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Abstract

In this paper, we investigate the performance of pseudo-spectral methods in com-
puting nearly singular solutions of fluid dynamics equations. We consider two different
ways of removing the aliasing errors in a pseudo-spectral method. The first one is the
traditional 2/3 dealiasing rule. The second one is a high (36th) order Fourier smooth-
ing which keeps a significant portion of the Fourier modes beyond the 2/3 cut-off point
in the Fourier spectrum for the 2/3 dealiasing method. Both the 1D Burgers equation
and the 3D incompressible Euler equations are considered. We demonstrate that the
pseudo-spectral method with the high order Fourier smoothing gives a much better
performance than the pseudo-spectral method with the 2/3 dealiasing rule. Moreover,
we show that the high order Fourier smoothing method captures about 12 ∼ 15% more
effective Fourier modes in each dimension than the 2/3 dealiasing method. For the
3D Euler equations, the gain in the effective Fourier codes for the high order Fourier
smoothing method can be as large as 20% over the 2/3 dealiasing method. Another
interesting observation is that the error produced by the high order Fourier smoothing
method is highly localized near the region where the solution is most singular, while
the 2/3 dealiasing method tends to produce oscillations in the entire domain. The
high order Fourier smoothing method is also found be very stable dynamically. No
high frequency instability has been observed.

1 Introduction

Pseudo-spectral methods have been one of the most commonly used numerical methods in
solving nonlinear partial differential equations with periodic boundary conditions. Pseudo-
spectral methods have the advantage of computing a nonlinear convection term very effi-
ciently using the Fast Fourier Transform. On the other hand, the discrete Fourier transform
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of a periodic function introduces the so-called aliasing error [14, 5, 6, 3], which is partially
due to the artificial periodicity of the discrete Fourier coefficient as a function of the wave
number. The aliasing error pollutes the accuracy of the high frequency modes, especially
those last 1/3 of the high frequency modes. Without using any dealiasing or Fourier smooth-
ing, the pseudo-spectral method may suffer from some mild numerical instability [13]. One
of the most commonly used dealiasing methods is the so-called 2/3 dealiasing rule, in which
one sets to zero the last 1/3 of the high frequency modes and keeps the first 2/3 of the
Fourier modes unchanged. Another way to control the aliasing errors is to apply a smooth
cut-off function or Fourier smoothing to the Fourier coefficients. However, many existing
Fourier smoothing methods damp the last 1/3 of the high frequency modes just like the 2/3
dealiasing method.

In this paper, we investigate the performance of pseudo-spectral methods using the 2/3
dealiasing rule and a high order Fourier smoothing. In the Fourier smoothing method, we
use a 36th order Fourier smoothing function which keeps a significant portion of the Fourier
modes beyond the 2/3 cut-off point in the Fourier spectrum for the 2/3 dealiasing rule.
We apply these two methods to compute nearly singular solutions in fluid flows. Both the
1D Burgers equation and the 3D incompressible Euler equations will be considered. The
advantage of using the Burgers equation is that it shares some essential difficulties as other
fluid dynamics equations, and yet we have a semi-analytic formulation for its solution. By
using the Newton iterative method, we can obtain an approximate solution to the exact
solution up to 13 digits of accuracy. Moreover, we know exactly when a shock singularity
will form in time. This enables us to perform a careful convergence study in both the physical
space and the spectral space very close to the singularity time.

We first perform a careful convergence study of the two pseudo-spectral methods in both
physical and spectral spaces for the 1D Burgers equation. Our extensive numerical results
demonstrate that the pseudo-spectral method with the high order Fourier smoothing (the
Fourier smoothing method for short) gives a much better performance than the pseudo-
spectral method with the 2/3 dealiasing rule (the 2/3 dealiasing method for short). In
particular, we show that the unfiltered high frequency coefficients in the Fourier smoothing
method approximate accurately the corresponding exact Fourier coefficients. More precisely,
we demonstrate that the Fourier smoothing method captures about 12 ∼ 15% more effective
Fourier modes than the 2/3 dealiasing method in each dimension. The gain is even higher for
the 3D Euler equations since the number of effective modes in the Fourier smoothing method
is higher in three dimensions. Thus the Fourier smoothing method gives a more accurate
approximation than the 2/3 dealiasing method. We will illustrate this improved accuracy
by studying the errors in L∞-norm and L1-norm as a function of time, and by studying
the spatial distribution of the pointwise error and the convergence of the Fourier spectrum
at a sequence of times very close to the singularity time. Another interesting observation
is that the error produced by the Fourier smoothing method is highly localized near the
region where the solution is most singular and decays exponentially fast with respect to
the distance from the singularity point. The error in the smooth region is several orders of
magnitude smaller than that in the singular region. On the other hand, the 2/3 dealiasing
method produces noticeable oscillations in the entire domain as we approach the singularity
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time. This is to some extent due to the Gibbs phenomenon and the loss of the L2 energy
associated with the solution. Moreover, our computational results show that in the smooth
region the error produced by the Fourier smoothing method is several orders of magnitude
smaller than that produced by the 2/3 dealiasing method. This is an important advantage
of the Fourier smoothing method over the 2/3 dealiasing method.

Next, we apply the two pseudo-spectral methods to solve the nearly singular solu-
tion of the 3D incompressible Euler equations. We would like to see if the comparison
we make regarding the convergence properties of the two pseudo-spectral methods for the
1D Burgers equation is still valid for the more challenging 3D incompressible Euler equa-
tions. In order to make our comparison meaningful, we choose a smooth initial condition
which could potentially develop a finite time singularity. There have been many compu-
tational efforts in searching for finite time singularities of the 3D Euler equations, see e.g.
[7, 27, 20, 16, 28, 18, 4, 2, 12, 26, 15, 19]. One of the frequently cited numerical evidences for
a finite time blowup of the Euler equations is the two slightly perturbed anti-parallel vortex
tubes initial data studied by Kerr [18, 19]. In Kerr’s computations, a pseudo-spectral dis-
cretization with the 2/3 dealiasing rule was used in the x and y directions while a Chebyshev
polynomial discretization was used along the z direction. His best space resolution was of
the order 512 × 256 × 192. In [18, 19], Kerr reported that the maximum vorticity blows up
like O((T − t)−1) and the velocity field blows up like O((T − t)−1/2). The alleged singularity
time T is equal to 18.7 while his computations beyond t = 17 were not considered as the
primary evidence for a singularity since they were polluted by noises [18].

We perform a careful convergence study of the two pseudo-spectral methods using Kerr’s
initial condition with a sequence of resolutions up to T = 19, beyond the singularity time
alleged in [18, 19]. The largest space resolution we use is 1536 × 1024 × 3072. Conver-
gence in both physical and spectral space has been observed for the two pseudo-spectral
methods. Both numerical methods converge to the same solution under mesh refinement.
Our computational study also demonstrates that the Fourier smoothing method offers better
computational accuracy than the 2/3 dealiasing method. For a given resolution, the Fourier
smoothing method captures about 20% more effective Fourier modes than the 2/3 dealiasing
method does. We also find that the 2/3 dealiasing method produces some oscillations near
the 2/3 cut-off point of the spectrum. This abrupt cut-off of the Fourier spectrum generates
noticeable oscillations in the vorticity contours at later times. Even using a relative high
resolution 1024×786×2048, we find that the vorticity contours obtained by the 2/3 dealias-
ing method still suffer relatively large oscillations in the late stage of the computations,
which are to some extent caused by the Gibbs phenomenon and the loss of enstrophy due to
the abrupt cut-off of the high frequency modes. On the other hand, the vorticity contours
obtained by the Fourier smoothing method remains smooth throughout the computations.
Our spectral computations using both the 2/3 dealiasing rule and the high order Fourier
smoothing confirm the finding reported in [17], i.e. the maximum vorticity does not grow
faster than double exponential in time and the velocity field remains bounded up to T = 19.

We would like to emphasize that the Fourier smoothing method is very stable and robust
in all our computational experiments. We do not observe any high frequency instability
in our computations for both the 1D Burgers equation and the 3D incompressible Euler
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equations. The resolution study that we conduct is completely based on the consideration
of accuracy, not by the consideration of stability.

We would like to mention that Fourier smoothing has been also used effectively to approx-
imate discontinuous solutions of linear hyperbolic equations, see e.g. [23, 25, 1]. To compute
discontinuous solutions for nonlinear conservation laws, the spectral viscosity method has
been introduced and analyzed, see [29, 22] and the review article [30]. Like Fourier smooth-
ing, the purpose of introducing the spectral viscosity is to localize the Gibbs oscillations,
maintaining stability without loss of spectral accuracy.

The remaining of the paper is organized as follows. In Section 2, we present a careful
convergence study of the two pseudo-spectral methods for the 1D Burgers equation. In
Section 3, we present a similar convergence study for the incompressible 3D Euler equations
using Kerr’s initial data. Some concluding remarks are made in Section 4.

2 Convergence study of the two pseudo-spectral meth-

ods for the 1D Burgers equation

In this section, we perform a careful convergence study of the two pseudo-spectral methods
for the 1D Burgers equation. The 1D Burgers equation shares some of the essential difficulties
in many fluid dynamic equations. In particular, it has the same type of quadratic nonlinear
convection term as other fluid dynamics equations. It is well known that the 1D Burgers
equation can form a shock discontinuity in a finite time [21]. The advantage of using the
1D Burgers equation as a prototype is that we have a semi-analytical solution formulation
for the 1D Burgers equation. This allows us to use the Newton iterative method to obtain
a very accurate approximation (up to 13 digits of accuracy) to the exact solution of the 1D
Burgers equation arbitrarily close to the singularity time. This provides a solid foundation
in our convergence study of the two spectral methods.

We consider the inviscid 1D Burgers equation

ut +

(
u2

2

)

x

= 0, −π ≤ x ≤ π, (1)

with an initial condition given by
u|t=0 = u0(x).

We impose a periodic boundary condition over [−π, π]. By the method of characteristics, it
is easy to show that the solution of the 1D Burgers equation is given by

u(x, t) = u0(x− tu(x, t)). (2)

The above implicit formulation defines a unique solution for u(x, t) up to the time when the
first shock singularity develops. After the shock singularity develops, equation (2) gives a
multi-valued solution. An entropy condition is required to select a unique physical solution
beyond the shock singularity [21].
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We now use a standard pseudo-spectral method to approximate the solution. Let N be
an integer, and let h = π/N . We denote by xj = jh (j = −N, ..., N) the discrete mesh over
the interval [−π, π]. To describe the pseudo-spectral methods, we recall that the discrete
Fourier transform of a periodic function u(x) with period 2π is defined by

ûk =
1

2N

N∑

j=−N+1

u(xj)e
−ikxj .

The inversion formula reads

u(xj) =

N∑

k=−N+1

ûke
ikxj .

We note that ûk is periodic in k with period 2N . This is an artifact of the discrete Fourier
transform, and the source of the aliasing error. To remove the aliasing error, one usually
applies some kind of dealiasing filtering when we compute the discrete derivative. Let ρ(k/N)
be a cut-off function in the spectrum space. A discrete derivative operator may be expressed
in the Fourier transform as

(̂Dhu)k = ikρ(k/N)ûk, k = −N + 1, ..., N. (3)

Both the 2/3 dealiasing rule and the Fourier smoothing method can be described by a specific
choice of the high frequency cut-off function, ρ (also known as Fourier filter). For the 2/3
dealiasing rule, the cut-off function is chosen to be

ρ(k/N) =

{
1, if |k/N | ≤ 2/3,
0, if |k/N | > 2/3.

(4)

In our computations, in order to obtain an alias-free computation on a grid of M points
for a quadratic nonlinear equation, we apply the above filter to the high wavenumbers so
as to retain only (2/3)M unfiltered wavenumbers before making the coefficient-to-grid Fast
Fourier Transform. This dealiasing procedure is alternatively known as the the 3/2 dealiasing
rule because to obtain M unfiltered wavenumbers, one must compute nonlinear products in
physical space on a grid of (3/2)M points, see page 229 of [3] for more discussions.

For the Fourier smoothing method, we choose ρ as follows:

ρ(k/N) = e−α(|k|/N)m

, (5)

with α = 36 and m = 36. In our implementation, both filters are applied on the numerical
solution at every time step. For the 2/3 dealiasing rule, the Fourier modes with wavenumbers
|k| ≥ 2/3N are always set to zero. Thus there is no aliasing error being introduced in our
approximation of the nonlinear convection term.

The Fourier smoothing method we choose is based on three considerations. The first
one is that the aliasing instability is introduced by the highest frequency Fourier modes. As
demonstrated in [13], as long as one can damp out a small portion of the highest frequency
Fourier modes, the mild instability caused by the aliasing error can be under control. The

5



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.2

0.4

0.6

0.8

1

Figure 1: The profile of the Fourier smoothing, exp(−36(x)36), as a function of x. The
vertical line corresponds to the cut-off point in the Fourier spectrum in the 2/3 dealiasing
rule. We can see that using this Fourier smoothing we keep about 12 ∼ 15% more modes
than those using the 2/3 dealiasing rule.

second observation is that the magnitude of the Fourier coefficient is decreasing with respect
to the wave number |k| for a function that has certain degree of regularity. Typically, we
have |ûk| ≤ C/(1 + |k|m) if the mth derivative of a function u is bounded in L1. Thus the
high frequency Fourier modes have a relatively smaller contribution to the overall solution
than the low to intermediate frequency modes. The third observation is that one should not
cut off high frequency Fourier modes abruptly to avoid the Gibbs phenomenon and the loss
of the L2 energy associated with the solution. This is especially important when we compute
a nearly singular solution whose high frequency Fourier coefficient has a very slow decay.

Based on the above considerations, we choose a smooth cut-off function which decays
exponentially fast with respect to the high wave number. In our cut-off function, we choose
the parameters α = 36 and m = 36. These two parameters are chosen to achieve two
objectives: (i) When |k| is close to N , the cut-off function reaches the machine precision, i.e.
10−16; (ii) The cut-off function remains very close to 1 for |k| < 4N/5, and decays rapidly
and smoothly to zero beyond |k| = 4N/5. In Figure 1, we plot the cut-off function ρ(x) as
a function of x. The cut-off function used by the 2/3rd dealiasing rule is plotted on top of
the cut-off function used by the Fourier smoothing method. We can see that the Fourier
smoothing method keeps about 12 ∼ 15% more modes than the 2/3 dealiasing method.
In this paper, we will demonstrate by our numerical experiments that the extra modes we
keep by the Fourier smoothing method give an accurate approximation of the correct high
frequency Fourier modes.

Next, we will present a convergence study of the two pseudo-spectral methods using a
generic initial condition, u0(x) = sin(x). For this initial condition, the solution will develop
a shock singularity at t = 1 at x = π and x = −π. For t < 1 but sufficiently close to
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the singularity time, a sharp layer will develop at x = π and x = −π. We will perform a
sequence of well-resolved computations sufficiently close to the singularity time using the two
pseudo-spectral methods and study their convergence properties. In our computations for
both methods, we will use a standard compact three step Runge-Kutta scheme for the time
integration. In order to compute the errors of the two pseudo-spectral methods accurately,
we need to solve for the “exact solution” on a computational grid. We do this by solving the
implicit solution formula (2) using the Newton iterative method up to 13 digits of accuracy.

Our computational studies demonstrate convincingly that the Fourier smoothing method
gives a much better performance than the 2/3 dealiasing method. In Figure 2, we plot the
L∞ error of the two pseudo-spectral methods as a function of time using three different
resolutions. The errors are plotted in a log-log scale. The left figure is the result obtained by
the 2/3 dealiasing method and the right figure is the result obtained by the Fourier smoothing
method. We can see clearly that the L∞ error obtained by the Fourier smoothing method
is smaller than that obtained by the 2/3rd dealiasing method. With increasing resolution,
the errors obtained by both methods decay rapidly, confirming the spectral convergence of
both methods. In Figure 3, we plot the L1 errors of the two methods as a function of time
using three different resolutions. We can see that the convergence of the Fourier smoothing
method is much faster than the 2/3 dealiasing method.

It is interesting to study the spatial distribution of the pointwise errors obtained by the
two methods. In Figure 4, we plot the pointwise errors of the two methods over one period
[−π, π] at t = 0.985. In the computations presented on the left picture, we use resolution
N = 1024, while the computations in the right picture corresponds to N = 2048. The errors
are plotted in a log scale. We can see that the error of the 2/3rd dealiasing method, which
is colored in red, is highly oscillatory and spreads out over the entire domain. This is caused
by the Gibbs phenomenon and the loss of the L2 energy associated with the solution. On the
other hand, the error of the Fourier smoothing method is highly localized near the location
of the shock singularity at x = π and x = −π, and decays exponentially fast with respect to
the distance from the singularity point. The error in the smooth region is several orders of
magnitude smaller than that in the singular region. This is a very interesting phenomenon.
This property makes the Fourier smoothing method a better method for computing nearly
singular solutions.

To gain further insight of the two pseudo-spectral methods, we study the convergence of
the two methods in the spectral space. In Figure 5, we plot the Fourier spectra of the two
spectral methods at a sequence of times with two different resolutions N = 4096 and N =
8192 respectively. We observe that when the solution is relatively smooth and can be resolved
by the computational grid, the spectra of the two methods are almost indistinguishable.
However, when the solution becomes more singular and cannot be completely resolved by
the computational grid, the two methods give a very different performance. For a given
resolution, the Fourier smoothing method keeps about 20% more Fourier modes than the
2/3 dealiasing method. When we compare with the “exact” spectrum obtained by using the
Newton iterative method, we can see clearly that the extra Fourier modes that are kept by
the Fourier smoothing method give indeed an accurate approximation to the correct Fourier
modes. This explains why the Fourier smoothing method offers better accuracy than the
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Figure 2: The L∞ errors of the two pseudo-spectral methods as a function of time using three
different resolutions. The plot is in a log-log scale. The initial condition is u0(x) = sin(x).
The left figure is the result obtained by the 2/3 dealiasing method and the right figure is
the result obtained by the Fourier smoothing method. It can be seen clearly that the L∞

error obtained by the Fourier smoothing method is smaller than that obtained by the 2/3
dealiasing method.
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Figure 3: The L1 errors of the two pseudo- spectral methods as a function of time using
three different resolutions. The plot is in a log-log scale. The initial condition is given by
u0(x) = sin(x). The left figure is the result obtained by the 2/3 dealiasing method and the
right figure is the result obtained by the Fourier smoothing method. One can see that the
L1 error obtained by the Fourier smoothing method is much smaller than corresponding L∞

error.
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Figure 4: The pointwise errors of the two pseudo-spectral methods as a function of time
using three different resolutions. The plot is in a log scale. The initial condition is given by
u0(x) = sin(x). The error of the 2/3rd dealiasing method is highly oscillatory and spreads out
over the entire domain, while the error of the Fourier smoothing method is highly localized
near the location of the shock singularity.

2/3 dealiasing method. On the other hand, we observe that the Fourier spectrum of the 2/3
dealiasing method develops noticeable oscillations near the 2/3 cut-off point of the Fourier
spectrum. This abrupt cut-off in the high frequency spectrum gives rise to the well-known
Gibbs phenomenon and the loss of the L2 energy, which is the main cause for the highly
oscillatory and widespread pointwise error that we observe in Figure 4.

We have also performed similar numerical experiments for several other initial data. They
all give the same qualitative behavior as the one we have demonstrated above. In Figure
6, we plot the Fourier spectra of the two methods at a sequence of times using a different
initial condition: u0(x) = (0.1+sin2 x)−1/2. The picture on the left corresponds to resolution
N = 1024, while the picture on the right corresponds to resolution N = 2048. One can
see that the convergence properties of the two methods are essentially the same as those
presented for the initial condition u0(x) = sin(x).

Finally, we would like to point out that the numerical computations using the Fourier
smoothing method have been very stable and robust. No high frequency instability has been
observed throughout our computations. This indicates that the high order Fourier smoothing
we use has effectively eliminated the mild numerical instability introduced by the aliasing
error [13].
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Figure 5: Comparison of Fourier spectra of the two methods on different resolutions at
a sequence of times. The initial condition is given by u0(x) = sin(x). The left picture
corresponds to N = 4096 and the right picture corresponds to N = 8192.
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Figure 6: Comparison of Fourier spectra of the two methods on different resolutions at a
sequence of times. The initial condition is given by u0(x) = (0.1 + sin2 x)−1/2. The left
picture corresponds to N = 1024 and the right picture corresponds to N = 2048. Notice
that only even modes are plotted in these figures since the odd modes are vanished in this
example.
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3 Computing nearly singular solutions of the 3D Euler

equations using pseudo-spectral methods

In this section, we will apply the two pseudo-spectral methods to solve the nearly singular
solution of the 3D incompressible Euler equations. The spectral computation of the 3D
incompressible Euler equations is much more challenging due to the nonlocal and nonlinear
nature of the problem and the possible formation of a finite time singularity. It would be
interesting to find out if the comparison we have made regarding the convergence property of
the two pseudo-spectral methods for the 1D Burgers equation is still valid for the 3D Euler
equations. To make our comparison useful, we choose a smooth initial condition which could
potentially develop a finite time singularity. There have been many computational efforts in
searching for finite time singularities of the 3D Euler equations, see e.g. [7, 27, 20, 16, 28,
18, 4, 2, 12, 26, 15, 19]. Of particular interest is the numerical study of the interaction of
two perturbed antiparallel vortex tubes by Kerr [18, 19], in which a finite time blowup of
the 3D Euler equations was reported. In this section, we will perform the comparison of the
two pseudo-spectral methods using Kerr’s initial condition.

The 3D incompressible Euler equations in the vorticity stream function formulation are
given as follows (see, e.g., [8, 24]):

~ωt + (~u · ∇)~ω = ∇~u · ~ω, (6)

−△ ~ψ = ~ω, ~u = ∇× ~ψ, (7)

with initial condition ~ω |t=0= ~ω0, where ~u is velocity, ~ω is vorticity, and ~ψ is stream function.
Vorticity is related to velocity by ~ω = ∇× ~u. The incompressibility implies that

∇ · ~u = ∇ · ~ω = ∇ · ~ψ = 0.

We consider periodic boundary conditions with period 4π in all three directions. The initial
condition is the same as the one used by Kerr (see Section III of [18], and also [17] for
corrections of some typos in the description of the initial condition in [18]). Following [18], we
call the x-y plane as the “dividing plane” and the x-z plane as the “symmetry plane”. There
is one vortex tube above and below the dividing plane respectively. The term “antiparallel”
refers to the anti-symmetry of the vorticity with respect to the dividing plane in the following
sense: ~ω(x, y, z) = −~ω(x, y,−z). Moreover, with respect to the symmetry plane, the vorticity
is symmetric in its y component and anti-symmetric in its x and z components. Thus we
have ωx(x, y, z) = −ωx(x,−y, z), ωy(x, y, z) = ωy(x,−y, z) and ωz(x, y, z) = −ωz(x,−y, z).
Here ωx, ωy, ωz are the x, y, and z components of vorticity respectively. These symmetries
allow us to compute only one quarter of the whole periodic cell.

To compare the performance of the two pseudo-spectral methods, we will perform a
careful convergence study for the two methods. To get a better idea how the solution evolves
dynamically, we present the 3D plot of the vortex tubes at t = 0 and t = 6 respectively
in Figure 7. As we can see, the two initial vortex tubes are very smooth and essentially
symmetric. Due to the mutual attraction of the two antiparallel vortex tubes, the two
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Figure 7: The 3D view of the vortex tube for t = 0 and t = 6. The tube is the isosurface
at 60% of the maximum vorticity. The ribbons on the symmetry plane are the contours at
other different values.

vortex tubes approach to each one and experience severe deformation dynamically. By time
t = 6, there is already a significant flattening near the center of the tubes. In Figure 8, we
plot the local 3D vortex structure of the upper vortex tube at t = 17. By this time, the 3D
vortex tube has essentially turned into a thin vortex sheet with rapidly decreasing thickness.
The vortex sheet rolls up near the left edge of the sheet. It is interesting to note that the
maximum vorticity is actually located near the rolled-up region of the vortex sheet.

3.1 Convergence study of the two pseudo-spectral methods in the

spectral space

In this subsection, we perform a convergence study for the two numerical methods using a
sequence of resolutions. For the Fourier smoothing method, we use the resolutions 768×512×
1536, 1024 × 768 × 2048, and 1536 × 1024 × 3072 respectively. Except for the computation
on the largest resolution 1536× 1024× 3072, all computations are carried out from t = 0 to
t = 19. The computation on the final resolution 1536 × 1024 × 3072 is started from t = 10
with the initial condition given by the computation with the resolution 1024 × 768 × 2048.
For the 2/3 dealiasing method, we use the resolutions 512×384×1024, 768×512×1536 and
1024×768×2048 respectively. The computations using these three resolutions are all carried
out from t = 0 to t = 19. The time integration is performed using the classical fourth order
Runge-Kutta method. Adaptive time stepping is used to satisfy the CFL stability condition
with CFL number equal to π/4.

12



Figure 8: The local 3D vortex structure and vortex lines around the maximum vorticity at
t = 17. The size of the box on the left is 0.0753 to demonstrate the scale of the picture.

In Figure 9, we compare the Fourier spectra of the energy obtained by using the 2/3
dealiasing method with those obtained by the Fourier smoothing method. For a fixed res-
olution 1024 × 768 × 2048, we can see that the Fourier spectra obtained by the Fourier
smoothing method retains more effective Fourier modes than those obtained by the 2/3
dealiasing method. This can be seen by comparing the results with the corresponding com-
putations using a higher resolution 1536 × 1024 × 3072. Moreover, the Fourier smoothing
method does not give the spurious oscillations in the Fourier spectra which are present in
the computations using the 2/3 dealiasing method near the 2/3 cut-off point. Similar con-
vergence study has been made in the enstrophy spectra computed by the two methods. The
results are given in Figures 11 and 12. They give essentially the same results.

We perform further comparison of the two methods using the same resolution. In Figure
10, we plot the energy spectra computed by the two methods using resolution 768×512×1536.
We can see that there is almost no difference in the Fourier spectra generated by the two
methods in early times, t = 8, 10, when the solution is still relatively smooth. The difference
begins to show near the cut-off point when the Fourier spectra rise above the round-off error
level starting from t = 12. We can see that the spectra computed by the 2/3 dealiasing
method introduces noticeable oscillations near the 2/3 cut-off point. The spectra computed
by the Fourier smoothing method, on the other hand, extend smoothly beyond the 2/3 cut-
off point. As we see from Figures 10 and 9, a significant portion of those Fourier modes
beyond the 2/3 cut-off position are still accurate. This portion of the Fourier modes that go
beyond the 2/3 cut-off point is about 12 ∼ 15% of total number of modes in each dimension.
For 3D problems, the total number of effective modes in the Fourier smoothing method is
about 20% more than that in the 2/3 dealiasing method. This is a very significant increase
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Figure 9: The energy spectra versus wave numbers. We compare the energy spectra obtained
using the Fourier smoothing method with those using the 2/3 dealiasing method. The dashed
lines and the dashed-dotted lines are the energy spectra with the resolution 1024×768×2048
using the 2/3 dealiasing method and the Fourier smoothing method, respectively. The solid
lines are the energy spectra obtained by the Fourier smoothing method with the highest
resolution 1536 × 1024 × 3072. The times for the spectra lines are at t = 15, 16, 17, 18, 19
respectively.
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Figure 10: The energy spectra versus wave numbers. We compare the energy spectra ob-
tained using the Fourier smoothing method with those using the 2/3 dealiasing method.
The dashed lines and solid lines are the energy spectra with the resolution 768× 512× 1536
using the 2/3 dealiasing method and the Fourier smoothing, respectively. The times for the
spectra lines are at t = 8, 10, 12, 14, 16, 18 respectively.
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Figure 11: The enstrophy spectra versus wave numbers. We compare the enstrophy spectra
obtained using the Fourier smoothing method with those using the 2/3 dealiasing method.
The dashed lines and dashed-dotted lines are the enstrophy spectra with the resolution
1024× 768× 2048 using the 2/3 dealiasing method and the Fourier smoothing, respectively.
The solid lines are the enstrophy spectra with resolution 1536×1024×3072 obtained using the
Fourier smoothing. The times for the spectra lines are at t = 15, 16, 17, 18, 19 respectively.
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Figure 12: Convergence study for enstrophy spectra obtained by the 2/3 dealiasing method
using different resolutions. The solid line is computed with resolution 512 × 384 × 1024,
the dashed line is computed with resolution 786× 512× 1536, and the dashed-dotted line is
computed with resolution 1024×768×2048. The times for the lines from bottom to top are
t = 8, 10, 12, 14, 16, 18, 19.
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Figure 13: Comparison of maximum velocity as a function of time computed by two methods.
The solid line represents the solution obtained by the Fourier smoothing method, and the
dashed line represents the solution obtained by the 2/3 dealiasing method. The resolution
is 1024 × 768 × 2048 for both methods.

in the resolution for a large scale computation. In our largest resolution, the effective Fourier
modes in our Fourier smoothing method are more than 320 millions, which has 140 millions
more effective modes than the corresponding 2/3 dealiasing method.

3.2 Comparison of the two methods in the physical space

Next, we compare the solutions obtained by the two methods in the physical space for the
velocity field and the vorticity. In Figure 13, we compare the maximum velocity as a function
of time computed by the two methods using resolution 1024×768×2048. The two solutions
are almost indistinguishable. In Figure 14, we plot the maximum vorticity as a function
of time. The two solutions also agree reasonably well. However, the comparison of the
solutions obtained by the two methods at resolutions lower than 1024 × 768 × 2048 shows
more significant differences of the two methods, see Figures 15, 19 and 20.

To understand better how the two methods differ in their performance, we examine the
contour plots of the axial vorticity in Figures 16, 17 and 18. As we can see, the vorticity
computed by the 2/3 dealiasing method already develops small oscillations at t = 17. The
oscillations grow bigger by t = 18 (see Figure 17), and bigger still at t = 19 (see Figure 18).
We note that the oscillations in the axial vorticity contours concentrate near the region where
the magnitude of vorticity is close to zero. Thus they have less an effect on the maximum
vorticity. On the other hand, the solution computed by the Fourier smoothing method is
still relatively smooth.

To further demonstrate the accuracy of our computations we compare the maximum
vorticity obtained by the Fourier smoothing method for three different resolutions: 768 ×
512 × 1536, 1024 × 768 × 2048, and 1536 × 1024 × 3072 respectively. The result is plotted
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Figure 14: Comparison of maximum vorticity as a function of time computed by two meth-
ods. The solid line represents the solution obtained by the Fourier smoothing method, and
the dashed line represents the solution obtained by the 2/3 dealiasing method. The resolution
is 1024 × 768 × 2048 for both methods.
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Figure 15: Comparison of maximum vorticity as a function of time computed by two meth-
ods. The solid line represents the solution obtained by the Fourier smoothing method, and
the dashed line represents the solution obtained by the 2/3 dealiasing method. The resolution
is 768 × 512 × 1024 for both methods.
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Figure 16: Comparison of axial vorticity contours at t = 17 computed by two methods.
The upper picture is the solution obtained by the 2/3 dealiasing method, and the picture
on the bottom is the solution obtained by the Fourier smoothing method. The resolution is
1024 × 768 × 2048 for both methods.

Figure 17: Comparison of axial vorticity contours at t = 18 computed by two methods.
The upper picture is the solution obtained by the 2/3 dealiasing method, and the picture
on the bottom is the solution obtained by the Fourier smoothing method. The resolution is
1024 × 768 × 2048 for both methods.
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Figure 18: Comparison of axial vorticity contours at t = 19 computed by two methods.
The upper picture is the solution obtained by the 2/3 dealiasing method, and the picture
on the bottom is the solution obtained by the Fourier smoothing method. The resolution is
1024 × 768 × 2048 for both methods.

in Figure 19. We have performed a similar convergence study for the 2/3 dealiasing method
for the maximum vorticity. The result is given in Figure 20. Two conclusions can be made
from this resolution study. First, by comparing Figure 19 with Figure 20, we can see that
the Fourier smoothing method is indeed more accurate than the 2/3 dealiasing method for
a given resolution. The 2/3 dealiasing method gives a slower growth rate in the maximum
vorticity with resolution 768 × 512 × 1536. Secondly, the resolution 768 × 512 × 1536 is
not good enough to resolve the nearly singular solution at later times. On the other hand,
we observe that the difference between the numerical solution obtained by the resolution
1024 × 768 × 2048 and that obtained by the resolution 1536 × 1024 × 3072 is relatively
small. This indicates that the vorticity is reasonably well-resolved by our largest resolution
1536 × 1024 × 3072.

We have also performed a similar resolution study for the maximum velocity in Figure
23. The solutions obtained by the two largest resolutions are almost indistinguishable, which
suggests that the velocity is well-resolved by our largest resolution 1536 × 1024 × 3072.

The resolution study given by Figures 15 and 20 also suggests that the the computation
obtained by the pseudo-spectral method with the 2/3 dealiasing rule using resolution 768×
512×1536 is significantly under-resolved after t = 18. It is interesting to note from Figure 15
that the computational results obtained by the two methods with resolution 768×512×1536
begin to deviate from each other precisely around t = 18. By comparing the result from
Figure 15 with that from Figure 19, we confirm again that for a given resolution, the Fourier
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Figure 19: The maximum vorticity ‖~ω‖∞ in time computed by the Fourier smoothing method
using different resolutions.
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Figure 20: The maximum vorticity ‖~ω‖∞ in time computed by the 2/3 dealiasing method
using different resolutions.
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smoothing method gives a more accurate approximation than the 2/3 dealiasing method.

We remark that our numerical computations for the 3D incompressible Euler equations
using the Fourier smoothing method are very stable and robust. No high frequency instability
has been observed throughout the computations. The resolution study we perform here is
completely based on the consideration of accuracy, not on stability. This again confirms that
the Fourier smoothing method offers a very stable and accurate computational method for
the 3D incompressible flow.

3.3 Does a finite time singularity develop?

Before we conclude this section, we would like to have further discussions how to interpret
the numerical results we have obtained. Specifically, given the fast growth of maximum
vorticity, does a finite time singularity develop for this initial condition?

In [18], Kerr presented numerical evidence which suggested a finite time singularity of
the 3D Euler equations for the same initial condition that we use in this paper. Kerr
used a pseudo-spectral discretization with the 2/3 dealiasing rule in the x and y directions,
and a Chebyshev method in the z direction with resolution of order 512 × 256 × 192. His
computations showed that the growth of the peak vorticity, the peak axial strain, and the
enstrophy production obey (T − t)−1 with T = 18.9. In his recent paper [19], Kerr applied
a high wave number filter to the data obtained in his original computations to “remove the
noise that masked the structures in earlier graphics” presented in [18]. With this filtered
solution, he presented some scaling analysis of the numerical solutions up to t = 17.5. Two
new properties were presented in this recent paper [19]. First, the velocity field was shown
to blow up like O(T − t)−1/2 with T being revised to T = 18.7. Secondly, he showed that the
blowup is characterized by two anisotropic length scales, ρ ≈ (T − t) and R ≈ (T − t)1/2.

From the resolution study we present in Figure 19, we find that the maximum vorticity
increases rapidly from the initial value of 0.669 to 23.46 at the final time t = 19, a factor of
35 increase from its initial value. Kerr’s computations predicted a finite time singularity at
T = 18.7. Our computations show no sign of finite time blowup of the 3D Euler equations
up to T = 19, beyond the singularity time predicted by Kerr. From Figures 16, 17 and
18, we can see that a thin layer (or a vortex sheet) is formed dynamically. Beyond t = 17,
the vortex sheet has rolled up and traveled backward for some distance. With only 192
grid points along the z-direction, Kerr’s computations did not have enough grid points to
resolve the nearly singular vortex sheet that travels backward and away from the z-axis. In
comparison, we have 3072 grid points along the z-direction. This gives about 16 grid points
across the nearly singular layered structure at t = 18 and about 8 grid points at t = 19.

In order to understand the nature of the dynamic growth in vorticity, we examine the
degree of nonlinearity in the vortex stretching term. In Figure 21, we plot the quantity,
‖ξ · ∇~u · ~ω‖∞, as a function of time, where ξ is the unit vorticity vector. If the maximum
vorticity indeed blew up like O((T − t)−1), as alleged in [18], this quantity should have been
quadratic as a function of maximum vorticity. We find that there is tremendous cancellation
in this vortex stretching term. It actually grows slower than C‖~ω‖∞ log(‖~ω‖∞), see Figure
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Figure 21: Study of the vortex stretching term in time. This computation is performed by
the Fourier smoothing method with resolution 1536 × 1024 × 3072. We take c1 = 1/8.128,
c2 = 1/23.24 to match the same starting value for all three plots.
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Figure 22: The plot of log log ‖ω‖∞ vs time. This computation is performed by the Fourier
smoothing method with resolution 1536 × 1024 × 3072.
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Figure 23: Maximum velocity ‖~u‖∞ in time computed by the Fourier smoothing method
using different resolutions.

21. It is easy to show that such weak nonlinearity in vortex stretching would imply only
doubly exponential growth in the maximum vorticity. Indeed, as demonstrated by Figure
22, the maximum vorticity does not grow faster than doubly exponential in time. In fact, a
closer inspection reveals that the location of the maximum vorticity has moved away from
the dividing plane for t ≥ 17.5. This implies that the compression mechanism between the
two vortex tubes becomes weaker toward the end of the computation, leading to a slower
growth rate in maximum vorticity [17].

Another important evidence which supports the non-blowup of the solution up to t = 19
is that the maximum velocity remains bounded, see Figure 23. This is in contrast with the
claim in [19] that the maximum velocity blows up like O(T − t)−1/2 with T = 18.7. With the
velocity field being bounded, the local non-blowup criteria of Deng-Hou-Yu [10, 11] can be
applied, which implies that the solution of the 3D Euler equations remains smooth at least
up to T = 19, see also [17].

4 Conclusion Remarks

In this paper, we have performed a systematic convergence study of the two pseudo-spectral
methods. The first pseudo-spectral method uses the traditional 2/3 dealiasing rule, while the
second pseudo-spectral method uses a high order Fourier smoothing. The Fourier smoothing
method is designed to cut off the high frequency modes smoothly while retaining a significant
portion of the Fourier modes beyond the 2/3 cut-off point in the spectral space. We apply
both methods to compute nearly singular solutions of the 1D Burgers equation and the 3D
incompressible Euler equations. In the case of the 1D Burgers equation, we can obtain a
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very accurate approximation of the exact solution sufficiently close to the singularity time
with 13 digits of accuracy. This allows us to estimate the numerical errors of the two
methods accurately and provides a solid ground in our convergence study. In our study of
the 3D incompressible Euler equations, we use the highest resolution that we can afford to
perform our convergence study. In both cases, we demonstrate convincingly that the Fourier
smoothing method gives a more accurate approximation than the 2/3 dealiasing method.

Our extensive convergence studies in both physical and spectral spaces show that the
Fourier smoothing method offers several advantages over the 2/3 dealiasing method when
computing a nearly singular solution. First of all, the error in the Fourier smoothing method
is highly localized near the region where the solution is most singular. The error in the
smooth region is several orders of magnitude smaller than that near the “singular” region.
The 2/3 dealiasing method, on the other hand, has a wide spread pointwise error distribution,
and produces relatively large oscillations even in the smooth region. Secondly, for the same
resolution, the Fourier smoothing method offers a more accurate approximation to the phys-
ical solution than the 2/3 dealiasing method. Our numerical study shows that for a given
resolution, the Fourier smoothing method retains about 12 ∼ 15% more effective Fourier
modes than the 2/3 dealiasing method in each dimension. For a 3D problem, the gain is as
large as 20%. This gain is quite significant in a large scale computation. Thirdly, the Fourier
smoothing method is very stable and robust when computing nearly singular solutions of
fluid dynamics equations. Spectral convergence is clearly observed in all our computational
experiments without suffering from the Gibbs phenomenon. Moreover, there is no additional
computational cost in implementing the Fourier smoothing method. We have also imple-
mented the Fourier smoothing method for the incompressible 3D Navier-Stokes equations
and observed a similar performance.

We have applied both spectral methods to study the potentially singular solution of the
3D Euler equation using the same initial condition as Kerr [18]. Both the Fourier smoothing
method and the 2/3 dealiasing method give qualitatively the same result except that the 2/3
dealiasing method suffers from the Gibbs phenomenon and produces relative large oscillations
at late times. Our convergence study in both the physical and spectral spaces shows that the
maximum vorticity does not grow faster than double exponential in time and the maximum
velocity field remains bounded up to T = 19, beyond the singularity time T = 18.7 alleged
in [18, 19]. Tremendous cancellation seems to take place in the vortex stretching term. The
local geometric regularity of the vortex lines near the region of the maximum vorticity seems
to be responsible for this dynamic depletion of vortex stretching [9, 10, 11, 17].
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