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The hybrid formalism is used to quantize the superstring compactified to twodimensional target-space in a manifestly spacetime supersymmetric manner. A quantizable sigma model action is then constructed for the Type II superstring in curved twodimensional supergravity backgrounds which can include Ramond-Ramond flux. Such
curved backgrounds include Calabi-Yau four-fold compactifications with Ramond-Ramond
flux, and new extremal black hole solutions in two-dimensional dilaton supergravity theory.
These black hole solutions are a natural generalization of the CGHS model and might be
possible to describe using a supergroup version of the SL(2,R)/U(1) WZW model. We also
study some dynamical aspects of the new black holes, such as formation and evaporation.
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1. Introduction
Since Ramond-Ramond vertex operators in the Ramond-Neveu-Schwarz (RNS) formalism are represented by spin fields which mix the matter and ghost sector, it is difficult
to use this formalism to quantize the superstring in Ramond-Ramond (R-R) backgrounds.
Although the covariant Green-Schwarz (GS) formalism can classically describe R-R backgrounds, this formalism has quantization problems even in a flat background.
Over the last seven years, a hybrid formalism has been developed which combines
advantages of the RNS and GS formalisms. Like the RNS formalism, the hybrid formalism has a free-field action in a flat background so it is easy to quantize. And like the
GS formalism, the worldsheet variables include the target superspace coordinates (x, θ) so
target-space supersymmetry is manifest and R-R backgrounds are easy to describe. Furthermore, the hybrid formalism is related by a field redefinition to the N = 1 → N = 2

embedding of the RNS formalism [1][2], and the resulting critical b
c = 2 N = 2 supercon-

formal field theory (scft) splits into a b
c = (d − 6)/2 N = 2 scft for the target space and
ab
c = (10 − d)/2 N = 2 scft for the internal compactification manifold. The N = 2 scft

for the internal compactification manifold is related to the analogous RNS b
c = (10 − d)/2

N = 2 scft by twisting the U(1)-charged compactification-dependent worldsheet fields.

This hybrid formalism has been previously developed for compactification to d = 6 on
Calabi-Yau (CY) two-folds [2][3][4] and for compactification to d = 4 on CY three-folds
[5][6]. It will be developed here for compactification to d = 2 on CY four-folds.
Even though in two dimensions IIA R-R fields have no propagating degrees of freedom, their zero-modes play a very important role — they induce a back reaction on the
graviton generating a negative cosmological constant in the effective two-dimensional theory. Therefore, in addition to describing CY four-fold compactifications with R-R flux, the
hybrid formalism developed here can be used to study D = 2 dilaton supergravity with an
additional R-R term, which is a natural generalization of the CGHS model. This D = 2
supergravity theory has new extremal black hole solutions which will be shown to have
interesting properties.
The paper is organized as follows: In section 2, we develop the hybrid formalism for
superstring compactification on CY four-folds to flat two-dimensional Minkowski space.
For heterotic compactifications, N = (2, 0) spacetime supersymmetry is manifest, while
for IIA (or IIB) compactifications, N = (2, 2) (or N = (4, 0)) spacetime supersymmetry
is manifest. After defining the free-field action and worldsheet N = 2 superconformal
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generators in the hybrid formalism, vertex operators for physical massless states are explicitly constructed. For the Type II superstring, these massless states include four R-R
field strengths which are independent of the compactification. These universal combinations of R-R fields will be identified with four possible types of F-terms in the effective
N = 2 theory: superpotential, twisted superpotential, and their complex conjugates. As
in [7], the hybrid formalism can be used to compute “topological” contributions to these
superpotentials.
In section 3, the superstring action and worldsheet N = 2 superconformal generators
are generalized for compactifications to a curved d = 2 target-superspace background. The
resulting sigma model action is manifestly target-space super-reparameterization invariant
and can be used to quantize the superstring in two-dimensional backgrounds with R-R
flux. The sigma model action contains a Fradkin-Tseytlin term which couples a spacetime
superfield containing the dilaton to the worldsheet N = (2, 2) supercurvature. As in
the d = 4 and d = 6 hybrid formalisms [6][4], this coupling is possible since superspace
chirality in spacetime is related to superspace chirality on the worldsheet. The background
superfields appearing in the sigma model are then used to construct a low-energy superpace
effective action for the N = (2, 2) supergravity theory.
In section 4, we study the bosonic contribution to the low-energy effective action of the
two-dimensional supergravity theory. A particular feature of this action is a (cosmological)
constant term, independent of the dilaton, which is induced by the background R-R flux.
The action without this term was extensively studied in the literature in the early 90s. In
particular, it was shown that it has classical black hole solutions [8,9,10], which evaporate
[11], and eventually become singular [12], in quantum theory coupled to matter. We show
that with an extra term corresponding to the R-R flux, the theory admits a large family
of novel black hole solutions including extremal black holes, analogous to those in [13].
We conjecture that the extremal solutions represent stable 1/2 BPS states of the twodimensional supergravity theory and support this conjecture by calculating the mass of
non-singular black hole solutions and demonstrating that it satisfies a BPS-like inequality.
Then we examine some dynamical aspects of the new black holes, in the classical and
semiclassical approximations. Namely, we study formation and evaporation of the nearextremal black holes and argue that the new extremal black holes do not emit Hawking
radiation.
Finally, in section 5 we conclude with a discussion of open problems which include
finding a supergroup sigma model to describe the superstring quantized on the black hole
2

solutions of section 4. Such a sigma model could be useful for studying quantum corrections
to the solutions, in a manner analogous to the SL(2,R)/U(1) gauged WZW sigma model
description [10] of the CGHS black holes [9,11].

2. Hybrid Formalism for Compactification to Two Flat Dimensions
In this section we describe the basic methods of the hybrid formalism and how to apply
them in the case of superstring compactification to a flat two-dimensional background. The
first step will be to find a field redefinition from RNS variables to hybrid variables which
allows d = 2 spacetime supersymmetry to be made manifest. The next step will be to
construct worldsheet N = 2 superconformal generators in the hybrid formalism using the
N = 1 → N = 2 embedding of the RNS superstring. The final step will be to use

these N = 2 superconformal generators to define physical vertex operators in the hybrid

formalism.
2.1. Field redefinition from RNS variables
The basic variables of the RNS description of the superstring are (xm , ψ m ) and the
(bosonized) superconformal ghosts (b, c, β = e−φ ∂ξ, γ = eφ η) which gauge-fix the N = 1
supergravity of the worldsheet. For superstring compactifications which preserve at least
N = 2 supersymmetry in flat two-dimensional space-time, these variables factorize into a
set describing the flat space (x , x , ψ , ψ ) plus the superconformal ghosts and a b
c=4

N = 2 scft associated with the eight-dimensional compactification manifold, e.g. a CalabiYau four-fold. The action has the form (for simplicity we will discuss only the left moving
sector in this section):
Sf lat =

Z

d2 z[∂x ∂x − ψ ∂ψ ] + SCY + Sghosts ,

(2.1)

where Sghosts is the action for the superconformal ghosts and SCY is the sigma model
action for the compactification manifold, which we assume to be a Calabi-Yau four-fold
for the sake of concreteness. The explicit form of these actions will not be needed.
As discussed in [14], spacetime supersymmetry can be studied defining the zero mode
of the vertex operator of the massless fermionic state at zero momentum to be the supersymmetry charge. Since there are only two non-compact dimensions, the spin fields take
1

a very simple form, Σα = e± 2 σ where σ is the chiral boson which bosonize the (ψ , ψ )
3

variables. The GSO projection tells us that we must choose one chirality for Σα and we will
H
1
1
choose Σ− . In the − 12 picture, there are two supercharges, q+ = e− 2 φ Σ− e+ 2 HCY and
H
1
1
q+̇ = e− 2 φ Σ− e− 2 HCY , where JCY = ∂HCY is the worldsheet current contained in the
N = 2 superconformal algebra of the CY sigma model. The fact that the supersymmetry

operator carries picture tell us that supersymmetry in the RNS model is well defined only
for on-shell states. This can also be seen verifying that these operators satisfy the d = 2
N = 2 supersymmetry algebra up to a picture change.
Nevertheless, in two spacetime dimensions it is possible to define supersymmetry offshell using the methods of [5][2][3]. To do this, we define q+̇ in the − 21 picture as above
but define its complex conjugated q+ in the
q+ =

I

3

1

1
2

picture as

1

1

−
− 2 HCY
:),
(bηe 2 φ Σ− e 2 HCY − e 2 φ : [∂x Σ+ + (G+
CY + GCY )Σ ]e

(2.2)

−
where G+
CY and GCY are superconformal generators of the CY sigma model. For this to

be consistent, we must change the definition of complex conjugation. This can be done
following [15], and will not be described explicitly here. The two generators q+̇ and q+
satisfy the desired supersymmetry algebra.
Now we define two superspace variables θ + and θ +̇ that when commuted with q+ and
q+̇ respectively give the identity operator:
1

3

θ + = cξe− 2 φ Σ+ e− 2 HCY ,

1

1

θ +̇ = e 2 φ Σ+ e 2 HCY .

(2.3)

Note that these operators have conformal weight zero and transform as spacetime spinors.
In addition, we define conformal weight one operators conjugate to θ’s:
3

1

1

p+ = bηe 2 φ Σ− e 2 HCY ,

1

p+̇ = e− 2 φ Σ− e− 2 HCY .

(2.4)

We will treat these fields as the fundamental ones. Remembering the initial number of
degrees of freedom, (x , x , ψ , ψ , b, c, β, γ), we see that there are two independent chiral
bosons remaining to be defined. These two chiral bosons, ω and ρ, will be defined as
ω=

1
(φ − κ + σ − χ),
2

1
ρ = 2φ + (HCY − χ − 3κ),
2

(2.5)

where ∂χ = cb and ∂κ = ξη. These chiral bosons have the OPE’s:
ω(z)ω(w) →

1
ρ(z)ρ(w) → − log(z − w).
2

1
log(z − w),
2
4

(2.6)

The set of hybrid variables is now complete. The next step is to make a chiral U (1)
rotation on the compactification fields in order they do not have singular OPE’s with the
hybrid variables due to the HCY dependence. If a compactification field ΦCY has U (1)
charge n, we will define a new field ΦGS = en(φ−κ) ΦCY . This transformation changes
the compactification
dependent
H
H superconformal generators by a similarity transformation
(φ−κ)JCY
− (φ−κ)JCY
±(φ−κ) ±
OGS = e
OCY e
. In particular, G±
GCY and JGS =
GS = e
JCY + 4(∂φ − ∂κ).

2.2. Worldsheet N = 2 superconformal generators
RNS
RNS
As discussed in [1], the generators (T = Tmatter
+ Tghost
, G+ = jBRST , G− = b, J =

cb+ξη) of the combined matter ghost system form an N = 2 twisted superconformal algebra
with central charge b
c = 2. These generators can be untwisted by defining T → T − 21 ∂J

and rewritten using the hybrid variables. Using the definition of p+ , ω and ρ, it is easy to
see that J = −2∂ρ + JGS and G− = b = p+ eω−ρ .

G+ = jBRST can be determined in a similar way (e.g. −γ 2 b = p+̇ eω+ρ ) and can be

checked by requiring consistency of the algebra. T is uniquely determined by conformal
weights of the fundamental fields and requiring G+ and G− to have conformal weight

3
2.

The complete set of untwisted generators is:
T = Π Π − d+ ∂θ + − d+̇ ∂θ +̇ + ∂ω∂ω − ∂ρ∂ρ − ∂ 2 ω + TGS ,

(2.7)

G− = d+ eω−ρ ,
1
+
+
−ω+ρ
2ρ
+ G−
G+ = (Π d+̇ + 2∂ω∂θ + − ∂ 2 θ + )e−ω+ρ + d+̇ eω+ρ + G+
GS + θ TGS e
GS θ p+̇ e ,
2
J = −2∂ρ + JGS ,
where
Π = ∂x + θ + ∂θ +̇ ,
d+ = p+ ,

Π = ∂x ,

(2.8)

d+̇ = p+̇ + θ + ∂x ,

are supersymmetric operators.
This can be expressed in a more elegant form by doing a similarity transformation in
the hybrid part
Ohybrid

H + ρ−ω − 1
→ e (θ e GGS − 2 ∂x

θ+ θ+̇ )
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−

Ohybrid e

H

(θ+ eρ−ω G−
− 21 ∂x θ+ θ+̇ )
GS

.

Note that it does not change the conformal weight or the charge of the operators, puts a
+
−
+
−ω+ρ
2ρ
+ G−
in G+ . This transterm G−
GS θ p+̇ e
GS in G and removes the terms θ TGS e

formation also allows us to write the d = 2 supersymmetric operators and supercharges
as:
1
Π = ∂x + (θ + ∂θ +̇ + θ +̇ ∂θ + ),
2

Π = ∂x ,

1
1
d+ = p+ + θ +̇ ∂x , d+̇ = p+̇ + θ + ∂x ,
2
2
Z
Z
1 +̇
1
q+ = (p+ − θ ∂x ), q+̇ = (p+̇ − θ + ∂x )
2
2

(2.9)

(2.10)

and the superconformal generators are
T = Π Π − d+ ∂θ + − d+̇ ∂θ +̇ + ∂ω∂ω − ∂ 2 ω − ∂ 2 ρ + TGS ,

(2.11)

G− = d+ ew−ρ + G−
GS ,
H
G =e
+

Π e−2w

ω+ρ

(d+̇ e

−

)e

H

Π e−2w

+ G+
GS ,

J = −2∂ρ + JGS ,
The worldsheet action for these hybrid variables is
Shybrid =

Z

d2 z[∂x ∂x − p+ ∂θ + − p+̇ ∂θ +̇ ] + SC + SB ,

(2.12)

where SC is the action for the new b
c = 4 scft and SB is the action for the chiral bosons ρ
and w. Like its RNS counterpart of (2.1), (2.12) is a free-field action if one ignores the scft

for the compactification. But Shybrid has the advantage over (2.1) that the hybrid variables
transform covariantly under the spacetime supersymmetry transformations generated by
(2.10). In the closed string case there are also hybrid variables corresponding to the right
movers. The difference between type IIA and IIB is the choice of the chiralities of the
spinor variables. Note that the right mover chiral boson ω has different SO(1, 1) charges
in the two cases.
6

2.3. Definition of physical states
With this superconformal algebra, one can introduce N = 2 superconformal ghosts
and carry out a standard BRST procedure to define physical states [5]. But since we have
already included the RNS matter and ghost fields to define the hybrid variables, the N=2
superconformal ghosts play a trivial role and will be ignored in the following discussion.
For open superstrings, physical vertex operators can be defined as real, chiral, or
antichiral N = 2 primary fields constructed from the hybrid variables.4 Real primary
−
fields Φ carry zero U (1) charge and zero conformal weight and satisfy G+
n Φ = Gn Φ = 0 for

n ≥ 0 where On A means the coefficient of the pole of order n + hO in the OPE of O and

A. Chiral primary fields Φc carry +1 U (1) charge and + 12 conformal weight and satisfy
c
− c
a
G+
n−1 Φ = Gn Φ = 0 for n ≥ 0, and antichiral primary fields Φ carry −1 U (1) charge and

−
a
a
+ 12 conformal weight and satisfy G+
n Φ = Gn−1 Φ = 0 for n ≥ 0. These primary fields
−
are defined up to gauge transformations δΦ = G+
−n Λn + G−n Λn for n > 0 which preserve

the above conditions.

For real primary fields, the integrated open superstring vertex operator is V =

R

dzG−
G+ Φ, while for chiral and antichiral primary fields, the integrated open su− 12 − 12
R
R
perstring vertex operator is V = dzG−
Φc and V = dzG+
Φa . Physical closed super−1
−1
2

2

string vertex operators can be defined in the usual manner as left-right products of open
superstring vertex operators. For example, for real primary fields, the integrated closed
superstring vertex operator is
V=

Z

+

−

d2 zG− 21 G− 12 G−
G+ Φ.
−1 −1
2

(2.13)

2

2.4. Compactification-independent massless states
We will first discuss massless open string states independent of the compactification.
The most general massless compactification-independent operator is
Φ(x, θ) = V + U e−2w ,
4

An alternative way to define physical states in the hybrid formalism is to use the N = 4

topological method [2] in which the b
c = 2 N = 2 generators are extended to a set of b
c=2N =4

generators. Although this method is useful for constructing gauge-invariant actions or computing
scattering amplitudes, it is unnecessary if one only wants to construct physical states.

7

where Φ in the massless case depends only on the zero modes of x and θ, i.e. there are no
derivatives on them. Using the real primary field conditions that T0 Φ = G±
1 Φ = 0 and the
2

OPE’s
x (y)x (z) → 2 log |y − z|,

w(y)w(z) →

θ +̇ (y)p+̇ (z) → (y − z)−1 ,

1
log(y − z),
2

1
ρ(y)ρ(z) → − log(y − z),
2

θ + (y)p+ (z) → (y − z)−1 ,

we get the following superfield equations:
V = U =0

(2.14)

∇+ U = 0,

(2.15)

∇+̇ (U − ∇ V ) = 0,

(2.16)

where
∇ =∂ , ∇ =∂ ,
1
1
∇+ = ∂+ + θ +̇ ∂ , ∇+̇ = ∂+̇ + θ + ∂ .
2
2
+
Λ are generated by Λ =
The residual gauge invariance from δΦ = G− 1 Λ + G−
−1

e−w−ρ Λ−̇ ,

2

2

Λ = e−w+3ρ−HCY Λ− , with the gauge transformations:
δV = ∇+ Λ− + ∇+̇ Λ−̇ ,
δU = ∇ ∇+̇ Λ−̇ ,

satisfying ∇ ∇+ ∇+̇ Λ−̇ = ∇ ∇+̇ ∇+ Λ− = 0.
The solution of the equations is

Φ = θ + φ− (x ) + θ +̇ φ−̇ (x ) + θ +̇ ∂ φ−̇ (x )e−2ω .

(2.17)

The fields that are not eliminated by the equations of motion are pure gauge. Only the
Ramond sector contains physical degrees of freedom which are two left-moving fermions,
agreeing with the standard light-cone analysis.
In the case of closed Type II superstrings, the situation is unusual. Since the states
of the closed string are just the product of the open string states, the physical degrees of
freedom are in the R-R sector. For Type IIB we will get four chiral bosons (depending on
x ), but for Type IIA we will have only constant modes since the product of two chiral
fermions of opposite chiralities ( the left moving contribution will depend on x and the
right moving will depend on x ) must be constant. Since constant R-R fluxes play an
important role in CY four-fold compactifications, it will be interesting to discuss these
compactification-independent states in more detail.
8

2.5. Type IIA R-R vertex operators
When ∂ φ−̇ and ∂ φ− are constants in (2.17), the integrated vertex operators
R
V = dzG−
G+ Φ associated with these open superstring states are the spacetime su−1 −1
2

2

persymmetry generators q+ and q+̇ of (2.10). The Type IIA vertex operators for the four

constant R-R field-strengths are therefore
Z
Z
Z
2
2
Vcc = d zj+ j− , Vaa = d zj+̇ j−̇ , Vca = d2 zj+ j−̇ ,
where q± =

H

j± and q±̇ =

H

Vac =

Z

d2 zj+̇ j− , (2.18)

j±̇ are the four Type IIA supercharges.

In terms of the original 32 ten-dimensional IIA spacetime-supersymmetry generators
qα = q±±±±± ,
q+ = q+++++ ,

q+̇ = q+−−−− ,

The vertex operator described by

R

q− = q−++++ ,

q−̇ = q−−−−− .

(2.19)

d2 zjα jβ couples to the string coupling constant eϕ

times the ten-dimensional IIA R-R field strengths in the combination
1 M NP Q (4)
1 M N (2)
FM N + γαβ
FM NP Q
Fαβ = δαβ F (0) + γαβ
2
24

(2.20)

where M = 0 to 9. Since they carry +4 and −4 CY U (1) charge, the compactification-

independent R-R vertex operators Vcc and Vaa are easily seen to couple to the holomorphic
(4)

(4)
jklm

and anti-holomorphic four-form R-R field strengths Ωjklm Fjklm and Ωjklm F

where

j, k, l, m = 1 to 4 denote the complex Calabi-Yau directions, and Ω is the covariantly
constant (4, 0)-form. In other words, Vcc and Vaa couple to the following components of
the Ramond-Ramond field strengths:
F+̇−̇ = W

F+− = W,

(2.21)

where, following the notations of [16], we introduced:
1
W =
2π

Z

X

Ω ∧ F (4)

(2.22)

Similarly, one can check that the two other compactification-independent R-R vertex operators, Vca and Vac , couple to eϕ times two specific linear combinations of the
(2)

(2)

(4)

(4)
.
jkjk

field strengths F (0) , F01 , Fjj , F01jj and F

The precise linear combination of field

strengths which couple to Vca and Vac can be derived using the mirror map of the CY
9

(4)

(4)
jklm

manifold which maps the holomorphic Fjklm and the anti-holomorphic F

into these

linear combinations. The idea is that the conformal field theory associated with the mirror
e is physically equivalent to the CFT associated with the original CY four-fold X.
variety X

Essentially, the two are related by a change of notations [17,18], which exchanges − ↔ −̇.

This transformation implies a non-trivial isomorphism of the cohomology rings of X and
e such that:
its mirror X,
e
hp,q (X) = h4−p,q (X)

(2.23)

Therefore, we claim that R-R flux corresponding, say, to Vca is given by the image of W
e under the mirror map, which we now describe in more detail.
on X

Mirror symmetry is usually stated as a map from the moduli space Mc (X) of complex
e of the mirror manifold
structure of X to the moduli space of Kähler structure MK (X)

e [19]. Following [20], we denote by D a connection on the holomorphic bundle over the
X

complex structure moduli space Mc (X). Starting with the holomorphic 4-form Ω, we can

act on it with D to generate the cohomology elements of ⊕4k=0 H k,4−k (X). The space

spanned by these elements is called the “horizontal primary subspace”:
HH (X) ⊂ ⊕4k=0 H k,4−k (X).

e in the
Similarly, one can consider wedge products of the elements Oi ∈ H 1,1 (X)
e spanned by these
e The subspace of ⊕4 H k,k (X)
cohomology of the mirror variety X.
k=0
elements is called the “vertical primary subspace”:

e ⊂ ⊕4 H k,k (X).
e
HV (X)
k=0

Mirror symmetry for Calabi-Yau four-folds states that these two spaces we have just
e are isomorphic. We denote this isomorphism as:
introduced, HH (X) and HV (X),
e −→ HV (X)
πm : HH (X)

(2.24)

Since the RR vertex operators Vca and Vac are related to Vcc and Vaa by mirror map
in the world-sheet conformal field theory, the corresponding Ramond-Ramond fields must
be also related by the mirror map (2.24). Therefore, the RR vertex operators Vca and Vac
represent the following compactification-independent components of the Ramond-Ramond
fields:

fX = πm (W ),
F+−̇ = W
e
X

f = π (W )
F+̇− = W
X
m
e
X

(2.25)

f [21]:
Using the mirror map (2.24) we can explicitly write down the expression for W
Z


f= 1
(2.26)
W
eK ∧ F (0) + iF (2) + F (4) + iF (6) + F (8)
2π X
where K is the Kähler form on the CY space X, F (6) = ∗F (4) and F (8) = ∗F (2) .
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2.6. Compactification-dependent massless states
For open string compactification dependent states, the massless states are given by
chiral and antichiral primary vertex operators described by Φc = (Vi + e−2w U i )Ψic and
i

Φa = (V i + e−2w U i )Ψia operators where Ψic and Ψa are chiral and antichiral left-moving
c
primary operators of the CY scft. The chiral and antichiral primary conditions, G−
1 Φ =

Φc = 0 and G+1 Φa = G−
Φa = 0, imply the superfield equations
G+
−1
−1
2

2

2

2

U

i

U

= −∇ Vi ,
i

= 0,

∇+ Vi = 0,

∇ ∇+ V i = 0,

∇ ∇+̇ Vi = 0,
∇+̇ V i = 0.

The solution of these equations is:
1
Vi = a(x , x ) + θ +̇ b(x ) − θ + θ +̇ ∂ a(x , x )
2
1
V i = a(x , x ) + θ + b(x ) + θ + θ +̇ ∂ a(x , x )
2
which is an N=(2,0) d = 2 scalar multiplet containing two real bosons and two left-moving
fermions.
The closed string compactification-dependent states are obtained by taking the leftright product of open string states. For each (c, c) or (c, a) CY modulus, the Type IIB
superstring has a massless N=(4,0) d = 2 multiplet containing two real bosons, four leftmoving fermions, and two left-moving R-R bosons. For each (c, c) or (c, a) CY modulus,
the Type IIA superstring has a massless N=(2,2) d = 2 scalar multiplet containing two
real bosons, two left-moving fermions, two right-moving fermions, and two constant R-R
bosons. As will be discussed in the following subsection, the R-R bosons in these multiplets
play an interesting role in the low-energy superpotential terms.
2.7. Computation of superpotential terms
In the large volume limit, one can perform Kaluza-Klein reduction of type IIA supergravity on a Calabi-Yau space X with RR flux in order to find the effective action
for 2D bosonic fields. The bosonic part of the effective Lagrangian of massive Type IIA
supergravity in string frame looks as follows [22,23]:
LIIA =

Z

h
i

1 2 X
1
−2ϕ
2
(2p) 2
R + 4(∇ϕ) − H −
F
+...
d x −g e
12
2 · (2p)!
p
10

√

11

(2.27)

Here the dots stand for higher derivative R4 and other terms. Even though we don’t write
these terms explicitly, they play an important role in the anomaly cancellation condition.
Taking into account the back reaction effects of the RR flux, such as warping of the spacetime geometry, from the dimensional reduction of (2.27) one can obtain the bosonic part
of the effective N = (2, 2) two-dimensional dilaton supergravity interacting with matter

[24]. In particular, one finds the effective superpotential (2.22) induced by the RR flux
(along with the twisted chiral superpotential (2.26)) [16,25,26]:
Z
1
Ω ∧ F (4)
W =
2π X

(2.28)

This expression for the effective superpotential is protected by supersymmetry and
can be also derived from (topological) string amplitudes. The manifestly supersymmetric
hybrid approach turns out to be particularly useful for this sort of calculations [2]. Here
we illustrate it for the case when F (4) -flux is a linear combination of (3, 1) and (1, 3) forms,
(3,1)

cf. [7]. The space of (3, 1) forms, H 3,1 (X), is generated by ωi

= Dφi Ω where {φi } are

special coordinates on the complex structure moduli space Mc (X). Therefore, we can take
R-R flux in the following form5 :

F (3,1) =

X

ni (Dφi Ω)

(2.29)

i

Recall, that for a generic CY four-fold compactification of type IIA superstring, complex structure moduli give rise to chiral superspace multiplets in the two-dimensional
effective field theory (i.e.

massless N = (2, 2) superfields Φi (xµ , θ + , θ − ) satisfying

∇+̇ Φi = ∇−̇ Φ = 0). From the Kaluza-Klein reduction one finds the superspace action

of these modes [24]:

S

(2)

=

Z

2

4

−K(Φi ,Φi )

d xd θe

=

Z

2

4

d xd θ

Z

X

Ω∧Ω



(2.30)

where we ignored interaction with gravity. From the supersymmetry structure of the
vertex operators for the fields Φi it follows that the auxiliary field in Φi corresponds to a
Ramond-Ramond flux, so that we have:
Φi = φi + (θ)2 ni + . . .
5

(2.31)

This notation means that F (m,n) contains m holomorphic and n anti-holomorphic indices in

the CY directions.
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Turning on a R-R flux of the form (2.29) means giving a vev to the auxiliary fields in Φi .
Therefore, apart from the usual kinetic action for φi , integrating over two θ variables in
(2.30) we also get an F-term:
Z
X Z

2
2
d xd θ
ni
Dφi Ω ∧ Ω + c.c.
i

X

As in [7], this expression is exactly the same as the F-term that one finds after substituting (2.29) into superpotential (2.28). In a similar way, one should be able to reproduce
other relations between D-terms and F-terms in the two-dimensonal effective action from
(topological) string amplitudes controlled by supersymmetry6 .

3. Hybrid Formalism in Curved d = 2 Target-Space Background
The usual method for constructing the superstring action in a curved target-space
background is to add the on-shell massless vertex operator to the action in a flat background, and covariantize with respect to target-space (super-)reparameterizations. This
procedure is not very useful for two-dimensional target-space backgrounds where almost
all massless vertex operators are trivial on-shell. Nevertheless, it is easy to guess the correct superstring action in a curved two-dimensional target-superspace by simply changing
the range of the superspace indices in the hybrid actions for the superstring in a curved
four-dimensional [6] or six-dimensional [4] background.
As in the four and six-dimensional cases, the sigma model action in a two-dimensional
background splits into a “classical” term and a Fradkin-Tseytlin term which couples the
spacetime dilaton to the worldsheet N = (2, 2) supercurvature. After describing these two
terms, it will be argued that worldsheet N = (2, 2) superconformal invariance of this action
implies the appropriate low-energy superspace equations of motion for the background
superfields.
6

An example of such relations is a generalization of the special geometry constraints, which

by analogy with [27,28] can be formulated as a set of equations for the metric Gij on the complex
structure moduli space of X and holomorphic four-point correlation function κijkl [20]:
Rijkl − Gij Gkl − Gil Gkj = eK B pqst κpqik κstjl



Here Rijkl = −∂ j Gkm ∂i Gmn Gnl is the curvature, and (B −1 )pqst = e−K Gpt Gqs + Gqt Gps −



3,1
(h3,1 + 1)/2. In type IIA compactifications on Calabi-Yau
Rptqs , provided that h2,2
prim = h

four-folds the use of such relations was first pointed out in [29].
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3.1. Classical sigma model action
For the Type IIA superstring compactified on a Calabi-Yau four-fold, the “classical”
part of the worldsheet action is7
1
S= ′
α

Z
+

dzdz(Π Π + BAB ΠA Π

B

(3.1)

+̇

+d+ Π + d+̇ Π + d− Π− + d−̇ Π−̇
+d+ d− Ycc + d+̇ d−̇ Yaa + d+ d−̇ Yca + d+̇ d− Yac )
+SC + SB
A
where ΠA = EM
∂Z M , Π

A

A
= EM
∂Z M , A, B range over the tangent superspace indices

( , , +, +̇, −, −̇), M ranges over the curved superspace indices, Z M = (x, θ, θ) are the

d = 2 N = (2, 2) target superspace coordinates, and SC and SB are actions for the
compactification manifold and for the chiral bosons. Worldsheet fields carrying − or −̇

spinor indices come from the right-moving sector of the IIA superstring and those carrying

+ or +̇ spinor indices come from the left-moving sector. Since the worldsheet variables
p± and p±̇ never appear explicitly in (3.1), d± and d±̇ can be treated as independent

worldsheet variables. Note that the background superfields [Ycc , Yaa , Yca , Yac ] need to be
included in (3.1) to reproduce the R-R vertex operators of (2.18).
Although SC is the same action as in a flat d = 2 background, SB needs to be
modified since the chiral and antichiral bosons (ω, ρ, ω, ρ) are no longer free worldsheet

fields. Since they carry Lorentz weight and R-charge, they couple to the SO(1, 1) Lorentz
and U (1) × U (1) connections of the target-space supergravity theory which will be called
1
2
AL
M , AM and AM . From their Lorentz and R-charges, one finds that the action SB in a

curved background is
Z
f lat
1
M
L
2
SB = SB + dzdz[∂Z M (∂ωAL
M + ∂ρAM ) + ∂Z (−∂ωAM + ∂ρAM )]

(3.2)

f lat
is the action for free chiral and antichiral bosons.
where SB

The background superfields appearing in (3.1) and (3.2) are the d = 2 N =
A
(2, 2) target-space super-vierbein EM
(Z), the Lorentz and U (1) × U (1) connections
7

For convenience, we will only discuss here the sigma model action for the Type IIA super-

string. However, it is easy to generalize this action to the heterotic or Type IIB superstrings as
was discussed in [6].
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1
2
[AL
M (Z), AM (Z), AM (Z)], the tensor two-form superfield BAB (Z), and the four scalar su-

perfields [Ycc (Z), Yaa (Z), Yca (Z), Yac (Z)] whose lowest components are the string coupling
constant times the four compactification-independent R-R field strengths discussed in subsection 2.5. As will be discussed in subsection 3.4, worldsheet N = (2, 2) superconformal
invariance of the sigma model is expected to relate these background superfields to each
other and impose their torsion constraints and low-energy equations of motion.
Note that (3.1) is manifestly target-space super-reparameterization invariant and reduces to the free-field action of (2.12) when the background superfields take their flat
values. Although (3.1) has been written in worldsheet conformal gauge, it is easy to
write it in a manifestly worldsheet reparameterization invariant manner by coupling appropriately to the worldsheet vierbein. However, since the worldsheet variables do not
transform linearly under worldsheet N = (2, 2) supersymmetry (i.e. under commutation
±

and G− 21 ), it is not known how to write (3.1) in a manifestly worldsheet superwith G±
−1
2

reparameterization invariant manner.
3.2. Fradkin-Tseytlin term

Because the expectation value of the spacetime dilaton is the logarithm of the string
coupling constant, one expects a Fradkin-Tseytlin term which couples this spacetime field
to the worldsheet curvature. As in the four and six-dimensional hybrid formalisms, this
term is constructed by coupling chiral and twisted-chiral spacetime superfields containing
the dilaton to chiral and twisted-chiral worldsheet superfields which describe the worldsheet
N = (2, 2) supercurvature. This will be done in a consistent manner since worldsheet
superspace chirality is related to target-superspace chirality in the hybrid formalism. So the
Fradkin-Tseytlin term couples the target-space and worldsheet N = 2 d = 2 supergravities
to each other.
In the U (1) × U (1) version of N = 2 supergravity, the worldsheet supercurvature

is described by a chiral and twisted-chiral superfield, Σcc and Σca , and their complex
conjugates Σaa and Σac , satisfying
D+̇ Σcc = D−̇ Σcc = 0,

D+̇ Σca = D− Σca = 0,

D+ Σaa = D− Σaa = 0,

D+ Σac = D−̇ Σac = 0.
15

(3.3)

D± and D±̇ are the worldsheet N = (2, 2) supersymmetric derivatives which satisfy

{D+ , D+̇ } = ∂z and {D− , D−̇ } = ∂ z on a flat worldsheet. The ordinary worldsheet curva-

ture is given by the lowest component of Re(D+ D− Σcc + D+ D−̇ Σca ), and the two worldsheet U (1) field strengths are given by the lowest component of Im(D+ D− Σcc +D+ D−̇ Σca )
and Im(D+ D− Σcc + D+̇ D− Σac ).

The Fradkin-Tseytlin term is constructed by coupling these worldsheet superfields
to the chiral and twisted-chiral spacetime superfields, Φcc and Φca , and their complex
conjugates Φaa and Φac . These spacetime superfields satisfy
∇+̇ Φcc = ∇−̇ Φcc = 0,

∇+̇ Φca = ∇− Φca = 0,

∇+ Φaa = ∇− Φaa = 0,

∇+ Φac = ∇−̇ Φac = 0

(3.4)

where ∇± and ∇±̇ are the spacetime N = (2, 2) supersymmetric derivatives satisfying

{∇+ , ∇+̇ } = ∇ and {∇− , ∇−̇ } = ∇ . The lowest component of Re(Φcc + Φca ) is the

spacetime dilaton, while the lowest component of Im(Φcc + Φca ) and Im(Φcc + Φac ) are
spacetime U (1) × U (1) compensators which will be discussed in subsection 3.4.

As in the four and six-dimensional versions of the hybrid formalism, the Fradkin-

Tseytlin term is defined as
Z
−
b cc Σcc ) + G− 1 G+
b
G 1 (Φ
SF T = d2 z[G−
− 21 (Φca Σca )
−1 −2
−
2

(3.5)

2

+
b aa Σaa ) + G+ 1 G− 1 (Φ
b ac Σac )]
+G+
G 1 (Φ
−2
−
−1 −2
2

2

b is defined using the OPE’s of the worldsheet fields and G± 1 Σ or
b or G± 1 Φ
Φ
where G±
−2
−
−1
±

2

2

G− 12 Σ is defined as the appropriate worldsheet supersymmetric derivative acting on Σ.
In other words, treating the fermionic N = 2 superconformal generators as worldsheet

supersymmetry derivatives, one defines
G+
Σ = D+ Σ,
−1
2

+

G−
Σ = D+̇ Σ,
−1

G− 21 Σ = D− Σ,

2

−

G− 21 Σ = D−̇ Σ,

(3.6)

since +/− and +̇/−̇ target-space and worldsheet spinor indices correspond to un-

barred/barred (or left/right moving) superconformal generators. The hatted Φ superfield
is related to the unhatted Φ superfield by
b cc = (1 + e−2ω ∇ + e−2ω ∇ + e−2ω−2ω ∇ ∇ )Φcc ,
Φ
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b aa = Φaa
Φ

(3.7)

b ca = (1 + e−2ω ∇ )Φca ,
Φ

b ac = (1 + e−2ω ∇ )Φac .
Φ

bc =
b cc satisfies G+ 1 Φ
The e−ω factors are included in (3.7) so that (3.4) implies that Φ
−
2

+
b c = 0 and is therefore a chiral worldsheet field. Similarly, (3.4) implies that Φ
b ca
G− 12 Φ
b aa is an antichiral worldsheet field, and Φ
b ac is a
is a twisted-chiral worldsheet field, Φ

twisted-antichiral worldsheet field. So the Fradkin-Tseytlin term of (3.5) is worldsheet

supersymmetric as desired. Furthermore, one can check that it contains the usual term
R
dzdzϕr where ϕ is the spacetime dilaton and r is the worldsheet curvature.
3.3. Worldsheet N = (2, 2) superconformal invariance
Although the action of (3.1) is classically worldsheet conformally invariant, α′ quantum corrections from sigma model loops will spoil this symmetry. After adding contributions from the Fradkin-Tseytlin term of (3.5) and putting the background on-shell, quantum conformal invariance is expected to be restored. However, unlike the bosonic string
sigma model, vanishing of the β-functions is not strong enough to imply the complete set
of low-energy equations of motion for the background. This can be seen from a linearized
expansion of the sigma model action into the free-field action in a flat background plus the
massless closed superstring vertex operator. One can easily see that conformal invariance
only implies that the vertex operator is annihilated by T0 and T 0 , but does not imply the
±

primary field conditions associated with G± and G .
One therefore expects that quantum worldsheet N = (2, 2) superconformal invariance of the sigma model must be imposed in order to obtain the complete set of torsion
constraints and low-energy equations of motion for the background superfields. Since
worldsheet supersymmetry is not manifest in the hybrid formalism, the simplest way to
verify worldsheet N = (2, 2) superconformal invariance is to check that the worldsheet
N = (2, 2) superconformal generators in a curved background satisfy the correct OPE’s.
For the hybrid formalism in a four-dimensional background, these OPE’s were explicitly computed at tree-level (for heterotic and Type II compactifications) and one-loop
(for heterotic compactifications), and shown to imply the correct torsion constraints and
low-energy equations of motion for the background superfields. Since the sigma model
action in a four-dimensional background closely resembles the action of (3.1) and (3.5),
one expects this will also be true in a two-dimensional background.
In a curved background described by (3.1) and (3.5), the worldsheet N = (2, 2) superconformal generators are defined as
M 2
1
M 2
T = Π Π − d+ Π+ − d+̇ Π+̇ + (∂ω − AL
M ∂Z ) − (∂ρ − AM ∂Z )
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(3.8)

M
′ 2 b
b
b
b
−∂(∂ω − AL
M ∂Z ) + TGS + α ∂ (Φcc + Φaa + Φca + Φac )

H
G =e
+

Π

−
b
b
G− = d+ ew−ρ + G−
GS + G− 1 ∂(Φcc + Φca ),
2
H
−2ω
e−2ω
+
w+ρ − Π e
b
b
(d+̇ e
+ G+
)e
GS + G− 1 ∂(Φaa + Φac ),
2

b cc − Φ
b aa + Φ
b ca − Φ
b ac ),
J = −2∂ρ + JGS + ∂(Φ
−

−̇

M 2
2
M 2
T = Π Π − d− Π − d−̇ Π + (∂ω + AL
M ∂Z ) − (∂ρ − AM ∂Z )

(3.9)

2

M
′
b
b
b
b
−∂(∂ω + AL
M ∂Z ) + T GS + α ∂ (Φcc + Φaa + Φca + Φac )

H
+
G =e

Π

−
−
−
b cc + Φ
b ac ),
G = d− ew−ρ + GGS + G− 21 ∂(Φ
H
−2ω
+
+
e−2ω
b aa + Φ
b ca ),
(d−̇ ew+ρ )e− Π e
+ GGS + G− 21 ∂(Φ

b cc − Φ
b aa − Φ
b ca + Φ
b ac ).
J = −2∂ρ + J GS + ∂(Φ

Note that the Fradkin-Tseytlin contribution to the constraints of (3.8) are analogous to
those discussed in [6] and [30] for the four-dimensional background.
3.4. Torsion constraints and conformal compensators
Although no explicit calculations will be done here, it is easy to generalize the results
of [6] to determine the superspace torsion constraints which come from imposing tree-level
worldsheet superconformal invariance of the sigma model. Using the results of [6] and
reducing the target-space indices from four-dimensional superspace to two-dimensional
superspace, one obtains the superspace torsion constraints
Ycc = T+̇− = T−̇+ ,

Yaa = T+−̇ = T−+̇ ,

Yca = T+̇−̇ = T−+ ,

Yac = T+− = T−̇+̇ ,

T++̇ = T−−̇ = H

−−̇

=H

++̇

(3.10)

= 1,

C
C
where TAB
is the torsion defined using [∇A , ∇B ] = TAB
∇C + ... and HABC = ∇[A BBC] +
D
T[AB
BC]D is the tensor field strength.

The first two lines of (3.10) imply that the R-R field strengths are contained in the
supergravity multiplet and the third line of (3.10) implies that spacetime conformal invariance of the background superfields has been broken by fixing H
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−−̇

to be a constant.

Note that Bianchi identities imply that all components of HABC are determined by a
scalar superfield G satisfying H

−−̇

=H

++̇

= G. However, if the target-space theory is

made conformally invariant by including conformal compensator superfields, one can fix
conformal invariance by gauging G = 1.
As in the four and six-dimensional hybrid formalisms, exponentials of the chiral and
twisted-chiral spacetime superfields appearing in the Fradkin-Tseytlin term of (3.5) will
play the role of the U (1) × U (1) conformal compensator superfields. These compensator

superfields are convenient for constructing superspace actions for supergravity [31]. Under
conformal and U (1) × U (1) R transformations parameterized by the superfields L, R1 and
R2 , the logarithm of the compensator superfields will be defined to transform as
δΦca = i(R1 − R2 ) + L,

δΦcc = i(R1 + R2 ) + L,

(3.11)

δΦaa = i(−R1 − R2 ) + L.

δΦac = i(−R1 + R2 ) + L,

Since the torsion constraints of (3.10) break conformal invariance by fixing H

−−̇

to

a constant, the real part of Φcc + Φca is an independent degree of freedom whose lowest
component is the spacetime dilaton. But since spacetime U (1) × U (1) R symmetry is

unbroken by the torsion constraints, the imaginary part of Φcc + Φca and Φcc + Φac are
gauge degrees of freedom which can be fixed to zero.
3.5. Superspace effective action
As in the four-dimensional hybrid formalism, the low-energy superspace effective
action can be constructed in a spacetime conformally invariant manner from the suM
perfields EA
, G and eΦ which were discussed in the previous subsection. In Einstein

gauge, one breaks conformal invariance by gauge-fixing eΦ = 1 which produces a comR
√
ponent action of the form S = dD x[ gR + ...]. But in string gauge, one breaks con-

formal invariance by gauge-fixing G = 1 which produces a component action of the form
R
√
S = dD xe−2ϕ [ gR + ...]. The low-energy effective action coming from the sigma model

is in string gauge since the dilaton coupling in the Fradkin-Tseytlin term implies that all

NS-NS terms appear with a factor of e−2ϕ .
As in the four-dimensional and ten-dimensional Type II effective actions, the kinetic
term for the R-R gauge fields, (dAR−R )2 , appears with no e−2ϕ factor. The explanation
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of this fact [6] is that the R-R field strength dAR−R appears in the sigma model through
the (θ)2 component of the compensator superfields e−Φ , i.e.
e−Φcc = e−φcc + θ + θ − F+− + ...,

e−Φaa = e−φaa + θ +̇ θ −̇ F+̇−̇ + ...,

e−Φca = e−φca + θ + θ −̇ F+−̇ + ...,

(3.12)

e−Φac = e−φac + θ +̇ θ − F+̇− + ...,

where Fαβ is defined in (2.20). Of the four scalars appearing in (3.12), the dilaton ϕ
is identified with

1
2 Re(φcc

+ φca ). Im(φcc ) and Im(φca ) can be gauged away using the

U (1) × U (1) gauge invariance, and the remaining scalar, Re(φcc − φca ), will vanish on-

shell. Note that in four dimensions, (3.12) implies that e−Φ must satisfy certain Bianchi

identities, but these identities are absent in two dimensions since the field strengths are
scalars. In two dimensions, the field strength superfield for a vector multiplet is obtained
by simply dualizing the auxiliary scalar(s) in a chiral or twisted-chiral superfield [32].
Ignoring the CY moduli, the low-energy superspace action is expected to be
Z
Z
2
S = d x dθ + dθ − dθ +̇ dθ −̇ (sdetE) (e−Φcc −Φaa − e−Φca −Φac ).
As in four dimensions,

R

(3.13)

d4 θe−2Φ produces F 2 terms with no e−2ϕ factor as can be seen

from the component expansion of (3.12). And the R-R component fields which appear in
the lowest component of [Ycc , Yca , Yac , Yaa ] of (3.10) are actually auxiliary fields yαβ which
are related to the R-R field strengths Fαβ by the equations of motion yαβ = eϕ Fαβ . Up
to proportionality constants, the compactification-independent bosonic contribution to the
low-energy effective action is
Z
√
S = d2 x −g[e−2ϕ (R + 4∇ ϕ∇ ϕ + y+− y+̇−̇ + y+̇− y+−̇ )

(3.14)

−e−ϕ (y+− F+̇−̇ + y+̇−̇ F+− + y+−̇ F+̇− + y+̇− F+−̇ )
−F+− F+̇−̇ − F+−̇ F+̇− + d (e−φcc −φaa − e−φca −φac )],
where ϕ = 12 Re(φcc + φca ) and d(x) is an auxiliary field contained in the θ 4 component of
sdetE. After integrating out yαβ and d,
Z
√
S = d2 x −g[e−2ϕ (R + 4∇ ϕ∇ ϕ) − 2F+− F+̇−̇ − 2F+−̇ F+̇− ].

(3.15)

In the next section, we shall consider adding to the action a cosmological term proporR
√
tional to e−2ϕ , i.e. c d2 x −ge−2ϕ , which arises when the total matter and ghost central
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charges do not cancel. Such a term can be supersymmetrized by adding the chiral and
twisted-chiral F-terms
Z
Z
Z
′
2
+
− −2Φcc
S = d x[c+̇−̇ dθ dθ e
+ c+− dθ +̇ dθ −̇ e−2Φaa
+c+̇−

Z

+

−̇ −2Φca

dθ dθ e

+ c+−̇

Z

(3.16)

dθ +̇ dθ − e−2Φac ]

to the action of (3.13). Using the component analysis of (3.12), the bosonic contribution
to S ′ is
′

S =2

Z

√
d2 x ge−ϕ (c+̇−̇ F+− + c+− F+̇−̇ + c+̇− F+−̇ + c+−̇ F+̇− ).

(3.17)

Note that in the presence of S ′ , the equations of motion for the R-R field strengths
are ∂m (Fαβ − cαβ e−ϕ ) = 0. Plugging these auxiliary equations of motion into the action
S + S ′ , one obtains

′

Sef f = S + S =

Z

i

√ h
d2 x −g e−2ϕ R + 4(∇ϕ)2 + c + Λ

(3.18)


f |2 and c = 2(|c+− |2 + |c |2 ) are constants, and
where Λ = −2 |W |2 + |W
+−̇
W = F+− −c+− e−ϕ ,

f = F −c e−ϕ ,
W
+−̇
+−̇

W = F+̇−̇ −c+̇−̇ e−ϕ ,

f = F −c e−ϕ .
W
+̇−
+̇−

(3.19)

Note that spacetime supersymmetry implies that c ≥ 0 and Λ ≤ 0.
4. New Two-Dimensional Black Holes
In this section we study the effective action of superstrings in two-dimensional backgrounds with Ramond-Ramond flux and “excess” central charge (3.18):
Z
i

√ h
S2d = d2 x −g e−2ϕ R + 4(∇ϕ)2 + c + Λ

(4.1)

Here both the “excess central charge” c and the “cosmological constant” Λ have dimension
mass squared since we absorbed a factor of α′ in the definition of c.
As we explained above, the generalized dilaton gravity action (4.1) is very natural
from the string theory point of view, since it includes both the central charge term c and
the cosmological constant term Λ corresponding to background Ramond-Ramond fields.
In the special limiting cases, corresponding to Λ = 0 and to c = 0, our action (4.1) reduces,
correspondingly, to the CGHS model [11] also inspired by string theory, and to the dilaton
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gravity model studied by Mignemi [33]. General dilaton gravity Lagrangians of the form
(4.1) have been considered in the literature, see e.g. [13,34,35,36,37,38]. However, explicit
solutions and their properties have not been analysed in detail for the specific model (4.1)
with two arbitrary parameters c and Λ. This will be our main goal in this section. Namely,
we construct a large family of new static black hole solutions in this model, including
extremal solutions for Λ < 0 and Schwarzschild-like black holes for Λ > 0, and discuss
their dynamical aspects, such as formation and evaporation.
4.1. Extremal Black Hole Solution
Variation of the action (4.1) with respect to the metric and the dilaton lead to the
equations of motion:


c Λ
∇µ ∇ν ϕ + gµν (∇ϕ)2 − ∇2 ϕ − − e2ϕ = 0
4
4

(4.2)

R + c + 4∇2 ϕ − 4(∇ϕ)2 = 0

(4.3)

and:

It is convenient to rewrite these equations of motion in the light-cone coordinates x =
x0 + x1 , x = x0 − x1 , and use the conformal gauge:
g

1
= − e2ρ ,
2

g

= 0,

g

=0

In a compact form, this anzatse for the metric can be written as gµν = e2ρ ηµν , where ηµν
has signature (−, +). In this gauge, the scalar curvature is
R = 8e−2ρ ∂ ∂ ρ,

(4.4)

the equation of motion for the metric (4.2) becomes, cf. [11,9]:
Λ
c
2∂ ∂ ϕ − 4∂ ϕ∂ ϕ − e2ρ − e2(ϕ+ρ) = 0,
4
4

(4.5)

and the dilaton equation of motion (4.3) reads:
c
−2∂ ∂ ϕ + 2∂ ϕ∂ ϕ + ∂ ∂ ρ + e2ρ = 0.
8
Since we have gauge fixed g

and g

(4.6)

to zero we must also impose their equations of

motion as constraints:
2∂ ρ∂ ϕ − ∂ 2 ϕ = 0
22

(4.7)

and
2∂ ρ∂ ϕ − ∂ 2 ϕ = 0

(4.8)

We are interested in static solutions. Therefore, we assume that ρ(x) and ϕ(x) depend
only on the spatial coordinate x ≡ x1 = (x − x )/2. This gives:
c
Λ
ϕ′′ − 2ϕ′2 + e2ρ + e2(ϕ+ρ) = 0
2
2

(4.9)

c
−2ϕ′′ + 2ϕ′2 + ρ′′ − e2ρ = 0
2

(4.10)

ϕ′′ − 2ϕ′ ρ′ = 0

(4.11)

for the equations of motion (4.5), (4.6), and for the constraints (4.7) – (4.8), respectively.
The last equation can be easily solved to give a relation between the conformal factor
and the dilaton:
e2ρ = Aϕ′

(4.12)

for some non-zero constant A. By a suitable choice of the coordinate x we can always
set A = 1. Notice that the sign of A is related to the orientation of our solution in
one-dimensional space.
Substituting into (4.9) we find:

whose first integral is:

c
Λ
ϕ′′ − 2ϕ′2 = − ϕ′ − e2ϕ ϕ′
2
2

(4.13)

Λ
c
ϕ′ e−2ϕ − e−2ϕ + ϕ + m = 0
4
2

(4.14)

As we explain in the following, this solution describes a two-dimensional black hole, and
the integration constant m is proportional to the mass of the black hole. Using the relation
(4.12) we can write down the solution for conformal factor of the metric as a function of
the dilaton:
e2ρ = ϕ′ =

c
Λ
− e2ϕ ( ϕ + m)
4
2

(4.15)

It can be integrated further to give an expression for the dilaton as a function of the
coordinate x (which is defined up to a shift):
1
x=−
2

Z

−2ϕ
−∞

ez dz
( 4c ez + Λ4 z − m)
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At the infinity, x → −∞, the dilaton field, given by the inverse of this function, grows

linear with x:

c
2 c cΛ
Λ
+...
x − e2x
x+m−
4
c
8
4

ϕ(x) ≈

(4.16)

while the metric gµν ≈ 4c ηµν is asymptotically flat. Therefore, at one spatial infinity our

solution looks like a linear dilaton background, cf. [11]. It turns out that the dilaton is
exactly linear in a Schwarzschild-like gauge, where the solution (4.15) looks like:
ds2 = −l(ϕ)dt2 +

1
dϕ2
l(ϕ)

(4.17)

and the dilaton ϕ, which plays a role of a spatial coordinate here, is related to the tortoise
coordinate x as dϕ = l(ϕ)dx. If we compare this relation with (4.12), we find that l(ϕ) is
nothing but the conformal factor expressed in terms of the dilaton (4.15):
l(ϕ) =

Λ
c
− e2ϕ ( ϕ + m)
4
2

(4.18)

The Schwarzschild gauge is very convenient, so for the rest of this section we shall work in
this gauge with the solution (4.17) – (4.18).
Now we discuss the physical properties of this solution. First, we compute the scalar
curvature (4.4):
R = −2e−2ρ ρ′′
which in the Schwarzschild gauge has a very simple form:
R=−

d2 l(ϕ)
= −2e2ϕ (Λϕ + 2m + Λ)
dϕ2

We find that R goes to zero at minus infinity, ϕ → −∞, in agreement with our earlier

observation, and diverges at the plus infinity, ϕ → +∞, where string perturbation theory
breaks down.

The points in space where l(ϕ) = 0 describe the horizon manifold:
Λ
c
− e2ϕ ( ϕ + m) = 0
4
2

(4.19)

The position and the number of such points depends on the values of the central charge
c and the cosmological constant Λ. For our solution to make sense at ϕ → −∞, where
string perturbation theory is valid, we have to assume that c is positive, cf. (4.15). Then,

there are two possibilities corresponding to Λ > 0 and Λ < 0, shown on Fig.1.
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l(ϕ)

l(ϕ)

c/
4
c/
4

ϕ1

ϕ1

ϕ

a)

ϕ2

ϕ

b)

Fig. 1: A plot of the conformal factor for black hole solutions a) with Λ > 0, and
b) with Λ < 0.

In the first case (Λ > 0) there is always one horizon, and the solution (4.18) looks
like a Schwarzschild black hole, see the corresponding Penrose diagram on Fig.2a. On the
other hand, a general non-singular solution with Λ < 0 has two horizons, at ϕ1 and ϕ2 , just
like the usual Reissner-Nordstrom black hole in four dimensions. Similar to the ReissnerNordstrom solution, we have two conformal blocks for each of the intervals (−∞, ϕ1 ),
(ϕ1 , ϕ2 ), and (ϕ2 , +∞), which altogether represent a fundamental region for the twodimensional analog of the Reissner-Nordstrom black hole, see the corresponding Penrose
diagram on Fig.2b.
As we will see in a moment, extremal solutions can appear only if Λ < 0 in agreement
with our expectations from string theory, which also suggests the existence of extremal
solutions only for negative values of the cosmological constant. Before we demonstrate
this, let us briefly comment on the geodesic completeness across a horizon, cf. [39,40]. For
a static solution the completeness of space-like geodesics follows from the equation:
lim t →

ϕ→ϕh

Z

ϕh

dϕ
.
l(ϕ)

For our solutions (4.18), this integral always diverges at a horizon corresponding to finite
value of ϕ, where l(ϕ) has a simple zero (or zero of order two in the extremal case).
An extremal black hole appears when two horizons coincide, i.e. when the function
l(ϕ) has a double zero at some point ϕ = ϕ0 . As we mentioned above, this may occur
only for negative cosmological constant, Λ < 0. In fact, to determine the value of ϕ0 , we
25
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ϕ2

Fig. 2: Penrose diagram a) for a Schwarzschild-like two-dimensional black hole
(Λ > 0), and b) for a two-dimensional analog of the Reissner-Nordstrom black hole
(Λ < 0). Values of the dilaton are indicated at the horizons and at the asymptotic
regions.

l(ϕ)
ϕ =+

c/4

ϕ0

ϕ =-

ϕ
ϕ =-

a)

b)

Fig. 3: Conformal factor (a) and the Penrose diagram (b) for the extremal black
hole solution. Only one fundamental region is shown on the Penrose diagram.

have to solve equations: l(ϕ) = 0 and l′ (ϕ) = 0. Therefore, along with (4.19) we have an
equation:
e2ϕ (Λϕ + 2m +
which has the solution:
ϕ0 = −

Λ
)=0
2

2m 1
− .
Λ
2

(4.20)

(4.21)

Substituting this into (4.19), we get the extremality condition (BPS condition) for our
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black hole solution:
m0 = −

Λ Λ
c
− ln(− ).
4
4
Λ

(4.22)

Now it is clear that for positive c this expression makes sense only if the cosmological
constant Λ is negative. The conformal factor and Penrose diagram (that now consists of
two symmetric fundamental regions) for the extremal black hole are shown in Fig.3. The
solution (4.18) has a naked singularity unless the mass parameter obeys the BPS inequality
m ≥ m0 .

We can calculate the geometric Hawking temperature as the normal derivative of the

norm of the Killing vector ∂/∂t at the horizon. In the Schwarzschild gauge it has a very
simple form:
1 dl(ϕ)
|
|h
2 dϕ

TH =

(4.23)

From the explicit expression (4.18) for the function l(ϕ) it is easy to see that TH is equal to
zero precisely when black becomes extremal, i.e. when both eqns. (4.19) and (4.20) hold.
Therefore, in quantum theory coupled to matter, non-extremal black holes (4.17) – (4.18)
are expected to emit Hawking radiation until they reach the endpoint of evaporation – the
extremal black hole with m = m0 , see [34] and below. Furthermore, non-extremal solutions
with m > m0 are expected to be unstable against instanton-mediated fragmentation into
disconnected universes [41].
On the other hand, the extremal solutions are expected to be stable and 1/2 BPS
in the appropriate supersymmetric theory. Although all of the black hole solutions (4.17)
constructed here represent supersymmetric ground states in N = 1 dilaton supergravity
[36] with the dilaton superpotential:

W(Φ) = e−Φ

p

ce−2Φ − 2ΛΦ − 4m

only extremal solutions are expected to correspond to BPS saturated states in the extended
N = 2 supergravity. Note that in the limit Λ → 0, the mass of the extremal solution

also goes to zero, according to (4.22), and the solution degenerates into a linear dilaton
background.
Note also that in the near horizon limit, the extremal black hole solution (4.17) looks
like two-dimensional anti-de Sitter space. For the extremal solution, l(ϕ0 ) = 0 and l′ (ϕ0 ) =

0, so that to the leading order in (ϕ − ϕ0 ) we have:
l(ϕ) ≈

c
(ϕ − ϕ0 )2 .
2
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In terms of the new space-like variable u−1 =
form:
ds2 =
where RAdS =

q

2
c

pc

2 (ϕ−ϕ0 )

the metric takes a more standard

1
2
(−dt2 + RAdS
du2 )
2
u

(4.24)

is the characteristic scale parameter.

4.2. Mass of the Black Hole
√
Note that m has dimension of mass squared, so m/ c is expected to be related to the
physical mass parameter up to some numerical factor. The appropriate formula for the
definition of the ADM mass in generalized two-dimensional dilaton gravity was proposed
by Mann [42], and also in a recent work [43]. Below we show that both methods lead to
the same answer for the ADM mass:
2
MADM = √ m
c

(4.25)

According to [43], the ADM mass of a solution like (4.17) in a generalized dilaton
gravity theory can be obtained evaluating the following expression at the spatial infinity8 :
i
hp
4
l(ϕ)l0 (ϕ) − l(ϕ)
(4.26)
MADM − M0 = √ e−2ϕ
c
ϕ→−∞
where the index 0 refers to the reference solution, that we choose to be the extremal
solution with m = m0 , cf. (4.22). Substituting (4.18) into (4.26), we find:
e−2ϕ hp
(c − 2e2ϕ (Λϕ + 2m0 ))(c − 2e2ϕ (Λϕ + 2m))
MADM − M0 = √
c
i
−(c − 2e2ϕ (Λϕ + 2m))

(4.27)

ϕ→−∞

Evaluating this expression in the limit ϕ → −∞, we get (4.25).

To provide further evidence that, up to a universal numerical factor, the mass of the

black hole is given by m, we use the general formulae proposed by Mann [42], that in our
case reads, cf. [13]:
i

1 h
EADM = √ e−2ϕ − 4(∇ϕ)2 + c + Λ
2 c
ϕ→∞
h
i

1
= √ e−2ϕ − 4l(ϕ) + c + Λ
2 c
ϕ→∞
h
i
1
= √ 2Λϕ + 4m + Λ
2 c
ϕ→∞
8

(4.28)

The sign and normalization in this formulae are chosen in such a way to agree with our earlier
conventions, cf. (4.12).
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Once appropriately regularized, this expression clearly leads to (4.25):
2
EADM (m) − EADM (m = m0 ) = √ (m − m0 )
c
Similar to the Reissner-Nordstrom solution, our solution (4.18) develops a naked singularity for m < m0 . Therefore, a condition that a given black hole does not have such
singularities can be expressed in a form of the BPS inequality:
M ≥ M0

(4.29)

Λ 
c 
M0 = − √ 1 + ln(− )
Λ
2 c

(4.30)

where M0 is given by (4.22):

Note, that for Λ < 0 this expression is always positive.
4.3. The Limit Λ → 0
In the limit Λ → 0, the action (4.1) looks like the usual string-inspired dilaton gravity

action:

L=

Z


√
d2 x −ge−2ϕ R + 4(∇ϕ)2 + c

(4.31)

k
(dr 2 + tanh2 (r)dψ 2 )
2

(4.32)

which, in the Euclidean signature, has a semi-infinite cigar solution9 [8,9,10]:
ds2 =

ϕ = − log cosh(r) + ϕ0

(4.33)

where k is related to the central charge10 c as follows:
c=

8
8
= ′
k−2
k

(4.34)

Hence, it is natural to expect that in this limit our solution (4.17) looks like a cigar
solution, more precisely, like its analog in the Minkowski signature obtained by a Wick
rotation ψ → it [10]:

9

ds2 =

k
(dr 2 − tanh2 (r)dt2 )
2

(4.35)

Our normalization for the dilaton field in the action (4.1) is different from the normalization

used in [8,9,10]. The notations differ by a factor of 2; Φ = 2ϕ.
10

Note, in our notations, c is the ‘excess central charge,’ rather than the central charge of the

SL(2, R)/U (1) gauged WZW model, denoted in [10] by the same letter.

29

Note, that the U (1) isometry of the cigar solution, generated by shifts of the angle variable
ψ becomes the invariance with respect to time translations in the Minkowski signature.
Expressed in terms of the new space-like coordinate ρ = log cosh(r) and in terms of the
rescaled time-like variable t → (2/k)t, the metric (4.35) indeed looks like the non-extremal

solution (4.17) with zero cosmological constant, Λ = 0:
ds2 = −l(ρ)dt2 +

1
dρ2
l(ρ)

(4.36)

where:

2
(1 − e−2ρ )
(4.37)
k
From (4.33), we also find the dilaton ϕ = −ρ + ϕ0 , which, in agreement with our solution
l(ρ) =

(4.17), turns out to be linear. In terms of ϕ, the metric (4.36) is identical to our metric
(4.17) with Λ = 0 and l(ϕ) given by:
l(ϕ) =

2 2e−2ϕ0 2ϕ
−
e
k
k

If we compare this expression with (4.18), we can identify the parameters as follows:
2
c
=
4
k
and:

(4.38)

2 −2ϕ0
e
(4.39)
k
The relation (4.38) between the central charge c and the level k, in the semiclassical
m=

approximation, is clearly compatible with the exact formula (4.34). Furthermore, if we
start with zero cosmological constant, Λ = 0, the string one-loop amplitude (i.e. the torus
partition function) is expected to generate a non-zero Λ-term

11

. A back reaction of this

perturbation to gravity should lead to modification of the cigar geometry [44] and, in
particular, to bifurcation of the horizon, as discussed in this section.
The second relation (4.39) that we found comparing the two solutions (4.18) and (4.37)
explains the interpretation of the parameter m as the mass of the black hole. Indeed,
according to [10], the mass of the classical cigar solution (4.35) is given by:
r
2
2 −2ϕ0
M=
e
= √ m,
′
k
c
which is precisely the ADM mass formula (4.25).
11

We would like to acknowledge Steven Shenker for this comment.
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(4.40)

4.4. Dynamical Formation of the Near-Extremal Black Hole
By analogy with the CGHS case [11], we expect that any perturbation of the extremal
solution with critical mass M0 will result in a formation of the near-extremal solution with
M > M0 , where M0 is given by (4.22):
c 
Λ 
M0 = − √ 1 + ln(− )
2 c
Λ

(4.41)

In this subsection we explicitly describe the formation process from interaction of the
dilaton gravity with a conformal matter field f :
Z
i

√ h
1
L = d2 x −g e−2ϕ R + 4(∇ϕ)2 + c + Λ − (∇f )2
2

(4.42)

Since the solution (4.18) was constructed in such a way that the weak coupling region
is at x = −∞, we want to set up the initial conditions accordingly. A convenient choice of

the field f that meets this requirement is where f (x ) propagates from the far past along
the x light-cone direction. To be specific, we choose f (x ) in the form of the shock wave:
1
(∂ f )2 = mf δ(x − x0 )
2

(4.43)

In a similar way, we could consider an arbitrary field f (x ) propagating along x and still
be able to solve the model. It would be interesting to study integrability of the action
(4.42) in more detail, following the ideas of [45,46].
Since the matter field f (x ) is assumed to be independent on x , the constraint (4.7)
has the same form as in the theory with f = 0. As before, we can easily solve this
constraint12 :
e2ρ = 2∂ ϕ

(4.44)

Then, the remaining constraint and equations of motion that follow from the modified
action (4.42) can be written in the following form, cf. [43]:

12

h
i (f ′ )2
1
(∂ ϕ)∂ ln(∂ ϕ) − ln(∂ ϕ) =
e2ϕ
2
8

(4.45)

c
Λ
2∂ ∂ ϕ − 4∂ ϕ∂ ϕ − (∂ ϕ) − (∂ ϕ)e2ϕ = 0
2
2

(4.46)

The numerical factor 2 is chosen to agree with our earlier conventions.
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1
Λ
∂ ∂ ϕ − ln(∂ ϕ) = − (∂ ϕ)e2ϕ
2
4

(4.47)

Since the last equation has the form ∂ (....), it can be easily integrated to give:


Λ
1
∂ ϕ − ln(∂ ϕ) = − e2ϕ + η(x )
2
8

(4.48)

where η(x ) is some function of x , which will be determined later. Integrating one more
time, we get:
∂ e−2ϕ +

Λ
ϕ + 2e−2ϕ η(x ) + λ(x ) = 0
2

(4.49)

We want to compare this result to the equation, which follows from (4.46), cf. (4.14):
Λ
c
∂ e−2ϕ − e−2ϕ + ϕ + m(x ) = 0
4
2

(4.50)

One can immediately identify the integration functions as follows:
c
η(x ) = − ,
8

λ(x ) = m(x )

and rewrite (4.49)(4.50) as:
 Λ m(x ) 
c
(∂ ϕ) = − + e2ϕ
+
8
4
2

(4.51)

The left-hand side of this expression looks very similar to the conformal factor l(ϕ) for the
black hole solution. The only difference appears to be in the extra factor 1/2 and in the
dependence of m on the coordinate x . In fact, the extra numerical factor is needed for
(4.44) to agree with (4.18), and the mass of the solution we are constructing indeed is not
expected to be constant because of the shock wave.
The evolution of the mass can be found explicitly from the remaining equation (4.45).
Using (4.48), we can rewrite the left-hand side of (4.45) as:
h
i 1
Λ
1
(∂ ϕ)∂ ln(∂ ϕ) − ln(∂ ϕ) = ∂ 2 ϕ − (∂ ϕ)2 − (∂ ϕ)( e2ϕ − η) =
2
2
8
c
Λ
1
= ∂ 2 ϕ − (∂ ϕ)2 − (∂ ϕ)( e2ϕ + ) =
2
8
8
1 2ϕ
= e (∂ m)
4
Therefore, (4.43) and (4.45) imply that m(x ) is given by the step function:
m(x ) = m0 + mf θ(x − x0 )
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(4.52)
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Fig. 4: Conformal diagram for the dynamical formation of the near-extremal
black hole from the interaction of the shock wave with the extremal solution. The
shaded regions, representing the extremal solution (before the interaction) and nonextremal solutions (after the interaction), are glued along the shock wave trajectory.

Before and after x0 , the solution has the same functional form (4.18):
e2ρ =

Λ
c
− e2ϕ ( ϕ + m)
4
2

The difference is that for x < x0 the mass of the black hole is equal to its initial value
M0 =

√2 m0 ,
c

and after the interaction with the shock wave, x > x0 , it is greater precisely

by the energy of the shock wave:
2
M = √ (m0 + mf )
c
In order to glue the solutions smoothly across x = x0 , one has to compute ϕ< (x )
before the interaction:
Z

ϕ<

de−2ϕ
=x −x
( 4c e−2ϕ − Λ2 ϕ − m0 )

and evaluate this integral at x = x0 . This gives the value of the dilaton field ϕ(x
e
= x0 ).
Substituting the result into another integral gives us a function h(x ):
h(x ) = −x0 +

Z ϕe(x

)

de−2ϕ
( 4c e−2ϕ − Λ2 ϕ − m0 − mf )
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Now, we can write the solution ϕ> (x ) after the formation of the near-extremal black
hole:

Z

ϕ>

de−2ϕ
= x + h(x )
( 4c e−2ϕ − Λ2 ϕ − m0 − mf )

The classical collapse of matter coupled to dilaton gravity is illustrated on Fig.4.
4.5. Semiclassical Approximation
Now we go to the next level of complication and consider quantum effects in the limit
where the Planck constant h̄ is small. We consider a generalization of the model (4.42)
that involves N matter fields fi and introduce a parameter κ = N h̄/12.
A consistent approximation that takes into account the Hawking radiation and its
back reaction on the metric was suggested by CGHS [11]. It involves the limit of large
N with fixed κ. In this limit the quantum fluctuations of the dilaton and the metric are
suppressed, and one can study the quantum fluctuations of the conformal matter semiclassically by adding to the action the trace anomaly term, which in the conformal gauge
reads:
κ(∂ ρ)(∂ ρ)
This is nothing but the one-loop Polyakov action produced by integrating out conformal
matter fields at one loop [47]. The full semi-classical action in the conformal gauge is then:
Z
h
c  Λ
Lef f = d2 x e−2ϕ − 2∂ ∂ ρ + 4(∂ ϕ)(∂ ϕ) + e2ρ + e2ρ −
4
4
(4.53)
N
i
1X
−
(∂ fi )(∂ fi ) + κ(∂ ρ)(∂ ρ)
2 i=1
Since the matter fields are conformal and the one-loop anomaly term does not couple
to the dilaton, the equations of motion for the dilaton and matter fields are the same as
in the classical theory, cf. (4.6):

c 
e−2ϕ − 2∂ ∂ ϕ + 2(∂ ϕ)(∂ ϕ) + ∂ ∂ ρ + e2ρ = 0
8

(4.54)

∂ ∂ fi = 0

(4.55)

and

The general solution to the matter field equations looks like:
fi = fi (x ) + fi (x )
34

(4.56)

The other equations of motion and the constraint equations take the form:
T

T

T


c  Λ
= e−2ϕ 2∂ ∂ ϕ − 4(∂ ϕ)(∂ ϕ) − e2ρ − e2ρ − κ(∂ ∂ ρ) = 0
4
4
−2ϕ

=e

N

 1X
2
(∂ fi )(∂ fi )−
4(∂ ϕ)(∂ ρ) − 2∂ ϕ +
2 i=1


− κ (∂ ρ)(∂ ρ) − ∂ 2 ρ + t (x ) = 0

N

 1X
(∂ fi )(∂ fi )−
= e−2ϕ 4(∂ ϕ)(∂ ρ) − 2∂ 2 ϕ +
2
i=1


− κ (∂ ρ)(∂ ρ) − ∂ 2 ρ + t (x ) = 0

(4.57)

(4.58)

(4.59)

where two arbitrary functions t (x ) and t (x ) must be determined by boundary conditions, in particular, by the choice of incoming and outgoing states. The presence of
these functions is needed in order to compensate the anomalous transformation law of the
one-loop term.
In principle, one could try to study the formation and evaporation of the near-extremal
black hole in this quantum system with the boundary conditions, for example, corresponding to the shock wave propagating along x at x = x0 , as in the previous subsection.
The partial differential equations describing this process are (4.54) and (4.57):
−2(∂ ϕ)(∂ ϕ) − 18 e2ρ c + 2Λe2ϕ
∂ ∂ ρ=
κe2ϕ − 1
and



 κ
1
∂ ∂ ϕ = 2(∂ ϕ)(∂ ϕ) + e2ρ c + Λe2ϕ + e2ϕ ∂ ∂ ρ
8
2

(4.60)

(4.61)

Although hard to solve analytically, this equations can be approached using numerical
methods developed for general dilaton gravity theories [48,35]. We will not pursue this
direction here.
Let us briefly discuss important aspects of the semi-classical dynamics that follow
from the effective Lagrangian (4.53). First, we note that as ϕ → −∞ the one-loop term

proportional to κ becomes negligible (as well as the Λ-term). Therefore, in this limit

the solution to the semi-classical action (4.53) should approach the classical linear dilaton
vacuum.
35

At the other infinity, ϕ → +∞, the semi-classical solution is asymptotic to the de

Sitter space. Indeed, in this limit the Λ-term and the one-loop term are dominant, and
from the equation for the conformal part of the metric (4.57) we get:
Λ
− e2ρ = κ∂ ∂ ρ
4
Substituting this into (4.4), we find the asymptotic value of the curvature as ϕ → +∞:
−2Λ
−24Λ
R≈
=
(4.62)
κ
N h̄
Since Λ is assumed to be negative (for otherwise we had no extremal solution), locally we
get a de Sitter space. It is curious to note that this de Sitter space is generated entirely
by quantum effects (some other interesting quantum phenomena can be found in [49]).
Therefore, it is natural to expect that its entropy, proportional to N , can be microscopically
understood as quantum entaglement with degrees of freedom hidden behind the horizon
[50]. It would be interesting to verify this by a direct calculation, analogous to [51].
Note also, that the curvature (4.62) of this semiclassical de Sitter space is inversely
proportional to the number, N , of matter fields. This relation is reminiscent of the Λ − N

correspondence proposed by T. Banks [52], although one should remember that the model
we are considering has infinite-dimensional Hilbert space (in fact, each scalar field fi has
infinite-dimensional Hilbert space.)
The strong coupling region is described by the Liouville gravity with positive cosmological constant and conformal matter:
Z
N
i
hΛ
1X
2ρ
2
(∂ fi )(∂ fi ) + κ(∂ ρ)(∂ ρ)
Lef f (ϕ → +∞) ≈ d x e −
4
2 i=1
Since this theory has massive excitations, one might expect that a shock wave propagating
along x will radiate part of its energy to IL = {x

→ +∞}, but part can be carried

into the Liouville region, so one might expect some stable remnants of the black hole
evaporation, unlike the CGHS case [11].
However, this part of space is separated from the weak coupling region by a curvature
singularity at:
e−2ϕ = κ

(4.63)

This strong coupling singularity is actually present also in the CGHS solution and becomes
visible at some stage of the black hole evaporation [12]. The reason is that CGHS solution
has finite evaporation rate when the dilaton field at the horizon approaches the critical
value (4.63). Our black hole solution would have the same fate, unless the rate of radiation
goes to zero at some point. If this happens, the singularity can be hidden behind the event
horizon. Below we present some arguments that this is indeed the case.
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4.6. Evaporation of the Near-Extremal Black Hole
Our original classical Lagrangian (4.1) is a specific example of a non-singular Lagrangians studied by Banks and O’Loughlin [34]. The authors of [34] argued that, in
general, the Lagrangians like (4.1) are expected to have extremal solutions, which are
nonsingular analogues of the extremal Reissner-Nordstrom solutions, and moreover that
these solutions are the endpoint of the Hawking evaporation when the models are coupled
to matter. Here we present some arguments that the black hole solutions (4.17) studied
here, which saturate the extremality condition (4.22) are indeed the terminal points of the
evaporation of non-extremal solutions produced, say, via collapse of an f -wave, see Fig.4.
A similar problem of a charged gravitational collapse with the full nonlinear semiclassical
back-reaction was studied recently in [53].
First, let us neglect the back reaction of the Hawking radiation. Then, the evaporation
rate is given by the value of the energy flux across IL at the horizon. Since the black hole

solution (4.18) obeys the classical equations of motion, the first line in (4.58) is zero, and
we get:
hT



2
i = −κ (∂ ρ)(∂ ρ) − ∂ ρ

(4.64)

The right-hand side of this expression is supposed to be evaluated for the classical solution
(4.18). In order to do this, we use (4.15) to express the derivatives of ρ in terms of l(ϕ):
∂ ρ=
∂2 ρ =

1 dl dϕ
1 dl
=
4l dϕ dx
4 dϕ

1 d  dl  1 d2 l
= l 2
8 dx dϕ
8 dϕ

Therefore, we can write (4.64) as [39]:
hT

κ
i = − (2(l′ )2 − l′′ l)
8

(4.65)

To get the evaporation rate we have to evaluate this expression at the horizon, where
l(ϕ) = 0:
hT

κ
κ
Λ
ih = − (l′ )2 = − e4ϕ (Λϕ + 2m + )2
4
4
2

(4.66)

If we compare the right-hand side of this expression with the formula (4.23) for the geometric Hawking temperature, we find [39]:
hT

κ 2
ih = − TH
4
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It follows that the evaporation rate is zero precisely for the extremal black hole, i.e. when
both l(ϕ) and l′ (ϕ) vanish at the horizon. Therefore, the extremal solution (4.18) with the
critical mass (4.22) is expected to be a stable remnant of the evaporation of non-extremal
black hole. Quantum fields in this gravitational background will not Hawking radiate.
To provide a further evidence for this picture, we consider adiabatic evaporation of a
black hole with the mass slightly above extremal:
m > m0 = −

c
Λ Λ
− ln(− )
4
4
Λ

For example, this black hole can be produced in the collapse of the shock wave, as we
discussed above.
In the rest of this section we use the light-cone gauge, which turns out to be more
convenient for this calculation. For example, the black hole metric in this gauge looks like:
ds2 = 2dvdr + l(r)dv 2 ,

ϕ=r

(4.67)

f
and the shock wave is described by ǫµ ǫν Tµν
= 2mf δ(v − v0 ), where ǫ = (l/2, 1) is a

null vector. The scalar curvature in the light-cone gauge is given simply by the second
derivative of the function l.
Following [54,35], we introduce:
Σ = 2∂v ϕ + l∂r ϕ

(4.68)

so that a horizon is given by Σ = 0. Before the interaction with the shock wave, the
space-time is described by the extremal solution (4.18) with the critical mass parameter
m0 and the apparent horizon at (4.21):
ϕ0 =

c
1
ln −
2
Λ

After the interaction takes place, the horizon splits into ”inner” and ”outer” horizons,
located at ϕ+ and ϕ− . Let us compute ϕ± in the approximation mf ≪ Λ. In this

approximation, the values of ϕ± are supposed to be close to the original position of the
horizon, ϕ0 .
Since both l(ϕ0 ) and l′ (ϕ0 ) vanish for the extremal solution, from (4.68) we have:
Σ(ϕ ≈ ϕ0 ) =

c
1
(ϕ − ϕ0 )2 l′′ (ϕ0 ) = (ϕ − ϕ0 )2
2
2
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(4.69)

On the other hand, the discontinuity of Σ across the shock wave is given by [35]:
2mf exp(2ϕ)
δΣ = p
1 − κ exp(2ϕ)

ϕ=ϕ0

≈ −2mf

c
Λ

(4.70)

The new positions of the horizon are given by Σ + δΣ = 0. Therefore, substituting (4.70)
into (4.69), we obtain:
ϕ± = ϕ0 ±

r

−

4mf
Λ

(4.71)

Furthermore, from (4.69) it follows that:
′′

r

∂ϕ Σ(ϕ± ) ≈ ±(ϕ± − ϕ0 )l (ϕ± ) = ±c

−

4mf
Λ

(4.72)

In order to find the adiabatic evolution of the ϕ± , we also need to find ∂v Σ(ϕ± ). This
can be obtained from the following linear combination of the constraint equations (4.57) (4.59):


1
κ l 2
∂ϕ l + ∂v ∂ϕ l − (∂ϕ l)2 =
4 2
4
(4.73)

l
1 2 1
−2ϕ
=e
∂v Σ + ∂ϕ Σ − Σ − ∂ϕ lΣ
2
2
2
Here, we took into account that the near-extremal solution obeys classical constraint equaǫµ ǫν Tµν =

tions, and also that tϕ is zero for static solutions with no net flux at infinity [35]. If we
evaluate this constraint equation for ϕ = ϕ± , the leading order terms for small mf give:
∂v Σ(ϕ± ) =

κ 2ϕ δl ′′
e
l
4
2

(4.74)

The discontinuity of l(ϕ) across the shock wave is given by [35]:
Z


8mf
1
δl =
≈ 2mf e2ϕ
dϕ − 1 + p
κ
1 − κ exp(2ϕ)
If we substitute this into (4.74) and evaluate the result at the new horizon ϕ = ϕ± , we
get:
∂v Σ(ϕ± ) =

κmf c3
2Λ2

(4.75)

Now we are ready to put things together, and compute the relative positions of the
horizons as a function of v. In fact, in the adiabatic approximation we can write:
∂v ϕ± = −

κc2
∂v Σ
=
(ϕ± − ϕ0 )
∂ϕ Σ
8Λ
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(4.76)

The approximation we are using here holds if positions of the horizons are moving slowly
enough. This implies the consistency condition κc2 /Λ2 ≪ 1. When this condition is

satisfied, we can integrate (4.76) with the result:

κc2

ϕ± = ϕ0 ± (δϕ0 )e 8Λ (v−v0 )

(4.77)

This means that the black hole mass goes back to the extremal value as:
κc2

M (v) = M0 + Mf e 4Λ (v−v0 )

(4.78)

The Penrose diagram in the coordinates (v, ϕ) for this evaporation process is almost identical to the corresponding diagram for the evaporating Reissner-Nordstrom black hole [54].

5. Discussion
In this paper we proposed a hybrid formalism for the manifestly spacetime supersymmetric quantization of the superstring in curved two-dimensional backgrounds with
Ramond-Ramond flux, thus extending the list of existing covariant descriptions of superstrings in four [5], six [2,3], and ten [55] space-time dimensions. Such two-dimensional
backgrounds appear, for example, in Type IIA string theory on Calabi-Yau four-folds,
where R-R flux is required in general for the global anomaly cancellation condition [56,57]:
Z
χ
1
F (4) ∧ F (4)
(5.1)
=N+
24
2(2π)2 X
Here χ(X) is the Euler number of the Calabi-Yau four-fold X, N is the number of fundamental strings filling two-dimensional space-time, and F (4) is the value of the background
Ramond-Ramond 4-form flux. So, when N 6=

χ
,
24

this consistency condition requires non-

zero R-R flux. One might hope to study certain aspects of these models using the covariant
approach, as in section 2.7.
Another interesting example of curved two-dimensional backgrounds discussed in this
paper is a new black hole solution constructed in section 4. This application is not expected
to be related to CY four-fold compactifications, since the latter leads to an effective action
(4.1) with zero c-term, at least to the leading order in α′ . We expect, however, that
the black hole solution of (4.17) – (4.18) can be described by superstring theory on some
supergroup manifold, in analogy with the SL(2, R)/U (1) gauged WZW model of [10] for
the Λ = 0 black hole solutions.
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In principle, one can obtain this supergroup manifold (to leading order in α′ ) by
plugging the black hole solution of (4.17) – (4.18) into the background superfields which
appear in the sigma model action of (3.1) and (3.5). However, since the solution is rather
complicated (e.g. it contains a non-constant dilaton), it may be simpler to try to guess
the appropriate supergroup. One natural guess for the supergroup manifold is a gauged
WZW model based on the supergroup
G/H = OSp(1, 1|2)/SO(1, 1) × SO(2).

(5.2)

Indeed, this coset supermanifold has the right dimension to describe an N = (2, 2) target
superspace, viz. two bosonic and four fermionic generators. However, the WZW model
based on this supergroup can be shown to be equivalent to the bosonic SL(2, R) WZW
model plus a set of free fermions [58]. This result is similar to the hybrid version of the
sigma model action for an AdS3 × S 3 background with pure NS-NS flux [3] where the

P SU (2|2) WZW model is equivalent to the bosonic SU (2) × SU (1, 1) WZW model plus a

set of free fermions.

So in analogy with the AdS3 × S 3 sigma model, one does not expect the gauged WZW

model based on the supergroup of (5.2) to describe solutions with R-R flux. However, in
the AdS3 ×S 3 case, it was possible to introduce R-R flux by including additional P SU (2|2)invariant terms in the action which spoil the holomorphic structure of the WZW currents

but do not break the worldsheet N = (2, 2) superconformal invariance. So it is reasonable
to expect that one can include R-R flux in the black hole solutions by introducing similar
OSp(1, 1|2)-invariant terms into the gauged WZW model based on the supergroup of (5.2).
It would be very useful to find the explicit form of such terms and a preliminary search has
already begun [59]. One might also hope to find a matrix model for the black hole (4.17) –
(4.18) in an R-R background, which in the limit Λ → 0 would reproduce the matrix model

of Kazakov, Kostov, and Kutasov [60].
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