∩ T̃0. Furthermore, it is clear from the construction ofYm(R) that for anyT̃0 ⊂ Ỹ ,
all components of∂R̃ ∩ T̃0 cover the same component of∂R, and in particular, they are
directly parallel onT̃0 with the direction induced from∂R. Note also that for anỹT0 not
contained inỸ , T̃0 ∩ R̃ is the empty set.

This completes the proof of Proposition 4.13. �

Proof of Theorem 4.12.We start from the conclusion of Proposition 4.13. To match the
notations, still denote byX ′, R′, Y ′ andT ′

0 the spacesX̃, R̃, Ỹ and T̃0 obtained in
Proposition 4.13, where everything is oriented.

The oriented properly embedded subsurfaceR′ represents a class[R′] ∈
H2(X

′, ∂X ′;Z). Then the homological pairing with[R′] induces a quotient homomor-
phism

lR′ : H1(X
′; Z)

[R′]
−→ Z → Zr.

Denote the group of deck transformations of the covering ofX ′ → X asΓX′ and by
taking the direct sum of allτ∗(lR′), whereτ runs overΓX′ we define a homomorphism of
integral modules:

L = ⊕τ∈ΓX′
τ∗(lR′) = ⊕τ∈ΓX′

lτ(R′) : H1(X
′;Z) → Z⊕Gal(X′)

r .
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The kernel of the homomorphism of groups

κ′ : π1(X
′) −→ H1(X

′;Z)
L

−→ Z⊕Gal(X′)
r

is invariant under the deck transformation groupΓX′ , thus it follows thatKer(κ′) ⊂
π1(X

′) ⊂ π1(X) is a normal subgroup, so it defines a regular finite cover

κ : X̃ → X,

which factors throughX ′.
It remains to verify that every elevatioñR ⊂ X̃ of R intersects any elevatioñT0 ⊂ X̃

of T0 in at most one components. SincẽX is a regular cover, we may assumẽR is an
elevation of a componentR′ ⊂ R′. Thus, an elevatioñT0 of T0 intersectsR̃ if and only if
it covers an elevationT ′

0 ⊂ X ′ of T0 contained inY ′. If there were at least two components
of T̃0 ∩ R̃ then we could pick two points̃x, ỹ on two distinct components, and there would
be a directed loop̃α formed by two consecutive directed pathsα̃T̃0

⊂ T̃0 andα̃R̃ ⊂ R̃,

both joiningx̃ andỹ. BecauseR̃ andT̃0 coverR′ andT ′
0, respectively, and̃R ⊂ X̃ is a

two-sided proper embedded surface, we may perturbα̃ a bit so that̃αR̃ is projected intoX ′

missing the interior ofR′. Because the algebraic intersection number ofR̃ andα̃ is always
an integer multiple ofr, it follows that the path̃αT̃0

is immersed under the covering into
T ′
0, and has the algebraic intersection number with the components ofR′ ∩ T ′

0 an integral
multiple of r. Because there are exactlyr components ofR′ ∩ T ′

0, directly parallel onT ′
0,

this means that̃x andỹ are projected to the same component ofT ′
0 ∩R

′. Up to homotopy,
we may assume they are the same, soα̃T̃0

is the lift of a closed pathα′
T ′

0

# T ′
0. However,

sinceR′ intersects any elevationT ′
0 in either the empty set or exactlyr directly parallel

components,L vanishes onH1(T
′
0;Z) for anyT ′

0. In other words, everyT ′
0 lifts into X̃ .

This means that the closed pathα′
T ′

0

lifts into T̃0 as well, sox̃ and ỹ are the same. This

contradicts the assumption that they lie on distinct components ofR̃ ∩ T̃0. We conclude
thatX̃ is the regular finite cover as desired. �

5. VIRTUAL EXTENSION OF REPRESENTATIONS

In this section, we construct virtual extension of a representationρ0 : π1(J0) → G of
a JSJ pieceJ of a mixed3-manifoldM assuming that the representationρ0 has nontrivial
kernel onπ1(T ) for each torusT ⊂ ∂J0 (Theorem 5.2). For the sake of generality, we
abstract a property of the target groupG called class invertibility (Definition 5.1), with

which we can “flip”ρ0 up to conjugation. In particular,PSL(2;C) andIsoeS̃L2(R) are
both class invertible (Lemma 6.1).

Definition 5.1. Let G be a group, and{ [Ai] }i∈I be a collection of conjugacy classes
of abelian subgroups. By aclass inversionwith respect to{ [Ai] }i∈I , we mean an outer
automorphism[ν] ∈ Out(G ), such that for any representative abelian subgroupAi of each
[Ai], there is a representative automorphismνAi

: G → G of [ν] that preservesAi, taking
everya ∈ Ai to its inverse. We sayG is class invertiblewith respect to{ [Ai]}i∈I , if there
exists class inversion. We often ambiguously call any collection of representative abelian
subgroups{Ai }i∈I a class invertible collection, and call any representativeautomorphism
ν a class inversion.

Theorem 5.2. Let G be a group, andM be an irreducible orientable closed mixed3-
manifold. For a geometric pieceJ0 ⊂M , suppose a representation

ρ0 : π1(J0) → G
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satisfies the following:

• for every boundary torusT ⊂ ∂J0, ρ0 has nontrivial kernel restricted toπ1(T );
and

• for all boundary toriT ⊂ ∂J0, ρ0(π1(T )) form a class invertible collection of
abelian subgroups ofG .

Then there exist a finite regular cover

κ : M̃ →M,

and a representation
ρ̃ : π1(M̃) → G ,

satisfying the following:

• for one or more elevations̃J0 of J0, the restriction of̃ρ to π1(J̃0) is, up to a class
inversion, conjugate to the pull-backκ∗(ρ0); and

• for any elevationJ̃ other than the above, of any geometric pieceJ , the restriction
of ρ̃ to π1(J̃) is cyclic, possibly trivial.

The rest of this section is devoted to the proof of Theorem 5.2. In Subsection 5.1,
we construct a cover ofM by merging colored chunks. In Subsection 5.2, each colored
chunk will be endowed naturally with a representation, up toconjugation. Then the colored
merging gives rise to a virtual representation as desired. There will be three colors0
(null),+1 (positive), and−1 (negative), to be assigned to the boundary components of the
chunks in our construction. To keep in mind, the null color will mean that the restricted
representation to the boundary is trivial, and the signed colors will mean that the restricted
representation to the boundary is nontrivial and the sign indicates whether a class inversion
will be applied.

5.1. Colored chunks and colored merging.Let M be an orientable closed irreducible
mixed3-manifold containing no essential Klein bottles. Let

J0 ⊂M

be a selected JSJ piece ofM . The boundary ofJ0 is a disjoint union of tori:

∂J0 =

s⊔

i=1

Ti,

and for eachTi, let
ζi ⊂ Ti

be a selected slope. Fix a direction for eachζi. With this data, we construct a regular finite
coverM̃ of M by merging colored chunks as follows.

By Theorem 4.11, for eachTi ⊂ M , there is a finite coverM ′
i of M , and an elevation

(J ′
0,i, T

′
i , ζ

′
i) of the triple(J0, Ti, ζi), and there is a parallel-cutting partial PW subsurface

R′
i # M ′

i virtually boundingζ′i outsideJ ′
0,i. By Theorem 4.12, there is a regular finite

coverX ′′
i of the carrier chunkX(R′

i) ⊂ M ′
i , in which any elevation ofR′

i is properly
embedded, intersecting each elevation of the carrier boundary T ′

i in at most one slope.
Pick an elevationR∗

i ⊂ X ′′
i of R′

i, and letX∗
i ⊂ X ′′

i be the carrier chunk ofR∗
i , namely,

the minimal chunk containingR∗
i . Taking a copy ofX∗

i together withR∗
i , we call the

(abstract) duple(X∗
i , R

∗
i ) acorridor chunkassociated to the sloped boundary(Ti, ζi). The

properly embedded subsurfaceR∗
i is called thecorridor surfaceof X∗

i , and thecorridor
boundary∂∗X∗

i of X∗
i is the union of boundary components that intersectR∗

i . Note that
every corridor boundary component is an elevation ofTi. To color the boundary ofX∗

i ,
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we pick an orientation ofR′
i. For any corridor boundary componentT ∗ ⊂ ∂∗X∗

i , R∗
i

intersectsT ∗ in exactly one slopec∗, andc∗ has one direction induced from the direction
of ζi, and another direction induced from the orientation ofR∗

i . We color any corridor
boundary componentT ∗ by +1 if these two induced directions ofc∗ agree, or by−1
otherwise. We color any non-corridor boundary component ofX∗

i by 0. The result is a
colored corridor chunk

(X∗
i , R

∗
i ).

Note thatX∗
i has the same number of positively colored boundary components and nega-

tively colored components.
A copy of J0 with boundary components colored all by+1, or all by−1, is called a

positively coloredJ0 piece, or anegatively coloredJ0 piece, respectively.
A copy of any JSJ pieceJ ⊂ M (possiblyJ0) with all boundary components colored

by 0 is called anull colored JSJ piece.
By anelevated colored chunk, we mean a finite cover of any of the following:

• a positively or negatively coloredJ0 piece
• a colored corridor chunk associated to a(Ti, ζi)
• a null colored JSJ piece fromM

together with the naturally induced boundary coloring.

Lemma 5.3. With the notations above, there exists a regular finite coverM̃ ofM , obtained
by gluing elevated colored chunks along boundary tori matching the coloring. Moreover,
M̃ contains at least one elevated positively coloredJ0 piece.

Proof. Because every colored chunk is naturally a semicover ofM (Definition 4.4), ap-
plying Corollary 4.5 and Proposition 4.2, there exists a positive integerm, so that for each
colored chunk there is an elevated colored chunk semicoveringM and inducing them-
characteristic covering on the boundary. SupposeĴ is such a cover ofJ for any JSJ piece
J ⊂M , andX̂∗

i is such a cover for anyX∗
i .

SupposeX̂∗
i haski positively colored boundary components, and henceki negatively

colored boundary components. SupposeĴ0 hasli boundary components that are elevations
of Ti. Let K be the least common multiple of allki. We takeK copies of positively
coloredĴ0, K copies of negatively colored̂J0, and liK

ki
copies of eacĥX∗

i . Then for each
i = 1, . . . , s, the number of positively colored elevations ofTi match from both sides
and the same holds for negatively colored elevations ofTi. Thus we may glue these copies
along their boundary, matching the coloring, and pick one component of the result to obtain
a semicoverN of M .

Note that∂N is the union of all null colored tori. By Corollary 4.5, thereis a finite cover
Ñ of N which embeds into a regular finite cover̃M . We decomposẽN by elevations of
the elevated colored chunks that composeN , and regard any JSJ piece ofM̃ not contained
in Ñ as an elevated null colored JSJ piece. ThenM̃ is as desired. �

5.2. Constructing the virtual representation. We use the construction from the previous
subsection to find a virtual extension of the representationin the assumption of Theorem
5.2. As in the assumption of Theorem 5.2, letM be an orientable closed mixed3-manifold,
and suppose

ρ0 : π1(J0) → G

is a representation of the fundamental group of a geometric pieceJ0 in a Lie groupG ,
which restricted to each boundary component has nontrivialkernel. We also suppose that
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the images ofρ restricted to the boundary components yield a class invertible collection of
abelian subgroups ofG . Fix a representative automorphism of a class inversion

ν : G → G

with respect to this collection.
Let T1, · · · , Ts be the components of∂J0, and let

ζi ⊂ Ti

be a slope killed byρ0, for each1 ≤ i ≤ s. By the construction of Subsection 5.1, there is
a regular finite cover

κ : M̃ →M,

obtained by gluing elevated colored chunks matching the coloring (Lemma 5.3).

Lemma 5.4. With the notations above, there is a representation

ρ̃ : π1(M̃) → G ,

satisfying the following:

• for each elevated positively coloredJ0 pieceJ̃0 ⊂ M̃ , ρ̃ restricted toπ1(J̃0) is
conjugate toκ∗(ρ0);

• for each elevated negatively coloredJ0 pieceJ̃0 ⊂ M̃ , ρ̃ restricted toπ1(J̃0) is
conjugate toν ◦ κ∗(ρ0);

• for each elevated colored corridor chunk̃X∗
i ⊂ M̃ , ρ̃ restricted toπ1(X̃∗

i ) is
cyclic; and

• for any elevated null colored JSJ piece ofJ̃ ⊂ M̃ , ρ̃ restricted toπ1(J̃) is trivial.

Proof. By Lemma 3.2 (see also Remark 5.5), we need only to construct the local rep-
resentations with given properties so that they agree on each boundary component up to
congugcy.

In the statement of Lemma 5.4, the representations restricted to elevated coloredJ0
pieces and to elevated null colored pieces describe themselves. We explain the representa-
tion for elevated colored corridor chunks as follows.

Suppose(X∗
i , R

∗
i ) is a corridor chunk associated to(Ti, ζi). We write the canonical

semicovering fromX∗
i toM as

µi : X
∗
i →M.

Remember that in Subsection 5.1, we have fixed an orientationof the corridor surface
R∗

i for convenience. The oriented properly embedded subsurfaceR∗
i represents a class

[R∗
i ] ∈ H2(X

∗
i , ∂X

∗
i ;Z) ∼= H1(X∗

i ;Z). Then homological pairing with[R∗
i ] induces a

quotient homomorphism

φi : π1(X
∗
i ) −→ H1(X

∗
i ; Z)

[R∗

i ]−→ Z.

For any positively or negatively colored elevationT ∗
i ⊂ ∂X∗

i of Ti, sinceR∗
i meetsT ∗

i

in exactly one slope,φi surjects intoZ when restricted toπ1(T ∗
i ). Supposeγ∗i ⊂ T ∗

i is a
directed slope so thatφi([γ∗i ]) equals1 in Z. We define a representationαT∗

i
: Z → G ,

by assigningαT∗

i
(1) to be either(ρ0 ◦ (µi)♯)([γ

∗
i ]) or (ν ◦ ρ0 ◦ (µi)♯)([γ

∗
i ]), according to

T ∗
i being positively or negatively colored, respectively. Note thatαT∗

i
is well defined up to

conjugacy ofG . By the construction of(X∗
i , R

∗
i ), and in the notations of Subsection 5.1,

X∗
i is the carrier chunk ofR∗

i in a regular finite coverX ′′
i of the carrier chunkX ′(R′

i) ⊂
M ′

i , so any twoT ∗
i ’s differ only by a deck transformation ofX ′′

i overX ′(R′
i). It follows
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thatαT∗

i
up to conjugacy is independent of the choice ofT ∗

i . In other words, we have a
representation:

αi : Z → G ,

defined by anyαT∗

i
. We define

ρi : π1(X
∗
i ) → G

asαi ◦ φi, up to conjugacy. Finally, for an elevated corridor chunkX̃∗
i ⊂ M̃ , with the

defining covering
κ̃i : X̃

∗
i → X∗

i ,

we define
ρ̃ : π1(X̃

∗
i ) → G

asρi ◦ (κ̃i)♯, up to conjugacy.
We must check that the representationρ̃|π1(X̃∗

i )
agrees with the adjacent representations

up to conjugacy along the boundary. Note thatX̃∗
i is only adjacent to elevated null colored

JSJ pieces and elevated coloredJ0 pieces. IfT̃ ⊂ ∂X̃∗
i is null colored, this means that

underκi, T̃ covers a boundary torus ofX∗
i that misses∂R∗

i . Thenρ̃ is trivial restricted
to T̃ , and it agrees with the trivial representationρ̃ on the adjacent elevated null colored
piece. IfT̃ ⊂ ∂X̃∗

i is positively or negatively colored, it follows from the definition of αi

thatρi restricted to eachπ1(T ∗
i ) is conjugate to the restriction ofρ0 or ν ◦ ρ0 according

to the coloring. Thus̃ρ|π1(X̃∗

i )
is also conjugate to the restriction ofρ0 or ν ◦ ρ0 to π1(T̃ )

according to the coloring, sincẽρ|π1(X̃∗

i )
is the pull back ofρi via the subgroup inclusion

(κ̃i)♯.
Because every elevated positively or negatively coloredJ0 piece is only adjacent to

corridor chunks, and becauseρ̃ trivially agrees along a torus adjacent to two elevated null
colored pieces, we have verified that theρ̃ we have defined on the elevated color chunks of
M̃ agree up to conjugacy on the tori that they glue up along. We conclude that there is a
representatioñρ : π1(M̃) → G , as desired. �

Lemma 5.4 implies Theorem 5.2, so we have completed the proofof Theorem 5.2.

Remark5.5. Note ourπ1(M̃) isomorphic the fundamental group of the graph-of-groups
induced by the obvious graph-of-spaces decomposition, canonical up to choosing base
points of vertex spaces and paths to base points of adjacent edge spaces, and up to choosing
a base point ofM̃ and paths to the base points of vertex spaces, cf. [Se].

In general, we can glue up representations on vertex groups as long as they agree on the
edge groups up to conjugacy. This is a consequence of the following facts. IfΓ = Γ1∗HΓ2

is an amalgamation of groups, and ifρi : Γi → G , wherei = 1, 2, are representations such
thatρ1|H are conjugate toρ2|H , then there is a representationρ : Γ → G . More precisely,
supposeρ1|H = σh ◦ ρ2|H , whereσh is the conjugation ofh ∈ G , thenρ can be defined
by takingρ1 onΓ1 andσh ◦ ρ2 onΓ2. Similarly, if Γ = Γ0∗H is an HNN extension with
stable lettert, and ifρ0 : Γ0 → G is a representation such thatρ0|H is conjugate toρ0|Ht ,
say byσh, then there is a representationρ : Γ → G , for example, defined by takingρ0 on
Γ0 andρ(t) = h.

6. VOLUME COMPUTATION

In this section, we prove Theorem 1.6 and Proposition 1.4 using the techniques devel-
oped in the previous sections.
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6.1. Virtually positive volume of representations. We apply Theorem 5.2 to prove
Theorem 1.6. The lemma below verifies class inversion properties of PSL(2;C) and

IsoeS̃L2(R). Moreover, for the discussion about representation volumes, we are partic-
ularly interested in whether the class inversions can be realized by conjugation using ori-
entation preserving isomorphisms of the geometric space.

Lemma 6.1.
(1) PSL(2;C) is class invertible with respect to all its cyclic subgroups, and a class

inversion can be realized by an inner automorphism ofPSL(2;C), which is orien-
tation preserving acting onH3;

(2) IsoeS̃L2(R) is class invertible with respect to its centerR, and a class inversion

can be realized by an inner automorphism ofIsoS̃L2(R), which is orientation

preserving acting onS̃L2(R).

Proof. The first statement follows from the fact that every element of PSL2(C) is conju-

gate to its inverse inPSL2(C). To see the second statement, note thatIsoS̃L2(R) has two

components. For anyν in the non-identity component, conjugatingIsoeS̃L2(R) by ν sends
anyr ∈ R to −r ∈ R, so it is a class inversion forR. Recall that there are no orientation
reversing isometries in theSL2-geometry. �

Proof of Theorem 1.6.We first show the hyperbolic volume case. SupposeM contains at
least one hyperbolic pieceJ0. It suffices to prove the theorem whenM is mixed. We take
sufficiently long slopes, one in each component of∂J0, making sure that Dehn fillings
along these slopes yield a closed hyperbolic3-manifold J̄0 of finite volume. Letρ0 :
π1(J0) → PSL(2;C) be the representation factoring through the the Dehn fillingand the
discrete faithful representation ofπ1(J̄0). By Theorem 5.2, we can virtually extendρ0
to ρ : π1(M̃) → PSL(2;C). Moreover, it follows from the conclusion of Theorem 5.2
and the additivity principle (Theorem 1.11) and Lemma 3.6 that only some elevations of
J0 could contribute to the hyperbolic representation volume of M̃ . By Lemma 6.1(1) the
volume of all these elevations is a positive multiple of the hyperbolic volume ofJ̄0. Thus
the hyperbolic representation volume ofM̃ is positive.

It remains to show the Seifert volume case. Since the theoremis known for graph
manifolds [DW] and and for geometric manifolds [BG1], we mayagain assumeM to be
mixed. By the assumption,M also contains a Seifert geometric pieceJ0. The rest of the
argument is almost the same as the previous case, except that: we start by picking a slope
ζi ⊂ Ti which intersects the Seifert fiberti ⊂ Ti exactly once for each componentTi of
∂J0, moreover thoseζi can be chosen so that the Dehn fillinḡJ0 of J0 has a nontrivial
Euler class. Then we can choose[ti] to be theγ∗i in the proof of Lemma 5.4 and applying
Theorem 5.2, Lemma 6.1(2), and Theorem 1.11, we will find a finite coverM̃ with positive
Seifert volume. �

6.2. Volumes of representations of Seifert manifolds.Now we will prove Proposition
1.4.

Let N be a closed oriented̃SL2(R)-manifold whose base2-orbifold is an orientable,
hyperbolic2-orbifold O with positive genusg andp singular points. Then, keeping the
same notation as in section 2.3, we have a presentation

π1N = 〈α1, β1, . . . , αg, βg, s1, . . . , sp, h :

sa1

1 h
b1 = 1, . . . , sap

p hbp = 1, [α1, β1] . . . [αg, βg] = s1 . . . sp〉
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with the conditione =
∑

i bi/ai 6= 0. The following result of Eisenbud–Hirsch–Neumann
[EHN], which extends the result of Milnor–Wood [Mi, Wo] fromcircle bundles to Seifert
manifolds, is very useful for our purpose.

Theorem 6.2([EHN, Theorem 3.2 and Corollary 4.3]). SupposeN is a closed orientable
Seifert manifold with a regular fiberh and base of genus> 0.

(1) There is a(PSL2(R),S1) horizontal foliation onN if and only if there is a repre-

sentationφ̃ : π1(N) → S̃L2(R) such that̃φ(h) = sh(1);
(2) SupposeN = (g, 0; a1/b1, . . . , an/bn), then there is a(PSL2(R),S1) horizontal

foliation onN if and only if
∑

xbi/aiy ≤ −χ(Fg);
∑

pbi/aiq ≥ χ(Fg)

In order to prove Proposition 1.4 we will check the followingproposition which de-
scribes those representations leading to a non zero volume.For each element(a, b) ∈

R× S̃L2(R), its image inR×Z S̃L2(R) will be denoted as(a, b).

Proposition 6.3. A representationρ : π1(N) → IsoeS̃L2(R) = R ×Z S̃L2(R) has non-
zero volume if and only if there are integersn, n1, . . . , np subject to the conditions

∑
xni/aiy− n ≤ 2g − 2 and

∑
pni/aiq− n ≥ 2− 2g(6.1)

such that

ρ(si) =

(
ni

ai
−
bi
ai

1

e

(∑

i

(
ni

ai

)
− n

)
, gish

(
−ni

ai

)
g−1
i

)
(6.2)

wheregi is an element ofS̃L2(R) and

ρ(h) =

(
1

e

(∑

i

(
ni

ai

)
− n

)
, 1

)
(6.3)

whose volume is given by

vol(N, ρ) = 4π2 1

|e|

(∑

i

(
ni

ai

)
− n

)2

(6.4)

Moreover theρ-image ofα1, β1, . . . , αg, βg can be chosen to lie iñSL2(R).

Proof. The conditionvol(N, ρ) 6= 0 implies thatρ(h) = (ζ, 1) ∈ G = R ×Z S̃L2(R)
by [BG1, p. 663] and [BG2, p. 537], using a cohomological-dimension argument and the
definition in paragraph 2.2. Supposeρ(si) = (zi, xi). Thensai

i h
bi = 1 implies that

(aizi, xai)(biζ, 1) = (aizi + biζ, xai ) = 1.

Then there is anni ∈ Z such that (see Remark 2.3)

aizi + biζi inR andxi is conjugate inS̃L2(R) to sh

(
−
ni

ai

)
.(6.5)
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Since [α1, β1] . . . [αg, βg] = s1 . . . sp and since the product of commutators inR ×Z

S̃L2(R) must lie inS̃L2(R) this implies that

(z1 + . . .+ zp, x1 . . . xp) =


0,

g∏

j=1

[ρ(αj), ρ(βj)]


.

Then there is ann ∈ Z such that

z1 + . . .+ zp and
g∏

j=1

[ρ(αj), ρ(βj)] = x1 . . . xpsh(n)(6.6)

Equalities (6.6) and (6.5), imply condition (6.1) in Proposition 6.3 using Theorem 6.2 and
its proof in [EHN]. By (6.5) and (6.6), we can calculate directly

zi =
ni

ai
−
bi
ai
ζ, ζ =

1

e

(
p∑

i=1

ni

ai
− n

)
(6.7)

Plugging (6.5), (6.6) and (6.7) intoρ(h) = (ζ, 1) andρ(si) = (zi, xi), we obtain (6.2) and
(6.3) in Proposition 6.3. Then the “moreover” part of Proposition 6.3 also follows from
Theorem 6.2.

Let’s now compute the volume of such a representation. Letp1 : Ñ → N be a covering
from a circle bundleÑ overF̃ toN so that the fiber degree is 1. Then we have

ẽ = e(Ñ) = (degp1)e.

Let t̃ be the fiber ofÑ andρ̃ = ρ|π1Ñ . Then
(
t̃
)ẽ

=
∏g̃

j=1[α̃j , β̃j ] in π1Ñ , and therefore

ρ̃(
(
t̃
)ẽ
) = (ẽζ, 1) ∈ Z(G)∩ S̃L2(R), since the image of the fiber must be in the center and

the image of the product of commutators must lie iñSL2(R). Hencẽeζ = ñ ∈ Z.
Let p2 : N̂ → Ñ be the covering along the fiber direction of degreeẽ, and then̂e =

e(N̂) = 1. Then ρ̂ = ρ̃| sends actuallyπ1N̂ into S̃L2(R) and the fibrêt of N̂ is sent
to sh(ñ). Finally there is a coveringp∗ : N̂ → N∗ along the fiber direction of degree
ñ, whereN∗ is a circle bundle over a hyperbolic surfaceF with e∗ = e(N∗) = ñ. It is

apparent that̂ρ descends toρ∗ : π1N
∗ → S̃L2(R) such thatρ∗(h∗) = sh(1), whereh∗

denotes theS1-fiber ofN∗. According to Theorem 6.2, there is(PSL2(R),S1)-horizontal
foliation onN∗, and according to Proposition 2.4,vol(N∗, ρ∗) = 4π2e∗ = 4π2ñ, and then

vol(N̂ , ρ̂) = 4π2ñ2 = 4π2ẽ2ζ2.

Note that

degp1degp2 =
ẽ

e
× ẽ =

ẽ2

e
.

By those facts we reach (6.4) as below:

vol(N, ρ) =
vol(N̂ , ρ̂)

degp1degp2
=

4π2ẽ2ζ2

ẽ2

e

= 4π2eζ2 =
4π2

|e|

(
p∑

i=1

ni

ai
− n

)2

.

�
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Remark6.4. Suppose in Proposition 6.3 thatni = aiki + ri, where0 ≤ ri < ai. If we
choosen = 2−2g+

∑
i ki andni = (ki+1)ai−1 then the corresponding representationρ0

is faithful, discrete and reaches the maximal volume givingrise to the well known formula

vol(N, ρ0) =
4π2χ2

O(N)

|e(N)|
.

7. VOLUMES OF REPRESENTATIONS DO NOT HAVE THE COVERING PROPERTY

In this section, we prove Theorem 1.7 and therefore Corollary 1.8. They follow imme-
diately from the two propositions of this section.

7.1. Non-trivial graph manifolds with vanishing Seifert volume.

Proposition 7.1. There are infinitely many non-trivial graph manifolds with zero Seifert
volume.

We begin with an elementary lemma iñSL2(R) geometry. Recall Lemma 2.3.

Lemma 7.2. LetΓ be a subgroup ofG and denote byΓ its projection ontoPSL(2;R). If
Γ is abelian then so isΓ.

Proof. This follows from [EHN, Lemma 2.1]. Letg = (ξ, x) andh = (η, y) be two
elements ofΓ. Then note that[g, h] = (0, [x, y]) = [x, y] is actually a commutator in

S̃L2(R). If Γ is abelian then[g, h] belongs toR ∩ S̃L2(R) = Z and there exists an integer
k such that[x, y] = shk.

Recall thatx can be seen as a homeomorphism of the real line and using the notations
of [EHN] we setm(z) = minz∈R x(z) − z andM(z) = maxz∈R x(z) − z. Notice
that sincex is a lifting of an orientation preserving homeomorphism of the circle then
x(z + 1) = x(z) + 1 and thesemin andmax can be considered only on[0, 1] so that the
definition makes sense.

Besides by [EHN, Lemma 2.1(5)]xm(xyx−1)y = xm(y)y and pM(xyx−1)q =
pM(y)q. Sincexyx−1 = sh(k).y we have by [EHN, Lemma 2.1(4)] and the first equality

k +m(y) ≤ m(sh(k)y) = m(xyx−1),

and then
k + xm(y)y ≤ xm(sh(k)y)y = xm(xyx−1)y = xm(y)y,

and by [EHN, Lemma 2.1(4)] and the second equality

k +M(y) ≥M(sh(k)y) =M(xyx−1),

and then
k + pM(y)q ≥ pM(sh(k)y)q = pM(xyx−1)q = pM(y)q.

This forcesk = 0 and therefore[g, h] = [x, y] = 1. This proves the lemma. �

Proof of Proposition 7.1.The proof follows from a construction in Motegi [Mo]. We recall
it. Let (p1, q1) and(p2, q2) be two pairs of co-prime integers and considerE1 andE2 the
orientable Seifert manifolds over a2-disk with two exceptional fibres whose fundamental
groups are given by

π1E1 = 〈c1, c2, t1, [c1, t1] = [c2, t1] = 1, cp1

1 = tr11 , c
q1
2 = ts11 〉,

and
π1E2 = 〈d1, d2, t2, [d1, t2] = [d2, t2] = 1, dp2

1 = tr22 , d
q2
2 = ts22 〉.
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These are the exterior of two torus knots whose meridians aredenoted bym1 andm2.
Notice thatEi is Euclidean if and only ifpi = qi = 2 and otherwise it is anH2 ×
R-manifold. The couples(m1, t1) and (m2, t2) provide a basis ofH1(∂E1;Z) and of
H1(∂E2;Z) and Motegi constucted a closed graph manifoldM from E1 andE2 via an
orientation reversing identificationϕ : ∂E1 → ∂E2 sendingt1 tom2 andm1 to t2.

In [Mo, Section 3] Motegi checked thatH1(M ;Z) is isomorphic toZ/(p1p2q1q2−1)Z
and that any representation ofπ1M into PSL(2;C) is abelian. Hence for any repre-
sentationρ : π1M → G, ρ(π1M) ⊂ PSL(2;R) ⊂ PSL(2;C) must be abelian. By
Lemma 7.2ρ(π1M) ⊂ G must be abelian and sinceH1(M ;Z) is finite then so is the
image ρ(π1M) ⊂ G. This provesSV(M) = 0 by Lemma 3.6. To complete the
proof of the proposition notice thatM is a non-trivial graph manifold if and only if
|H1(M ;Z)| = p1p2q1q2 − 1 > 15. �

7.2. Mixed 3-manifolds with vanishing hyperbolic volume.

Proposition 7.3. There are infinitely many 3-manifoldsN with non-vanishing||N || but
vol(N,PSL(2;C)) = {0}.

Proof. We first begin by constructing a closed mixed 3-manifold withone hyperbolic piece
adjacent to one Seifert piece whose hyperbolic volume vanishes. LetM1 denoteF × S

1

whereF is a surface with positive genus and connected boundary. There is a natural
section-fiber basis(s, h) ⊂ ∂M1. On the other hand, it follows from [HM] that there are
infinitely many one cusped, complete, finite volume hyperbolic manifoldsM2 endowed
with a basis(µ, λ) ⊂ ∂M2 such that bothM2(λ) andM2(µ) have zero simplicial volume
(because they are actually connected sums of lens spaces). Denote byϕ : ∂M1 → ∂M2

the homeomorphism defined byϕ(s) = µ andϕ(h) = λ−1. LetMϕ =M1 ∪ϕ M2. Then
Mϕ is a mixed manifold. DenoteTMϕ

by T .
Let ρ : π1Mϕ → PSL(2;C) be any representation and denote byA the resulting con-

nection overMϕ. Notice that eitherρ(s) or ρ(h) is trivial. Indeed ifρ(h) 6= 1, its central-
izerZ(ρ(h)) must be abelian inPSL(2;C). Sinceh is central inπ1M1, this means that
ρ(π1M1) is abelian. Sinces is homologically zero inM1, thenρ(s) = 1.

Let ζ be eithers or h so thatρ(ζ) = 1. After puttingA in normal form with respect to
T , denote byA1 andA2 the flat connections overM1 andM2 respectively. Sinceρ(ζ) is
trivial thenA1 andA2 do extend overM1(ζ) andM2(ζ) to flat connectionŝA1 andÂ2,
and thus

csMϕ
(A) = csM1(ζ)(Â1) + csM2(ζ)(Â2).

Eventually taking the imaginary part we get

vol(Mϕ, ρ) = vol(M1(ζ), ρ̂1) + vol(M2(ζ), ρ̂2)(7.1)

whereρ̂i denotes the extension ofρ|π1Mi to π1Mi(ζ). Since bothvol(M1(ζ), ρ̂1) and
vol(M2(ζ), ρ̂2) do vanish, the proof of Proposition 7.3 is complete. �

8. CONCLUSIONS

In conclusion, given a geometrically meaningful representation of a3-manifold group,
Chern–Simons theory can be applied to compute the associated volume. On the other
hand, recent results about separability of surface subgroups are powerful in constructing
interesting virtual representations of3-manifold groups. However, a shortcoming of our
approach seems to be that we are not able to control the degreeof the cover that we need to
pass to, so, for instance, we do not have lower bound estimations of the growth of virtual
volumes of representations.
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We propose two further problems.

Problem8.1. Estimate the growth of virtual hyperbolic volume and virtual Seifert volume.

Since the hyperbolic volume is bounded by the simplicial volume, it has at most linear
growth asHV(M̃) / [M̃ : M ] is bounded byµ3||M ||. However, we do not know whether
Seifert volume has at most linear growth as well.

Problem8.2. Is the Seifert volume of a closed prime3-manifold virtually positive if it has
positive simplicial volume?

The open case is when the3-manifold has only hyperbolic pieces in its geometric de-
composition.
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