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Abstract. It has been proposed that the asymptotic behavior of the colored Jones
polynomial is equal to the perturbative expansion of the Chern–Simons gauge theory with
complex gauge group SL(2,C) on the hyperbolic knot complement. In this note we make
the first step toward verifying this relation beyond the semi-classical approximation. This
requires a careful understanding of some delicate issues, such as normalization of the col-
ored Jones polynomial and the choice of polarization in Chern–Simons theory. Addressing
these issues allows us to go beyond the volume conjecture and to verify some predictions
for the behavior of the subleading terms in the asymptotic expansion of the colored Jones
polynomial.
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1. Introduction

The original volume conjecture [12,18] is a remarkable relation between the limit
of the colored Jones polynomial, JN (K ;q), of a knot K and the volume of the
knot complement S3 \ K :

CONJECTURE 1.1. (Volume Conjecture) For a knot K ,

lim
N→∞

log |JN
(
K ; exp

(
2π

√−1/N
)) |

N
= 1

2π
Vol(S3 \ K ), (1.1)

where Vol(S3\K ) is the simplicial volume of the knot complement. In particular, if
K is hyperbolic, then Vol(S3 \ K ) is the hyperbolic volume.

The physical interpretation of this relation was proposed in [10], where it
was conjectured that the asymptotic expansion of the colored Jones polynomial
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JN (K ;q) in the limit N →∞, q → 1 should be equal to the partition function of
the SL(2,C) Chern–Simons theory on the knot complement S3 \ K . In turn, this
implies the following conjecture (see Equation (6.27) in [10]):

CONJECTURE 1.2. As N → ∞ and k → ∞ with u := 2π
√−1( N

k − 1) kept fixed,
the colored Jones polynomial has the asymptotic expansion

log JN (K ; exp(2π
√−1/k)) (1.2)

∼
N ,k→∞

k√−1
S(u)+ 1

2
δK (u) log k + 1

2
log

(
TK (u)

2π2

)
+

∞∑

n=1

(
2π
k

)n

Sn+1(u)

where the function S(u) in the first term is the classical action of the Chern–Simons
theory; TK (u) is the Ray–Singer torsion of the knot complement twisted by the flat
connection corresponding to the representation ρ :π1(S3 \ K )→ SL(2;C) determined
by u (see [22,23] and Section 3 below); the number δK (u)∈ Z is determined by the
topology of the knot complement and the representation ρ; finally, the function Sn(u)
denotes the n-loop contribution [1,2,27].

The right-hand side of Equation (1.2) is simply the perturbative expansion
of the partition function of the SL(2,C) Chern–Simons theory. The expansion
parameter in Chern–Simons theory is 2π

k and the standard rules of perturba-
tive quantum field theory imply that all the quantities—including the partition
function—have the form of a power series in 2π

k , where the nth power of 2π
k is

obtained by summing over Feynman diagrams with n +1 loops. The one-loop con-
tribution (n = 0) is a little bit special; quantum anomalies arise at one loop order
and logarithmic terms can appear in the perturbative expansion of the free energy
[the expression on the right-hand side of Equation (1.2)]. In Chern–Simons the-
ory, such logarithmic terms are well understood [27]. In particular, as we explain
below, the coefficient δK (u) has a simple topological interpretation and no other
terms, such as log log k, can appear from Feynman diagrams.

The conjecture of [10] is that, in the “semi-classical limit” N →∞ and q →1, the
asymptotic expansion of the colored Jones polynomial JN (K ;q) should be identi-
fied with the perturbative partition function of the SL(2,C) Chern–Simons theory
on the knot complement S3 \ K . In particular, this conjecture implies that JN (K ;q)
should have the same asymptotic expansion, which is what Equation (1.2) states.

One of the most interesting special cases of this conjecture is for the hyperbolic
flat connection corresponding to the discrete faithful representation. We wish to
stress, however, that the physical arguments in [10] which lead to Equation (6.27)
and also to Equation (1.2) here are more general and not limited to this special
case.

In particular, this physical interpretation of the volume conjecture opens an ave-
nue for several generalizations. First, it suggests that, for a knot K , there exists
a 1-parameter family of relations like (1.1)—sometimes called the “generalized”
or “parameterized” volume conjecture—which relate a family of limits of the col-
ored Jones polynomial to the volume function Vol(K ;u) on the character variety
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of the knot complement; see Conjecture 1.3. below. Moreover, the interpretation
via SL(2,C) Chern–Simons theory predicts the structure of the subleading terms
in the asymptotic expansion of the colored Jones polynomial, where each term in
(1.2) has an a priori definition and can be computed independently, before com-
paring to the colored Jones polynomial. In what follows, first we shall discuss the
leading term in the expansion (1.2) and then return to the subleading terms in
Section 3.

Notice that the leading term in the expansion (1.2) gives precisely the general-
ization of the volume conjecture, which can be stated as follows:

CONJECTURE 1.3. There exists an open subset OK of C such that for any u ∈OK

the following limit exists:

lim
N→∞

log JN
(
K ; exp

((
u +2π

√−1
)
/N

))

N
= 2π

(u +2π
√−1)

S(u). (1.3)

The precise formulation of the Conjectures 1.2. and 1.3. requires fixing
normalizations of the colored Jones polynomial and the partition function of
the Chern–Simons theory. Moreover, in the geometric quantization approach to
Chern–Simons gauge theory, the partition function is determined by quantizing the
moduli space of flat connections, which involves an extra ambiguity, the choice
of polarization.1 In principle, all these choices should be fixed by a priori argu-
ments, such as a non-perturbative formulation of the SL(2,C) Chern–Simons the-
ory. However, with the lack of such arguments one might use the fact that all these
choices do not depend on the knot K and, therefore, can be fixed once and for all
by considering, say, the leading term S(u) for a particular knot. Thus, the simplest
choice of polarization (that is, the choice of the symplectic potential S(u)) consis-
tent with the asymptotic behavior of the colored Jones polynomial for the figure-
eight knot at Re(u)=0 gives Im S(u)= 1

2π Vol(K ;u), where Vol(K ;u) is the volume
function [5,20],

d Vol(K ;u)=−1
2
(Re(u)d Im(v)−Re(v)d Im(u)) . (1.4)

Here, v(u) is defined implicitly as a solution to the equation A(−e−v/2, eu/2)= 0
where A(l,m) is the A-polynomial of [5]. We return to the definition of these quan-
tities in Section 2 below. In particular, one of the goals of Section 2 is to clar-
ify the relation between S(u) and the volume function Vol(K ;u), and to explain
the geometric interpretation of the zero locus of the A-polynomial and the role
of the variables u and v. For now, we simply note that Equation (1.4) determines
Im S(u) only up to terms proportional to Re(u). One way to fix this ambiguity
could be to study the asymptotic behavior of the colored Jones polynomial for
Re(u) �= 0. However, until recently there was no single example of a hyperbolic

1For a general introduction to geometric quantization see [28].
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knot for which this was done. Without concrete examples or further insights, one
might simply assume that there are no additional terms proportional to Re(u), so
that Im S(u)= 1

2π Vol(K ;u). This gives the generalized volume conjecture originally
proposed in [10].

Recently, it was realized [15] that the generalized volume conjecture proposed in
[10] requires a modification, precisely by the terms proportional to Re(u). Indeed,
the explicit study of the limit (1.3) for the figure-eight knot [19] and torus knots
at Re(u) �= 0 leads to the version of the Conjecture 1.3. with the function2 S′(u),
where [15]:

Im S′(u)= 1
2π

Vol(K ;u)+ 1
2

Re(u)+ 1
4π

Re(u) Im(v). (1.5)

where, again, u and v obey A(−e−v/2, eu/2)= 0, see Section 2 below. We believe
it is this generalization of the volume conjecture—called the parameterized vol-
ume conjecture in [15]—which has a chance of being true. We note (and explain
in more detail in Section 2) that in the geometric quantization approach to the
SL(2,C) Chern–Simons theory, both S(u) and S′(u) can be interpreted as the
semi-classical action of the SL(2,C) Chern–Simons theory, obtained in a differ-
ent polarization. For this reason, the physical considerations in [10] cannot tell us
whether it is S(u) or S′(u) which should appear in the right-hand side of (1.2) and
(1.3). However, given the evidence in [15,19], we believe it is the function S′(u)
which is the correct semi-classical action of the SL(2,C) Chern–Simons theory,
and both Conjectures 1.2. and 1.3. should be considered with S′(u) given by (1.5).
We present further evidence for this in Section 3.

One of the main goals of the present paper is to show that the Conjectures 1.2.
and 1.3. with the function S′(u) are consistent with the proposal that the asymp-
totic expansion of the colored Jones polynomial is equal to the loop expansion
of the partition function of the SL(2,C) Chern–Simons theory. In particular, in
Section 2 we show that the function S′(u) can be interpreted as the semi-classical
action in the SL(2,C) Chern–Simons theory, and differs from S(u) by a choice of
polarization. Note, that S(u)= S′(u) for Re(u)= 0, which for hyperbolic knots is
expected to correspond to the case of cone-manifolds. Once we identify the cor-
rect choice of polarization, in Section 3 we present further evidence for the Con-
jecture 1.2. by studying the subleading terms in the asymptotic expansion (1.2) of
the colored Jones polynomial and compare with the expected behavior of the par-
tition function of the SL(2,C) Chern–Simons theory.

Before we proceed, let us describe the representation ρ : π1(S3 \ K )→ SL(2,C)
determined by u. Following [15], we define

vK (u) :=4π
dS′(u)

du
−2π

√−1, (1.6)

2Not to be confused with the derivative of S(u).
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where S′(u) is defined by (1.3). Then, ρ can be defined as a representation from
π1(S3 \ K ) to SL(2,C) sending the longitude and the meridian to the elements
whose eigenvalues are (l,m)= (− exp(−vK (u)/2), exp(u/2)). This particular rela-
tion between (l,m) and the parameter u that determines a way in which we take
the limit of the colored Jones polynomial in (1.2) follows from the interpretation
of the SL(2,C) Chern–Simons theory as a three-dimensional theory of gravity (for
more details see section 5.2 of [10]). The representation ρ defines a flat SL(2,C)
bundle over S3 \ K , which we denote by Eρ . This bundle will play an important
role in Section 3.

Finally, we want to make a disclaimer that, aiming at the audience of physicists
as well as mathematicians, sometimes we had to make painful choices between rig-
orous mathematical treatment and a more informal style of the presentation used
in the physics literature. We hope we managed to strike a balance.

2. Choice of Polarization

In this section we show that the version of the generalized volume conjecture 1.3.
proposed in [15] with the function S′(u) is consistent with the interpretation in
terms of SL(2;C) Chern–Simons theory suggested in [10]. In particular, we show
that S′(u) can be interpreted as the semi-classical action in the SL(2,C) Chern–
Simons theory, and differs from S(u) by a choice of polarization. To explain this
in detail, let us start by fixing notations. We use ũ and ṽ instead of u and v

used in [10], respectively. The relation between (ũ, ṽ) and (u, v) will be explained
later.

Let us recall the argument in [10]. Fix an oriented (not necessarily hyperbolic)
knot K in S3. Let M be its complement S3 \ int N (K ), where N (K ) is the tubular
neighborhood of K and int N (K ) is its interior. The boundary of M is denoted by
�. Note that π1(�)∼= Z × Z is generated by the meridian µ and the longitude λ,
where µ bounds a disk in N (K ) and is oriented so that the linking number of K
and µ is −1, and λ is null homologous in M and parallel to K in N (K ). (So our
orientation of the meridian here is different from the usual one in knot theory.)

We consider a representation ρ of π1(M) to SL(2;C) and denote by m = exp ṽ
and l = exp ũ the eigenvalues of its images of µ and λ, respectively. Then the pair
(m, l) is a zero of the A-polynomial [5]. As explained in [10, Section 3.1], the zero
locus of the A-polynomial defines a Lagrangian subvariety L (possibly singular) of
P with respect to the 2-form ω, where P =C

∗ ×C
∗ is the representation space of

π1(�) and ω is defined as follows:

ω :=− 1
π

dũ ∧dṽ

so that ω
∣∣
L= 0. (Note that here we put σ = k in [10, (3.7)], and rescaled ω by a

factor of k which now explicitly appears as the coefficient of the classical action
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in (1.2).) If we put

θ := 1
2π

(
ṽ dũ − ũ dṽ+d

(
ũṽ

))
,

we have dθ = ω [10, (3.26)]. Let S be the classical Chern–Simons action corre-
sponding to ρ. Then S can be obtained by integrating θ over a path on L, that
is, we have

S =
∫
θ.

Since the Lagrangian subvariety L is quantizable the integral above is well-defined
[10, Section 3]. Note that S depends on the choice of θ satisfying dθ =ω. So we
can define S only up to a total derivative on P (the choice of polarization).

One possible choice of θ , consistent with dθ =ω, gives

S =
√−1
2π

(
Vol(l,m)+2π2

√−1 CS(l,m)
)
, (2.1)

where Vol(l,m) and CS(l,m) are the volume and the Chern–Simons invariant
of the representation ρ. According to (1.2), the leading term of the log of the
N -colored Jones polynomial evaluated at e2π

√−1/k should be −√−1kS when N →
∞ and k →∞. This leads to a generalization of the volume conjecture [10, (5.12)]

lim
N→∞,k→∞

log JN
(
K ; exp

(
2π

√−1/k
))

k
= 1

2π

(
Vol(l,m)+2π2

√−1 CS(l,m)
)
.

(2.2)

Now, as we pointed out earlier, the dependence on the choice of polarization is
related to the choice of the 1-form θ such that dθ =ω. In particular, we can con-
sider the following 1-form:

θ ′ := 1
2π

(
−2ũ dṽ+2π

√−1dṽ
)
.

Note that dθ=dθ ′ =ω. Let S′ be the classical Chern–Simons action obtained from
θ ′ (S′ :=∫

θ ′). Then

dS −dS′ = θ − θ ′ =
= 1

2π
d

(
ũṽ+ ũṽ−2π

√−1ṽ
)

=

= 1
π

d
(

ũ Re(ṽ)−π√−1ṽ
)
.

Therefore from (2.1) we have

Vol(l,m)=2π Im(S)=
=2π Im(S′)+2 Im(ũ)Re(ṽ)−2π Re(ṽ). (2.3)
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Now we consider the pair (u, v) used in the previous section. As described in [19],
u and v are related to ũ and ṽ as follows:

⎧
⎪⎨

⎪⎩

ṽ= u

2
,

ũ = − v

2
.

So from (2.3) we have

Vol(l,m)=2π Im(S′)−π Re(u)− 1
2

Re(u) Im(v).

Comparing with (1.5) and (1.2), −√−1kS′ gives the leading term of the log of the
N -colored Jones polynomial if we use θ ′ to define the classical action S′,

lim
N→∞,k→∞

log |JN
(
K ; exp

(
2π

√−1/k
)) |

k
= 1

2π
Vol(K ;u)+

+ 1
2

Re(u)+ 1
4π

Re(u) Im(v)

This is precisely the version of the generalized volume conjecture proposed in [15].

3. Beyond the Leading Order

Now let us discuss the subleading terms in the asymptotic expansion (1.2) of the
colored Jones polynomial.

The simplest knot to consider is the unknot U . Since JN (U ;q) = [N ] :=(
q N/2 −q−N/2

)
/
(
q1/2 −q−1/2

)
, we have

log JN (U ; exp(2π
√−1/k))=

= log sin(Nπ/k)− log sin(π/k)∼
∼ log k − logπ + log sin

(
u/(2

√−1)
)

+ terms of the order k−1 or lower (3.1)

for large N and k with fixed N/k =u/(2π
√−1)+1 and u �=0.

Since the colored Jones polynomial vanishes at u = 0, in this case one should
use the reduced colored Jones polynomial VN (K ;q) := JN (K ;q)/JN (U ;q) to study
the asymptotic expansion (1.2). We should note, however, that it is JN (K ;q) which
naturally appears in Chern–Simons theory.

3.1. THE LOGARITHMIC TERM

In this subsection we study the logarithmic term in the asymptotic expansion (1.2).
For a knot K in S3, let MK be the complement of the interior of the regular

neighborhood of K . Denote by �K the boundary torus of MK . Let Hi
(
MK ; Eρ

)∼=
Hi

(
S3 \ K ; Eρ

)
be the ith cohomology group of MK with coefficients in the flat

SL(2,C) bundle Eρ which was described at the end of Section 1. It is well
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known that Hi
(
MK ; Eρ

)
is isomorphic to the cohomology Hi (MK ; sl2(C)) with

coefficients the Lie algebra sl2(C) twisted by the adjoint action of ρ. We will
mainly use Hi (MK ; sl2(C)) for calculation.

Define

δ
rep
K (ρ) :=3+h1(MK ;ρ)−h0(MK ;ρ), (3.2)

where h0(MK ;ρ) :=dim H0(MK ;ρ) and

h1(MK ;ρ) :=dim
(

Ker[H1(MK ;ρ)→ H1(�K ;ρ′)]
)
,

where the map is induced by the inclusion �K → MK and ρ′ is the restriction of
ρ to π1(�K ). From [11, p. 42] and [21, Démonstration de Proposition 3.7 (p. 72)],
we have

h1(MK ;ρ)=dim H1(MK ;ρ)− 1
2

dim H1(�K ;ρ′)=

=
{

dim H1(MK ;ρ)−3 if ρ′ is trivial,

dim H1(MK ;ρ)−1 if ρ′ is non-trivial,
(3.3)

where ρ′ is trivial if it sends every element of π1(�K ) to ±I with I the identity
matrix.

Among other things, the identification of the asymptotic expansion (1.2) with
the partition function in the Chern–Simons theory implies (see e.g. [7,10,27])

δK (u)= δrep
K (ρ), (3.4)

where ρ is determined by u as described in Section 1. The first term (equal to 3)
in (3.2) comes from the normalization by the partition function of S3,

log Z(S3)= log
√

2/k sin(π/k)∼
∼−3

2
log k +· · · .

To evaluate (3.2), it is useful to note that

h0(K ;ρ)=dim(Hρ), (3.5)

where Hρ is the isotropy group of Eρ , the subgroup of SL(2,C) that commutes
with the holonomies of flat connections on Eρ . In other words,

Hρ ={g ∈ SL(2;C) |gρ(γ )=ρ(γ )g for any γ ∈π1(MK )}.
Another useful fact is that h1(MK ;ρ) counts the infinitesimal deformations of Eρ
for a fixed representation of π1(�K ) [24–26]. We can show that h1(MK ;ρ)= 0 if
K is a hyperbolic knot or a torus knot for a typical representation ρ.

DEFINITION 3.1. [21, Definition 3.21] Let γ be a simple closed curve on �K for
a knot K . Then a representation ρ of π1(MK ) in SL(2;C) is called γ -regular if
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1. the map H1(MK ;ρ)→ H1(γ ;ρ0) induced by the inclusion γ → MK is injective,
and

2. if Tr(ρ(π1(�K )))=±1, then ρ(γ ) �=±I .

The following representations are known to be γ -regular [21, p. 83].

1. The holonomy representation corresponding to the complete hyperbolic struc-
ture of a hyperbolic knot is µ-regular, where µ is the meridian.

2. For a hyperbolic knot, if the Dehn surgery along a simple closed curve γ is
hyperbolic then the holonomy representation induced by γ is γ -regular.

3. For a torus knot, any irreducible representation is both µ-regular and
λ-regular, where λ is the longitude [6, Example 1].

We can show the following proposition. (Although this proposition and the next
lemma follow from [21, Sections 3.1.4, 3.2], here we write proofs for completeness.)

PROPOSITION 3.2. Let ρ be a γ -regular representation of π1(MK ) for a knot K
for some simple closed curve γ on �K . Then δrep

K (ρ)=3−h0(K ;ρ).
Moreover if ρ is non-Abelian, then δrep

K (ρ)=3.

Proof. Let ρ′ be the restriction of ρ to π1(�K ), where �K is the boundary torus
of the regular neighborhood of K .

Since ρ is γ -regular, the composition

H1(MK ;ρ)→ H1(�K ;ρ′)→ H1(γ ;ρ0)

is injective and so is the map H1(MK ;ρ) → H1(�K ;ρ′). Therefore we have
h1(MK ;ρ)=dim Ker[H1(MK ;ρ)→ H1(�K ;ρ′)]=0 and the formula follows.

If ρ is non-Abelian, we have h0(K ;ρ)=0 (see for example [21, Lemma 0.7(ii)]).

As a corollary we have

COROLLARY 3.3. If K is a hyperbolic knot or a torus knot and ρ is a non-Abelian
representation of π1(S3 \ K ) in SL(2;C), then δrep

K =3.

3.1.1. Abelian representations We will study the case where ρ is Abelian.

LEMMA 3.4. For any knot K , there exist open sets U1 
 I and U2 
−I of SL(2;C)

such that if ρ is an Abelian representation sending the meridian into U1 or U2 then
δ

rep
K (ρ)=2.

Proof. First note that H1(MK ;Z)∼= Z is generated by the meridian. We choose
an element µ ∈ π1(MK ) that is mapped to the meridian by the Abelianization.
If ρ is Abelian, it is determined by the image A :=ρ(µ)∈ SL(2;C), since it factors
through H1(MK ;Z).
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We can calculate Hi (MK ;ρ) by using the infinite cyclic covering space M̃K of
MK . We have the following chain complex of M̃K as C[t, t−1]-modules by using
the Fox differential calculus as described in the proof of [3, Theorem 6.1]:

C2
d2−→C1

d1−→C0,

where C2 is generated by {r1, r2, . . . , rn−1}, C1 is generated by {s1, s2, . . . , sn}, C0 is
generated by {p}, and d2 and d1 are given as follows. We define d1 by d1(si ) :=
(t − 1)p for 1 ≤ i ≤ n. Let F(t) be the n × (n − 1) matrix with entries in Z [t, t−1]
given by the Fox free differential calculus. Then d2(ri ) = ∑n

j=1 Fji (t)s j , where
Fji (t) is the ( j, i) entry of F(t). Note that the sum of each column of F(t) is
zero (and so d1 ◦ d2 = 0), and that the determinant of any (n − 1)× (n − 1) matrix
obtained from F(t) by deleting any row gives the Alexander polynomial 
(K ; t)
of K . (See for example [13, Chap. 11].)

Then the twisted cohomology Hi (MK ; sl2(C)) is calculated from the following
cochain complex:

{0}→HomC[t,t−1] (C0; sl2(C))
d∗

1−→HomC[t,t−1] (C1; sl2(C))
d∗

2−→HomC[t,t−1] (C2; sl2(C)) . (3.6)

Here an element ϕ∈HomC[t,t−1] (C0; sl2(C)) is given by ϕ(p)∈sl2(C) in such a way
that

ϕ(g(t)p) :=g(Ad(A))ϕ(p),

where g(t)∈C[t, t−1] is a Laurent polynomial and Ad(A) is the adjoint represen-
tation. Since

d∗
1 (ϕ)(si ) :=ϕ(d1(si ))=ϕ((t −1)p)= (Ad(A)− I )ϕ(p)= Aϕ(p)A−1 −ϕ(p)

for any i , we have dim Ker d∗
1 =1 if A �=±I . Thus we have h0(MK ;ρ)=1. (Another

way to show this is to use (3.5).)
Similarly, if ψ ∈Ker d∗

2 , then

d∗
2 (ψ)(r j ) :=ψ(d2(r j ))=ψ

(
n∑

k=1

Fkj (t)sk

)

=
n∑

k=1

Fkj (Ad(A))ψ(sk)= O

for j = 1,2, . . . ,n − 1, where O is the 2 × 2 zero matrix. Since
∑n

k=1 Fkj = 0 for
any j , we have

n−1∑

k=1

Fkj (Ad(A)) {ψ(sk)−ψ(sn)}= O. (3.7)
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By conjugation we may assume that A is of the form
(

a b
0 a−1

)
. Note that for any

X :=
(

x y
z −x

)
∈sl2(C) the (2,1)-entry of Am X A−m is equal to a−2m z. So comparing

the (2,1)-entries of (3.7) we have

n−1∑

k=1

Fkj

(
a−2

)
{ψ2,1(sk)−ψ2,1(sn)}=0

for j = 1,2, . . . ,n − 1, where ψ2,1(sk) is the (2,1) entry of ψ(sk). Now we know
the determinant of the (n − 1)× (n − 1) matrix

(
Fkj (t)

)
1≤k, j≤n−1 is 
(K ; t). Since


(K ;±1) is odd for any knot K (see for example [13, Chap. 6]), there exist open
sets U1 
 I and U2 
−I in SL(2;C) such that 
(K ;a−2) �=0 if a is an eigenvalue
of a matrix in U1 ∪ U2. Thus if A ∈ U1 ∪ U2, the matrix

(
Fkj (t)

)
1≤k, j≤n−1 is non-

singular and we have ψ2,1(sk)=ψ2,1(sn) for any 1≤ k ≤n −1 from (3.7). Similarly,
we have ψ1,1(sk)= ψ1,1(sn) and ψ1,2(sk)= ψ1,2(sn), which implies ψ(sk)= ψ(sn).
This means that the 1-cocycle group Z1 of (3.6) is given by

Z1 ={
ψ ∈HomC[t,t−1](C1; sl2(C)) |ψ(s1)=ψ(s2)=· · ·=ψ(sn)

}

and so dim Z1 =3. Since dim Ker d∗
1 =1, the dimension of the 1-coboundary group

B1 is 2. We finally have h1(MK ;ρ)=dim Z1 −dim B1 =1.
From (3.3) we have δrep

K (ρ)=2.

In [8,9], Garoufalidis and T. Le prove that for any knot K the limit

lim
N→∞ VN

(
K ; exp((u +2π

√−1)/N )
)

exists if u is sufficiently close to −2π
√−1, which was first proved for the figure-

eight knot by the second author in [16]. This means that δK (u)=2 from (3.1). We
expect that such u determines an Abelian representation ρ.

3.1.2. Connected-sums We will discuss the behavior of δK (u) and δ
rep
K (ρ) under

connected-sum and satellite. Let us denote by K1K2 the connected-sum of two
knots K1 and K2. Then we have JN (K1K2;q) = JN (K1;q)JN (K2;q)/JN (U ;q).
Therefore we have

δK1K2(u)= δK1(u)+ δK2(u)−2 (3.8)

if u �= 0. Correspondingly, for u = 0 we have VN (K1K2;q)= VN (K1;q)VN (K2;q)
which implies

δK1K2(0)= δK1(0)+ δK2(0) (3.9)

Now, let us compare this with δ
rep
K1K2

(ρ). Note that the complement MK1K2 is
obtained from MK1 and MK2 by glueing along an annulus. More precisely, MK1K2
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is obtained from MK1 and MK2 by identifying annuli A1 ∈ TK1 and A2 ∈ TK2 , where
A1 (resp. A2) is the regular neighborhood of the meridian µ1 (resp. µ2) of K1

(resp. K2).
We first calculate H0(S1;ρ).

LEMMA 3.5. If a representation ρ : π1(S1)→ SL(2;C) is not ±I then we have

H0(S1;ρ)=C,

Otherwise, we have

H0(S1;ρ)=C
3,

Proof. We use the interpretation of h0 described in (3.5). If ρ is not ±I its isot-
ropy group is one-dimensional and so h0(S1;ρ)=1. In the case where ρ=±I the
equality follows since the cohomology group is the usual one.

Next we calculate Hi (MK1K2;ρ) for i =0 and 1 under some assumptions.

LEMMA 3.6. Let ρ : π1(MK1K2)→ SL(2;C) be a representation, and ρ1, ρ2, and
ρ0 the restrictions of ρ to π1(MK1), π1(MK2), and π1(A), respectively, where A :=
MK1 ∩ MK2(

∼= A1 ∼= A2). Suppose that ρ1 and ρ2 are µ1- and µ2-regular, respectively.
Then

δ
rep
K1K2

(ρ)= δrep
K1
(ρ1)+ δrep

K2
(ρ2)−2 (3.10)

if ρ0 �=±I , and

δ
rep
K1K2

(ρ)= δrep
K1
(ρ1)+ δrep

K2
(ρ2) (3.11)

if ρ0 =±I .

Proof. The Mayer–Vietoris exact sequence for MK1K2 = MK1 ∪ MK2 , MK1 , MK2

and A gives the following exact sequence:

{0}→ H0(MK1K2;ρ)→ H0(MK1;ρ1)⊕ H0(MK2;ρ2)→ H0(A;ρ0)→
→ H1(MK1M2;ρ)→ H1(MK1;ρ1)⊕ H1(MK2;ρ2)

j∗1 − j∗2−−−→ H1(A;ρ0),

where j∗1 and j∗2 are induced by the inclusions j1 : A → MK1 and j2 : A → MK2 ,
respectively. Therefore we have

dim H0(A;ρ0)=
{

dim H0(MK1;ρ1)+dim H0(MK2;ρ2)−dim H0(MK1K2;ρ)
}
+

+
{

dim H1(MK1K2;ρ)−dim Ker( j∗1 − j∗2 )
}
.
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If ρ0 �=±I , then from Lemma 3.5. and (3.3) we have

δ
rep
K1K2

=3+dim Ker
[
H1(MK1K2;ρ)→ H1(TK1K2;ρ′)

]
−dim H0(MK1K2;ρ)=

=3+dim H1(MK1K2;ρ)−1−dim H0(MK1K2;ρ)=
=2+dim H0(A;ρ0)+dim Ker( j∗1 − j∗2 )−h0(MK1;ρ1)−h0(MK2;ρ2)=
=3+dim Ker( j∗1 − j∗2 )

Now since j∗1 and j∗2 are injective and dim H1(A;ρ0) = 1, we conclude that
dim Ker( j∗1 − j∗2 )=dim(Im j∗1 ∩ Im j∗2 )=1. Therefore

δ
rep
K1K2

=4= δrep
K1
(ρ1)+ δrep

K2
(ρ2)−2.

If ρ=±I , then since dim H0(A;ρ0)=3 we have

δ
rep
K1K2

=dim H1(MK1K2;ρ)−dim H0(MK1K2;ρ)=
=3+dim Ker( j∗1 − j∗2 )−h0(MK1;ρ1)−h0(MK2;ρ2).

But in this case we have

dim Ker( j∗1 − j∗2 )=
=3+dim Ker[H1(MK1;ρ1)→ H1(TK1)]+dim Ker[H1(MK2;ρ2)→ H1(TK2)]

and so

δ
rep
K1K2

=6+h1(MK1 , ρ1)+h1(MK2;ρ2)−h0(MK1 , ρ1)+h0(MK2;ρ2)=
= δrep

K1
(ρ1)+ δrep

K2
(ρ2).

The above lemma also follows from Proposition 0.11 of [21] for the Mayer–
Vietoris exact sequence.

OBSERVATION 3.7. Equation (3.8) should be compared with its “physics” counter-
part, Equation (3.10). On the other hand, Equations (3.9) and (3.11), which appear
to have the same form, actually have very different origins.

Remark 3.8. The assumption of Lemma 3.6. is true for hyperbolic knots and for
torus knots. In particular, it is true for hyperbolic knots with representations
close to the holonomy representations corresponding to their complete hyperbolic
structures.
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3.1.3. Satellite knots We consider satellite knots.
Let K be a knot in a solid torus D. If e : D → S3 is an embedding, then the

image e(K ) forms a knot. We call e(K ) a satellite of the knot C with compan-
ion K , where C is the image of the core of D. Then the complement Me(K ) of the
interior of the regular neighborhood of K is obtained from S3 \ Int D and DK :=
D \ Int N (K ) by pasting along their boundaries ∂MC and ∂D, where Int denotes
the interior, N (K ) is the regular neighborhood of K in D, and MC := S3 \Int N (C).
Note that ∂DK consists of two tori; ∂D and ∂Me(K ).

We can compute δrep
e(K )(ρ) under some assumptions.

LEMMA 3.9. Let e(K ) be a satellite of a knot C with companion K and ρ : π1(S3 \
e(K ))→ SL(2;C) a non-trivial representation. We assume the following four condi-
tions:

(i) h0(MC ;ρ1)=0,
(ii) h1(MC ;ρ1)=0,

(iii) h0(DK ;ρ2)=0,
(iv) Ker

[
H1(DK ;ρ2)→ H1(∂DK ;ρ′

2)
]=0,

where ρ1, ρ2, and ρ′
2 are the restrictions of ρ to π1(S3\C), π1(D\K ) and ∂DK ,

respectively, and the map in (iv) is induced by the inclusion. We also assume all the
induced representations ρ0, ρ1, and ρ2 are non-trivial.

Then we have δrep
K (ρ)=4.

Proof. From the Mayer–Vietoris exact sequence for Me(K )= MC ∪ DK , MC , DK

and T = MC ∩ DK , we have

{0}→ H0(Me(K );ρ)→ H0(MC ;ρ1)⊕ H0(DK ;ρ2)→ H0(T ;ρ0)→
→ H1(Me(K );ρ)→ H1(MC ;ρ1)⊕ H1(DK ;ρ2)

j∗1 − j∗2−−−→ H1(T ;ρ0),

where ρ0 is the restriction of ρ to π1(T ), and j1 and j2 are inclusions. From the
assumptions (i) and (iii), we have h0(Me(K );ρ)=dim H0(Me(K );ρ)=0.

We note that h1(MC ;ρ)=dim Ker j∗1 =0. We also note that

dim Ker j∗2 =dim Ker
[

H1(DK ;ρ2)→ H1(∂DK ;ρ′
2)→ H1(T ;ρ0)

]
=

=dim Ker
[

H1(∂DK ;ρ′
2)→ H1(T ;ρ0)

]
=

=1

since dim H1(T ;ρ0) = 1 from [21, Démonstration de Proposition 3.7 (p. 72)].
Therefore the kernel of the map j∗1 − j∗2 is one-dimensional, and we have

H1(Me(K );ρ)= H0(T ;ρ0)⊕C.

Since π1(T ) is Abelian and ρ0 �=±I , we have H0(T ;ρ0)=C from (3.5). From (3.3),
we finally get h1(Me(K );ρ)=1.

Therefore δe(K )(u)=4 as stated.
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OBSERVATION 3.10. This can be compared with a result of Zheng
[29, Theorem 1.4], where he studies Whitehead doubles of non-trivial torus knots and
proves that δK (0)=4 for such knots.

In this case DK is homeomorphic to the complement of (the interior of the
regular neighborhood of ) the Whitehead link, which is hyperbolic. So from [11,
Corollary 1.2], the assumption (iv) is satisfied if ρ is a small deformation of the hol-
onomy representation. The other conditions also hold.

Remark 3.11. The assumption h1(S3 \ C;ρ1)= h0(S3 \ C;ρ1)= 0 of Lemma 3.9. is
true if C is a hyperbolic knot and ρ1 is close to the holonomy representation cor-
responding to the complete hyperbolic structure. The assumption h1(D\K ;ρ2)=
h0(D\K ;ρ2)=0 may be true if D\K possesses a complete hyperbolic structure and
ρ2 is close to the holonomy representation.

Remark 3.12. It would be interesting to study the asymptotic behavior of the col-
ored Jones polynomial of the Hopf link H . Since JN (H ;q)=[N 2] (see for example
[13, Lemma 14.2]), we have

log JN (H ; exp 2π
√−1/k)= log sin

(

π

(
N

k

)2

k

)

− log sin(π/k)∼
∼2 log k +2 log(N/k)

if N/k is very small. This formula would mean that δH (u)=4, which is consistent
with the fact that 3+ h1(T × I )− h0(T × I )=4 since the complement of the Hopf
link is T × I .

3.2. RAY–SINGER TORSION

The next interesting term in (1.2) is the term containing the Ray–Singer torsion
TK (u) := T (S3 \ K , ρ). Following the conventions used in the literature on Chern–
Simons theory, we define the Ray–Singer torsion of a 3-manifold M with respect
to a flat bundle Eρ corresponding to ρ by

T (M, ρ)= exp

(

−1
2

3∑

n=0

n(−1)n log det′
Eρ
n

)

, (3.12)

where 

Eρ
n is the Laplacian on n-forms with coefficients in Eρ , and det′
Eρ

n is
the regularized determinant of the restriction of the orthocomplement of its ker-
nel. Using Poincaré duality, one finds

T (M, ρ)=
(

det′
Eρ
0

)3/2

(
det′
Eρ

1

)1/2
. (3.13)
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We recall that the relation between u and the corresponding representation ρ was
discussed at the end of Section 1. Note that the definition of the Ray–Singer tor-
sion is particularly simple when h0(S3 \ K ;ρ)= h1(S3 \ K ;ρ)= 0; in this case the
Laplacians 


Eρ
n have empty kernels.

Very much like the leading term in the expansion (1.2), in general, TK (u) is a
non-trivial function on the character variety.

In view of the Cheeger–Müller theorem [4,14], it would be interesting to com-
pare the Ray–Singer torsion as a function on the character variety to the Reide-
meister torsion studied by Porti [21]. For example, for the figure-eight knot E and
Re(u)=0 one has

TE (u)= 1
√
(3/2− cosα)(1/2+ cosα)

(3.14)

if u �=0, and

TE (0)= π2
√
(3/2− cosα)(1/2+ cosα)

(3.15)

where α=|√−1u| is the singular (cone) angle of the cone manifold M = S3 \ K .
Note that in [21, Section 5.3, Example 1] the torsion is given as ±1/TE (u) for
0<

√−1u<2π/3. Note also that we use the reduced colored Jones polynomial VN

when u =0. The difference between (3.14) and (3.15) comes from − logπ in (3.1).
Let us consider the following function of N and r := N/k =1+u/(2π

√−1).

Re
{

log JN

(
E; exp(2πr

√−1/N )
)}

−

−Re
{

N

r
√−1

S(r)+ 3
2

log
(

N

r

)
+ 1

2
log

(
TE (u)

2π2

)}
,

for the figure-eight knot E . Here we use the result of [17]. We expect that it van-
ishes when N →∞. In Figures 1, 2, 3, 4, 5 and 6 we use MATHEMATICA to plot
the graphs of this function for N =100, 200, 300, 400, 500 and 1,000 (Figure 7).
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Figure 1. N =100.
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Figure 2. N =200.
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Figure 3. N =300.
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Figure 4. N =400.
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Figure 5. N =500.
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Figure 6. N =1,000.

20 40 60 80 100

0.001

0.002

0.003

0.004

0.005

Figure 7. The horizontal axis corresponds to N/100.
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We also draw the graph of

Re
{

log JN

(
E; exp(2π

√−1/N )
)}

−Re
{

N√−1
S(0)+ 3

2
log N + 1

2
log

TE (0)
2π2

}

for N =100×n with 1≤n ≤100.
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