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ABSTRACT: An important property with any new material is the band gap. Standard
density functional theory methods grossly underestimate band gaps. This is known as the
band gap problem. Here, we show that the hybrid B3PW91 density functional returns band
gaps with a mean absolute deviation (MAD) from experiment of 0.22 eV over 64
insulators with gaps spanning a factor of 500 from 0.014 to 7 eV. The MAD is 0.28 eV over
70 compounds with gaps up to 14.2 eV, with a mean error of −0.03 eV. To benchmark the
quality of the hybrid method, we compared the hybrid method to the rigorous GW manybody perturbation theory method. Surprisingly, the MAD for B3PW91 is about 1.5 times
smaller than the MAD for GW. Furthermore, B3PW91 is 3−4 orders of magnitude faster
computationally. Hence, B3PW91 is a practical tool for predicting band gaps of materials
before they are synthesized and represents a solution to the band gap prediction problem.

A

were compared to experimental band gaps with the spin−orbit
coupling removed. For these compounds, the spin−orbit
splitting is seen at the valence band maximum at the Γ point
(wave vector k = 0). In these cases, the spin−orbit coupling
originates from the anions (Sb, Se, Te, As). At the Γ point, the
valence band consists of anion p orbitals. Spin−orbit coupling
splits these triply degenerate p states at Γ into a 4-fold
degenerate (j = 3/2) band and a 2-fold degenerate (j = 1/2)
band. The j = 3/2 state is split upward in energy by (1/3)Δ,
and the j = 1/2 state is split downward by (2/3)Δ, where Δ is
the energy diﬀerence between the j = 3/2 and j = 1/2 state. For
comparison to nonspin−orbit coupling HSE calculations, the
known experimental band gaps of the compounds with the
above anions must be increased by (1/3)Δ. For the As, Se, Sb,
and Te compounds in this set, Δ is approximately 0.3, 0.4, 0.7,
and 0.9 eV, respectively.
Inexplicably, Moussa et al. include the spin−orbit correction
for CdTe (1.61 eV experiment corrected to 1.92 eV) but fail to
include the spin−orbit correction for BAs, AlAs, AlSb, GaAs,
GaSb, InAs, InSb, ZnSe, ZnTe, CdSe, MgSe, MgTe, BaSe, and
BaTe. In addition, Moussa et al. use an experimental band gap
of 7.22 eV for MgO instead of the low-temperature value of 7.9
eV.9,10 These numbers appear to have been transcribed from
Heyd et al.11 When we correct these values, the MAD increases
to 0.39 eV, and the mean error becomes −0.36 eV.
In Lucero et al.,9 the MgO experimental value was corrected.
These authors optimized the geometry and quoted band gaps at
the optimized structures. Thus, we cannot directly compare
these results to those of Moussa et al.8 While no spin−orbit
corrections were made to the experimental band gaps, it is

s we enter the Materials Genome Initiative (MGI) era of
designing optimal materials in silico, it is essential to
quickly and accurately predict the band gaps of proposed new
materials. Similarly, experimentalists would beneﬁt from an
eﬃcient computational tool for predicting band gaps prior to
synthesis. We consider the problem of predicting physical band
gaps to be solved by a computational method that delivers an
accurate band gap for compounds spanning the whole periodic
table and is simultaneously practical to compute.
Standard density functional theory (DFT) methods, such as
the Perdew−Burke−Ernzerhof (PBE)1 functional, have been
the workhorse of computational materials science for decades.
PBE is used by both theorists and experimentalists because of
its computational speed and widespread availability in
commercial codes. Unfortunately, it contains unphysical selfCoulomb repulsion,2 leading to a systematic underestimate of
band gaps.3−5
It is well-known that including exact Hartree−Fock exchange
substantially reduces the Coulomb self-repulsion error.6 The
Heyd−Scuseria−Ernzerhof functional (HSE06) includes shortrange exact Hartree−Fock exchange and has become a standard
in the community.7
In 2012, Moussa et al.8 and Lucero et al.9 benchmarked
HSE06 against a set of 33 compounds consisting solely of
simple binary materials of the form AB. This set neglects many
classes of materials such as alkali halides, transition-metal oxides
(Mott insulators), transition-metal halides, systems with strong
spin−orbit coupling (particularly bismuth- and lead-containing
compounds), transition-metal chalcogenides, magnetic systems,
and two-dimensional systems. Moussa et al. found a mean
absolute deviation (MAD) of 0.32 eV with a mean error (ME)
of −0.24 eV, while Lucero et al. found a MAD of 0.33 eV and a
ME of −0.26 eV for this limited set of compounds.
In Moussa et al.,8 the HSE calculations were done without
spin−orbit coupling for experimental crystal structures and
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No lanthanides or actinides were studied because they have
strong spin−orbit coupling and partially ﬁlled 4f and 5f shells.
The CRYSTAL98 source code we modiﬁed to include spin−
orbit coupling does not include f orbitals. Solid noble gases
were excluded because the anion is unbound, and in the solid
phases, the conduction band is above the vacuum energy.31 We
know of no other study that spans as many classes of materials.
Of these 70 compounds, we found GW published literature
results for only 53, and there was no single study of all 53 of
these compounds. The largest study24 we found had 16
compounds. We did not perform any GW calculations. Tables
S1−S3 contain references to every GW data point used in this
Letter.
All of our band gap results are shown in Figure 1. Panels a, b,
and c in Figure 1 plot the B3PW, GW, and PBE band gaps up

unclear from the paper whether these calculations include
spin−orbit coupling or not. However, in Figure 4, the authors
show their band structure for AlSb, and there is no splitting of
the valence band at the Γ point. This ﬁgure suggests spin−orbit
coupling may not have been included in these calculations.
The two authoritative HSE06 studies discussed above did not
include the Mott insulators (FeO, NiO, MnO, CoO) or any
compounds with band gaps above 8 eV. Thus, we expanded the
HSE06 test set to include these Mott insulators and NaCl, βcristobalite SiO2, LiCl, α-quartz SiO2, and LiF because these
additional compounds are included in our present work. Using
literature HSE06 values for these compounds,12−15 the MAD
and ME for Moussa et al. rise to 0.57 eV and −0.51 eV,
respectively. The MAD and ME for Lucero et al. rise to 0.52 eV
and −0.43 eV, respectively. These numbers are slight
underestimates because we were unable to locate a literature
HSE06 band gap for β-cristobalite. Thus, we assumed HSE06
obtained perfect agreement to experiment for this compound.
As we show below, the MAD and ME for many-body
perturbation theory (GW method) are better than these
HSE06 numbers. Thus, we do not consider HSE06 any further.
The rigorous approach to solving the band gap problem is to
calculate the Green’s function using many-body perturbation
theory (referred to as the GW method16). In this method, the
quasiparticle excitation spectrum is calculated rigorously,
whereas DFT calculates Kohn−Sham eigenvalues that are not
rigorously physical. However, full GW calculations are far too
computationally expensive for routine use. A nonself-consistent
GW approximation, G0W0, has been used to improve standard
DFT results for decades.12,17−20 Recently, iterative “post-G0W0”
methods have been used to improve G0W0 results.21−25 As the
next term in the expansion of the true Green’s function, postG0W0 should systematically improve quasiparticle energies and
band gaps, albeit at a considerably higher computational cost.
Despite intense eﬀort in recent years, all GW methods are too
computationally expensive for applications such as MGI.
Here, we show that the B3PW91 hybrid density functional is
more accurate than GW by approximately a factor of 1.5 and is
also 3−4 orders of magnitude faster computationally. Because
speed and accuracy are competing properties, it is highly
unusual to discover a method that dramatically improves both.
This observation constitutes the main result of the Letter and
suggests that B3PW91 should replace PBE as the default
computational approach.
Hybrid density functionals include a fraction of exact
Hartree−Fock exchange, which dramatically reduces the selfCoulomb error in DFT. Previously, we have shown that hybrid
DFT matches the best G0W0 bulk band structure for the useful
thermoelectrics and topological insulators Bi2Te3 and Bi2Se3,
whereas standard DFT does not.26 Moreover, with hybrid DFT,
we performed calculations of large slabs that are inaccessible to
GW. Other studies6,8,9,27−30 of small sets of compounds have
also hinted at the usefulness of hybrid functionals for solids.
To determine the quality of the B3PW91 functional (referred
to as B3PW hereafter), we computed band gaps of 70 insulating
compounds with band gaps ranging from 0.014 to 14.2 eV.
These compounds span the entire periodic table (except for
lanthanides, actinides, and solid noble gases) and include
thermoelectrics, topological insulators, transition-metal oxides,
photovoltaics, elemental and binary semiconductors, and
transition-metal halides. To have the most accurate comparison
to experiment, spin−orbit coupling was included.

Figure 1. Calculated B3PW (hybrid DFT), GW (many-body
perturbation), and PBE (standard DFT) band gaps versus lowtemperature experiment. A list of the compounds studied may be
found in Figures 2 and 3 and Tables S1−S3. (a) B3PW, (b) PBE, (c)
GW results (G0W0 and post-G0W0) versus experiment for compounds
with experimental band gaps from 0 to 7 eV. (d) B3PW, PBE, and GW
data for 6 compounds with experimental band gaps larger than 7 eV.
For the full band gap range, the MADs are 1.28, 0.41, 0.39, and 0.28
eV for PBE, G0W0, post-G0W0, and B3PW, respectively. Overall, the
error for B3PW is 1.4 times smaller than that for post-G0W0. The
computational cost of B3PW is 3.2 ± 2.4 times that of PBE.

to 7 eV, respectively. Figure 1d plots the band gaps for all three
methods from 7 to 15 eV. The experimental band gap range is
split into 0−7 and 7−15 eV for clarity only. Figures S9, S10,
and S11 show all band gap results for B3PW, GW, and PBE,
respectively, over the full range of 0−15 eV. All of the
compounds are listed in Figures 2 and 3. The results in Figure
1a,b are for 64 out of the total 70 compounds. The results in
Figure 1c for GW are for 47 out of the 53 total compounds.
The mean absolute deviation (MAD) for B3PW is 0.22 eV. The
MAD over all GW methods (G0W0 and post-G0W0) is 0.36 eV.
The MADs for G0W0 and post-G0W0 are equal to 0.36 and 0.35
eV, respectively. The MAD for PBE is 1.10 eV. The B3PW
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Figure 2. Diﬀerence between computed and experimental band gaps for 41 of the 70 compounds studied in Figure 1. The compounds are ordered
by increasing experimental band gaps. Results are for compounds with experimental gaps from (a) 0.0 to 0.82 eV and (b) 0.9 to 2.91 eV. The
horizontal lines at zero represent perfect agreement between theory and experiment. Points above these lines indicate theory has overestimated the
gap, and points below these lines indicate theory has underestimated the gap. Compound names are listed on the bottom x-axes; experimental band
gaps (low-temperature or T ≈ 0 K when available; see Table S4 for a discussion of experimental gaps) are listed on the top x-axes. Compound labels
in magenta are those for which our literature search found no GW results. Our B3PW results are shown by blue circles, and our PBE results are
shown by purple circles. Red and green circles represent literature G0W0 and post-G0W0 results, respectively. Bi2Se3(NQL) refers to a twodimensional slab of Bi2Se3 composed of N quintuple layers (QLs) (see ref 26 for further details). Tables S1−S3 contain all of our B3PW and PBE
results, the lowest and highest GW band gap for each system, and all references from which GW results were taken.

Because the only diﬀerence between our B3PW and PBE
calculations is the functional, we can make a machineindependent comparison of computational cost. We ﬁnd that
the computational cost of B3PW is 3.2 ± 2.4 times that of PBE.
It is important to note that hybrid functionals are typically ∼103
times slower than PBE in plane-wave basis set codes. Because
we used localized Gaussian basis sets, B3PW became
competitive with PBE. In practical terms, this additional cost
is negligible compared to the nearly 5-fold improvement in
accuracy.
Plane-wave basis sets are simpler than Gaussian basis sets
because they are characterized by one number: the wave vector
cutoﬀ. Gaussian basis sets require Gaussian exponents and
contraction coeﬃcients for each basis function, and diﬀerent
Gaussian basis sets have diﬀerent numbers of basis functions.
Thus, the choice of the correct Gaussian basis set is more
complicated. Fortunately, computational chemists have developed highly optimized Gaussian basis sets for every element.
However, these highly optimized basis sets developed for
computational chemistry usually cannot be used for solids
without some modiﬁcation. This is because the extremely
diﬀuse basis functions commonly used in high-quality Gaussian
basis sets can lead to basis set linear dependence when used in a
periodic system.32
Linear independence can usually be ensured by modifying
the basis set so that the most diﬀuse Gaussian has an exponent
of 0.1, as discussed in ref 30. Although minimizing the energy

MAD is 1.6 times smaller than the GW MAD and 5 times
smaller than the PBE MAD. As is well-known,3 PBE
systematically underestimates band gaps. In fact, for 10
compounds, PBE predicts a metal (zero band gap) rather
than an insulator (nonzero band gap). We found two
exceptions (PbSe and Bi2Se3), shown in the inset to Figure
1c. These compounds have strong spin−orbit coupling and will
be discussed later in the Letter.
Figure 1d shows B3PW (blue circles), PBE (purple circles),
G0W0 (red circles), and post-G0W0 (green circles) results for
six compounds with experimental band gaps above 7 eV. The
MAD for each method over these compounds is shown in the
upper left corner. The bottom right of the ﬁgure shows the
MADs for the full band gap range (0−15 eV). The MADs are
worse in the 7−15 eV band gap range for all methods
compared to the 0−7 eV range. For the entire 0−15 eV band
gap range, post-G0W0 is slightly better than G0W0. The MAD
for B3PW is worse than all GW methods in the 7−15 eV range.
Over the full 0−15 eV band gap range, B3PW has the lowest
MAD.
To further test B3PW against the GW method, we broke
down the GW data into four subsets: G0W0 with any starting
wave function, G0W0 speciﬁcally using local density approximation (LDA) as the starting wave function, G0W0 using PBE
as the starting wave function, and post-G0W0 (Figures S1−S8).
In all four cases, B3PW had the lower MAD.
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Figure 3. Same as Figure 2 for the remaining 29 compounds from Figure 1. Results for compounds with experimental gaps from (a) 3.023 to 6.36 eV
and (b) 7.83 to 14.2 eV.

Figures 2 and 3 show the band gap error broken down by
compound for all 70 compounds with experimental band gaps
in the 0−14.2 eV range. The compounds are ordered on the xaxis by increasing experimental band gap, and compounds with
magenta labels are those where we did not ﬁnd GW data. The
largest B3PW band gap error occurred for α-quartz. As
discussed above, these errors could be reduced by basis set
optimizations. The mean signed error of B3PW is −0.03 eV.
In some cases (e.g., CoO), there is more than one measured
experimental band gap. Our methodology for choosing a
number for comparison is discussed in Table S4. We did not
choose the experimental results closest to the B3PW prediction.
Doing so would lower the overall MAD from 0.28 to 0.25 eV.
On the other hand, choosing the experimental band gaps
furthest from the B3PW prediction raises the MAD by 0.03 to
0.31 eV, which is less than the post-G0W0 MAD of 0.39 eV.
Thus, we believe that B3PW solves the band gap problem.
In summary, we believe hybrid DFT can successfully resolve
the band gap prediction problem for practical materials design.
Standard DFT methods such as PBE have suﬃcient computational speed but suﬀer from very poor accuracy. In particular,
we found the PBE functional to have a mean absolute deviation
from experiment (MAD) of 1.28 eV over a class of 70
insulating compounds. While many-body perturbation methods
(GW) are signiﬁcantly more accurate than PBE (MAD = 0.40
eV), they are 3−4 orders of magnitude slower. Here, we have
shown that the B3PW91 hybrid density functional has the best
of both worlds. The MAD of B3PW91 was 0.28 eV. When used
with localized Gaussian basis sets, the computational cost of
B3PW91 is only 3.2 ± 2.4 times that of PBE. This remarkable
result was achieved without optimization of any computational

with respect to other Gaussian exponents can improve band
gap predictions, we intentionally chose not to perform this step
to keep our evaluation of B3PW as straightforward as possible.
Basis sets were not tuned to a particular system and hence can
be transferred to other compounds.
The basis sets used in this Letter were chosen according to a
systematic recipe which is described in complete detail in
section 1 of the Supporting Information. Additionally, the basis
sets used in our input decks (included in the Supporting
Information) are linearly independent. As a result, we believe
these basis sets can be used as a template for rapid calculation
of systems not considered here.
An issue for both Gaussian and plane-wave basis set
calculations is whether to optimize the crystal structure or
use the experimental crystal structure. A perfect theory would
predict zero force for experimental structures, rendering this
question irrelevant. However, DFT (regardless of basis set)
tends to overestimate lattice constants by a few percent. We did
our calculations at the experimental crystal structure because it
is a harsher test to demand that a theory predict the correct
electronic structure given only the physical structure of a
material.
We now return to the inset of Figure 1b showing that PBE
overestimated the band gaps for PbSe and Bi2Se3. These are the
only two compounds where PBE overestimated the band gap.
In general, spin−orbit coupling decreases the band gap by
breaking the spin degeneracy. However, if the PBE band gap
without spin−orbit coupling is smaller than the magnitude of
the spin−orbit splitting, unphysical band repulsions may occur.
Hence, for strong spin−orbit compounds with small gaps, PBE
may overestimate the band gap.
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parameter, including crystal structure. Hence, B3PW91 can be
employed “oﬀ the shelf” by nonexpert users to deliver excellent
predictions of band gaps for materials that have not yet been
synthesized.

input decks (in the Supporting Information) can be used as a
template for studies on new materials.

■

■

ASSOCIATED CONTENT

S Supporting Information
*

COMPUTATIONAL METHODS
The GW data we used for comparison consisted of 387
calculations from 42 publications dating from 1987 to 2015. Of
these 42 publications, 23 were from 2010 or later. Tables S1−
S3 contain all references to the GW data, all references to
experimental band gaps, and hyperlinks to the input decks for
all of our hybrid DFT calculations. In this Letter, we study only
band gaps because GW is primarily benchmarked against band
gaps. We chose low-temperature experimental band gaps from
ref 10 for comparison whenever possible. Table S4 details our
choice of experimental band gaps.
In this work, we use the ﬁrst proposed hybrid functional,
B3PW91,33 based on its prior success with topological
isulators,26 binary semiconductors,30 and band oﬀsets.34 We
refer to the B3PW91 functional as B3PW for simplicity. This
functional was developed by Becke using the adiabatic
connection.33 B3PW makes three corrections to the LDA
exchange correlation energy. First, a fraction a0 of the LDA
exchange is replaced by Hartree−Fock exact exchange. Second,
Becke’s 1988 gradient correction35 for exchange is included,
weighted by the parameter ax. Finally, the Perdew−Wang 1991
(PW91) gradient correction36 for correlation is included,
weighted by the parameter ac. These parameters were
determined by a least-squares ﬁt to 56 atomization energies,
42 ionization potentials, 8 proton aﬃnities, and 10 total atomic
energies.33 This ﬁtting gave a0 = 0.20, ax = 0.72, and ac = 0.81.
Becke’s parametrization made no use of band gaps or any
property of a solid, and we made no adjustment to these
parameters.
Computing exact Hartree−Fock exchange is about 3 orders
of magnitude faster with localized Gaussian basis sets26
compared to plane-wave basis sets. Hence, we use the
CRYSTAL32 code for all of our calculations. CRYSTAL does
not include spin−orbit coupling. For the cases with strong
spin−orbit coupling, we used our modiﬁed version of
CRYSTAL98.26 When used for solids, the Gaussian basis sets
commonly used and optimized for molecules can lead to linear
dependencies. Hence, modiﬁcations for diﬀuse orbitals are
required to remove these linear dependencies, as described in
the CRYSTAL manual.32 We also used Stuttgart pseudopotentials.37,38 The basis set and pseudopotential (if used) for all of
our calculations can be seen in the input decks included in the
Supporting Information. Our systematic basis set recipe is
described in full detail in section 1 of the Supporting
Information. It is known that optimization of basis sets and
geometries improves band gaps.30 However, we chose not to
optimize basis sets and to use experimental crystal structures
because these optimizations are impractical for high-throughput
applications such as MGI.
In addition to the choice of basis set, it is important to have
enough irreducible k-points to obtain a fully converged result.
We chose on average 103 irreducible k-points in our
calculations. This number is far larger than necessary, but our
calculations are so computationally inexpensive that this
overkill is irrelevant. High-throughput screening becomes
more practical when one can ensure convergence with a
default k-point sampling. In fact, we believe our basis sets and

The Supporting Information is available free of charge on the
ACS Publications website at DOI: 10.1021/acs.jpclett.5b02870.
Our recipe for basis set choice, detailed comparisons of
B3PW to diﬀerent levels of GW, all computed band gaps,
our choices of experimental band gaps, all references for
experimental geometries and band gaps, and CRYSTAL
input decks for every calculation performed in this Letter
(PDF)
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