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Supplementary methods 

Determination of optimal phase offset.  Digital phase-shifting holography measures the 

relative phase of light at different pixels; the absolute phase values are unknown, and an 

unavoidable phase offset exists between the two measured fields. For example, a phase 

offset can be induced by a drift of the optical path length difference between the sample 

and reference arms due to environmental instabilities. Here, we develop a method to 

optimally find the phase offset that yields the best focusing quality. The analysis is based 

on the simplest situation, in which the absorption and refractive index of a single target 

are perturbed. For multiple or moving targets, extension of the analysis reaches the same 

conclusion.  

Before perturbation, the electromagnetic field exterior to the scattering region is 

written as: 

 Tb a , (1) 

Time-reversed adapted-perturbation (TRAP) 
optical focusing onto dynamic objects inside 

scattering media
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where  T

1,..., Ma aa is the input field vector on the target plane. Each complex element 

ai (i = 1, …, M) represents an input spatial mode31, T is a random matrix which models 

the transmission through the scattering medium, with dimensions [N × M]. At the second 

measurement, the q-th input spatial mode is perturbed due to a change of the complex 

permittivity of the target, and the external field becomes  

 ' 'Tb a ,   

where 
T

1' ,.. ,...,q Ma a a   a , in which α accounts for the absorption and refractive index 

changes. The rest of the scattering medium is static. Subtracting b from 'b , one gets 

     T
' ' 0,... 1 ,...0qT T a     b b = a a ,  (2) 

from which the formula to focus on the q-th spatial mode is found by: 

    T
0,... 1 ,...0 'qa T    

† b b ,   

where multiplying by T †  implies phase conjugation, and the condition 

 T T I†   (3) 

is assumed. If a phase offset φ exists between the two measurements (for example, a 

phase offset is applied to the field obtained in the first measurement), the input field is 

modified according to (j denotes the imaginary unit): 

  1 exp ja a .    

As a result of equation (1), the external field is subsequently changed to: 

  1 exp jb b .  (4) 
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Affected by the phase offset, equation (2) becomes 

      1 1 T' ' 1 expT T j      b b = a a a a ,   (5) 

where  T 0,... 1 ,...0
T

qa   a denotes the target mode without the phase offset. Time-

reversing 1'b b yields  T 1 exp j   a a on the target plane. The background 

 1 exp j  a  is nonzero if 0  . Calculating the norm of the expression in equation 

(5) and inserting equation (3), one gets  

        2 † †

1 1 1 1 1' ' ' ' '      b b b b b b a a a a .   (6) 

Expanding equation (6) with  1 T' 1 exp j     a a a a , and  exp j   , we get: 

 2 2 22 2 2 2

1' 1 2 2 cos 2 cos cos
M M

q i q i q
i q i q

a a a a a      
 

    
           

     
 b b ,  (7) 

in which the terms in the braces are constants. In real practice, we multiply a term 

 exp 'j to the measured field 1b , as a result,  1 exp 'j     b b  (see equation (4)). 

We adjust ' 	to minimize 
2

1'b b . As we will show below, the value of 
2

1'b b is 

minimized when '    is satisfied, therefore, the additional phase term is removed 

because ' 0   .  

To demonstrate the above statement, we set   in equation (4) as an independent 

variable, and demonstrate that when 0  , the value of 
2

1'b b  is minimized. To find 

the value of   that minimizes
2

1'b b , we take the derivative of equation (7) with 

respect to  , and set the result to zero: 
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    22
sin sin 0

M

i q
i q

a a   


 
   

 
 .  (8) 

The solution to equation (8) is 

 1 1

2 1

sin
tan

cos

d

d d







,   

where 
2

1 qd a  and 
2

2

M

i
i q

d a


 . In real practice, at least one of the following 

conditions is met: 1. The absorption is strong, thus  0   (so 1 0d  ). 2. Only a small 

number of modes are perturbed. Under this condition, 

 1

2 1

sin '
0

cos

d M

d d M




 


.  

In the above equation, 'M denotes the number of perturbed modes. In both cases, the 

minimum value of 
2

1'b b is reached if and only if 0   is satisfied.  

From equation (7), when only absorption perturbation exists (no refractive index 

change, 0  ), the value of 
2

1'b b  varies with the phase offset as  

  2

1' cosM MA B   b b , (9) 

where 
2

22

1

1
2

2

M

M i q
i

A a a




 
  

 
 , and   22

1

2 1
M

M i q
i

B a a


    
 
  are non-

negative constants. Equation (9) is verified experimentally by running a TRAP procedure 

using a hair target. Absorption is switched on and off by mechanically translating the 

sample. Figure S2a shows the normalized value of the measured 
2

1'b b  as a function 
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of the phase offset. The sinusoidal oscillation is predicted in equation (9). According to 

the plot, the best phase offset opt  is found at the valley (as illustrated by the solid arrow), 

where the background term in equation (5) is optimally suppressed, and therefore, the 

highest peak to background ratio (PBR) is reached. Figure S2b plots the measured PBR 

near opt  . As expected, the best PBR is achieved at opt . 

 

Speckle-scale focusing.  Speckle-scale focusing inside scattering media was achieved by 

perturbing light with a single target dye particle (10 μm diameter, see the “sample 

preparation” section). In a first test, absorption was enabled and disabled by moving the 

particle in and out of the region sandwiched between two optical diffusers. A speckle-

scale focus, shown in Fig. 1f, was formed through a TRAP procedure. In a second test, 

absorption was perturbed by moving the particle between two nearby locations. Light 

was focused simultaneously to the two selected points, as shown in Fig. 1i. The full-

width at half-maxima (FWHMs) of the focus in Fig. 1f were measured to be 28 μm and 

18 μm in the vertical and horizontal directions, respectively (Fig. 1g, h). The sizes and 

shapes of the TRAP foci were defined by the effective numerical aperture of the front 

diffuser. The experimental results agreed well with simulations (see the following 

section). 

In the experiment, a light-collecting lens (see Fig. 1d) imaged the front diffuser onto 

the SLM surface with a magnification factor of L 6M  . Accordingly, a rectangular area 

(horizontal: 2.5 mm, vertical: 1.4 mm) on the diffuser was illuminated by the phase-

conjugated light. The size of the TRAP pattern, when focused onto a single speckle grain, 
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was defined by the speckle size (FWHM of the speckle intensity correlation) 

speckle FI0.9 /A L d 32, where L  is the distance between the front diffuser and the TRAP 

focal plane (10 cm in experiment), FId  is the dimension of the illuminated area on the 

diffuser (horizontal: 2.5mm, vertical: 1.4mm),   is optical wavelength (0.532 μm). The 

focus was predicted to have dimensions (FWHMs) of 19.2 μm and 34.2 μm in the 

horizontal and vertical directions, respectively.  The corresponding intensity correlation 

widths of the speckle pattern were measured to be 25.2 μm and 39.2 μm (refer to Fig. 1g, 

h; the intensity distribution was assumed to be Gaussian in both directions, therefore the 

FWHMs were multiplied by 2  to estimate the intensity correlation widths). The 

measurement values were slightly larger than the theoretical predictions. 

 

Simulation of speckle-scale TRAP focusing.  The electromagnetic field on the target 

plane (input plane) inside a scattering medium spans over all transmission modes in 

general. A random complex vector (circular Gaussian) a  was assigned to represent the 

input field before perturbation, the dimensions of a  was [529 × 1]. Propagation through 

the random medium was simulated by multiplying a  with a transmission matrix T. In the 

experiment, the number of modes on the spatial light modulator (SLM) was substantially 

smaller than the total number of output modes. Under this condition, T statistically obeys 

a circular Gaussian distribution, having dimensions of [529 × 529]. The output field 

measured on the SLM surface was Tb a . The input mode was then perturbed by 

introducing absorption on the central element of a (by setting its value to zero), to get 'a . 

A phase offset   was uniformly applied to 'a  by  ' 'exp ja a . The externally 
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detected field was measured as ' 'Tb a . To calculate the TRAP phase map, the phase 

offset   was found by minimizing the norm 
2

'b b , and conjugating the phase of the 

vector  'exp j   b b b  to get  TRAP arg   b  (  arg   denotes taking the 

argument). To focus light, a plane wave was modulated by the phase map to yield 

 TRAP' exp j c . Time-reversed propagation through the scattering medium was 

mathematically written as T
TRAP 'Ta c , where the superscript “T” denotes matrix 

transpose, and TRAPa is the resultant field distribution on the input plane. The intensity 

distribution was calculated by 
2

TRAPa . 

To simulate simultaneous focusing onto both a new and an old position of a moving 

target, a random Gaussian vector a  (with dimensions of [529 × 1]) was generated. To 

obtain the first field a , an element of a  (index i ) was set to zero; to get the second field 

'a , another element of a  (index 12i  ) was set to zero. This mimicked the movement of 

an absorber during the measurements. The rest of the simulation was the same. The 

results are shown in Fig. S3. Bicubic interpolation was used to smooth the intensity 

distributions. The simulation results agreed well with the experimental ones (Fig. 1f,i in 

the main text).  

 

Visualization of dynamic light focusing onto a moving target.  To record the video in 

Supplementary Movie 2, the experimental set-up shown in Fig. 2b was used. A 

transparency printed with an airplane symbol was translated perpendicularly to the light 

axis by a motorized stage. Before the target “flew in”, the electromagnetic field on the 
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SLM surface was measured and stored (as 0E ), which was subtracted from iE (i = 1, 2, 

…) measured sequentially at a time interval of 2 seconds. Phase-shifting holography 

measurement took 0.1 second, and TRAP phase map computation took 0.5 second.  The 

target moved at 130 μm/second. The phase conjugated light between the scattering media 

was sampled by a CMOS camera in real time, and the camera acquisition was triggered 

synchronously with the reading laser pulses.  

 

Sample preparation.  The single dye particle used to produce Fig. 1fi was prepared 

using 10 mg/ml red polystyrene solid suspension (Phosphorex, USA) with average bead 

diameter of 10 µm. The suspension was mixed with deionised water at 1:50 volume ratio. 

The diluted solution was dispersed on a microscope cover slip and let air-dried. The 

sample was then inspected under a microscope to identify a region where only a single 

dye particle was deposited. The position of the particle was labelled in both x and y 

directions to facilitate optical alignments.  

The chicken tissue slices used to produce Fig. 3 was cut from a frozen ex vivo chicken 

breast sample. The slices were defrosted in air to room temperature. Each piece was then 

sandwiched between two microscope slides and slightly pressed into a uniform 2.5 mm-

thick sample. The assemblies were then mechanically fixed and mounted into the testing 

apparatus. The tube sandwiched between the chicken tissue slices to flow the blood 

samples had an inner diameter of 300 µm and an outer diameter of 640 µm. The signal 

was significantly attenuated if pure blood was used—the change in the interferogram due 

to the blood flow was undetectable, given the limited dynamic range of the sCMOS 
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camera. With thinner tubes (30 μm inner diameter), however, bore blockage due to blood 

coagulation was observed even if anti-coagulants were used. To solve the problem, pure 

bovine blood sample (Densco Marketing, USA) was diluted by phosphate buffered saline 

(PBS) with a volume ratio of 1:8. The diluted blood was injected into the silicone tube 

with a syringe; a custom-made mechanical presser controlled the flow speed. During the 

field measurements, the blood flow was temporarily stopped to tolerate the speed of the 

sCMOS camera. A separate CMOS camera (Firefly MV, Point Grey Research, Canada) 

was used to monitor the speckle pattern generated by blood, ensuring that the speckle did 

not decorrelate during each field measurement.  

 

Characterization of PBR.  The achievable signal enhancement through TRAP focusing 

is determined by the PBR. To calibrate the PBR of our system, and to confirm that it 

approached the theoretical limit, a target was made by two pieces of human hairs. The 

total length of the hair sample was 1770 (Horizontal) + 1644 (Vertical) = 3414 µm; the 

width of the sample was 70 µm. The total area covered by the sample was calculated to 

be 5 2
sample 2.38 10 μmA   . Using the hair samples for light tagging resulted in a TRAP 

focal pattern shown in Fig. S4a. A random speckle pattern on the focal plane was 

obtained by shifting the TRAP phase map by 3 pixels (Fig. S4b). Using autocorrelation, 

the size of the speckle was determined to be 2
speckle 144μmA  . The total number of spatial 

modes within the TRAP focus was calculated by sample speckle 1650K A A  . The number 

of phase-conjugated spatial modes could be inferred by counting the number of speckles 

on the SLM surface (Fig. S4c). Only part of the SLM was measured due to the uneven 
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light distribution. The total number of controlled modes was 100,000N  . For phase-

only DOPC, the theoretical PBR  was calculated from4  phase_only 4 48R N K  , 

whereas the experimental PBR was measured along the cross-sectional line in Fig. S4a to 

be measured 31R  , as shown in Fig. S4d.  

 

Measurement of light intensity distribution in 3D. Figure 3e was obtained by replacing 

the tube samples with a beam profiler (Ophir BeamGage, Newport Corporation, USA) 

during the hologram reading process. The profiler surface was aligned in the x-y plane, 

and stepped through fifty points in the z direction at 250 µm intervals. Displayed in 

sequence, the acquired images form a video visualizing the light distribution in 3D (see 

Supplementary Movie 3). Stacking the images into a three-dimensional matrix (by using 

VolView) and integrating along the tube directions revealed the line-shaped foci on the 

side and bottom walls in Fig. 3e.  Contour plots of the projected intensities are shown in 

Fig. 3f, g.    

 

Calculation of target’s autocorrelation based on memory effect.  The set-up shown in 

Fig. 4a was used to image a moving target (or a target with time-varying absorption) by 

the memory effect. The power transmitted through the system and spatially integrated by 

the camera was 

        sf TRAP TRAP' ' ' 1 sP k D I I d B     r r r r r ,  (10) 
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where r and ds are the position vector and surface element, respectively, defined on the 

target plane on which the integration is performed. 'r  is the controlled displacement of 

the TRAP pattern in the scanning process, TRAPI  is the normalized TRAP intensity, sfk  is 

a scaling factor, and TRAP1 I  is the target transmittance. B  is the power of a constant 

speckle background due to partial phase conjugation,  'D r  describes the decorrelation 

of the memory effect17. According to equation (10), the autocorrelation of the target, 

defined as  

      TRAP TRAP' ' sI I d  r r r r ,  

can be calculated by 

      
 

0

sf

' '1
'

'

D P B P

k D

 
 

r r
r

r
,  (11) 

where 0P  is the total power integrated over the TRAP pattern at normal incidence.  

The surface of the SLM was imaged onto the front diffuser with a lens to facilitate 

scanning of the TRAP pattern. A phase gradient was added upon the TRAP phase map 

and displayed on the SLM. It was translated to a wavefront-maintained tilt of the beam 

incident on the diffuser, which was further converted linearly to a displacement dL via the 

memory effect ( L incd L , where Ld  is the induced lateral displacement, inc  is the tilt 

angle of the incident beam, and L  is the distance between the front diffuser and the 

target, 10L  cm in the experiment).  

Prior to imaging,  'D r  was characterized by scanning a TRAP pattern and 

measuring its power as a function of the scanning angle (without the target). The power at 
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normal incidence was recorded as 0P . At larger angles, an increase of decorrelation 

manifested as a decrease of the TRAP intensity. After normalization,  'D r  was 

obtained, plotted as a function of scanning angle in Fig. S5a. The parameter B  was 

calculated by disrupting the phase conjugation (by shifting the phase map by 10 pixels) 

and integrating the total background power. To reduce shot-to-shot noise from the laser, 

the camera exposure time was set to 100 ms while the laser was triggered at 200 Hz (i.e., 

1/(5 ms)). The experimentally measured  'P r  was plotted against the scanning angle in 

Fig. S5b. Once all the parameters in equation (11) were obtained, the autocorrelation 

 ' r  was calculated and subsequently fed to the Gerchberg-Saxton algorithm19 to 

recover the object pattern. The best result was selected from a pool of 100 independent 

runs using image clarity as a criterion.  
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Supplementary discussion 

An alternative TRAP focusing model. In the “determination of optimal phase offset” 

section, the model based on the transmission matrix treats the permittivity (including 

absorption and real refractive index) variation as if it were coming from an infinitely thin 

target that transmits light without scattering. In reality, the time-variant target always 

takes a finite volume, which generates light scattering.  Here, we develop a model 

applicable to perturbations of any kind, including permittivity variation, translation, 

rotation, and tumbling.  

Suppose the random medium hosts N time-varying targets. As illustrated in Fig. S6, 

each target is associated with a centre of mass at r and a vector of orientation ξ (with 

three rotational degrees of freedom). The relative dielectric permittivity of the target is  

  r r r' ''j    , 

which accounts for both scattering and absorption. A constant vacuum permeability is 

assumed. For the i-th target, according to scattering theory33, at instant t1 the electric field 

can be expressed as   

                ( ) ( ) ( ) ( )
1 s 1 1 r 1 s 1 in', ', , , ', 'oi i i it t t t t  E r E r ξ r E r E r ,  

where r’ is the spatial position where the field is evaluated, ( )
s
iE denotes the electric field 

scattered by the i-th target, r(i)(t) is the position of  the i-th target at instant t,  
s
oE is the 

field scattered by the other targets, and inE  denotes the incident wave that exists in the 

absence of the targets. Notice that the value of  1', tE r is independent of the choice of i 
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since the first two terms on the right-hand side account for all the targets. At another 

instant t2, the field becomes 

               ( ) ( ) ( ) ( )
2 s 2 2 r 2 s 2 in', ', , , ', 'oi i i it t t t t  E r E r ξ r E r E r ,  

where an identical incident wave is assumed. As long as at least one of the variables (ξ(i)
, 

r(i)
, εr

(i)) changes, conjugating the differential field generates the TRAP wave:  

              
** *( ) ( )

TRAP s 2 s 1 s 2 s 1' ', ', ', ',o oi it t t t            E r E r E r E r E r . 

If the targets are sparse, in the vicinity of the i-th target (positions at  ( )
1

i tr and 

 ( )
2

i tr ), the field contributed by the other targets        
*

s 2 s 1', ',o ot t  E r E r is weak and 

negligible (at large distances, the fields scattered by these targets drop significantly) 

compared to   *( )
s 1',i t  E r  and   *( )

s 2',i t  E r , while the strong term inE is totally 

cancelled. Because ( )
s
iE diverges from the target, 

*( )
s
i  E  converges onto the target. Note 

that if  ( )
1

i tr differs from  ( )
2

i tr , TRAPE  focuses to both the old and the new target 

positions.  

If the targets are close to each other, the field        
*

s 2 s 1', ',o ot t  E r E r generates a 

non-negligible background on top of the converging fields   *( )
s 1',i t  E r  and 

  *( )
s 2',i t  E r  in the vicinity of  ( )

1
i tr  and  ( )

2
i tr . In this case, TRAPE  concentrates 

light on an extended volume occupied by the targets, and the volume as a whole can be 
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treated as an effective “dynamic target”. This is experimentally demonstrated by light 

concentration on a blood vessel, where the targets are individual RBCs.  

The above analysis is applicable to all the targets because the selection of i is 

arbitrary. The model treats the targets as rigid bodies, but can be extended to show that 

deformation (due to tension, compression, shear, torsion, bending, expansion, etc.) can 

also induce focusing.   

 

Maximum and minimum target sizes.  As discussed and experimentally verified 

earlier, the PBR of the focus is  phase_only 4R N K , where N is the total number of 

controlled modes on the SLM, and K is the number of modes in the focus. A big target 

projects to a large number of input modes, increasing K and reducing the PBR. Once K 

approaches N, the PBR reduces to unity and the focus disappears.  Consequently, the size 

of the object should be less than Aspeckle N, where Aspeckle is the average speckle area on the 

target plane.  

Recall the model defined in the “determination of optimal phase offset” section, in 

which a and a’ denote the input fields, with dimensions [M × 1]; T denotes the random 

transmission matrix, with dimensions [N × M]; and b, b’ are the output fields on the 

SLM, with dimensions [N × 1]. The elements of a, a’, b, b’, and T obey the complex 

circular Gaussian distribution, as dictated by the speckle and random matrix theories. We 

denote the standard deviation (SD) of the elements in a (a’) as σa, and the SD of the 

elements in T as σt (σa and σt are the SDs for both the real and imaginary parts). On the 

input plane, the smallest spatially resolvable unit is a single speckle grain, known as an 
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input mode. A target smaller than a speckle will perturb the corresponding mode as an 

effective index change. We will show below that to resolve the change of a single spatial 

mode, given the total number of input modes M, two factors are important: the signal to 

noise ratio (SNR), and the number of holograms used for the phase map calculation (Ns).  

By using phase-shifting holography, an interferogram is generated on the detection 

plane:  

    2 2

R s R2 cosI S R S R      ,  

where the sample beam (S = bi or S = bi’, representing the i-th element in the output field 

vector) has an amplitude |S| and phase φs,  and the plane reference beam is denoted as R = 

|R| exp(j φR). By properly choosing Ns reference phase values (e.g., Ns = 4, φR = 0, π/2, π, 

3 π/2), the complex amplitude S can be deduced.  This method can be generalized as a 

standard parameter estimation process for the model:   

  s 0 s( ) cosn n nX t V t w    , 

with X(tn) being the samples taken at time tn , n = 1,…Ns, with a known angular frequency 

ω0. sV  and s  are the amplitude and phase of the signal to be estimated. The samples are 

contaminated by noise wn, which is assumed to be independent Gaussian, with zero mean 

and a variance σ2.  The theoretical lower limits of the amplitude and phase estimations are 

defined by the corresponding Cramer-Rao bounds (CRB)34 as follows:  

 
22~

s
s

s p s

var
2

V
V

N N




     
, (12) 
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2~

s 2
s s p s

1
var

2V N N




     
, (13) 

where the “~” sign denotes estimated values, γp is the SNR, defined as  

 
2

s
p 22

V


 , 

and  var   denotes variance. If the estimator is unbiased, the estimated field vector is 

found to be preferably distributed within an “uncertainty circle” (according to equations 

(12) and (13)), centred at  s sexpV j , with a radius of  

 s
err s

p s2

V
r N

N



   (14) 

on the complex plane (see Fig. S7a, red solid circles). 

We call b and b’ field vectors, and their complex elements mode vectors (for 

simplicity we only consider scalar fields). We denote the i-th elements in the output 

vectors as bi and bi’, and so the respective element in the differential vector giving rise to 

TRAP focusing is attained by 'i ib b . These mode vectors are schematically shown in Fig. 

S7a as blue solid arrows. From their geometric relationship, if bi is given, the synthesized 

vector 'i ib b  will be primarily distributed within a circle centred at bi with a radius of tb . 

This radius is equivalent to the average length of the synthesized mode vectors, or 

equivalently, to the average length of the output mode vectors generated by a single input 

mode (the target mode). The average length of the mode vectors bi is denoted as b , 

whose length is shown in Fig. S7a. 
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In the following we will deduce the relationship between b  and tb  from their 

definitions:  

 
1

M

il l
l

b t a


  ,    (15) 

  t iq qb t a .   (16) 

In the above equations, al denotes the input mode vector, til is the matrix element 

(with indices i, l) of the transmission matrix T, and aq is the target mode vector (the target 

mode index is q), and the bar sign denotes ensemble average. Using the statistical 

properties of the mode vector and the transmission matrix, equations (15) and (16) lead to 

the following equalities: 

  2 a tb M  , 2t a tb   .    

As a result, we have 

  t

b
b

M
 .  (17) 

When applied to output mode vector estimation, equation (14) leads to 

  err s

p s2

b
r N

N



  .   (18) 
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Moreover, in the phase-shifting measurement, we directly measure the intensity; as a 

result, it is more straightforward to re-define SNR as



 , where   is the intensity in 

the absence of noise.  We thus substitute 2
p   in equation (18) to yield 

  err

s2

b
r

N
 .  (19)  

To have reasonable estimation of 'i ib b , it is required that rerr<< tb (see Fig. S7a, 

where the uncertainty circles are much smaller than the green dot-dashed circle). In other 

words, 

 
err s

1
2

tb b b

r M N
  , or equivalently 

  2
s2N M  .  (20) 

The right-hand side of equation (20) is seen to be analogous to the space-bandwidth 

product (SBP) of an imaging system, i.e., the number of resolvable pixels in the field of 

view. In the TRAP focusing case, equation (20) dictates the restrictions on the hologram 

measurement setting, given a desired SBP on the target plane. Once the sample number 

Ns is fixed, the SNR threshold for an SBP value of M is given by 

  thresh
s2

M

N
  .  (21)  

Alternatively, given   and sN , the achievable SBP is estimated by equation (20).  
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The above theory was confirmed by simulation, in which M = 1000, N = 2000, Ns = 4, 

and σa =  σt = 1. The amplitude of the reference beam |R| was set equal to b  for best 

contrast.  The input vector a’ differed from a in that its q-th element was set to zero (i.e., 

absorption was turned on). For phase shifting holography, we used 

 0 /2 3 /2ib I I j I I       for the field calculation, where Ix denotes the intensity of the 

interferogram when the phase of R is x. Noise was added to Ix in accordance with the 

desired SNR. After finding b and b' , the TRAP vector was calculated as b' b  and 

phase-conjugated to promote focusing on the target position q. We calculated the focus 

PBR by dividing the intensity of the target mode by the average intensity of the rest of 

the modes. The above procedure was repeated for SNR values ranging from 1 to 100, at 

each examined SNR value, 20 computer experiments were performed to measure the 

mean and SD of the PBR. A guaranteed SBP of M =1000 was achieved if the PBR was 

consistently high. The simulation result in Fig. S7b, showing the PBR as a function of 

SNR, reveals that a dramatic improvement of the PBR is achieved when SNR exceeds the 

threshold value defined in equation (21). This threshold value is labelled by a vertical 

dot-dashed line in the figure. As SNR keeps increasing, the PBR approaches the 

theoretical upper limit of N+1, as shown by the horizontal dashed line.   

 

Effect of medium displacement. Shifting of the scattering medium during the TRAP 

procedure (including hologram recording, electronic processing and phase conjugation) 

decorrelates the system and will ultimately disrupt phase conjugation. The sensitivity of 

the focusing quality to medium displacement was tested using the set-up shown in Fig. 
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S8a. A TRAP focus, shown in Fig. S8c, was generated between two scattering layers 

(ground glass diffusers, DG10-600, Thorlabs Inc., USA) by translating a hair target. The 

back of the scattering layer SL2 was imaged onto the surface of the SLM by a lens (f = 35 

mm). The object and image distances (labelled as L0 and L1) were 44 mm and 170 mm, 

respectively, yielding a magnification of 3.9. Shifting the phase map displayed on the 

SLM by one pixel resulted in dramatically reduced focus intensity, as shown in Fig. S8d.  

Further shifting by one more pixel totally erased the focus, as depicted in Fig. S8e.  The 

shift of the phase map converted to a speckle displacement on SL2, at a step size of 2.1 

μm [SLM pixel size (8 μm) divided by the magnification (3.9)]. The above process was 

repeated ten times to calculate the mean and SD of the PBR, plotted in Fig. S8b. The 

PBR experienced a four-fold drop at a displacement of 2 μm. The width of the Gaussian 

fitting indicates the time-reversed speckle size on SL2. By decreasing the NA of the 

collecting lens, the speckle size on the scattering medium was made larger, reducing the 

sensitivity to displacement. However, this is accompanied by a reduction of the focus 

PBR, as fewer output modes will be collected. In conclusion, the sensitivity to 

displacement and the focus PBR have to be traded off depending on the application.  

The above discussion considers a medium shift perpendicular to the optical axis. The 

case for a medium shift parallel to the optical axis can be treated similarly if one replaces 

the transverse speckle size by the axial speckle size32. However, shifting along the optical 

axis imparts a Doppler shift, generating a beat frequency of 2v/λ (v is the shift speed, λ is 

wavelength) when the signal beam interferes with the reference beam during the phase 

map measurement. This Doppler shift can be compensated for by adjusting the reference 

beam frequency correspondingly.     
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A fast TRAP focusing scheme. In certain applications, the target permittivity changes 

fast, which demands fast camera frame rate. Moreover, DOPC requires a high bit depth 

and large pixel count, making it more challenging to achieve a high frame rate. 

Therefore, it is desirable to do single-shot field measurements.  

The following scheme can address this need. The set-up is shown in Fig. S9, which 

employs a pulsed laser (pulse width ~ 10 ns) as the light source. After the system enters 

hologram writing mode, the control signal for an electro-optic modulator (EOM) in the 

reference beam (R) is set to “low”, which generates no additional phase-delay (0 π). A 

single light pulse is fired. In the sample beam (S), light passes through the scattering 

sample. The scattered light is collected by a lens and interferes with the reference beam at 

an average angle of θA (not shown) on an amplitude-only SLM. The SLM displays a 

blank amplitude map (all zero) while the hologram is being recorded. Denote 1S  as the 

complex amplitude of the sample beam, and assume that the reference beam is a plane 

wave, denoted as RS , the total amplitude distribution incident on the SLM is 

  tot ,1 1 A Rexp sinS S jk y S    ,  

where k  is wave number. The intensity distribution is 

    2 2 * *
1 1 R 1 R A R 1 Aexp sin exp sinI S S S S jk y S S jk y            .  

After acquisition of the first hologram, the control signal of the EOM switches to 

“high”, which induces an additional phase delay of π in the reference beam. After the 

EOM state is flipped, a second laser pulse is fired. The delay between the two laser pulses 
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is controlled to be greater than the speckle decorrelation time due to the target. As a 

result, a different scattering field 2S  is recorded as: 

    tot,2 2 A Rexp sin expS S jk y S j     ,  

and the intensity distribution is 

    2 2 * *
2 2 R 2 R A R 2 Aexp sin exp sinI S S S S jk y S S jk y            .   

The two successive holograms are then digitally added to yield  

 1 2H I I   

        
2

2 2 * *
R R A R A

1

2 exp sin exp sini
i

S S S jk y S S jk y S 


               
 
 ,(22) 

where 2 1S S S    is the difference between the scattered fields. In step three, the system 

enters the hologram reading mode. An intense laser pulse (coaxial with the reference 

beam) is fired, which, after impinging on the SLM, is diffracted into three spatially-

separated components, corresponding to the three terms in equation (22). The diffracted 

beam associated with the central term (+1 order) is expressed as 

    *

TRAP Aexp sinS S jk y      ,  

which is the desired TRAP field. The background caused by the other diffraction orders 

(0 and –1 orders) is spatially removed by a mask. The set-up can be categorized as a 

special holographic interferometry system22.  
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Supplementary figures  

 

Figure S1: Experimental set-up. AOM, acousto-optic modulator; BD, beam dump; BE, 

beam expander; BS, beam splitter; CL, camera lens; CMOS, CMOS camera; DG, delay 

generator; DOPC, digital optical phase conjugation module; FG, function generator; FM, 

focal light intensity monitor module; HWP, half-wave plate; L, lens; LS, laser source; M, 

mirror; ND, neutral density filter; PBS, polarizing beam splitter; RF, radio-frequency 

signal; sCMOS, scientific CMOS camera; SF, spatial filter; SLM, spatial light modulator; 

TDL, tuneable delay line; TM, turbid media; TR, electric trigger signal; TT, TRAP target. 
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Figure S2: Determination of the optimal phase offset. a, Measured 
2

1'b b  as a 

function of the phase offset  , where 'b  and 1b  are the electromagnetic fields measured 

in a TRAP procedure. The downward arrow pinpoints the optimal phase value opt . b, 

The measured PBR as the phase offset deviates from the optimum ( opt    ) . The 

dashed curve is a Lorentzian fit to the experimental data. 
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Figure S3: Simulation of TRAP focusing. a, A spatially fixed, time-varying absorber 

produces a single focus. b, A moving absorber results in twin foci. 
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Figure S4: Experimental PBR characterization. a, The measured focal light intensity 

distribution. b, The focal light intensity distribution resulted from an incorrect phase map 

(phase map shifted by 3 pixels). c, The phase map used to generate the focal pattern in a. 

d, Intensity profile sampled along the dashed line in a, from which the PBR was 

calculated. Scale bars, 500 μm.  
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Figure S5: TRAP imaging raw data. a, The total energy of the TRAP pattern plotted as 

a function of scanning angle. b, The transmitted energy integrated by the CMOS as a 

function of scanning angle. 
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Figure S6: The TRAP focusing model. The position of the object is denoted as r, 

orientation is specified by ξ.   
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Figure S7: Dependence of TRAP focusing quality on SNR. a, Vector diagram showing 

the relations among the vectors and bounds used in the model. b, Simulation results.  
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Figure S8. Effect of medium displacement on focusing quality. a, Measurement 

schematic. SL1,2, scattering layers; SLM, spatial light modulator; TP, target plane.  b, 

Measured PBR versus displacement. Dashed curve: Gaussian fitting. ce, focal light 

intensity distributions corresponding to various spatial shifts.  Scale bar: 500 μm.  
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Figure S9: Schematic of fast TRAP focusing. BE, beam expander; BS1, beam splitter 

(50:50); BS2, beam splitter (90 (T) : 10 (R)); CL, camera lens; DS, dynamic scattering 

sample; EOM: electro-optic modulator; HWP, half-wave plate; L, lens; M, mirror; PBS, 

polarizing beam splitter; PLS, pulsed laser source; sCMOS, scientific CMOS camera; 

SF1, spatial filter (pinhole); SF2, spatial filter (iris); SLM, amplitude-only spatial light 

modulator. 
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Supplementary movie captions 

Supplementary movie 1: Principle of TRAP focusing. Two cases are shown in the 

movie. Case 1: A spatially fixed, time-variant absorber; Case 2: A moving absorber.  

Supplementary movie 2: Dynamic focusing onto a moving target inside scattering 

media. a, System set-up. The intensity distribution on the target plane was sampled with 

a camera by a beam splitter in real time. b, A cartoon showing the position of the real 

target. The flashing box highlights the field of view defined by the SLM. c, Light 

intensity distribution on the SLM surface during the probing process. d, Focal intensity 

distribution captured on the camera. Timing in bd is synchronized and shown on the 

right. Scale bars, 500 μm.  

Supplementary movie 3: Visualization of light distribution in 3D. a, System set-up. 

Light distribution was measured by a moving beam profiler illustrated as a moving plane. 

During measurement the tube samples were removed. b, The measured intensity 

distribution as the beam profiler moves in the –z direction. The position of the profiler 

relative to the tubes is illustrated in a. Scale bar, 500 μm. 
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