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Abstract. Based on a recent study of the linearized Bianchi equations by Buchman and Sarbach,
we construct and implement a hierarchy of absorbing boundary conditions for the Einstein equations
in generalized harmonic gauge. As a test problem, we demonstrate that we can evolve multipolar
gravitational waves without any spurious reflections at linear order in perturbation theory.
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1. INTRODUCTION
In numerical evolutions of asymptotically flat spacetimes describing isolated selfgravitating systems, one is faced with the problem of how to treat an unbounded spatial
domain with finite computer resources. The standard approach is to adopt the Cauchy
formulation of general relativity and to truncate the spatial domain at a finite distance,
where boundary conditions (BCs) must be imposed. These BCs must (i) be constraint
preserving, (ii) yield a well-posed initial-boundary value problem, and (iii) minimize
spurious reflections of gravitational radiation, i.e. the BCs must be absorbing.
Based on a study of the linearized Bianchi equations, Buchman and Sarbach [1,
2] constructed a hierarchy of absorbing BCs ^L that are perfectly absorbing for all
radiation with angular momentum numbers ^ < i , where L is an arbitrary given number.
The objective of the present work is to incorporate these BCs into a complete set of
constraint-preserving BCs for the Einstein equations, and to implement and test these
BCs numerically. This requires a suitable reformulation of the BCs; our algorithm is
outlined in Sec. 2.
As a first test problem for our numerical implementation, we consider multipolar (angular momentum number l) linearized gravitational waves in transverse-traceless gauge
[3, 4]. We demonstrate that with our absorbing BC ^L=h we can evolve these without
any spurious reflections to linear order in perturbation theory (Sec. 3). In contrast, the
BCs 1^1 with L < ^ are not compatible with the exact linearized solution. This includes
the often-used BC that freezes the Newman-Penrose scalar *Po at the boundary, which
corresponds precisely to ^\.
The use of absorbing BCs is crucial if one wants to extract radiation in a reliable
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way close to the outer boundary, e.g. for gravitational wave data analysis. The most
sophisticated BC currently in use for binary black hole simulations is SS\. For a given
wavelength and outer boundary location, the reflection coefficient of this BC increases
with i [I]; hence our higher-order absorbing BCs will be particularly important when
there is significant higher-multipolar radiation. This is the case for unequal mass binaries: e.g. for a mass ratio of Mi /M2 = 4, the fraction of the energy emitted in modes with
<?> 2 exceeds 10% [5].
For further details on our work, the reader is referred to Ref. [6].
2. F O R M U L A T I O N OF T H E B O U N D A R Y C O N D I T I O N S
We assume that close to the outer boundary, spacetime may be linearized about
Minkowski space, and that the outer boundary is spherical. (In future work we plan
to include first-order corrections due to a Schwarzschild background [2].) While the
original Buchman-Sarbach BCs .S§L were formulated in terms of the Newman-Penrose
scalar WQ, we choose to work with the closely related Regge-Wheeler-Zerilli (RWZ)
scalars (i>j,J [7]. The indices £m refer to an expansion in spherical harmonics and (±)
refer to the parity; we suppress these indices in the following. The RWZ scalars have
the advantage of obeying a closed wavelike evolution equation.
.2

, 2 , K^^ + K 0 = 0 .

(1)

The BCs ^L turn out to be equivalent to the well-known Bayliss-Turkel [8] BCs for the
scalar wave equation (see e.g. Ref. [9] for a numerical implementation),
^L:

[r^{dt + dr)f+'^

= {},

(2)

where = denotes equality on the boundary. The higher-order radial derivatives make
these BCs difficult to implement numerically. To eliminate these derivatives, we introduce a set of auxiliary variables at the boundary [10],
Wk = r-^^^+'\y^{dt + drt^.

(3)

These can be shown to obey the following system of ODEs intrinsic to the boundary,
dt + -^Wk=^[-l{l+\)

+ k{k-\)]wk^,

+ \wk+,.

(4)

The absorbing BC ^L is equivalent to setting WL+\ = 0, and together with wo = O/r
this closes the system of ODEs (4).
Our algorithm now consists of three basic steps:
1. Extraction of the RWZ scalars from the spacetime metric,
2. Evolution of the auxiliary system (4) on the boundary,
3. Construction of boundary data for the Einstein equations from the auxiliary system.
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Details of each of these steps can be found in Ref. [6]. We use a first-order symmetric
hyperbolic formulation of the Einstein equations in generalized harmonic gauge. The
BCs we impose on these equations are of the form of those proposed in Ref. [11] but
with a special choice of boundary data. We split the incoming characteristic fields into
three categories: (i) constrained fields, on which constraint-preserving BCs are imposed,
(ii) physical fields, for which we construct boundary data from the auxiliary system at
the boundary that implements the desired absorbing BC, and (iv) gauge fields, which
reflect the remaining gauge freedom in generalized harmonic gauge. We have checked
that our results presented below in Sec. 3 are insensitive to the particular choice of gauge
BC.

3. NUMERICAL TESTS
We have implemented the algorithm outlined above using a pseudo-spectral collocation
method, the Caltech-Cornell Spectral Einstein Code (SpEC). The numerical domain is
decomposed into a central sphere and a series of spherical shells. The outer boundary is
placed at a radius R = 30.
As a test problem, we consider linearized multipolar gravitational waves in transversetraceless gauge. These were first derived explicitly for ^ = 2 by Teukolsky [3] and have
recently been generalized to arbitrary i> 2 in Ref. [4]. We choose a purely outgoing
wave with radial profile

[r-t-rof

Fout{r-t)=Aexp

(5)

where ro = 15 and C7 = 1.5. We specify initial data for the Einstein equations corresponding to this exact linearized solution and then evolve them numerically.
In order to measure the spurious reflections caused by the outer boundary, we numerically extract the RWZ scalars at the boundary and compare them with the exact
linearized solution. Since the exact solution is only valid in linearized theory whereas
we solve the full nonlinear Einstein equations, the two will necessarily disagree because
of nonlinear effects. In order to separate these from the effects at linear order in perturbation theory in which we are interested, we run the simulations with various values of
the amplitude A in Eq. (5). The results for an odd-parity wave with ^ = m = 2 are shown
in Fig. 1. The difference between the numerical and exact RWZ scalar plotted here has
been normalized by the amplitude, so that if the quantity plotted still decreases at least
linearly with amplitude, the numerical and exact solution agree at linear order in perturbation theory. This is the behavior seen in the left panel of Fig. 1, which uses ^ 2 - This
result confirms the theoretical prediction that ^ 2 is perfectly absorbing for this solution.
In contrast, for ^\ (right panel) we find that the curves begin to overlap as the amplitude
is decreased, indicating a discrepancy between the exact and numerical solution at linear
order in perturbation theory, in accordance with the prediction.
Similar results for higher multipoles (^ = 3,4) are included in Ref. [6]. We have also
computed a numerical approximation to the reflection coefficients of the various BCs
and find good agreement with the analytical results of Ref. [1] in the region where the
numerical solution is not contaminated by nonlinear effects or roundoff error.
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FIGURE 1. Difference between the numerically-extracted RWZ scalar O22 and its exact linearized
value, evaluated on the outer boundary, and divided by the amplitude A. The exact linearized solution
and the initial data for the evolution contain only the £ = 2,m = 2 odd-parity mode. The different panels
correspond to different orders L of the absorbing BC ^i, L = 2 (left) andZ = 1 (right).
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