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1. Introduction

For a long time, compactification of heterotic string theory on Calabi-Yau manifolds
was the primary candidate for constructing realistic models in four dimensions with A/ = 1
supersymmetry. This was also a strong motivation to study Type II superstrings on Calabi-
Yau three-folds which share many common properties with the corresponding heterotic
compactifications. At the same time substantial progress has been made in understand-
ing the mathematical aspects of Calabi-Yau three-folds, such as quantum cohomology and
mirror symmetry [l]. It was not until the discovery of F-theory [P that it was realized that
N = 1 four-dimensional heterotic string vacua can be equivalently described as F-theory
compactifications on elliptically fibered Calabi-Yau four-folds. Since then, the study of
Calabi-Yau four-fold compactifications has become of particular importance for physical
applications. Compactification of F-theory on an elliptically fibered Calabi-Yau four-fold is
closely related to the corresponding compactifications of Type ITA and M-theory. Namely,
when the area of the elliptic fiber shrinks to zero, M-theory compactification on a Calabi-
Yau four-fold is well described by F-theory compactification on the same Calabi-Yau mani-
fold. On the other hand, Type ITA string theory is related to M-theory via compactification
on an extra circle (of small radius).

One of the most striking outcomes in the study of compactifications on Calabi-Yau
three-folds is the great success in understanding non-perturbative phenomena in N/ = 2
field theories in four dimensions, see e.g. [B] for introduction and references. On the other
hand, understanding of Calabi-Yau four-fold compactifications still is quite far from that
stage, so we shall not discuss non-perturbative phenomena in this paper. Instead, we
consider classical supergravity theories interacting with two-dimensional non-linear sigma-
models that can be constructed from Calabi-Yau four-folds. Surprisingly, it turns out that
manifestly supersymmetric formulations of such theories has not been given previously.

On general grounds, a compactification of Type ITA (IIB) string theory on a Calabi-
Yau four-fold leads to a N' = (2,2) (resp. N = (0,4)) effective field theory in two dimen-
sions. In the low-energy limit the theory is described by supergravity coupled to matter.
For example, from the Kaluza-Klein reduction of Type ITA string theory on a Calabi-
Yau four-fold in section 3 we find that a suitable low-energy theory is N' = (2,2) dilaton
supergravity interacting with some number of chiral and twisted chiral multiplets. It is
invariant under the “mirror transformation” which, acting on the matter fields, exchanges

chiral multiplets and twisted chiral multiplets. We thus generalize the proposal of [[]] where
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it was suggested that the “kinematic structure” of the mirror transformation has its origin
in a mapping between chiral and twisted chiral multiplets when these superfields are re-
garded as the fundamental degrees of N' = (2, 2) superstring theories. The generalization
posits that this mapping also applies to the effective action. Another characteristic feature
of this supergravity theory is that the supergravity multiplet contains a real dilaton field.
In a special case, when all matter multiplets are chiral and massless, a component action
of this N' = 2 dilaton supergravity was constructed in [f]. However, to describe Type IIA
compactifications on Calabi-Yau four-folds we need a generalization of this theory that
includes interaction with twisted chiral multiplets and the possibility to turn on the su-
perpotential and as well the twisted superpotential. Thus, in sections 4 and 5 we present
superspace construction of general N' = (2, 2) dilaton supergravity coupled to matter. The
construction in section 4 is based on the Goldstone mechanism in the superspace formu-
lation of non-minimal gauged N/ = (2,2) supergravity. Coupling of the new N = (2,2)
dilaton supergravity to matter multiplets is the subject of section 5, where we discuss local
integration in superspace. In section 6 we perform the Kaluza-Klein reduction of Type
IIB string theory on a Calabi-Yau four-fold and describe the component action of the re-
sulting N' = (0,4) dilaton supergravity. Most of this section, as well as section 3, is not
new and presented for the sake of completeness. The superspace formulation of the new
N = (0,4) dilaton supergravity is presented in section 7. In the appendix A we present
a straightforward but technical world-sheet calculation of string amplitudes corresponding
to the target space metric of the effective two-dimensional theory, and in the appendix B
we list extra derivative constraints arising from de-gauging N' = (2, 2) non-minimal super-
gravity. Appendix C contains components of the covariant derivative in N' = (2, 2) dilaton
supergravity needed in section 5. Finally, in appendix D we repeat the derivation [f] of
the chiral density projection formula in N' = (2,2) dilaton supergravity. We begin in the

next section with a summary of notations and definitions used throughout the paper.

2. Calabi-Yau Four-folds: Some Conventions and Definitions

We study compactification of Type II string theory on M) x X where M) is a
maximally symmetric homogeneous two-dimensional space-time and X is a Calabi-Yau
four-fold. We use the following notations for the space-time indices. Capital letters M,
N, ... run from 0 to 9 and denote ten-dimensional Lorentz indices. Latin letters m, n,

...and a, b, ... represent, respectively, real and holomorphic indices tangent to X. Greek
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letters o, B, ... and pu, v, ... are used for the two-dimensional spinor indices “+” and “—",
and light-cone indices “+” and “=", correspondingly. Sometimes we also use capital latin
letters A, B, ... to denote both spinor and vector indices.

A Calabi-Yau space X is a compact Kahler manifold with complex dimension four
and SU(4) holonomy group. It follows that X is a Ricci-flat manifold and, therefore, it can
be used as a background for Type II string compactification. As a topological space, X
is classified by the Hodge numbers h?”>? which count the number of harmonic (p, ¢)-forms
wi(p D e g P9(X) 4 =1,...h"9 The non-vanishing cohomology groups have the following
dimensions [[]:

Pl = B33 Rl — 3

p2l = pl2 — 32 — 23,
R0 — pAd — pA0 — 04 — 1
h*? =2(22 4+ 2nb" + 2031 — P, (2.1)
For the Euler number of X we have:

% = 8+ AL 4 B3 — p2l (2.2)

We denote by Q a covariantly constant (4,0)-form. The (1,1)- and (3,1)-forms are
related to the deformation parameters of the Kahler form and the complex structure of
X, respectively. Namely, an arbitrary variation of the metric of the Calabi-Yau four-fold

X that respects SU(4) holonomy looks like:

39,5d2 Az + 6gapdz2dz" + c.c.

where
h3,1 hl,l
Ogap =) _Hwpy,  idgg =) s'wi. (2.3)
j=1 i=1

By the appropriate contraction with €, from the forms wib we can construct elements in

HL3 (X):
w§1’3) = ﬁaBzE gEdwgf diadigdigdzf

In what follows we will use some integrals over the Calabi-Yau space X [

V:/dgz\/g:l/IC/\lC/\lC/\lC
X 4! X
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1 —a
gmj__ = v /X dsz\/§ w; abw;b (2.4)

1 b
G075, :ﬁ/xdgz gwsgwl b (2.5)
Yimﬁ:/ wi Aw@D AWl (2.6)
b'e
= [ 0D A ) )
be

The notations (B.4) and (B.5) will become clear in the next section where we identify
expectation values of the fields s; and ¢; with the Kéhler and complex structure moduli,
respectively. In particular, we write:
Ll
K =igzdz" A dz’ = Z<Sl> w,gl’l) (2.8)
i=1
for the Kéhler form on X. The moduli space of a Calabi-Yau space is locally a product of
the moduli space of complex deformations, M.(X), and the (complexified) moduli space
of Kéhler structure, Mx(X). Notice, the metric G bi- defined above is the Weil-Petersson
metric on the moduli space of complex structure of X, with the Kahler potential, c¢f. [{]:

K(¢1,%:) = —In (/XQAQ) (2.9)

3. Compactification of Type ITA String Theory on Calabi-Yau Four-folds

In this section we describe the effective two-dimensional theory constructed from com-
pactification of Type ITA string theory on a Calabi-Yau four-fold X. When the volume
of X is large compared to the string scale, Type ITA supergravity is a good low-energy
approximation to Type ITA string theory. Therefore, in the ‘large volume limit’ we may
describe the low-energy effective theory studying compactification of Type ITA supergrav-
ity on the Calabi-Yau space X. With this motivation, let us start this section recalling
some facts about Type ITA supergravity itself.

The bosonic field content of Type ITA supergravity contains the metric gy n, the
dilaton ¢, a vector field Ay, and tensor fields By;n and Cy;nyp. The bosonic part of the

Lagrangian (in string frame) looks like:

- 1 1 1
Loy = v=g| e 2 (R19) 4 4(V)? — EH?) — ZFQ — 4_80’2 - (3.1)
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where we introduced the gauge-invariant field strengths:
F=dA, H = dB,

G=dC, G =G+ AAH.

With this choice of normalization the fields A, B, and C transform in a natural, dilaton-
independent way under gauge transformations.

The dots in the Lagrangian (B.I]) stand for higher order terms among which we find
the Chern-Simons term B A G A G and the anomaly term B A Ig, where the eight-form Ig
is proportional to the Euler density of X. After integration over a compact eight-manifold

X these topological terms produce a global anomaly [[[0,LT]:

_x_ 1
N = 2(2W)2/XG/\G (3.2)

To cancel the tadpole for the B-field one has to introduce N fundamental strings filling
two-dimensional non-compact space.

The action of Type ITA supergravity is invariant under 16 left and 16 right super-
symmetry transformations, such that the left supersymmetries are chiral while the right
supersymmetries are anti-chiral with respect to the ten-dimensional chirality operator I'y;.
Since X admits a nowhere vanishing complex spinor of definite chirality, compactification
of Type IIA string theory on X is described by N = (2,2) supergravity theory coupled
to matter. With the appropriate choice of orientation, the fundamental strings filling
two-dimensional space-time do not break supersymmetry further.

To find the spectrum of the effective low-energy theory we perform Kaluza-Klein
reduction of Type ITA supergravity to two dimensions. Below we describe the decompo-
sition of Type IIA bosonic fields in harmonics of X. By supersymmetry, incorporation of
fermionic zero-modes completes the resulting spectrum into appropriate ' = (2, 2) super-
multiplets. Via dimensional reduction Type ITA dilaton ¢ becomes a real scalar field in
the two-dimensional theory. The ten-dimensional metric gp;ny decomposes into the two-
dimensional metric g,,, h*! complex scalars ¢; and h''! real scalars s; defined in (R.3).
The antisymmetric tensor fields By/ny and Cysnyp can be expanded into harmonic modes

as follows:
pll

B = Zriwi(l’l), (3.3)
i=1
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plil B2l
C = Z Aiwj(.l’l) + Z zkwl(f’l) + c.c. (3.4)

j=1 k=1
It is convenient to combine real fields s* and r* into complex scalars ot Taking into account

the vector field A, from the Ramond-Ramond sector of Type ITA theory, we end up with
the following list of ' = (2, 2) supermultiplets:

a gravitational multiplet : g, A, ¢

h31 chiral multiplets : ¢, 5;
hY! twisted chiral multiplets : o7, &7, AJ
h*! (twisted) chiral multiplets : 2%, ZF

Vector fields A, and AL do not have propagating degrees of freedom in two dimensions and
play the role of auxiliary fields in the supergravity multiplet and twisted chiral multiplets,
respectively.

The complex scalar fields z¥ which come from (2, 1)-modes take value in a torus. When
background fluxes satisfy G A wl(f’l) =0 and H A* w,(f’l) = 0 there is no superpotential for
the corresponding harmonics zj, so these fields are massless. A T-duality transformation on
the torus then converts them from ordinary chiral superfields to twisted chiral superfields.
It is natural to choose zx to be scalar components of chiral superfields. Indeed, if we start
in eleven dimensions, the reduction of the C-field (B-4)) yields h*! complex scalar modes in
three dimensions. These modes are scalar components of chiral superfields since there is no
notion of “twisted chiral superfields” in three dimensions. After a further compactification
on a circle they naturally remain as chiral superfields in two dimensions, but now a 7-
duality becomes possible and z; can be alternatively described if one prefers as twisted
chiral superfields.

To find the effective action for the light fields we have to substitute (£3), (B-3) and
(B-4) in the Lagrangian (B.1]) and integrate over the internal space X. Using the formulas
(24), (B.H) and (R.6) we obtain the following effective action for the bosonic modes, cf.
B0k ]

Ly = ¢ *?V[R® + 4(V9) ~ G, 5 (9,6)(0"F )~ (3.5)

1 ) . 1 . _
_§gaﬁj (6MUZ)(6MEJ)] a ZYimﬁal(Duzm)(Duzn> +...
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where the covariant derivative D, acting on z™ contains a connection corresponding to
the holomorphic dependence of the basis of (2, 1)-forms on the complex structure [J].

To summarize, we find that in the large volume limit compactification of Type ITA
string theory on a Calabi-Yau four-fold X leads to NV = (2, 2) dilaton supergravity coupled
to a non-linear sigma-model. The target space of this sigma-model is parametrized by some
number of chiral and twisted chiral multiplets. This agrees with the result of [I3], where
it was found that the most general N' = (2, 2) non-linear sigma-model is based on a target
space with two non-commuting complex structures J, so that the space ker(Jy — J_) is
parametrized by chiral superfields, while ker(J; + J_) is parametrized by twisted chiral
superfields.

This kind of dilaton supergravity coupled to N = (2,2) chiral matter was studied
some time ago [[]. However, for our purposes we need to generalize the component con-
struction of [[] to include twisted chiral multiplets. Furthermore, background fluxes of
Ramond-Ramond field strengths induce effective superpotential [IJ,[4] and/or twisted chi-
ral superpotential [[3,[4[7] in the two-dimensional theory. Hence, we have to incorporate
these terms in the construction as well. The most elegant and convenient way to do this
is in N' = (2,2) superspace where the supersymmetry becomes manifest [[6,[7. In ad-
dition to the usual space-time coordinates z#, N = (2,2) superspace is parametrized by
anti-commuting coordinates % = (0,07) and their complex conjugates 7" = (gjr,g;).
Then, we expect that the action of the matter fields (B-H) can be written in a compact

form, similar to the action of matter coupled N/ = 1 supergravity in four dimensions:
S = /dzx/dQdegE_l exp(—K). (3.6)

We postpone the discussion of the superspace measure F till the next sections where
superspace formulation will be discussed in detail. Now we simply assume that the suitable
measure exists. The main advantage of the superspace formulation is that due to the
extended supersymmetry, all the term in the action (B.5) with up to two derivatives or

four fermions are determined by a single real function K(¢;, ¢7,0;,7;, 2x, Z, ¢), the Kéhler

potential [[§. It is invariant under the generalized Kéahler transformation:
K—K + A1<¢i7 0j, Zk) + Kl(aﬁ E]7EE) + A2(¢i7 E]7EE) + KQ(&{? 0j, Zk) (37)

The target space metric is given by the second derivative of the Kahler potential.
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For the sake of simplicity, let us assume for a moment that h?' = 0. Then the metric

is block diagonal:
0?’°K
Goi5, = 9605, 0 (3.8)

From the condition (B.§) it follows that locally we can write the Kéahler potential that gives
the effective action (B.5) as:

K = K.(61.8;) + Kx(0,7)) (3.9)

where K., is the Kéhler potential (B.9) on the moduli space of the complex structure:
Ko(¢1,8:) = —In (/ Q/\ﬁ).
X

Similar to the case of Calabi-Yau three-folds [B], one can verify that the metric G, 5, can

be obtained from the Kahler potential:
K,C(aj,aj)z—ln(/ IC/\IC/\IC/\IC). (3.10)
X

Indeed, if w® is a harmonic 2-form on a Calabi-Yau four-fold X, its Hodge dual is given

by the following neat formula:

[y wBAKAKAK
*w(z):—%w(z)AKAlC+g<X )

KAKAK (3.11)
3 (JykrKAKAK)

Therefore, we can write (R.5) in the following form:

3 1 1,1 * 1,1
OOy 2V X("IE: ) /\ l( )
1

_Lf an, an 1 (1,1) (1,1)
_4V/ka AP AKAK 72])2(/)(% /\lC/\ICAIC)(/XwZ NEAKAK)

Using the explicit expression (B.§) for the Kéhler form K, it is easy to see that the above
metric indeed follows from the Kéhler potential (B-10):

G _10°Kk(0,75)
TR 2 001,07,

Hence, to the leading order the metric on the target space is Kahler, torsionless, and equal

to the metric on the moduli space of the Calabi-Yau space X, M.(X) x My (X).
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The classical action (B.5) is invariant under two U(1) R-symmetries. We will denote
their linear combinations as U(1)4 and U(1)y. The action of these symmetries on the

supercharges can be represented as:

Q- Q3 (3.12)

Q+ Q-

where the upper (lower) row is assigned a U(1)4 charge +1 (—1) while the right (left)
column is assigned a U(1)y charge +1 (—1). These R-symmetries are not symmetries of
the string theory — there is no way to assign R-transformations to massive string modes
to preserve them. FEven though we will not explicitly include massive string modes in
the present paper, we will include a superpotential and twisted chiral superpotential that
violate the R-symmetries. Even in the absence of the superpotentials, higher derivative
interactions among the massless fields obtained by integrating out massive string states
would be expected to violate the R-symmetry.

The explicit expression for the chiral superpotentials generated by the most general
Ramond-Ramond flux F = > (RR fields) in terms of the Calabi-Yau moduli was derived
in [14):

1
D=— [ Q 1
W (o) 2W/X AG (3.13)
and for the twisted chiral superpotential:
W( -)—i/e’CAf (3.14)
%)= 2 Jx )

The superpotential W (¢;) and the twisted superpotential W(O’j) are holomorphic functions
of the fields ¢; and o}, respectively. Taking into account the superpotential terms, the

action of the matter fields reads as:

S(2) = / & / d?0d*0E e K / d*x / A0~ W (¢3)+ (3.15)

+ / &2z / dotdo=E "W (o) + c.c.
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Generic values of Ramond-Ramond fluxes completely break the ' = (2, 2) supersym-
metryﬂ. In the two-dimensional theory this effect corresponds to generation of a superpo-
tential that lifts (part of) supersymmetric vacua. However, if the vacuum values of the

fields ¢; and o satisfy:

DW DW

= d =
Do, 0 an Do
then Type ITA compactification on the corresponding Calabi-Yau manifold is supersym-
metric [[3,[4]. From the formulas (3), (B-3) and the quantization condition of the G-flux

] it follows that there is a finite number of choices for [G] € H*(X) corresponding to

0, (3.16)

supersymmetric vacua. In particular, if h%! > 8 +h'! + 131, then there are no such vacua
at all.
From the superspace construction in section 5 it follows that in the equations (B.14)

we should use the appropriate covariant derivatives:

KC iy P
DW _ oW | OK(603)

DW . 8W + 8KK(O’j,Ej)N

W (3.17)

where K, and Ky are given by the tree-level formulas (R.9) and (B.I10), respectively. A
simple way to see that one has to use the covariant derivatives instead of ordinary ones
is to consider first compactification of F-theory on the same Calabi-Yau spaceH X. In the

component action of the effective N’ = 1 four-dimensional theory there is a scalar potential:

e (G773 (Dy, W)(D5 W) — 3|7 ) (3.18)

oz

where the covariant derivative Dy W = g—;‘: is defined in (B-I7). After a further compact-

ification on a torus 72, this theory is dual to compactification of Type IIA string theory

3 Tnvestigating the supersymmetry conditions as in [[3,[[4,[[J], one can also show that any H-
field flux breaks all the supersymmetry. A simple way to see this is to assume, on the contrary, that
there exists a supersymmetric vacuum corresponding to a non-zero H-flux and consider a BPS
soliton connecting such a vacuum to the vacuum with zero H-flux. In Type ITA string theory this
soliton would correspond to an N S5-brane wrapped over a Poincaré dual supersymmetric 5-cycle.
However, there is a contradiction since Calabi-Yau 4-folds do not have supersymmetric 5-cycles,
see e.g. [[4]. Therefore, a non-zero H-flux lifts all the supersymmetric vacua. It is natural to
interpret this in terms of the effective superpotential W ~ f C AN* H for the scalar fields zy.

4 0of course, here we assume that X is elliptically fibered. The result, however, is independent

of this assumption.
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on X. It is clear that after the dimensional reduction of the four-dimensional compo-
nent action the covariant derivatives (B.17) also appear in the component action of the
two-dimensional theory in question.

These models can have a variety of T-duality symmetries. Of particular interest are
mirror symmetries [PO,2T]. A mirror symmetry is, of course, a symmetry that maps Type
ITA string theory on a four-fold X to Type IIA string theory on the mirror variety X, such
that:

R (X)) = hAP9(X) (3.19)

and the conformal field theories associated with X and X are equivalent. This operation
corresponds [f] to a transformation which exchanges chiral multiplets and twisted chiral
multiplets. It can be interpreted [RZ] in terms of the supergeometrical coordinate transfor-
mation 0~ < 6~ that also exchanges chiral multiplets and twisted chiral multiplets and
changes the superspace measure in a way consistent with other definitions of mirror sym-
metry. In particular, the latter implies that under the mirror symmetry we have o; < ¢;
which is consistent with our interpretation of (vevs of) these fields as the Kéhler and the
complex structure moduli of the Calabi-Yau space X. Therefore, the mirror symmetry

relates different quantum N = (2, 2) theories also interchanging:
U)a <= Uy

¢i — 0; (3.20)
W (¢:) < W(o;)

The mirror map has no effect on the N' = (2,2) dilaton supergravity itself, so that in the
absence of matter fields it must be mirror-symmetric. It may seem that twisted chiral
fields z;, violate the invariance under (B.20). Recall that via a spacetime T-duality trans-
formation, those fields can be described by either chiral or twisted chiral superfields. Hence
mirror symmetry just exchanges these two descriptions.

By definition, the low-energy effective action (B.I13) describes dynamics of the light
modes in Type ITA string theory on X in the large volume limit. In other words, tree-level
amplitudes in Type ITA string theory must agree with the corresponding amplitudes in
the effective two-dimensional theory. In the appendix A we illustrate this by a world-sheet

calculation which independently proves that the target space metric is block-diagonal, cf.

(B-3)-
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A superspace formulation of N' = (2,2) dilaton supergravity that includes chiral and
twisted chiral multiplets on equal footing does not seem to exist in the literature. Although
a superspace model of N' = (2,2) supergravity where the dilaton is a complex field was
constructed in [R3], we are interested in a theory where the supergravity multiplet contains
a real dilaton field. A superspace formulation of such a supergravity theory is presented

in the next section.

4. Superspace Formulation of N’ = (2,2) Dilaton Supergravity

In this section we present a superspace construction of N' = (2,2) dilaton supergrav-
ity without gauged symmetry. This last property is a distinguishing feature of the new
formulation since all the known N = (2,2) gravity theories have at least one gauged U(1)
R-symmetry (see [BZ] for a general presentation). Theories where the entire U(1)4®@U(1)y
symmetry group is gauged are called non-minimal (or reducible), as opposed to minimal
theories where only U(1)4 or U(1)y factor is gauged. It is very well known how to obtain
one supergravity theory with a smaller holonomy group from a supergravity theory with
a larger holonomy group. This process has been for a long time called “de-gauging” (see
[I§], section 5.3.b.7).

The basic idea of de-gauging is to break the gauge symmetry introducing extra matter
field in a Goldstone-like mechanism. For example, consider an abelian vector multiplet in a
four-dimensional N' = 1 gauge theory. It contains a U(1) gauge vector field, gaugino and an
auxiliary field. All the other fields can be set to zero by a supersymmetric choice of gauge,
the so-called Wess-Zumino gauge. On the other hand, a massive gauge multiplet contains
some extra component fields which could be eliminated in the massless multiplet. The
reason is that the massive system no longer possess the U(1) gauge invariance. This toy
model teaches us that when a symmetry is broken in superspace, extra component fields
not present in the gauge symmetric phase begin to appear. In other words, Goldstone
supermultiplets must appear. And their component fields come from that part of the
vector multiplet that was ignored in the symmetric phase. Following these steps, we
construct N' = (2,2) dilaton supergravity via de-gauging U(1)4 ® U(1)y non-minimal
gauged supergravity. An advantage of this approach is that both the original and the
resulting theories are manifestly invariant under the mirror symmetry (B:20). We also
find that the new N = (2,2) supergravity multiplet contains a real dilaton field ¢, in

accordance with the results of section 3 where we studied compactification of Type ITA
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string theory on Calabi-Yau four-folds. We hope that apart from this obvious application

there may also be many other aspects of the new supergravity to explore. For example, it

would be interesting to study black hole solutions in this dilaton supergravity, cf. [24].
The relation between different supergravity theories can be schematically represented

in the form of the following diagram:
Ua®U(l)y

U(1)a ! vy (4.1)
N /
1

where the theory with the trivial holonomy group is the new N = (2, 2) dilaton supergravity
we are going to construct. Notice, however, that various arrows in this diagram have differ-
ent meaning. For example, minimal theories with either of the U(1) R-symmeties gauged
can be obtained by truncation of the non-minimal U(1)4 ® U(1)y gauged supergravity
BJ]. On the other hand, the vertical arrow corresponds to de-gauging U(1)4 ® U(1)y
symmetry, so that the total number of degrees of freedom increases. More precisely, it has
to be a combination of consistent truncation of the non-minimal ' = (2, 2) supergravity to
a minimal one plus a de-gauging of the latter. To see this, let us count the number of real
Goldstone scalars. Since the broken U(1)4 ® U(1)y phase of the theory has exactly the
same field content as the gauge symmetric phase plus the field content of the Goldstone
multiplets minus the parts that go into the longitudinal components of the U(1)4 @ U(1)y
gauge fields, we find that in total Goldstone multiplets should have three real scalars.
However, there are no mirror-symmetric N' = (2,2) multiplets with such a field content.
Therefore, we conclude that the vertical arrow should be a more economical de-gauging.
Indeed, if we were following another route via a minimal gauged supergravity, at the first
step we would have to make a consistent truncation that would eliminate one of the gauge
fields. In order to de-gauge the resulting minimal gauged supergravity we would have to
introduce extra chiral (or twisted chiral) Goldstone superfield. In any case, one real scalar
from this multiplet would become the longitudinal component of the gauge vector field,
and the other would become a dilaton, in agreement with what we expect. Assuming that
the latter route (which is not, unfortunately, mirror-symmetric) is equivalent to the verti-
cal arrow on the above diagram, we expect that there is an economical de-gauging of the

non-minimal N = (2, 2) supergravity that leads to only one massless scalar (the dilaton).
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To start the construction, let us arrange component fields found in the previous section
into superfields. First we give the definitions in flat superspace and then extend them to
curved superspace. Left-right symmetric N = 2 superspace is parametrized by the bosonic

coordinates z* = (z*

, 2~ ), two anti-commuting complex spinor coordinates 0 = (6F,07)
and their complex conjugates gd = (§+, 6 ). The spinor derivatives D, D_, D pand D~
satisfy {Dy,D;} = 0= and {D_, D} = 0-, with all other (anti-)commutators vanishing.

Irreducible matter superfields are defined by imposing some constraints on general

complex superfields. The simplest constraints are linear in derivatives and look like:
D4_<I>:D;<I>:D+6:D_6:O (4.2)
for a chiral superfield ®, and:
D;Y=D_Y=D,X=D-X=0 (4.3)

for a twisted chiral superfield X.

In what follows we promote the complex scalar fields ¢; and o; defined in the previous
section to the chiral and twisted chiral superfields ®; and X;, respectively. Similarly, we
will regard the compact fields zj as the scalar components of (twisted) chiral superfields
Z.

Components of the chiral superfield ®; can be obtained using the projection method:

| =¢i, B| =9,

Dy @[ =9, D% =v’ (4.4)
D_®;| =¢", D-®;] ="

l

2[D+7D—]<I>z‘| = A,

?

where, for example, ®;| denotes the leading component of the superfield ®;, with all the

f-coordinates put to zero. Similarly, we find the components of a twisted chiral multiplet

Ejl
Eil=05 Xj|=7;
D%yl =¢l, D% =¢ (4.5)
D-%|=¢%, D.Tj=¢



d
2

To define chiral and twisted chiral superfields in curved N' = (2, 2) superspace, the spinor

i L
Dy, D-%;| = By §[D+,D—]2j\ = B;

derivatives D, must be appropriately replaced by the covariant derivatives V.

In our construction of N' = (2,2) dilaton supergravity we start with non-minimal
gauged supergravity and then de-gauge U(1) 4 ® U(1)y symmetry. If we introduce super-
fields A, and A, representing U(1)y and U(1)4 gauge connections, and denote by A, the

Lorentz spin-connection, then the covariant derivative in this theory has the form:
Vo =FE."Dp+AX + ALY + ALY (4.6)

where E, P is the supervielbein.
The Lorentz generators, X', U(1)y symmetry generators, ), and U(1)4 symmetry

generators, ), act on the covariant derivative V,, in the following way [BJ):
(X, Vil ==£iVe |, [X,Vi]=%3V,
) )
Y, Vi = —ivi . Y, Vi = +§Vj': (4.7)

/) /)
[y,a vi] - qzivi 3 [ylv vj:] = iivi

The constraints which define non-minimal N = 2 U(1)4 ® U(1)y supergravity are
given by:
{V-I-?V-I-} =0, {v—7v—}:0

(ViV} =iVy, {V_,V.}=iV_ (4.8)
(VoV} = 5 RE® ), {V,,V:) = F(F )

where the chiral superfield R and the twisted chiral superfield F' are related to the two-
dimensional curvature R(®) and the abelian field strengths of the graviphoton gauge fields.

The easiest way to see this is to compute the commutator [P2,25):

Vs, Vo] = %((vm) - %RE-I— (V.V.-F) - %F?)X-ﬁ— (4.9)

?

+5(VAV_F)Y + S(V2R)Y + ... +cc.

where the dots stand for the covariant derivative terms like (V_F)V i, etc. If we set

F =0 in the constraints ([.§), we obtain U(1) 4 minimal gauged supergravity theory. On
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the other hand, if we set R = 0, we end up with U(1)y minimal theory. We denote the

leading components of the superfields ' and R as follows:
F|=G, R|=H (4.10)

In order to obtain N/ = (2,2) supergravity theory without gauged symmetry, we
replace the covariant derivative V. by @a which includes only derivatives and Lorentz
generator, so that:

Vo =Va+ Ay + A (4.11)

and the remaining derivatives are real. The new covariant derivative @a contains neither
the U(1)y gauge connection nor the U(1)4 gauge connection, so it can describe two-
dimensional N' = (2, 2) supergravity without gauged symmetry.

Substituting (f-17]) into ([§), and using (f7), we derive the form of the commutator

algebra for the @a operators:

(Vi V_} = v s %(A_ FA)Ve+ = (Ap — AV

(9293 = 5 FX 4 L0 4307, — LOw A (4.12)
(90,95 =i 4 L0 43074 — S0 #4074
(T =iv- + %(A; 39— %(A_ A

where the new fields A\, and Xa have appeared. They are components of the non-minimal
gauged supergravity multiplet that could be eliminated by a gauge transformation in the
U(l)4 ® U(1)y gauge-symmetric phase. In the theory we are constructing the U(1)4 ®
U(1)y gauge symmetry is broken, so that the fields A, and Xa are dynamical. They have
to be identified with the spinorial derivatives of a new matter Goldstone multiplet. To the
leading order in 0%, the fields A\, and Xa can also be identified with the dilatino field of
the new supergravity multiplet.

If we introduce four linear independent spinors (along with their conjugates):
77+E)‘++X+7 77—5)\——}:—:
Te=Ap— Ay, T- = A+ A_
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then the conditions (f.12)) which define /' = (2,2) dilaton supergravity can be written in

the following simple form:
{6-1—7 ﬁ-l-} = i77+§+ ) {6—7 6—} = “7—6—

~ - 1— P~ -
(ViV} = —SRX + 57 Vi + i,V

(Vi V:}= —%FX + %ﬁ;§+ - %ﬁﬁ;
(Vi Vit =iVet %77+§+ - %n+§+
{6_,§;} =iV- + %77;§_ — %17_%;
Note that these equations, as well as the conditions (f.12), are manifestly invariant under
the mirror symmetry transformation (B.20).

To summarize, there exists a unique mirror-symmetric two-dimensional N = (2,2)
dilaton supergravity defined by the set of constraints (f.12)) on the covariant derivative
@a. The new supergravity theory does not have gauged symmetry and contains a real
dilaton field ¢, as we will show in a moment.

Since we define new N = (2, 2) dilaton supergravity theory imposing constraints (f=13)
on the covariant derivatives @a, the Bianchi identities in this theory may lead to further

constraints on some ﬁeldsﬂ. For theories described by covariant derivatives @a, the Bianchi

identities are simply Jacobi identities:
[V[ou [Vﬂ, v’y)}} =0 (413)

where [, } is the graded commutator, and |, ) stands for the graded antisymmetrization
symbol. Instead of deriving derivative constraints on the spinor fields A\, and Ao directly
from the Jacobi identities (-13]) we use an equivalent approach which is much easier.
While substituting (B.11]) into ([.§) one also finds terms proportional to gauge symmetry
generators ) and )’. Vanishing of these terms leads to a set of constraints which is
equivalent to the set of constraints obtained from the Jacobi identities (f.13). We outline
the result in appendix B.

5 In ordinary field theories, the fields satisfy Bianchi identities because they are expressed in

terms of the potentials; they are identities and impose no extra constraints.
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There are two simple solutions to the Jacobi identities corresponding to either n, or
Na put to zero. An advantage of the first solution is that the covariant derivative Va
anti-commutes with itself, @3 = 0, like in the usual gauged supergravity theories [23]. On
the other hand, in the second case we find especially simple form of the anti-commutators
{@.H ﬁ_} and {@+, @_} In both cases the remaining spinor superfields can be expressed

in terms of an unconstraint real superfield V:
V=V (4.14)

so that the Jacobi identities ({.13) are satisfied. This means that (f.13) impose no further
constraints on V', and only define the other superfields (like F' and R) in terms of the
derivatives of V. It is natural to identify the dilaton field with the leading scalar component
of V:

p="V| (4.15)

Below we present more evidence for this identification. One might notice that a real
superfield V' contains one massless vector field, in agreement with the result of the previous
SeCtiOIlE. It is also worthwhile to stress here that massless superfield V' is not a Goldstone
multiplet itself, but rather what remains after the Goldstone mechanism takes place. A
nice property of this solution is that V' is manifestly mirror-symmetric.

Since local integration measures of the new N = (2,2) dilaton supergravity can be
nicely derived from the corresponding expressions of the U(1)4 ® U(1)y theory only for
the solution corresponding to 7, = 0, in what follows we discuss in detail only this case.

Namely, we take the following ansatz for the spinors A,:

A~ A~

A=A =i(ViV) , A =-X_=i(V_V) (4.16)

which implies 7, = 2i§aV and 7, = 0.
Substituting (f.1§) into (F-13), we find the following supergravity algebra:

(Vi Vi ==2(ViV)Vy , {V.,V }==2(V_V)V_

6 However, massless vector fields in two dimensions do not have propagating degrees of free-
dom. For the same reason two-dimensional superfield V' does not have an irreducible transverse

component, unlike a similar four-dimensional superfield.

18



~ o~ 1— ~ o~ 1—
{V+,V_} = —§RX , {V+,V;} - _iFX (417)

A~

(V_, V- =iV + (V-V)V_+ (V_V)V:

where the superfields R and F can be obtained from the Bianchi identities. Solving the

set of constraints in appendix B we get:
R=4V_V,V |, F=4V.-V,.V (4.18)
We also find the following expressions for the gauge connection:
A = A =iVV =2V V.V + 4V, V)V, V)

A =-A =iV V-2V V-VA+4V_V)V_-V)

Further commutators of the covariant derivatives with vector indices follow from the

consistency of the Bianchi identities ([.13):

A~

V1. Ve] = = (20005 + (V3A) + (V4A3)) Vs

V_,V.] = —(27,)\_)\_ +(Vod) + (ﬁ_x_))ﬁ_
V-, V-] = (22)\_)\ F(VAl) + (VoA ))6_ (4.19)
9.9 = (LR + (T F) 43R A F)X - RV~ FV

. i~ i~ _ P~ i

V-, Vil = <§(V+R) +5(ViF) = AR+ %A+F>X — SRV, - SFY,
where we used (f.17). It is worthwhile to stress here that one would obtain a different result
de-gauging the corresponding commutators in the U(1) 4®U (1)y non-minimal supergravity

).
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5. Lagrangians for Matter Multiplets Coupled to A/ = 2 Dilaton Supergravity

In order to couple matter fields to new N = (2,2) dilaton supergravity we have to
repeat the analysis of PZ]. Up to terms with two derivatives or four fermions, the most
general action of N' = (2,2) supergravity coupled to chiral superfields ®; and Zj, and
twisted chiral superfields 3; looks like (B.I5):

/d2 /d20d29E LL(®;, 05, 55,5, 2k, Z1)+ (5.1)

/d2 /d295 w(o /d2/9+d951W( i)+ c.c.

In order to obtain the component action corresponding to (B.1]), one needs the ap-
propriate projection formulas. For gauged N = (2,2) supergravity theories such formulas
were derived by Grisaru and Wehlau [[f]. In the case of the minimal U(1)4 theory the local

density projection formula has the following form:

/ d*zd*9E~'L = / Pre [V 4 ip=Vy —ipIV_+ (5.2)

1— o =2
5 H = 50 +9ZvD)]V L

Here 17} is the gravitino field and £ is an arbitrary scalar function of superfields. In fact,
the same projection formula is also valid in the non-minimal U(1)4 ® U(1)y supergravity
theory [23]. Although (B.3) is a D-type superinvariant, sometimes it is called a chiral
density projector because in the non-minimal N = (2,2) supergravity vzﬁ is a chiral
superfield (for a general £). Therefore, replacing VL by an arbitrary covariantly chiral
Lagrangian L., we can obtain the component projection formula for any chiral superspace
integral:

/ Pad*0E L, = / Pre  [V2 +ip=Vy —ipf V_+ (5.3)

1 B B
(5T —vivd +uZud)]L]

In particular, the superspace measures E~! and £! are related as follows:

/ d*zd*0E~L = / d22d*0E VL] (5.4)

By mirror symmetry the twisted chiral density projection formula in the U(1)y gauged

supergravity theory has the following form:
/d%d‘*@E—lﬁ = /d2x6_1 [V Vi —ip=V, +ipi V- + (5.5)

20



1 ) )
H=5G + ¥y + YD) ViV L

As explained in [R7], the derivation of this formula goes through as in [f] for the case of
U(1) 4 theory. In the case of the U(1)y ®U (1) 4 gauged supergravity the symmetry between
chiral and twisted chiral fields is restored by the contribution of the anticommutator term
{V,,V-} ~ F|. More explicitly, the twisted chiral density projection formula (F.5) can
be derived using the methods of [f] or [R7.

The projection formulas in the two-dimensional N' = (2,2) dilaton supergravity can

be obtained from (5.2) and (5) replacing V. by a new covariant derivative V,. Thus,
substituting (.17]) and (:16) into (p.3) and using the commutation relations (f.7) — (£.§)

we obtain the following density projection formula:

/ Pod0E—1L = / Pae (T — (TLV)(FT- - (F_V) + s (V5 — (F2V))—

N - o . .. ~2
(V- — (T V)) 4 (5 H v f +o eV L] = (5.6)
= /dzxe_l ViV i = A )V —i(f —A)V_+

(= T = 4 @ -2 - 0)] 9,94

In order to convince even hard boiled sceptics that (B.6) is the right projector, in appendix
D we repeat the calculation of Grisaru and Wehlau [ in the new N = (2,2) dilaton
supergravity. As expected, the result is equivalent to ([5.6).

Similarly, the twisted chiral density projection formula (.5) yields:

A~ A~

/ dPad*9E~L = / e (Ve = (VV) (Vi = (ViV) == (Vy — (V4V)+

Lt (T — (T-1)) + <_;a+¢;w +yten)] V.V L] (5.7)

We note that for a given superspace Lagrangian £, both projection formulas (b.6) and
(B0) lead to the same result:

/ Pod0E—1L = / Pae (V) — (VLV)(T- — (F_V) +is (V, — (V,V))—

N N o o . A2
i (V- — (V) + (5 7 —duF + 9 vV £]=

21



= [ (T2 = (V)T = (F4V) - 05 (T = (1))

vigd (92— (V-V)) + (5@ + vzl +udon)] 9,9

This follows from the corresponding property of the local density projectors in gauged N =
(2,2) supergravity theory [{], and also can be verified explicitly using the commutation
relations ({.17)) in the new N = (2,2) dilaton supergravity.

Now we are ready to derive component actions for various superspace Lagrangians L.
Let us start with a simple example corresponding to pure dilaton supergravity. Obviously,
in order to reproduce the right exponential dependence on the dilaton field in (B.j), we

have to take the function £ in the form:
Lgray = exp(—2V).

Substituting this in the projection formula (p.6) (or (b.7)) and seting all the fermions to

zero, we obtain the following action for bosonic fields:
Sy = / d2re exp(—20) [R® + 4(0,0)(00)] (5.8)

Here we used (.If]) and the formulas for the other components of the real superfield V'
derived in appendix C. Clearly, the action (p-§) for dilaton and graviton fields agreesﬁI
with the first two terms in the effective action (B-f) of Type IIA theory on a Calabi-Yau
four-fold. Moreover, we note that bosonic action (f.§) has exactly the same form as the
action of N' = 0 dilaton gravity studied long time ago, see e.g. [B4].

Now we consider coupling of N' = (2,2) dilaton supergravity to matter fields. In
particular, we are interested in superspace form of the effective action (B-) describing
compactification of Type ITA string theory on a Calabi-Yau four-fold X. Once again, to
reproduce the exponential dependence on ¢ = V| we take the superspace action in the
form:

/ded40E_1 exp(—2V)L (5.9)

where L is a function of all matter superfields but V. It is convenient to absorb exp(—2V')

in the definition of the supervielbein determinant Ey ' = E~'exp(—2V), so that £ = 1

7 We will account for the extra volume factor V in a moment.
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corresponds to pure supergravity action (b.§), like in A/ = 1 four-dimensional theory.

Commuting exp(—2V) to the left in (p.g), we find the modified projection formula:

/d%:d‘*eEo—lc = (5.10)

= [ e exp(-20) (91 = 3(TLV(T- = 3(T-V)) + i (94 = 3(T.1) -

1

~ipE (Vo =3(V_V)) + (5

H— gzt +9z¢D)] (Ve —2(V V)V = 2(V-V)L|

Applying this projection formula to an arbitrary function c(qn@;, ¥;,%;) of chiral su-
perfields ®; and twisted chiral superfields >; we get the action of the bosonic fields (the

vielbein determinant e~! is suppressed):
L=e¢2L[R® +40,(p — 31og £)0"(p — L log L)+

+3(l0g L) 5 (0u0i)(0"¢;) — 5(l0g L)o.7, (0u0:)(9"7;)+ (5.11)

+56" ((log £)g:5,(0.0:)(0,7;) + (log L), 5 (8.;)(9,05))]
The subscripts on £ denote derivatives with respect to the scalar fields, e.g. (log L) 6. =
(6%/ (9(1)1-8@) log £. Deriving (B.11]) one may find helpful some formulas from appendix
D where we discuss in detail the component action of a free chiral superfield. A careful
reader may notice that (b.11]) has the structure reminiscent of A/ = 1 supergravity in four

dimensions. In particular, it is convenient to introduce the Kahler potential K:
L = exp(—K) (5.12)
so that the superspace action (b.9) takes the form:
/ded49E()_16_K = /ded49E_le_2Ve_K. (5.13)
Performing the superspace integration, one finds Lagrangian for the bosonic fields:

L=e2°[R® 1 4(0,5)(0"3) — 3K 5.7, (000) (079 + (5.14)

+%Kgi5j (8M0¢)(6M5j> — %6“” (th‘gj (8M¢i)(8y5j> + Kajgi (8M51>(6V0‘J))}

23



where we introduced a new dilaton field ¢ = ¢ + %K invariant under generalized Kahler

transformations (B.1):
K — K + Ai(¢4,05) + Mi(65,75) + Ma(9i,75) + Ao (7, 05) (5.15)

Under this Kahler transformation the original dilaton field ¢ is shifted in the opposite
way, so that the linear combination ¢ = ¢ + %K remains invariant. Since the Kéahler
metric is invariant under (p.15) as well, both the superspace action (5.13) and the corre-
sponding component action (p.14) are manifestly invariant under the generalized Kéahler
transformations (5.19).

Now we are in position to identify the function K that would reproduce the effective
action (B.5) of Type ITA theory on a Calabi-Yau four-fold. Namely, the superspace action
(B-13) gives the effective action (B.5) if K is the total Kahler potential (B.9). This form of
the superspace action might be expected for a number of reasons. First of all, it is similar
to the superspace action of N/ = 1 supergravity in four dimensions. Moreover, Type IIA
supergravity on a Calabi-Yau four-fold has a breathing mode corresponding to rescaling
of the volume V — ¢?V and simultaneous shift of the dilaton ¢ — ¢ + loge, cf. (B).
Therefore, the superspace action is expected to be a function of 2V + K, where K is the
total Kahler potential given by (B.9) - (B-10).

To summarize, we constructed superspace Lagrangians describing NV = (2,2) dilaton
supergravity coupled to matter superfields and found projection formulas that allow one
to rewrite integrals over the entire superspace in terms of component fields. Therefore,
we provide a superspace formulation of the effective field theories constructed from com-
pactification of Type ITA string theory on Calabi-Yau four-folds, as well as more general
N = (2,2) sigma-models with torsion coupled to dilaton supergravity, cf. [B].

Incorporation of superpotential terms is more subtle. These terms are superinvariants
obtained by integration only over a half of the superspace, c¢f. (p-]). Unfortunately, unlike
(B.2) and (B.H), the chiral and twisted chiral density projectors in N/ = (2,2) dilaton
supergravity do not simply follow from the full superspace projector (b.10). However, by
dimensional arguments and from an examination of the index structure of the possible
terms, the chiral density projection formula must look like:

/d%/cﬂeg—lw = /d%e—l[%? - %F—@b;@bi + sy W (5.16)
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where the dots stand for term containing A, or terms linear in covariant derivativesH. By

the similar reasoning, the twsited chiral density projection formula must look like (5.5):
- PN 1 . . —~
/dzx/dQHS_lW = /d2x6_1 [VoVi+...— §G + Yyt + Yyl | W (5.17)

Although normalization and coefficients in (f.16) and (5.17) may not be correct, the terms
quadratic in the gravitino are rather general and, in particular, are independent on de-
gauging. So, we infer that one effect of the superpotential is to produce a mass term for
the gravitino fields [22):

mw; ~ W, m%f ~ W (5.18)

It is this property of N' = (2,2) supergravity that was needed in [[3,[4] in order to find
the superpotentials (B.13) and (B.14) induced by Ramond-Ramond fluxes. Moreover, let
us demonstrate that (5.16]) and (f.17) lead to the expected structure of the scalar potential
(B.18). Extending the computation of (b.11), from (b.1) we get the action of the auxiliary
fields:

Lawc ~ L[|2H — iA;(log £)y, > 4+ |3G — iB;(log £),|> + (log £)¢i$inZj_ (5.19)

—(lOg E)UiEjBiBj] - 2(W¢z - (10g E)%)Al - W(%F + iAi(lOg £)¢i)_
—i(W,, — (10g £)5,)B; — W(LG +iB;(log L),,) + c.c.

Integrating out the auxiliary fields and using (p.13), we find the expected scalar potential

(BI3):

L ~ € (K& (Do, W)(D5 W) = KL (Dy, W)(Da, W) = W[ = [W])

with the covariant derivatives (B.17).

6. Compactification of Type IIB String Theory on Calabi-Yau Four-folds

Compactification of Type IIB string theory on a Calabi-Yau four-fold X leads to a
chiral NV = (0,4) supersymmetric effective field theory in two non-compact dimensions. In
the low-energy limit this theory is described by N = (0, 4) supergravity coupled to scalar

superfields. In this section we perform a Kaluza-Klein reduction on a Calabi-Yau four-fold

8 These terms will not affect the action of bosonic fields.
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X and, in particular, find that the supergravity multiplet includes a real scalar dilaton
field instead of an SU(2) gauge field P§,2Y. A manifestly supersymmetric formulation of
such V' = (0,4) supergravity theory will be presented in the next section. In this section
we show that Kaluza-Klein harmonics combine into N' = (0,4) scalar superfields [29,B0].
Furthermore, since we deal with N' = (0, 4) supersymmetry, there is a significant difference
between right-movers and left-movers. Namely, all left-moving modes are supersymmetry
singlets. We will also see that the difference between the zero-point energy of the left-
movers and the right-movers is proportional to the Euler number of X [BI].

In the large volume limit the bosonic spectrum of light modes in Type IIB string
theory includes the metric garn, the dilaton ¢, the axion [, the 4-form tensor Dynpg
and two tensor fields Bﬁ]}\, and Bjj\\ﬁv Together with the fermionic superpartners all these
fields fit into Type IIB supergravity multiplet. Non-perturbative Type IIB string theory
is invariant under SL(2,Z) duality group. In order to see the action of this group on the

supergravity fields, it is convenient to define the following quantities:

A=l 4ie® (6.1)
1 [ A2 —ReA

M=1a <—Re>\ ! ) (6.2)

a[MBﬁ}g]
Hynp = (6.3)

8[MBJ}\%/?;]

and 5

Funpor = O Dnpor) + ZB[]ngNaPng] (6.4)

Then, the field strength Fasnpor is a singlet under the SL(2,Z) duality group, while H

transforms as a “vector”. Finally, SL(2,Z) acts on a complex scalar A in the usual way:

aX+b

6.5
T otd (6:5)
where the integer numbers a, b, ¢ and d satisfy ad — bc = 1.
The five-form field strength F' is self-dual:
F = xF (6.6)

Although this equation can not be derived from any action, for a moment we ignore this

subtlety and write bosonic “Type IIB supergravity Lagrangian” simply as:

1 1 3 5
Laoy = v=g[ = R + =T(0M-0M) + - HT M -H+ F?+...]  (6.7)
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where the dots stand for higher derivative terms.

As in Type ITA theory, in order to find the zero-mode spectrum we have to expand
Type IIB supergravity fields in harmonic (p, ¢)-forms on the space X. The metric modes
are exactly the same as in (B-3). Namely, from the reduction of gp/n we find h'! real
scalars s;, h*! complex scalars ¢; and the two-dimensional metric g,,,,. It turns out that
one of the scalars s; comes into the two-dimensional supergravity multiplet. Namely, it is

the Kaluza-Klein mode corresponding to the volume of the Calabi-Yau four-fold:
Y = dijklsisjsksl

where d;;i; are the intersection numbers of X given by (B.7]). With this mode excluded,
the Kahler deformations of the metric yield h'"'! — 1 scalars §; = V-is, satisfying the

condition:

dijr5'87575 =1

Expanding the doublet of tensor fields as:

Bl Bl
BNS = Zriwi(l’l), BRE — Ztiwgl’l), (6.8)
i=1 i=1

we get pairs of real scalars r; and ¢;, h"! in number. All these modes are both right-moving
and left-moving.

Expansion of the self-dual field D is a bit subtle. Namely, instead of D one has to
expand the field strength F' ~ >". 0,u; - w§4) and impose the self-duality condition (.4).
Depending on whether the form w§4) € H*(X,IR) is self-dual or anti-self-dual the scalar
field u; is left-moving or right-moving, respectively. Therefore, we have to distinguish
carefully self-dual and anti-self-dual harmonics of F'. To this end we recall some topological

properties of Calabi-Yau four-folds. There is a decomposition of the space of the middle

dimensional forms on X:

H*X,R) = B{(X)® B_(X)

where we denote by B4 (X) (resp. B_(X)) the space of (anti-)self-dual 4-forms on X. Let

us call the corresponding dimensions by = dimB4 (X ). Then by and b_ are related by the
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Hirzebruch signature B (see e.g. [[]):

1 X
T(Q) =by —b- = ¢ X(7p2—p%>:§+32

of the quadratic form Q(wi,ws) = fX w1 A wo. On the other hand, we also have by =

by +b_ =2+ 2h%t + h?2. Hence, using (2.1)) and (2.3) we find:
by =47+ 311 4 4p®t — 2p2! (6.9)

and

bo = —1+hbt +2p3! (6.10)

Actually, we can be a little bit more precise. All the forms of Hodge type (3,1) or
(1,3) are anti-self-dual, while the (4,0)- and (0,4)-forms on a Calabi-Yau four-fold are
self-dual [[J]. Therefore, from (.9) and (6.10) we find that:

b =45+ 3p11 + 4h>! — 2p>! (6.11)

and

) = ptt 1 (6.12)

Now we expand the self-dual field strength F' as:

b2? b>? 3.1
+ - h*

F = (0u)wl™ + 3 0)0s ) + 3 0upn)w® + (0,002 + c.c. (6.13)
i=1 j=1 k=1

where the scalar fields u; and v; are real, while p; and ¢ are complex. As we explained
above, u; and ¢ must be left-moving, v; and p; must be right-moving. In particular, the

former are singlets with respect to four left supercharges satisfying:

{Q, @)} =6P;

9 The explicit form of the Pontryagin classes is given by:

D S PRI 2\2
P = 2trR, p2 = 4trR +8(trR)
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Note that the Kaluza-Klein modes of the self-dual field F' associated with (2, 1)-harmonic
forms give 2-form field strengths of massless vector fields in two dimensions and, therefore,
do not lead to new propagating degrees of freedom.

Unlike N = (2, 2) theory constructed from compactification of Type ITA string theory,
in Type IIB compactification on on a Calabi-Yau four-fold X not all the fermionic modes
can be determined by N = (0,4) supersymmetry. In the right sector we still can use su-
persymmetry arguments to conclude that two-dimensional supergravity multiplet contains
2ind()p) fermions and 2ind () Rarita-Schwinger fields that come from the corresponding
spin—% and spin—% fields in Type IIB supergravity. On a Calabi-Yau four-fold the Dirac
index is given by:

@) = 15 [ (G2 —p) =2 (6.14)

in accordance with A/ = (0,4) supersymmetry. Furthermore, all the right-moving scalars
found above (¢, 5;, Pi» D7 55, T4, tj, vj, ¢ and ) are accompanied by right-moving

fermions. Simple counting gives:
ny = 4h>! 4 4hM! (6.15)

for the total number of the right-moving fermions i, There are also left-moving fermions
which are supersymmetry singlets. The number of left-moving fermions, however, is not
determined by supersymmetry. So, it has to be computed separately. Since the fermions
in question come from the Type IIB gravitinos, their number (minus the number of right-

moving fermions) is given by the Rarita-Schwinger index:

n——ny = 2ind($3/2)

Using (B.15) and the explicit expression for the Rarita-Schwinger index on a Calabi-Yau
four-fold X:

: _ 1 37 2 _ 1,1 3,1 2,1
1nd($3/2)—180/X<4p1 31p2)— AhY — 4R 4 4R (6.16)

we obtain:

n_ = 4h*! (6.17)

10" Note that ny is divisible by 4.
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Now we are ready to assemble the supermultiplets. Combining the left-moving bosonic

modes with the fermion fields we get the following supermultiplets:
a gravitational multiplet : g,,, V

h3! scalar multiplets ®; :  ¢;, Ei, Di, D;
h'! scalar multiplets i 5, r, ti, v, e, 1

Performing a reduction of the ten-dimensional supersymmetry conditions one can easily
check that these fields indeed represent bosonic components of the supermultiplets as
stated. Note, all the matter multiplets include four real scalar fields in accordance with
the general classification of scalar superfields [B§BZ,R29B(]. However, the content of the
gravitational multiplet is different from what was usually studied in AV = (0, 4) supergravity
theories [R§R29]. In compactification of Type IIB string theory on a Calabi-Yau four-fold we
find that the gravitational multiplet includes a real scalar V instead of SU(2) gauge field.
In the next section we describe the superspace formulation of this N' = (0, 4) supergravity
using the Goldstone approach.

In order to find the low-energy effective action one has to substitute (£-3), (p-§) and
(6-13) into (B-7). Integrating over the internal space by means of the formulas (£-4), (B-9)

we get the following two-dimensional action for bosonic fields:
Liy = v=gV[ — 2R® + 2@, \)(0_0) + 26, = (0:6')(0_F) + G, = (9op) (07 )+
(2) = 9 4 o \I+ - 2 76ig-\ - 27 $idb= op )\O+P

—l—%go—iaj ((048")(0—87) + (911") (017 ) + (84")(O—-t7) + (Dov") (D407)) +

+5Qi5(B0u)(01) + 3 (0a)(0_q) +c.c] (6.18)

This Lagrangian describes non-linear sigma-model interacting with N = (0, 4) supergrav-
ity. The target space of the left-moving fields is the cotangent bundle to the moduli space
of the Calabi-Yau manifold X, T*M.(X) x T* M (X), ¢f. [B9]. Since the moduli space
itself is a Kéhler space, this result agrees with the general analysis of NV = (0,4) super-
symmetric sigma-models. According to [BZ], N' = (0,4) supersymmetric sigma-model is
based on a target space which has three covariantly constant (with respect to V) complex

structures which obey the quaternionic algebra:

JTJS = _61“3 + frstJt
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Another interesting feature that we expect to see in this N' = (0, 4) theory is SL(2,R)
symmetry of classical Type IIB supergravity. Apart from ¢, [, r; and t;, all the scalar fields
listed above are singlets with respect to this symmetry. The complex scalar A\ = [ + ie™%
transforms as (p.5) under SL(2,IR) duality transformation, with a, b, ¢ and d real numbers
obeying ad—bc = 1. The doublet of real scalar fields (r;, ;) transforms as a vector under the
general SL(2,IR) transformation. In other words, only the scalar multiplets ¥; transform
non-trivially under this symmetry, while all the other fields, including the supergravity
itself, are SL(2,R)-singlets.

Finally, we remark that from T-duality with Type ITA string theory on a Calabi-Yau
four-fold we expect an anomaly similar to (B.2) in Type IIB compactification on a Calabi-
Yau four-fold. Recall that due to the global anomaly (B.J), in Type ITA vacuum we had
to include N = 2 fundamental strings filling two-dimensional space-time to cancel the

tadpole. Under a T-duality in one of the space-time directions the winding modes of these

X

strings transform into 55 momentum modes:

X
P, —P_ =2 6.19
- o (6.19)

in the Type IIB vacuum corresponding to compactification on the same Calabi-Yau four-
fold X. Here, for the sake of simplicity, we assumed that there are no background fluxes.
One can interpret (b.19) as the difference in the zero-point energy of the left-moving and
the right-moving Kaluza-Klein modes [BI]. In order to see this, we note that a free boson on
a circle has vacuum energy — 2—14 and a periodic fermion has vacuum energy —1—2—14. Therefore,
due to N = (0, 4) supersymmetry, in the right sector bosonic and fermionic contributions
cancel each other, i.e. Py = 0. In the left sector we have 48 +6h'! + 63! —2h%! bosonic
modes corresponding to the fields ¢;, 5;, $;, 7y tj, uiy ¢, G,  and [ along with n_ = 4h!
fermionic modes, c¢f. (b.17). Hence, the total vacuum momentum in the left sector is

non-zero and is given by the following formula:

1
P_= (484 6"t 4+ 6n1 — 6R%1) (6.20)

Using Py = 0 and the explicit expression (2.2) for the Euler number, one can easily obtain
the formula (B.19).

31



7. Superspace Formulation of N' = (0,4) Dilaton Supergravity

In this section we construct N' = (0, 4) dilaton supergravity that arise, for example, in
Type IIB superstring compactification on Calabi-Yau four-folds. As we demonstrated in
the previous section such a theory has a number of distinct features which are absent in the
existing superspace formulations of two-dimensional N = (0,4) supergravities. Namely,
unlike the standard formulations with gauged SU(2) R-symmetry [R§R9], new supergravity
does not have a gauged symmetry and the supergravity multiplet contains a real dilaton
field V. Below we present a superspace construction of this theory obtained via de-gauging
SU(2) symmetry.

First let us remind that gauged N' = (0,4) supergravity is defined in superspace by
the following set of constraints [B3]:

Vi, Vit =0, [V, Vi) =i28/Vy |

Vi Vi) =0 , [V4i, V=)= =i X -5, | (7.1)
Vi, V=) = —%[EHVH‘ + iJriVJri + RX +iF Vi)

on the covariant derivatives V4 = (V, V1%, V£, Vo)
VA:EABDB+AAX+iAAﬁyji. (7.2)

Here E4” is the supervielbein, and X and y;ﬁ are the Lorentz and SU(2) symmetry
generators, respectively. The superfield A4;7 is SU(2) gauge connection, while A 4 stands
for the Lorentz spin-connection. We write |, } for the graded (anti-)commutator. Finally,
D 4 denotes the flat space fermi and bose derivatives Dg = (D4, D%, 04,0-).

The Lorentz generators act on V 4 as follows:

_V—I—i ) [X7V—|— } = _v+ )

[X7V+i}: 9 9

(X, Vit =Vy , [A,V=-}=-V_
Similarly, for the action of SU(2) gauge symmetry generators we have:
V¥ Vit =08V — 305V,
AR AR AR
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V5 vy =0 , [V V=}=0

The constraints ([[.]) lead to a set of Bianchi identities that are solved if:
VST =0, vSY = LR +iF

ViiR = Z'QVii—i_i , V_H‘}—jk = —255V¢i+j + (5?V¢i+i

The first step in obtaining two-dimensional ' = (0,4) supergravity theory that does
not contain a gauged SU(2) is to note that the covariant derivative in ([.g) can be split

as:
Va= 6,4 + iAAklylk. (7.3)

Since the superspace covariant derivative V4 does not contain the SU (2) connection nor
the generator, it can not describe two-dimensional N = (0,4) supergravity with gauged
SU(2) symmetry. We next use ([.J) to derive the form of the commutator algebra for the
@ A operators.

A straightforward set of calculations leads to:
Vi Vst = =il Avi® + Ayf Vi
[@4_2', %_i_j} = i25{§¢ + iz+jik §+k + 1AL kj @4_19 ,
Vi, Vet =ids Ve |, [V, Vol =id "V, —istx | (7.4)
[@;t, @:} = —%[2—'_164_2 + i+16+2 + RX]

where the connection superfields now explicitly appear on the right-hand side of the equa-
tions. The leading component of A_H-jk is a component of the gauged supergravity mul-
tiplet that could be eliminated by a gauge transformation in the SU(2) gauge-symmetric
phase.

At this stage, we have completed half of the de-gauging process. The second half con-
sists of specifying the spinorial SU(2) connections in terms of some components of another
(matter) multiplet that is consistent with the two-dimensional N/ = (0,4) supergravity
theory. For this purpose, we introduce the second of the four distinct NV = (0,4) scalar
multiplets (SM-II) that were discussed in [B9B0]. In the case of rigid supersymmetry this
multiplet is described by:

D_H‘V = Z/\_Z s V =V s (;Ozz =0 )



Dy =20fA"; = 5A" , B =i
D_i_i)\_j = (S;B:Q:V + i6¢gpji > D—I—i)‘_j =0

In the locally supersymmetric theory one has to replace D, by V4.

The triplet of spin-0 fields ¢;* can be “eaten” by the triplet of spin-1 fields in the
minimal N = (0, 4) supergravity multiplet and thus become their longitudinal components
via the usual Goldstone mechanism. This eliminates the local SU(2) symmetry. The scalar
and spinor field of the matter multiplet become the dilaton and dilatino.

We are thus led to conjecture that the new form of two-dimensional N' = (0,4)
supergravity with a component spectrum given by:
en” graviton,

Y, T SU(2)-doublet, gravitino,

A, SU(2)-triplet, vector auxiliary fields,

A7;  SU(2)-doublet, dilatino field and

V real dilaton field
may be constructed with ([[-4) as its starting point. We note that the chirality of the
dilatino is opposite to that of the gravitino.

In order to gain a control over the component field content of the theory, we must

impose the following constraints:
Apii® = 227507 = A7)
ALt = =23 567 = X 05

At lowest order in 6%, the field A ;;* is a component field that is absent in the SU(2)
gauge-symmetric phase of the theory; it can be set to zero in the Wess-Zumino gauge. On
the other hand, when the SU(2) symmetry is broken, part of this field becomes dynamical.
In general, A_H-jk contains SU (2) representations of spin—% and spin—%. However, the above
constraints eliminate the pure spin—% representation of SU(2).

With this result substituted into ([(-4),

Vi, Vit = —iA "V + A7,V
V4, Vi9} =209V +i[28 67 — N 70FV ok +i[2A k0] — A0V
Vi, Vet =ids Vi |, [V, Vol =id "V, —istx |
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Vi, Vo) = —4[SH0, + 57,V + RA]
we can calculate the Bianchi identities:
([V4i, Vi b Vi + [V, Vi b Vi b+ [V, Vil Vil = 0 (7.5)
Vi, Vb Vi 4+ V4 Vi Vit + [V, Vi Vil =0
These will be satisfied if:
VidTj==A"A;
§+¢X_j == i)\_ix_j - iAj:ij + 5;64:]} ,etc.
Let us now briefly comment on density projectors in the new N = (0,4) dilaton
supergravity theory. For a general superspace Lagrangian £, the component action of
N = (0,4) gauged supergravity can be obtained by means of the following projection

formula:

/d2$d29¢d2§¢E_15: %/d2$d29¢5_1[%Cigﬁﬁ@ﬁ}EIJr
1 2 2ate 11 il S
+§/d 2d*0' € [§oﬂv+ivﬂ}£| (7.6)
where the corresponding chiral and anti-chiral density projector formulas look like:

/d%cﬂe*e—la = i/d%[%e—lcﬁ(%i +z‘4e@+i)]€+j£\

/d%cﬂ@i?‘lc\ — i/d%[%e—lcﬁ(@j + e )|V /L]

Similar formulas also hold in the new two-dimensional N = (0,4) dilaton supergravity.
The explicit expressions for the density projectors can be obtained by a straightforward
but tedious computation substituting ([.3) into ([7-§).

“I found a way to make it work.”

Stanislaw Ulam
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Appendix A. World-Sheet Calculation of Type ITA String Amplitudes

Consider compactification of Type ITA string theory on a Calabi-Yau four-fold X.
Let us further assume that there are no background Ramond-Ramond fluxes, so that
two-dimensional space-time is flat. From the world-sheet viewpoint, this compactification
corresponds to adjoining ¢ = (12,12) N = (2, 2) superconformal field theory (SCFT) to free
conformal theory with central charge ¢ = (3, 3) that is responsible for the two-dimensional
space-time. It is the first part that will be interesting to us. Namely, we are going to
show that two-point correlation function of vertex operators corresponding to chiral and
twisted chiral superfields is zero, i.e. that the Zamolodchikov metric on the moduli space
of Calabi-Yau four-folds is block diagonal (B.§).

N = (2,2) superconformal algebra consists of two N/ = 2 supervirasoro algebras —
one left-moving and one right-moving — each generated by an energy-momentum tensor
T, a current J and two weight 3/2 supercurrents G* with J-charge Q = £1. Recall
that in a Kaluza-Klein reduction two-dimensional chiral superfields come from harmonic
(3,1)-forms on X, while twisted chiral superfields correspond to harmonic (1,1)-forms.
Similar to the three-fold case, we identify these fields with marginal operators in (c, c)
and (a,c) multiplets, respectively. Let us call this operators ®(; 1y and ®_ ;). They
are neutral, (Q,Q) = (0,0), and have conformal weight 1/2. The lowest components of
(anti-)chiral multiplets must satisfy 2h = Q and 2h = Q, so ®(1,1) and ®(_; 1) are not the
lowest components in the corresponding multiplets. They can be obtained in the operator

product expansion of the supercurrents with operators W:

_ _ 1 _
2GF (w, @) - W(411)(2,%) = m(p(:tl,l)(zv Z) + reg (A.1)
where “reg” stands for the regular part. Another operator product expansion that will be

useful to us is the following:
2GT (0, W) - P(41,1)(2,Z) = reg (A.2)

Now we are ready to demonstrate (B.§). Consider a matrix element of the target space
metric Gy,7, that mixes (1,1) and (3,1) moduli:

G5,

_ ol
|z — 2[4 (@

G(2) 00 ) (2,7) = (A.3)

dw _ _ ; — CF] =

36



In the last equality we used the fact ([A.) that the operator product of G~ (w,w) and

(I)?ljﬂ_l)

One might think that Gg4,,, would be non-zero since the corresponding OPE has a

(2/,Z’) has no singularity as w — 2’.

singular part:
_ Q(‘I’(il,l)(%?)
0z

However, repeating the above arguments in the right sector one can easily see that Gy, is

2Gi(w,w) “®(111)(2,2) ) + reg

w—z

also zero. In fact, OPE is singular in both left and right sectors only for (@?{71) -6?1_'1’_1))

and ((‘D‘(’iLD -6?{7_1)) which correspond to the metric G bi- for chiral multiplets and the

metric G,z for the twisted chiral multiplets, respectively. Therefore, we conclude that
the target space is locally a product of the manifold M.(X) parametrized by the chiral
fields ¢; and the manifold M (X) spanned by the twisted chiral fields o;.

Appendix B. Extra derivative constraints arising from de-gauging N = (2,2)

non-minimal supergravity

In this appendix we collect some more technical formulas that arise in the construction
of N = (2,2) dilaton supergravity via de-gauging U(1)4 ® U(1)y non-minimal supergrav-
ity. Consistency of the de-gauging procedure requires that all terms in ([.§) with gauge
symmetry generators ) and )’ vanish, so that the commutator algebra of the new covariant
derivative V, has the form (II13), e.g.:

(Vi Vi ={Vi Vi —2{V ALY+ 2} =

= —2(ViA )Y = 2(VAA)Y +id Vi +iA V, =
=i A (Vi + A Y+ AY) = 2(Vi )Y — 2(Vd)Y =
= i(Ap + AV + [2(VEAD) + A ALY + [<2(VAg) +id A ]Y =
=i AV + 2V A H i A+ A ALY + [2(V ) +id Ay +id ALY =
= i(Ap + AV + [2(VEAL) + 20 ALY + [F2(V Xy + 20 A ]Y
Therefore, we obtain the following commutation relation:
(Vi Vil =i(A +2)Vy
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plus two constraints (Jacobi identities):
(Vide) —idedy =0, (V) —idg Ay =0.
Similar calculations lead to the following set of constraints:

@4./\4_ - Z.X_|_/\_|_ - 0, ) §+X+ - Z./\_|_X+ - O,

VoA +iAA_=0, , V_A_ —il_A_=0,
Vido +V_Ap +i(AeA_ —A_A,) =0,
Vide +Vody +i(Ashe —A-Xy) =0,

VA +9 5, 42003 A +AA,) - SR =0
Vide + Vo dp + 20000 — i A +A-Ay) — %F =0,
At = —i(Vo Ay + Vi) + 200 + (g + Ay,
A = —i(ViAp + VA + 20000 + (A A s + A4 AL,
Ao = —i(V_de + Voro) — 20 A + (AA- 4+ A_A-),
Ao = —i(V_A- + VoA + 22 A — (A_A- +A_A)

By virtue of the above relations, the Jacobi identities (fI3) are automatically satisfied.
Furthermore, only half of the spinor fields are independent. In section 4 we disscuss two
natural solutions to these constraints: when either 7, or 7, are put to zero. In both
cases the remaining spinor superfields can be expressed in terms of an unconstrained real

superfield.

Appendix C. Components of covariant derivatives in N’ = (2,2) dilaton super-

gravity

The expressions for the covariant derivatives in AN/ = (2,2) dilaton supergravity eval-
uated at 6 = 0 are, cf. [I4]:
Val = 04

Vil =Dy +98Va| + 98V = (C.1)
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=D, + ¢ + V50,

where D, is the fully covariant gravitational derivative with the Lorentz connection w, =
A, | that includes, in addition to the ordinary connection, extra terms that are bilinear in
the gravitini ¢}, @Dﬁ‘. Specifically, D,, is defined to be @:

D,=¢, +w,X

We also need expressions for the higher # components of the covariant derivatives.
The 0% component of @g is defined by [[Lq]:

while the #% component of ﬁu is:
VaVul = [Va, Vil + Vi Val = (C.3)

From (C.2) and ({.17) we obtain the following results:

ViVil=iri 0y , V_V_|=iA_0_

§+§4_|:—Z’)\+34_ , V-V- | = —iA-0-
~ o~ 1— ~ =~ 1—
ViV_ |:_ZHX , V+V;‘:—ZGX
~ o~ 1 ~ =~ 1

V4_V;|:—ZHX , V+V_|=—ZGX

SF =200, + 0T

i
V+V+\——D¢+ S (F 4 A )0+ T O+ 3

VV|_—D+¢+6+(¢ + X))o ¢+8+(¢_ A_)0-

and from ([C.3) we derive the series of identities that appears below:

~ ~ ~ i T
VT4 =Dy + Sod De| — W H + 0O + [t A + LuF (0F +A5)-

=200 AL — (ViAy) — (V+>\+)]3+ + 51@% 0+ 51@(1@ —Ayp)0p + 51@% 0-

1 11 the notations of [RJ] this would correspond to w, = v, = @,..
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94 =DV [+ oD |- [ LT R+ S (T F) 5+ o) H -0~ boh)@] ¥+

e TR oY M <2w S (WS + X))+ LT +su)os + L w (Y= —A_)D-

2

l\D

~ o~ ~ 7 i _ - 7 7 _
ViV =DsV, |+ §¢;D¢| — Z(@bi G+ H)X + 5@&;(@@ +A1)04 + §¢;¢¢ O_+
, -~ ~ i ; o i -
+ [27)\+)\+ + (Vir) +(Viedp) + 5%@(1@ —Ay) — WI)‘JF] Oy + 51@% 9.

~ — 1 — 1 i
(ViF)= A H+30 G-t G- 0 H| X+

N | .

V-Vl = D¢@;|+£¢;D:|+ [£(§+R)+
g (BT~ H)Os o L05 (6 +A2)0 + 5 (0503 ~B)0; + 4 (W vZ — v A~ 205 2)0:

<€_F)+§A;ﬁ_%A_mi@m%@bja] o

DO .

V. V| = D:€+|+3¢;D:|— [f(ﬁjw
+5 ¢ Yty + - (2¢ A =Gy~ (Y= + X))o + ¢ ¢+a++ Lt (T - A~ H)o-
V| =DV |+ LD - L H 4+ 0 O+ Tt + [ a
FIUTWT A 200 A — (VA0) — (VoA + ufufa, + e (ws — a0
€ﬁ:|:D:€+|+%¢in¢|+[%(ﬁ_R)Jrf(@;F) INCHA+IA G——¢ G——¢ H}XJF

PRV 4 AOS99+ S (F — M) 2030005 + 2 (G g )0

2
V-V |=D-V_|+ %WD\ — i(¢+@+ b H)X + %w—wm + %ww— +AL)0_+
+%¢;¢ia+ ++ [22’)\_>\; + (VA + (VoA )+ %wgwé —A) - iwiA;]a_

where we also used the commutation relations (£.19).

Furthermore, the 6:’: component of V- is given by:
ViVo| = Vi Vo | + 9§V Vo | + 9§V V- |

so that:

A~ A~

Vi, Vo) = [V, Vol + 98 Va Ve | + 9§ Va Vo | = 420V, Vi | — 98V, V4| =

= [D+,D-] +D[¢(zp§]8a) +D[¢(¢S]8d) —i—wg%a@:‘ +¢§§§5ﬁ:\ - wg%aﬁﬂ - wg%aﬁﬂ
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Substituting the above expressions for the components of VoV | into [@j;, %:H, we get:
Vs, V=] = [Ds, D= + Dps (¢¥2)0a) + Dis (0)95) +

(C.4)
+t (DY |+ ¢+D¢|+[ (V_R)+ (V- F)

% —%LH+%A;G—%¢;G—%¢§H}X+
PO A+ S (HHUFYT)0 (05 (0F M) =20F X004 + 5 (Gt 0 )0 )+
07 (DoV_| 4 Lo Do | S 0 G)X + LuTuto, + [T A
FIUS (0T +A) 2 A — (VoA0) — (Vo]0 + Dutud oy + Tus (s —A)0- )+
o (Dﬁ+| + %@biDﬂ + [%(ﬁ_m + %(%;F) ~IH+ G- idgG - i@zjgﬂ} X+
U (A0 3 (HHu2 )0+ 3 (03 (0F - 4) 200 )0,

2 (GHYy)0: )+

+ip (Dﬁ;l + %w;m - i(w—’_é“f— WTH)X + %w;zpim + %w;w; FA)0_+

+fw;¢ia+ + [m_A; + (VoA +(Vors) + %ﬁp—(w — ) - iwéA;]a;)—
—u (D44 + @Dil - —<¢¢H+¢¢ G)X + [id Ay + m (W +A1)-

—2iA A = (Vidg) — (§+A+)]3+ + 5@@%3— + 5@@(@& —A4)0; + d’i ) )
~= (DY |+ fw;D:\ - [3<@+F> +S(VaF) + 30y + 30D H - 30 — Jv)G|x

PG )4 L QUT A+ (W 4N )t L+ v )0y + LuT (07 -A0)0.

—F (Ds |+ S0d Dyl - [ G+ o I + S (0 + 20 + J0T 070+

. N - 1 -
2 A s+ (Vi) + (V) + ¢¢ (03 = Ae) —iwd A0y + Setuio. ) -
- - i, (PN ~ — — 1 = 1 =
e (D¢V;| + D=+ [ (ViR) + —(V+F) ~IMH 4 NG - 0i G- Z@H} X+
v, -
(%: I —H)dy +5 ¢¢ (Y= +A2)0-+5 (¢¢ age) O +5 (W= —vx A —2¢3 )\;)3;)
Now one can compare this huge formula with the leading component of the commu-

tator [V, V=] computed directly from the Bianchi identities ([.13)

Vi, Vo] = (MS A SHi(VLS) + i($+§))x+ (C.5)
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+(2>\_R 2)\ F-1(V-R) 2(v_F))v++(2A_R N-F+3(V-R)+3(V-F)) Vit
L 1S, Py L S by =, 0 1S . L 1S S

+(§/\+R+§/\+F—§(V+R) + 3V R)) Vet (A F+ S0 R— (Vi F)+ 5V R)) V-

where we denoted:

By comparing the coefficients of V| = 9, in (C4) and (C), for example, we find:

§A R—§A F+1V_R)+ %(@;F):D[¢¢j]+%¢$¢i(¢§?+)\+)+

T T T ) T )
FIBTUTUE b Lot + A + U vT et —ut [ A+ Suf (B A —20A A -
-~ -~ T _ - T T,
In the same fashion we obtain the relations defining the other components of the superfields

R and F":

A~

)\ F+ >\+R— L(ViF)+ L(V4R) = Do) + %@bI(H +pTr) + o3 [i?/g/\_—i—
+3¢;(¢;+A;)—2M_A;—(ﬁ;x_)—(ﬁ_m +%wi(Heriw;)+%¢$¢:—(¢:—+>\;)—
—%wzpiw; - %¢—<2w;A_ FOT (T An)) — %w*wm - %w*w;w +A0)

A-R—

N | .

= Dpevd + %wﬂww ) =20 L e Lt @ - a) - 20t
FoUT ot — Lutpd F - M) — So (F +used) — o [2in g + (T4
HEAD +5vE - ) —wda] - Su(wred -0
§A+T2+ 5>\+F — L(ViR) + L(V4F) =
= Dy + UE (G +9205) + S0z ez (05 — M) + sud (G +uZy)+
0 2000+ (F2A0) + (FA2) Loz (92 — A ) o h:] - Sududys -
—SUTYS (WS — M) — SUUTUT — SUS (WS — v A — 200N
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X T o |
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Appendix D. Derivation of the projection formula in N = (2,2) dilaton super-
gravity

Here we repeat the derivation [f] of the local density projection formula in N' = (2, 2)
dilaton supergravity. Namely, we start by writing the most general expression for the chiral

projector with the right dimension and index structure:
~ o~ ~ ~ =2
/d%d‘*@E—lc = /d2x6_1 ViV + XtV + X V_+Y]V L] (D.1)

where the coefficients X® and Y are to be determined. Following [[], we evaluate (D.1)

for the kinetic action £ = ®® of a free chiral multiplet:

_ N2 ~ =2 < ~ 2 <
/d%d‘*@E—l@@ = /d2xe—1[(v2v P)D| + (V,V ®)(V_®)| — (V_V ) (V. )|+

Y B) (V20| + X (V¥ B)D| + XHT B)(V,0)| (D.2)

X (VY B+ X (V B)(T_0)| + V(¥ B)a]

Clearly, the left-hand side of this formula is invariant under complex conjugation. So, the
right-hand side must be invariant as well. As we will see in a moment, this condition
completely determines the unknown coefficients X* and Y. It suffices to consider only

bosonic terms. Using the formulas in appendix C along with the definition (f£.4), one can

easily compute the relevant components:

A~

§+§4_V;6‘ ~ —w;D:$+ (wi - >‘+)Z
V_ViV-®| ~ iDsé+ (Y= — A )A
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ViV_V,V-3| ~D-Did +i(pT9pf — A\ ) Dagt

(WS AW D=3 — SHA+ it ys A — i — A )W — 1) A

Substituting these into ([D.2), we find that the resulting component action is invariant

under complex conjugation only if we put:
Xt =iy~ — )

X~ = —i(f - )

Y = 7 H ot + 5 - A - A

With these expressions for X and Y the result does not depend on whether we use the
chiral projector ([D.) or its complex conjugate, of course, as it should be. Specifically, the

chiral projection formula in N' = (2, 2) dilaton supergravity takes the following form:
/ dPad 0E~' L = / PPre ViV +i(- — A )V —i(df — A )V_+ (D.3)

1— K - ' =2
+( - ZH — Py + (Y2 = A)(WE — M) ]V L]
One can easily check that this expression is equivalent to the chiral density projector
(B.6) obtained by de-gauging the corresponding projector in the non-minimal N = (2,2)

supergravity.
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