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ABSTRACT: In modern mathematical and theoretical physics various generalizations, in
particular supersymmetric or quantum, of Riemann surfaces and complex algebraic curves
play a prominent role. We show that such supersymmetric and quantum generalizations can
be combined together, and construct supersymmetric quantum curves, or super-quantum
curves for short. Our analysis is conducted in the formalism of super-eigenvalue models: we
introduce B-deformed version of those models, and derive differential equations for associated
o/ f-deformed super-matrix integrals. We show that for a given model there exists an infinite
number of such differential equations, which we identify as super-quantum curves, and which
are in one-to-one correspondence with, and have the structure of, super-Virasoro singular
vectors. We discuss potential applications of super-quantum curves and prospects of other
generalizations.
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1. Introduction

Riemann surfaces and complex algebraic curves play a prominent role in mathematics and
admit various generalizations, which often have origin in modern mathematical and theoretical
physics. In this paper we consider two such generalizations: supersymmetric and quantum.
Supersymmetric Riemann surfaces play an important role in superstring theory [1-5], and
they have received renewed interest recently [6-10]. They can also be represented, at least in
some specific cases, as supersymmetric algebraic curves [11,12].

Another generalization of algebraic curves, also to much extent motivated by physics, is
related to quantization and non-commutative geometry, and leads to the notion of quantum
curves. Quantum curves can be thought of as differential operators A\(f, y) that impose linear,
differential, Schroedinger-like equations on certain wave-functions ¥ (z)

~

Az, y)¥(z) =0, (1.1)

where T and ¥, represented respectively by multiplication by x and hd,, are operators satis-
fying the commutation relation
5.3 = h (1.2)

In the limit 2~ — 0 these operators commute and can be identified with complex numbers,
and the quantum curve equation reduces to a “classical” algebraic curve

A(z,y) = 0. (1.3)

Quantum curves arise in various physical contexts, such as intersecting branes in type IIA
string theory [13,14], B-branes in (refined) topological string theory [15, 16], surface oper-
ators [16,17], and they are objects of active studies in knot theory [18-20] and from other
mathematical perspectives [21-26]. It has been conjectured that in all situations mentioned
above quantum curves can be constructed by means of the topological recursion [27], and in
many cases they can also be constructed explicitly in the formalism of matrix models. In this
case the classical algebraic curve ([.3) is identified with the spectral curve of a matrix model,
and the differential equation (EI) is the equation satisfied by a determinant expectation value.
It has been shown recently — in the formalism of matrix models and the topological recursion —
that to a given algebraic curve one can in fact associate an infinite family of quantum curves,
which are in one-to-one correspondence with, and have the structure of, Virasoro singular
vectors [28]. This statement can be viewed as a consequence of the familiar relation between
matrix models and conformal field theory [29,30].

In this paper we combine the two above generalizations and construct supersymmetric
quantum curves, or super-quantum curves for short. Our construction is based on so-called
super-eigenvalue models, introduced in [31] and then analyzed in [32-36], which can be re-
garded as supersymmetric generalizations of matrix models. In this paper we first generalize
super-eigenvalue models to the S-deformed case, and then formulate a supersymmetric gen-
eralization of the construction presented in [28]. Analogously as in [28], we find that to a



given super-eigenvalue model one can associate an infinite family of super-quantum curves,
which have the structure of super-Virasoro singular vectors. These super-quantum curves
take form of differential equations that annihilate wave-functions, which are constructed as
certain «/f-deformed super-matrix integrals.

Let us stress that our results illustrate more general phenomenon, i.e. the existence
of infinite families of quantum curves associated to certain underlying symmetries. This
phenomenon is manifest in the context of matrix models or their generalizations. In the case
of ordinary hermitian matrix models there is an underlying Virasoro symmetry, which implies
the existence of quantum curves having the structure of Virasoro singular vectors [28]. In the
case of super-eigenvalue models considered in this paper, there is an underlying super-Virasoro
symmetry, and quantum curves take form of super-Virasoro singular vectors. For other types
of matrix models, e.g. involving other ensembles of matrices, or deformations of the measure
or the potential, or multi-matrix models, etc., there is also an underlying symmetry, whose
manifestation must be the existence of a family of quantum curves, having the structure of
associated singular vectors. Explicit analysis of such generalizations is an interesting task for
future work.

It would also be interesting to generalize our results beyond the realm of matrix models.
In the case of hermitian matrix models such a generalization can be formulated by means of
the topological recursion, so that one can essentially associate a family of quantum curves to
a given algebraic curve (irrespective of the existence of a matrix model). Reformulation of
other types of matrix models, in particular the super-eigenvalue model, in terms of generalized
topological recursions would enable to identify yet more general quantum curves.

There are many other directions to explore. It would be interesting to relate our super-
quantum curve to the representation of super-Virasoro singular vectors in terms of super-Jack
polynomials [37-39]. While our super-quantum curves correspond to singular vectors in the
Neveu-Schwarz sector, it is desirable to identify analogous curves for the Ramond sector,
possibly following some ideas in [39,40]. It would be interesting to interpret our results in the
context of a relation between super-Liouville theory and gauge theories on ALE spaces [41],
or to find links to some putative supersymmetric version of topological string theory [42,43].

As a word of warning, we stress that super-quantum curves introduced in this paper
should not be confused with (quantum) super-A-polynomials [20]. In the latter case the
prefix super has to do with homological knot invariants (in analogy with superpolynomials),
while in this paper super refers to a supersymmetric generalization.

Let us briefly summarize the results of this paper. First, we introduce a [S-deformed
super-eigenvalue model as a formal integral

N
Z- / [] dzadPuis(z,0)P e Sila Viaasti) (1.4)

a=1



where A(2,9) = [[1<,cp<y(2a — 2 — Yap) and the potential takes form of a series

V(‘Tv 9) = VB(‘Z') + VF(‘T)67 VB(‘T) = Ztnxna VF(*Z') = Z§n+1/2xna (15)
n=0 n=0

where ¢, and 1/, are respectively bosonic and fermionic parameters called times. The
partition function ([[.4) is referred to as the super-eigenvalue integral, with bosonic z, and
their fermionic superpartners ¥, interpreted as super-eigenvalues of some putative ensemble
of matrices. Although one way of writing ([[.4) at 5 = 1 as an integral over some ensemble
of matrices was proposed in [44] and an explicit form of such an integral was given for small
N, it is not possible to write it explicitly for general N. Nonetheless, it is convenient to call
([-4) as a super-eigenvalue model, or a super-matrix model, due to the analogy with bosonic
matrix models.

It is known that the bosonic partition function satisfies a set of Virasoro constraints, and
one can derive analogous super-Virasoro constraints in case of the super-eigenvalue model
(L4). In this paper we derive such constraints in the 3-deformed case and show that they
take form

Iny1/2Z = nZ =0, for n > —1, (1.6)

where g, 112 and ¢, are differential operators written in terms of times ¢, and &, 1/, which
form a representation of the super-Virasoro algebra. The above equation means that the
matrix model partition function encodes the Neveu-Schwarz (NS) vacuum in an auxiliary
superconformal field theory associated to the super-eigenvalue model. We also show that in
the large N limit a distribution of eigenvalues is encoded in a super-spectral curve, which is
described by a pair of equations (B.35)

yp(@)yr(z) + G(z) = yp(2)* + yp(x)yr(z) + 2L(z) = 0, (1.7)

where G(z) and L(z) are defined in (B.3). One can also eliminate the differential y}.(z) of
yr(x) with respect to z from ([.7) and write this equation in the form of a supersymmetric
algebraic curve (B.3§). Such a super-spectral curve was identified already in [31].

Having discussed properties of the S-deformed super-eigenvalue model, we associate to
it a family of wave-functions parametrized by a parameter «; we also refer to these wave-
functions as «/f-deformed super-matrix integrals. These wave-functions are a generalization
of a determinant (characteristic polynomial) expectation value in a bosonic matrix model and
take form

< < VBN (log(a—z2e)— b ~ ~
Ra(z,0) :ethB(w)'l'ggVF(w)‘) <€ W ae1 (1 g(r—2a) zza0a>> EXB,a($)+XF,a(33)9- (1.8)

In the right hand side we identified bosonic and fermionic components of the wave-function,
and denoted them Xp o(z) and X () respectively. We show that the a/-deformed integral
([:9) also satisfies super-Virasoro constraints that generalize ([[.§), and find corresponding

super-Virasoro generators gy’ (z,0) and (% (x,0).



Having defined the wave-function X, (x,0), we pose the crucial question in this paper:
does it satisfy a differential equation in x of a finite order? We find a very interesting answer
to this question: X,(x,0) satisfies such a differential equation only for special values of «,
labeled by two positive integers p and ¢

_ /2 _(, _ —1/2
a=opg = (p—1)B 2(q Dl h, with p — q € 2Z. (1.9)

Remarkably, these are the values of NS degenerate momenta in super-Virasoro algebra, and
corresponding wave-functions may be referred to as NS wave-functions. We then show that for
the above values of o the wave-function can be identified as an expectation value of a super-
Virasoro degenerate primary field in an auxiliary superconformal field theory associated to
the super-eigenvalue model, while the differential equation annihilating the wave-function
has the structure of the corresponding super-Virasoro singular vector at level n = pq/2, when
expressed in terms of appropriate generators of the super-Virasoro algebra. We identify such
a differential equation as a super-quantum curve and for a given value of « write it as (5.1))

o~

A%%a(z,0) = 0. (1.10)

Moreover, we show that at the lowest nontrivial level 3/2 this super-quantum curve reduces
to the classical super-spectral curve ([.7).

In more detail, we find two representations of super-Virasoro algebra, given in ({.33) and
(E-33), which can be used to write a super-quantum curve, and which act respectively on the
wave-function X, (z,#) and its bosonic component X g o(z) defined in ([.§). We show that the
bosonic component X () is annihilated

AVRp o, () =0 (1.11)

by an operator Kﬁ?), which takes form of the operator encoding a super-Virasoro singular

vector, written in terms of generators ([.33). This operator can be easily transformed into
an operator (super-quantum curve)

A% = AO) — 99, A0 — g AD) (1.12)

n n

that annihilates the whole wave-function X, (z,#). The operator (|L.19) is expressed in terms
of generators ([.39), and its component E,(f’ is related to 2&0) simply by the action of 6_1 /25
as we explain in detail in section [

A very interesting feature of our result is that at a given level n super-quantum curves are
written in a universal form, which depends on the momentum «, and substituting a particular
value o = a4 produces a familiar expression encoding the corresponding singular vector.
Moreover, one can substitute values of « corresponding to singular vectors at levels lower
than n, and then our expression (up to a simple factor) reduces to appropriate expressions
encoding corresponding singular vectors at lower levels. Therefore at a given level n we find
a universal a-dependent expression for the super-quantum curve, which encodes all singular



vectors at levels equal or lower than n. To our knowledge such universal expressions for
super-Virasoro singular vectors have not been previously known.

Let us illustrate the above statements with some examples. We find that an operator
AY) at level n = 3 /2 takes form

A0 _T & o’ =

As/a 1612 — ﬁG—3/2, (1.13)

and it indeed encodes familiar expressions for singular vectors at level 3/2 upon a substitution
of a = +B*Y/2h, which correspond to degenerate momenta ([.J) at this level. Then, as
explained in section [, from ([.L19) the full super-quantum curve is reconstructed as

2
/\OC a o~
o = —0:05 = 3G g — 9(62 - —L ) (1.14)

Similarly, at level n = 2 we find

G_3/2G_1/2. (1.15)

For the degenerate momentum a = a2 = (8 12 _ g=1/ 2)h/2 this expression indeed reduces to
a familiar expression encoding a super-Virasoro singular vector at level 2, and for momenta
at lower levels it reduces to expressions for corresponding singular vectors at those lower
levels. From the above result we can also easily reconstruct the full form of E‘J‘, which is

given in (f.51)). Furthermore, at level n = 5/2, in (f.61) we find analogous universal a-

A 0)
5/2

super-quantum curve A5 /2 is given in (p.62).

dependent expression for A; ., that encodes singular vectors up to this level, and then the full

Having introduced and explicitly identified super-quantum curves we analyze some of
their properties. Among others we discuss two quantum structures encoded in their form, and
analyze two corresponding classical limits: the ’t Hooft limit and the classical super-Liouville
(or equivalently the Nekrasov-Shatashvili [45]) limit. (As the second word of warning, one
needs to be careful in deciphering acronyms when analyzing the NS limit of the NS wave-
function.)

Apart from analyzing super-eigenvalue models with general potentials (involving generic
times ¢, and &), we also consider a specialization of our formalism to models with fixed
potentials, such as the super-gaussian and the super-multi-Penner model. In particular we
show that familiar objects in super-Liouville theory (the form of correlation functions, super-
BPZ equations, etc.) arise from the latter specialization. Furthermore, for completeness
and in order to compare classical limit of super-quantum curves with classical super-spectral
curves, we conduct an analysis of planar solutions of super-eigenvalue models.

The plan of this paper is as follows. In section f] we review properties of the super-
Virasoro algebra and a construction of its singular vectors. In section | we introduce a
[-deformed super-eigenvalue model, show that its partition function satisfies super-Virasoro



constraints, and identify its super-spectral curve. In section f| we introduce an a/3-deformed
matrix integral, find a representation of super-Virasoro algebra associated to it, as well as a
related representation, which provides building blocks of super-quantum curves. In section f
we present a general construction of those super-quantum curves and illustrate it in several
examples at levels 1/2, 3/2, 2, and 5/2. In section [ we discuss a double quantum structure
encoded in super-quantum curves, and two corresponding classical limits: the 't Hooft limit
and the Nekrasov-Shatashvili (or the classical super-Liouville) limit. In section [f] we specialize
our consideration to super-eigenvalue models with the super-gaussian and the super-multi-
Penner potentials. Finally, in the appendix we discuss various operator expressions used in
calculations throughout the paper, and also present a general form of a planar solution of the
super-eigenvalue model.

2. Super-Virasoro algebra, singular vectors, and free field realization

The N = 1 super-Virasoro algebra is defined by the following (anti)commutation relations

c 1

{G,,G} = 2L, + g(r2 — 1)5”370’
m
[LmaGr] = (5 - T)Gm-l—ry (21)
C
[Lm, Ln] = (m — n)Lm+n + E(m?’ — m)5m+n,0.

In this paper we consider primarily the NS (Neveu-Schwarz) sector of (R.1), in which the
indices of generators G, take half-integer values, r € Z + % Indices n of generators G,
forming the Virasoro subalgebra of the NS superalgebra, are integers.

Let va be the highest weight state with respect to the NS algebra (B.1])

Lova = Ava, Lpva =Groa =0, m,r>0. (2.2)
Denote by mi(A) the free vector space generated by all vectors of the form
vAMR = Loyg-rvA = Lo . Loy, G . .G yup, (2.3)
where R and M are multi-indices such that
O<ri <re...<rg, 0<my <ma...<my,

and
IM|+|Rl=m1+...mj+11+...1, =n.

The %Z—graded representation of the NS superconformal algebra determined on the space

ms(A) = @ (),  ms(A) = Cua,
neiNU{0}



by the relations (R.1]) and (R.9) is called the NS supermodule of the highest weight A and the
central charge c. Each 7lj(A) is an eigenspace of Ly with the eigenvalue A + n. The space
mns(A) has also a natural Zs-grading

_ m _ m+i
Tns(A) = 7T1:1i_s(A) ® mys(A), 7T1—\I"_S(A) = EB ms(Q),  ms(d) = @ Tys - (D),
meNU{0} meNU{0}

F _ (_1)2(L0—A).

where 755(A) are eigenspaces of the parity operator (—1) NS generators

L,, and G, are, respectively, even and odd with respect to this grading,

(=D L] = {(=1". G} =

A nonzero element y € mys(A) of degree n > 0 is called a singular vector if it satisfies the
highest weight conditions (B.3) with Lox = (A + n)x. It generates its own NS supermodule
mns(A 4 n), which is a submodule of 7yg(A).

There exists on mys(A) a natural, symmetric bilinear form (-,-) uniquely determined by
the relations (L,,)7 = L_,,,(G,)! = G_, and normalization condition (va,va) = 1. The
singular vector x is orthogonal with respect to (-,-) to all vectors in mys(A) including itself,

VE € mys(A) = (§]x) =0, (2.4)
Consequently, if we denote by G the matrix of (-, -) on ms(A) calculated in the basis (R.3)

then it is nonsingular if and only if the supermodule mys(A) does not contain singular vectors
of degrees %, 1,...,n. The determinant of this matrix is given by the Kac theorem [46]

det Gla = Ko [[ (&= Dpgle) 0%, (2.6)
1<pq<2n

Here K,, depends only on the level n, the sum p + ¢ must be even, the multiplicity of each
zero of the Kac determinant is given by Pyg(n) = dim 7l (A) and

pg—1 p2—16+q2—11

Apglc) = — 1 + 3 8 3 (2.7)
where
3 B 2
o= 5_3@ 1/2—ﬁ1/2> _
The combination
Q=p"12—pl2, (2.8)

which we shall frequently use in what follows, corresponds to the background charge in the
N =1 super-Liouville field theory. Finally, if we parametrize A as

s (5-0). o



then the equation (R.7) implies

(p—1)B"Y* = (¢—1)B~"/2

Q= Qpq = 2 h,

in agreement with ([L.9).

Partial results containing the form of Neveu-Schwarz singular vectors can be found in
[47-51]. For the first few levels one can also compute their form directly from the definition.
Below we give some examples (for more examples see [52]).

e For n = 1/2 we have a singular vector for p = ¢ = 1, which corresponds to A =0 (i.e.
the singular vector is in the NS supermodule of the vacuum) given by

X1 = G_1/2V11, Vpg = VAp 4+ (2.10)

e For n = 3/2 we have either (p,q) = (3,1) or (p,q) = (1,3). The former case corresponds
to
Xs1 = (L-1G 1/ — BG_39) v31, (2.11)

while the latter is obtained by changing 8 to —~! and v3; to vi3.
e For n =2 we have (p,q) = (2,2) and

1

2
= (-3 (7 ) L GG )i @12

e Finally, for n = 5/2 we have (p,q) = (5,1) or (p,q) = (1,5). In the former case
X51 = (L2_1G_1/2 + 2,8(3,8 - 1) - 3,8G_3/2L_1 - 25L_2G_1/2) Vs1. (2.13)
The singular vector xis is obtained by changing 5 to —3~! and vs; to v15.

In what follows we will also take advantage of the free field realization of the super-
Virasoro algebra, in terms of the free bosonic and free fermionic operators on a two-sphere
52, such that

d(x1)p(z2) = log(xy —x2) + ..., (2.14)

Y(x1)Y(22) = ! (2.15)

Tl — X2

From these operators one can construct the superconformal current

S(x) =9 (2)0:¢(x): +Q01(x) (2.16)

and the energy-momentum tensor

T() = 5 :0u0(@)0ub(a): + O(@)(): +3Q06(z). (217)



It follows that

S(@0)S(e2) = g+ @) .
T(21)S(w2) = msm) + S a) e, (2.18)
T(en)T(e2) = 5 fx2)4 o _2x2)2T(x2) s MCO R
where the central charge is given by
c=2-3Q" (2.19)

From the OPE (R.1§) it follows that the modes G, and L,, of the superconformal current and
the energy-momentum tensor

S)= > Gua P T(x)=) L2 (2.20)
reZ+1/2 neZ
satisfy the commutation relations of the super-Virasoro algebra (R.1)).

Note that G, and L,, discussed above are abstract generators of the super-Virasoro alge-
bra. In the rest of this paper we will find several explicit representations of such super-Virasoro
generators, which are expressed in terms of bosonic and fermionic times encoded in the super-
eigenvalue model, as well as arguments x and 6 of supersymmetric wave-functions. To avoid
confusion we write generators in those different representations using different fonts.

3. [-deformed super-eigenvalue models

In this section we introduce the S-deformed super-eigenvalue model. This model is a (-
deformation of the super-eigenvalue model formulated in [31], which itself is a generalization
of an eigenvalue representation of the bosonic, hermitian matrix model to the supersymmetric
case. The analysis of expectation values in the S-deformed super-eigenvalue model will be the
main tool in our considerations. The partition function of the g-deformed super-eigenvalue
model can be represented as a formal integral over an even number N of bosonic eigenvalues
z, and fermionic eigenvalues 19,

N
7= / [] dzaddair(z,0) % Eila Vicasti) (3.1)
a=1
where
Az0)= [ (za—2—0ath), (3.2)
1<a<b<N

and the potential is given by
V(z,0) = Vg(z) + Vi (2)0,

>0 >0 3.3
Vala) = 3 taa”, Vi) =3 iy 33

— 10 —



Here t,, are bosonic parameters and &, ;/, are fermionic parameters with {94, &1 /2} =0,
which we call (even and odd, respectively) times. Instead of parameters i and /3, sometimes
it is convenient to use parameters

e1=—0Y%n, e =p"2n (3.4)

For Vp(x) = 0 and 8 = 1 the partition function Z is equal to the square of the partition
function of the usual bosonic matrix model (which involves integration over eigenvalues z,
only, so that the dependence on fermionic variables is absent in the above formulas) with the
same (bosonic) potential Vp(x) [31,32,34]. In what follows by (- - -) we mean an unnormalized
expectation value, for an operator O defined as

N
(0) = / 1 dzaddarr(z, ) e~ T Viada) 0, (3.5)
a=1

In case of the usual bosonic matrix model, for some special values of 3, the partition
function is indeed a representation of an integral over some ensemble of matrices (hermitian,
orthogonal, or symplectic). Moreover, for all values of /3, the partition function of the bosonic
model satisfies Virasoro constraints, i.e. it is annihilated by operators £,, for n > —1, which
have an explicit representation in terms of times t; and satisfy the Virasoro algebra; in this
sense the partition function is analogous to the vacuum state in a conformal field theory.
For the super-eigenvalue model the situation is different — its partition function cannot be
represented as an integral over some (supersymmetric) matrices, for any values of 8. However
a remarkable feature of this model, and the original motivation to construct it, is the fact that
its partition function satisfies super-Virasoro constraints, i.e. it is annihilated by a relevant set
of super-Virasoro generators, analogously to the supersymmetric vacuum in a superconformal
field theory.

3.1 Ward identities and super-Virasoro constraints

In what follows we derive super-Virasoro constraints for the super-eigenvalue model, for ar-
bitrary values of 8. Let us first write down Ward identities, which in the context of matrix
models take form of loop equations, for the S-deformed super-eigenvalue model. Note that
the partition function (B.1]) is invariant under a fermionic shift

V0 )
Zg — Za T , Vg — Vg + ) (3.6)
T — Zq T — Zq
where 0 is a fermionic constant. In consequence one obtains a fermionic Ward identity
N N ) P
dzdi, 940z, — Alz. NPe % 2a=1V(za0a) | — ). )
/al;Ilz ;( -, 819(1)[%_2& (z,9) e 0 (3.7)
Using
1 a 190,19 1 19[119
Zg — Zp + b _ I b ) (3.8)

Za— 25— Valy (za — 26— V) (20 — 26+ DaWp) 2o — 20 (20 — 2b)

— 11 —



the fermionic Ward identity (B.7) can be written as

(Si(2)) =0, (3.9)
where
N 9 N
S.(z)=p .
+ agl (:E—Za)(:E—Zb ; (x — 2q)?
N
g Z Xr — Zq VB(ZU'),& * VF(za)) (310)

a=1
Similarly, the invariance of the partition function (B.I)) under the bosonic infinitesimal trans-
formation

€ €lq
— Do — Do+ b
Za Za+a:—za’ a a+2(9€—2’a)27

with an infinitesimal bosonic constant ¢, leads to a bosonic Ward identity

g 1 _VBS Ny,
/Hdzadvﬂ Z( .. a% _Za)> [x_ZaA(z,ﬁ)Be h La=1 VI aﬂ%)] =0. (3.12)

Using the relation (B.§), this Ward identity is written as

(3.11)

(T (z)) =0, (3.13)
where
T _ B = 1 5 al o 1 N
+(x)_§a§::1( )(‘T_Zb EZ x—Za Z’—Zb) 5 N ;x—za
N N
- g > 3 _1 — (VB(2a) + Vr(2a)Ua) — \2/—5 > %. (3.14)
a=1 “ a=1 a

The quantities S;(z) and T (z), which implement Ward identities given above, can be
identified with positive parts of the superconformal current and the energy-momentum tensor
of an auxiliary superconformal field theory, which can be associated to the super-eigenvalue
model. Note that time derivatives of the partition function (B.]) can be identified with
expectation values of the combinations of eigenvalues, by the following identification

a h Y h
aZ::Z;;L — —ﬁatn, Zzgﬂa — —ﬁa§n+1/2. (315)

We can therefore associate to the super-eigenvalue model a free boson and a free fermion
fields, which in terms of the above identifications can be written as

P(x) = %VB \leog T — 24), (3.16)

(3.17)

¢()=—VF fz

T — 24
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We can then build the superconformal current as in (R.16). We find that
S(x) = 5-(x) + 54(), (3.18)

where Sy (z) is given by (B.10) and

N /
S_(z) = %VF@)VB( )+ QVF Z Vi(x) — Vp(zq) _ \/?BZ VB . VB(za))ﬂa.

T — 2z gt — 2Zq

(3.19)
Similarly, the energy-momentum tensor (R.17) takes the form
T(x)=T_(x)+ T4 (), (3.20)

where T (z) is given in (B.14)) and

T (2) = o (Vh() + VE@)Vi () + 2V, Z Lttt
(3.21)
VB (Vi) = VEza))Ya VB ; (7, 20)0a
Z:: T — 2 hzz: (X —24)%
where we have defined
VO (2, 20) = Vir(x) — Vio(za) — (& — 2a)Vib(2a). (3.22)

Finally, expanding (B.1§) and (B.2() in the modes defined as in (R-20), for n > —1 we find

In+1/2 = Zktka§k+n+1/2 + Z§k+1/2atk:+n+l +h? Z a§k+1/2 tn—k — Qh(n+ 1)(9& +1/2 (3.23)
k=1 k=0

and

by =) ktydy,, + 5 D 00, Y (K )Ek+1/206 10

k=1 k=0
= 1
Zkaﬁn k+1/285k 12 §Qh(n + 1)atn7
k=1

as well as the modes for n < —1 given explicitly in (f.23) and ([.24). In terms of the above
generators the fermionic Ward identity (B.9) can be rewritten in the form of super-Virasoro

(3.24)

constraints
gn+1/22 = 0, n 2 —1. (325)

Similarly, the bosonic Ward identity (B.13) gives constraints
0,7 =0, n>-—1, (3.26)

which can be derived also from (B.2§) using the commutation relations (R.1]). These are the
super-Virasoro constraints of the -deformed super-eigenvalue model that we have been after.
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3.2 Super-spectral curve

In the analysis of bosonic matrix models an algebraic curve, called the spectral curve, plays a
crucial role. It encodes information about the equilibrium distribution of eigenvalues and can
be determined from the large N limit of the loop equation. Upon quantization it is turned
into an operator that annihilates a wave-function, defined as a certain expectation value. In
this paper we show that an analogous situation arises in super-eigenvalue models — however
in this case the resulting spectral and quantum curves are supersymmetric. In this section we
show how a supersymmetric algebraic curve emerges from the large N limit of loop equations
(B-9) and (B.1J), while corresponding quantum curves are analyzed in the following sections.
By the large N (or classical) limit we understand the limit

N — oo, h—0, with = BY?hAN = const, (3.27)

and we also denote

h= (82— p~/%)h. (3.28)
In this limit we consider the following expectation values (defined as in (B.9))

Yp(z;h) = Yp(z) = hm —< duo()), Yi(z;h) = Yp(z) = lim E<zp(az)> (3.29)
hﬁxod Tfixed

With this notation Ward identities (B.9) and (B.13) yield respectively
Yp(2)Yr(z) = Vi(a)Vir(2) + h(Vi(e) = Yi(@) = hO () = 0, (3.30)
and

Yo(2)> + Yo (@)Yi(@) = Vi(@)® = Vi(2) V() + h(Vh(2) - Ya(2) — 2fO(2) =0, (3.31)

hO (z) = O (z;h) =
— gim VO ’i<

N—o0 A
7 fixed a

FOx) = O (a;h) =

(L= tet) (V) - Vé(za>)v“a> ) (3:32)

T — 24 T — 24

Mz

1

e VB SS (Vh@) = Vi) | (VE@) = ViGa) e | VD (@, z) e
B ;\;;(zz Z <;< T — 24 + 2(x — zq) + 2(z — z4)? >>’

(3.33)

where VP(?’ (2, 24) is defined in (B23). A9 (x) and £ () are polynomials in z if the potentials
Vp(z) and Vp(z) are polynomials. For i = 0, or in particular for § = 1, denoting

yp(z) = Yp(x;0), yr(x) = Yp(z;0), (3.34)
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the Ward identities (8.30)) and (B.31) in the large N limit yield [31]

{ Ap(z,yBlyr) = yp(x)yr(z) + G(z) =0 (3.35)
Ap(z,yglyr) = yp(2)* + yp(x)yr(z) + 2L(z) = 0,
where
G(z) = ~Vp(z)Vr(z) —hcz( ),
L(x) = ~5Vh(@)? ~ VE@Vi(@) — fu(@), (3.36)
ha(x) = BO(;0),  falx) = fO(;0).

Using the first equation in (B.35), the differential y}.(x) in the second equation can be removed
by rewriting it as

Ap(z,yslyr) = yp(2)Ap(z, yBlyr) + yr(2)0: Ar (z, y5|yr)
= yp(x)® + 2L(z)yp(x) + yr(z)G' (z) = 0.

Then the solution space C of the equations (B.35) can be embedded in a supersymmetric

(3.37)

algebraic curve C
C= {(x,yBWayF) c C?? ‘ Ap(z,yBlyr) = 9AB(<E,Z/B|Z/F)} (338)
3 " 3.38
cC= {(x7yB’97?JF) e 22 ‘ yBAF(z,yBlyr) = HAB(xayB‘yF)}a

where we have introduced a fermionic variable 6 conjugate to yr, {6,yr} = 0.

4. a/p-deformed matrix integrals and the wave-function Y,(z,0)

The aim of this paper is to construct supersymmetric quantum curves. These objects quantize
the solution space C in (B-3§) and by definition impose differential equations for the following

o, 0) = <e%(¢(w)+¢(m)€)>7 (4.1)

where 0 is a fermionic variable with {6,9,} = {0,§,41/2} = 0. The expectation value (---)

wave-function

is understood as in (B.J), and we also call the expression ({.1]) as the a/B-deformed matrix
integral. The momentum « is a bosonic parameter, and we will see that finite order differential
equations for the wave-function arise only for some special values of . Using (B.16) and (B.17),

the wave-function ([L.1]) can be written as
5(\ (l‘ 9) — en? & Ve(x) +h2 Vr(x <X1ns z, 9 > = E%VB(m)+%VF(m)€Xa($79), (4‘2)

where by omitting the proportionality factor we introduced x.(z,#), and

T — 2z

(e, 0) = ¢ e (st ) (1+—Z 20 ) [T — 20 (19
=1
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It is also convenient to decompose the wave-function (f.1]) into a bosonic component Yz ()
and its fermionic partner Xp ()

(
e%¢(m)> = X\a($v 0)7 (44)

($(@)et?D) = ~0p%a(a,0).

In some situations — in particular in the analysis of the classical limit of super-quantum
curves — we also consider a wave-function normalized by the partition function (B.1]), which

we denote

) = o) 4

Note that, analogously to the bosonic case [28], the normalized wave-function can be expressed
in terms of connected differentials

h N das (c)
W(h70) (J/'l) PR 7xh) — ﬁh/2< Z ] : > 9 (4.6)

i=1a=1

"L dr s a0 \©
W(h,1)(x1,...,a:h!a:,9)25(h+1)/2<HZ — .y > , (4.7)

where (- - - >(C) denotes the connected part of the normalized expectation value (---) /Z. From
the definition (1) we find the formula

log ¥, (z,0) = %V(m, 0)+

+};%<_%)h/w/ <W(h,0)($1,...,$h)-I-W(h,l)(:ltl,...,gjhkp’e))

o0

(4.8)

Recall that in the bosonic case the differentials (f.§) can be reconstructed by means of
the topological recursion [53-55], with the initial condition given by an algebraic curve. In
consequence the wave-function ([.§) and the quantum curve equation it satisfies can be re-
constructed in more general situations, even if a matrix model formulation of a given problem
is not known [27]. A supersymmetric version of the topological recursion that would enable
to compute both types of differentials ([.6) and (f.7) in super-eigenvalue models has not been
formulated yet. Once such a formulation is established, the expression ([.§) would enable
construction of super-quantum curves beyond the realm of super-eigenvalue models.

In this section we analyze certain properties of the wave-function (f.1]) and identify associ-
ated representation of the super-Virasoro algebra. This representation will turn out to provide
building blocks of super-quantum curves, which will be constructed in the next section.
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4.1 Deformed currents and Ward identities for the wave-function

Let us first derive Ward identities for the wave-function, analogously as for the original
partition function Z in section (B.). For simplicity, we consider first x(z,6) defined in
(E2), with the prefactor removed. Such a wave-function can be regarded as the original
super-eigenvalue model, however with deformed potentials

Vs(y;2) = Vi(y) + alog(z — y),

N o 4.9
Vr(yi,) = Vily) ~ -2 )

Our strategy is to consider bosonic and fermionic fields corresponding to the model with
such potentials, and to write Ward identities in terms of the corresponding currents. The
deformation of the potentials given above leads to a deformation of bosonic and fermionic
fields (B.1d) and (B.17), so that the super-conformal current S(y) in (B.1§) is replaced by

S(y;z,0) = S_(y;2,0) + S (y;x,0), (4.10)

where

VB 5~ Vilyir,0) = Vrleuir0) |

Y — Zzq

1 ~

S_(y:7,0) = —Vr(y:z,0)9,Va(y; z) —

h
\/B al 8yVB(y; LL’) - azaVB(Za; x))ﬂa _
2 Y—Za B (4.11)

+ 20, V(g ,0) -

= (;ézi2 + i . [9 (% + gVé(@/)) - <50 = %VF(?J))}"‘

+ o [VEG)VR() + QVE() +A(y)].

The second expression above is written in terms of the operator /H(y) defined in (A.])), and
ins

deriving the action of S_(y; z,0) on y.(z,0) we took advantage of derivatives Jpx*(x, ) and
2X'"(x,0) given in (B.2). Above, as in (R.9), we denoted

Ay = % (% - Q). (4.12)

— 17 —



We also find

al 9 Yooy
Sy(y;z,0) = 2 1— —t
+(y,.Z', ) /8a7b221 (y_za)(y_zb)+( ﬁ);(y_za)2+
N
- \/?BZ ! (82(1‘73(2:(1;1')19(1+‘7F(2a;x79)) =
o Y — Za
. Oé\/B al Va al Vg
" Th T sz P T
afy/B < 1 \/_ VEW)a+Vr(y) 1~
* h ;::l(x—za)(y—za Z Y — 24 h2h( y)-
(4.13)
Similarly the energy-momentum tensor 7'(y) in (B.20) is replaced by
where
T_(y;x,0) = %((5 Vs (y;2))* + (0, Vi (y; 2,0)VE(y; 2,0)) + %%VB( )+
VB~ 9,V (Y3 ) — 02, Vis (243 2) SV (Y, 201, 0)0a
_?; Y — Za _—Z (y — 24)? *
_ \/_B EN: (ayVF(% T, 6) - 8za‘7F(Za§ x, 9))19a
2h ot Y — 2q N
1 1 a9
1771 , 1 "
t12 bvé(y)z + §VF(y)VF(y) + §Q5VB@) + f(y)}7
(4.15)
where we defined
V2 (y, a3, 0) = Vi(y; 2,0) = V(20 2,0) = (y — 2202, Vir(zai2,0).  (4.16)

The second expression in ({.15) is written in terms of the operator f(y) defined in ([A.F), and
to find the representation of T_(y;x,6) on x«(z,0) we took advantage of derivatives ([B.2).
We also find

B 1 B a 1 -
T+(y;$,9):§ Z ( Ty Z ( —Za)(y—Zb)2+§(1_B>Z(y—za)2+

el U 2a)(y — 2p) el (/

)

VB al Vi (za; 2, 0)0,
2h Z:: (y — 2a)?
(4.17)
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which can be rewritten as

o al 1 al
T (y;x,0) = \/_Z )—i-Q\/BZ 2+§Z vz

:c—za)(y—za 2 = (y—z) 52 W= z)(y — =)
5@; — ﬁb—zw?*aef gu—zﬁ@—z@)*
aefz — _Za) i:v:sz( Z,t‘sz( LI
—gz(‘;_ﬂ ). (418)

In terms of the above currents, the fermionic and bosonic Ward identities for the super-
eigenvalue model with deformed potentials (.9) take a simple form

)

(S (i, O)X2(.6)) = 0
0.

4.19
(T4 (y:2,0)x0" (,0)) 19

4.2 Super-Virasoro operators for «/f-deformed matrix integrals

By expanding the superconformal current S(y;z,6) in (.10) and the energy-momentum ten-
sor T'(y; z,0) in (f.14) in powers of y, and writing them in the form

Sz )= > @0y T(yiw,0) = 65z, 0)y ", (4.20)
reZ+1/2 neZ

we find the following representation of the super-Virasoro algebra (as acting on y,(x,0))

gn+1/2 — 0$n+18x + x”"'l@g—i-
+a ZZ:O xn_kakarl/Z +af ZZ:O xn_katk’ ifn>-1
Gnt1/2 — 20800(n + 1)z — 0210, 4+ 2" 19+

B Y P G o™ — 0 S M (ke D2t i < -2
(4.21)

93+1/2(!177 0) =

where

Dot KtrOey i1 n D0 Skt1/200 ga T

02 Y 0 Ot 5Oty — QR + 1), o, ifn> -1
LSl ke + D€ n_p—ajo — S QE 10+

T 1 §h1/20h gy e Ktk Ogy e i <2

Iny1/2 = (4.22)
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Furthermore

by — 2" 10, — 2200y + o Sy 2k, +
+a92 (—_k) kafn k—1/27 ifn>-1

02 (2,0) = by — (n+ 1)Aga™ — 2" T19, — 2Langgy+

where

-5 Zk (lﬁ 4 1)tk+1$n+k+1+

om0 2o lo ((n + k4 D)2 R e + (R + 1)<E"+k+1£k+3/2), ifn < -2
(4.23)

Sy Ktk + I SRy 0, 0h, 4 Y (k+ M) hs1/208 10410t

+h72 > k=1 kasn k+1/28§k 12 n—HQhatn, ifn>-—1
2ot - sz Lo (k+ 1)("? +n 4+ Digpit—n—g—1+

+ 300k = )tk ny, — gtz Sopto - (n+ K+ Dé 1 jo€psr ot

+ Zzo:—n (k + HTH)gk-i-l/?akarnH/Q’ ifn < -2
(4.24)

Note that super-Virasoro generators gfl/Q(x,G), g‘f‘/Q(x,H) together with ¢¢,(x,0), £§(z,0)
and ¢ (z,0) form a representation of osp(1|2) algebra, and they impose constraints on the

wave-function

9i1/2(33= 0)xa(z,0) = ﬁil,o(x,e)xa(a:, ) = 0. (4.25)

In terms of super-eigenvalues z, and v, the generators in the above constraints (as acting on

Xo(z,0)) take form

N
9%y j(2,0) = =D — \/?B > (VB(2a)Va + Vi(za)),
a=1
o N
9iya(w,0) = oD — T2 X2 Z Vi (za)0a + Vi (20)) 20 + (11 + Q1 — a) % 2::

(4.26)
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and

o VB ZN
f_l(IE,H) = m — h 2 VB Za +VF(Za)Q9a)
4 Jz B
05 (x,0) = —x0, — 589 + ﬁ(,u + Qh —2a) — S ; Vi(2a) + Vi(2a)Ya) 2a+

\/B N
~ S ; Vi (2a)Va, (4.27)

o ap VB
059(z,0) = —220, — 1005 — — T = Z Vi (2a) + Vi(2a)90) 22+

\/7]\/ \/B N
_?Z:: zaﬂza—l—?( + Qh — a;za,

where

D = —3 + 00,. (4.28)

In section [] we will see that, at least for super-eigenvalue models with some particular po-
tentials, this symmetry — by means of the constraints (J.25) — can be used to turn time-
dependent quantum curves into time-independent ones.

4.3 Super-Virasoro operators as building blocks of super-quantum curves

We can define now the representation of super-Virasoro algebra on x,(z,6) at y = x. The

generators G_,,;1/2 and L, for n > 1 which provide building blocks of super-quantum curves
can be determined as

d
Grapxal.0)= § =0 15w, 0)xa(w.6) =
— @ _ \n+1 .
= S-S (e b),

(4.29)

nXaxe

xT

Y=
d
74 Wy~ T (s 2, 0) va (2, 60) =
Yy
Y=

o
§ ol o) T (i)l ),

where in the second line of each expression above we have used the Ward identity ([.19).
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Taking advantage of (.11) and (f.15) we then find

Gorjp = 0(0 + 5 Vh(@)) = (9 - 35Vr (@),

Gonena = g =gy (22 (VB@Vi(e) + (Qh+ =2 ) 02 Vi) +
+ O‘—ea"vB( ) + ag—2ﬁ(a;)), for n > 2,
=0t VA i),
- %a:va L)), for n.> 2,

(4.30)
where 0"h(z) and 9" f(z) are defined in (A2) and (RA.Q).

We can also include the prefactor in ({.9) and consider the representation of super-
Virasoro algebra on Xq(x, ), defined by

. R d . R
Gt joRa(a,0) = 74 Wy ey S (g, 0)%a (2, 0),
y=x

— 2

- dﬂ; (4.31)
EoRal@d) = § 32y =) " (4i,6)Ra0, ).

y=c

From the earlier results, and using the commutation relations ([A.11]), from ([£30), we find

G_1y = 00, — Oy, Ly =0,

. 1 - n— n—27
G2 = =31 (02 (Va(@)Vi(@)) + Qg Vir(w) + 02~ *h(x) ), forn > 2,

Eon= g (500 2V @) + 50 (Vh@)Ve @)+

+ %Qh@;‘VB(:n) £ (@), forn>2.

(4.32)

Using the commutation relations (A.11]) and ((A.13), one can check that the above generators
indeed satisfy the super-Virasoro algebra, in particular {G_m 1 /2,G_n 1 /2} = 2L_m n—1,
[L_m,G_n 1/2] = (n—(m— 1)/2)G_m n—1/2 and [L_m,L n] =(n— m)L_y—p for n > 1.
From (4.32)) we also find the representation of the super-Virasoro algebra, as acting on
bosonic and fermionic components Xp o(7) and Xp o () introduced in ([{4); for n > 2 we get

G_1/9XB,a() = Xra(®),  G_i/oXra(@) = &:Xpal@),
G—n+1/25(\B,a($) = a—n+1/25(\B,a($)7 G—n+1/2>/(\F,a(x) = é—n+1/25(\F,a($)7 (4.33)
L iXB.a(@) = 0XBa(®),  LaXra(®) = 0:Xralz),

LowXB.a(@) = LowXBa(z),  LooXra(z) = L_nXra(2).
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From this representation, G2 S = L 1 on XB«(z), and we find commutation relations
{a—m 1/2aa—n 1/2} = 2L 1, [L—m,G_n 12 = (n—(m— 1)/2)/\_m n—1/2, as well

as [A_m, _n = )L_m n for n > 1. Although commutation relations
~ ~ ~ ~ —~ n—1~
{G_1/2,Gpy12} = 2Ly, (G_1/2,Ln] = TG—n—l/27 n>1, (4.34)

are not obvious at this stage, they are needed to construct quantum curves in the next section.
Yet another representation of super-Virasoro algebra that we consider is associated to

the normalized wave-function (f.5). In this case the operators Gn+l /2 and L, in (£33) are

converted to g_n+1/2 =771G_ nt+1/2Z and L_,=2" 1L_nZ and for n > 2 they take form

~ 1 , n— n—27
G ny1)2 = R2(n —2)! <a:7cl_2 (Vi (2)Ve(x)) + Qhoy ™' Vi (x) + 03 *h(x)+

+ [8;‘_2?{(3:), log Z]),
£on= m (5002 (VA@)?) + 502 (VE() V(o) + 5QhRVis(a) +
+ 002 fz) + [0 2 f(x), log z]) :

(4.35)

5. Super-quantum curves as super-Virasoro singular vectors

In this section we construct supersymmetric quantum curves, or super-quantum curves, de-
noted A%, which annihilate wave-functions X, (z, ) introduced in (1))

Ao (z,0) = 0. (5.1)

Our construction is based on the analysis of Ward identities (4.19). We show that these
super-quantum curves have the structure of the Neveu-Schwarz (NS) super-Virasoro singular
vectors, which have been presented in section fl. As we recalled in that section, NS super-
Virasoro singular vectors exist only at levels n = pq/2, for integer p and ¢ such that p — ¢ is
even, and correspond to momenta of the form

— 1812 — (¢ —1)8~1/2
o= ay, = PP 2(q B ithp—qe2z. (5.2)

We will show that super-quantum curves can be identified also only for those special values
of .. In our derivation these values arise from the condition that the wave-function X, (x, )
satisfies a differential equation of a finite order in x. Therefore in the notation A\% the
superscript « refers to the deformation parameter of the corresponding wave-function, and
the subscript n denotes the level of the singular vector encoding the structure of a given
super-quantum curve; we also refer to n as the level of a given super-quantum curve. In the
next section we will show in particular that the super-quantum curve at level 3/2 reduces to
super-spectral curve (3.3§) in the classical limit.
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The structure of super-Virasoro singular vectors is encoded in operators gﬁ as follows.
First note, that in view of the decomposition ([l.4) and the representation ([L.33), we can write
the wave-function in the form

Xa(,0) = (1 = 0G_; 2)XB.a(2). (5.3)

Therefore the information about the wave-function is essentially encoded in its bosonic com-
ponent Xp o(z). Note also that

~

95201(1'76) = HSC\B,Q(‘T)7 X\ch(x) = _895201(%7 9) = G—1/25€B,o¢(x)' (54)

. ~(0 .
In consequence one can introduce an operator ASL ), expressed in terms of generators ([L.33),

which annihilates the bosonic wave-function

AD%p ., ,(x) = 0. (5.5)

As we will show, this is the operator K%O) that takes form of a super-Virasoro singular vector,

written in terms of generators ([.33).
The above equation can be rewritten also in terms of an operator A%O) — which arises by
replacing G_j/, by (=) in A%O) — acting on Xq(x,0)

040X, (1,0) = AV Y o (z) = 0. (5.6)
)

Furthermore, the bosonic wave-function is annihilated also by the following operator Kﬁ}
(expressed in terms of generators (4.33)))

AL =Gy )AY, (5.7)
which can be related to the operator acting on X, (z,0) as
0AVR,, ,(2,0) = 0AVRp o, () = 0. (5.8)

Finally, the original super-quantum curve A\% can be reconstructed from the two ingredients
A&LO) and AS) introduced above, as

A% = A©) — 99, A0 — g AD) (5.9)

n n

and this operator is expressed in terms of generators ({..39).
One can also transform the operator (f.9) into an operator that annihilates the normalized
wave-function ([.5), which takes form

Ao =z 407, (5.10)

n

and can be expressed in terms of generators ([.39).

In section p.] we discuss an algorithm that enables to construct (f.5) and then super-
quantum curves (b.9) at arbitrary level, and in following sections we illustrate this algorithm
and construct explicitly super-quantum curves at several lowest levels.
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5.1 General construction

Our construction of super-quantum curves is based on the analysis of constraint equations
(E19) and their generalizations, which we write as

(S5 0w 0)) =0, (T @, 0x(,0)) =, (5.11)

where

k
Sik+3/2)($’9):( DA a—S+(y,w 9)‘ ,

k! Oyk y=a
(5.12)
(k+2) _ (=Dt ,
T, (2, 0) = Ta_ykT*(y’x’e)‘y:x’

for k > 0, denote derivatives of the superconformal current S, (y;z,0) given in (JEL13) and

the energy-momentum tensor T4 (y;z,6) in (.1§). We also consider additional constraint
equations, expressed in terms of loop insertion operators )

() " (a%)(x))kp (a(vlp/fac)))Zl o (5%191@;2))%(5 EE a0 (2,0)) =

(5.13)
m " )\ (51/2) (a-1/2) (k+2) ins _
() (0) <%<w>) (o > (T (@, 0)xa"(2,6)) = 0,
where ki, ..., k, are non-negative integers and /1, ..., ¢, € {0,1}. Here the actions of the loop

insertion operators on S, (y;x,0) and Ty (y; z,6) are given by ([C.5).

To construct super-quantum curves we consider singular terms in x (for z — o0), i.e.
terms involving (z — z;) in denominators in the above constraints, and show that they can
be expressed in terms of derivatives of x,(z,6) with respect to z or 6, so that a combination
of such derivatives provides a differential equation we are interested in. We argue now that
it should always be possible to construct such differential equations, and in following sections
we will illustrate such a construction in explicit examples.

Let us discuss first super-quantum curves at half-integer levels n — %, for n € N. Consider
a linear combination of constraint equations (p.13) of the form

(n—p—1/2 1ns 1/2 2 ins
0= 9<Z Z at; ug\(}';(x P () Z alug\(};(gg o\ /( ))T( (@) (a, )+
p=0|ul=p lul=n-3
+ Y a (x( O (@) + a0 2 T () + as0y,/ 2 002 S (@ )) S (a, 9)>,
lp|=n—4
(5.14)

where 1 is an integer partition with |u| = p1 + po + .. ., and

Oy = Oy Doy (5.15)
The number of coefficients a;;, in (p.14) is given by
Zp +p(n —3) + 3p(n — 4), (5.16)
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where p(p) denotes the number of partitions of p. The most singular terms in the equation

(b.14) are of the form
09,

5.17
(;p — zal)ul (;1; — Za2)u2 ce (:E _ Zap)up’ ( )
with g1 + p2 + ... + pp = n. The number of such terms is given by
n—1
A(n) = " p(p). (5.18)
p=0
Now note, that the inequality p(p — 1) + p(p — 2) > p(p) for p > 2 implies that
a(n) +1> A(n). (5.19)

This means that the number of coefficients in (5.14)), together with an additional freedom to
adjust « (taken into account by an additional 1 in the left hand side of the above equation),
is sufficient to group the most singular terms of the form (5.17) (present in (f.14)) into
combinations that reproduce the same type of singularities in

007 D xalz, 0). (5.20)

In an analogous way one can express less singular terms in (p.14)) also in terms of derivatives
of the wave-function with respect to 8 and x. Therefore a combination of constraint equations
(b.14), with coefficients appropriately adjusted and expressed in terms of derivatives of the
wave-function with respect to § and x, gives rise to a differential equation which we identify
as a super-quantum curve.

Similarly one can construct super-quantum curves at an integer level n € N. To this end
we consider now a combination of constraints

n—2
0 =03 " biudl) ) T (w)it(w, 0)+
P=0 |u|=p
o (521
‘1‘2 Z Z bz;u;qa_%)(x)@‘(/ﬁx{ )Sg_n_p_q_ / )(:E)Xgls(x,9)>.
p=0 =0 |u[=p
The number of coefficients by,, and by, is given by
n—2 n—2
b(n) => p(p)+ > (n—p—1)p(p), (5.22)
p=0 p=0
while the most singular terms in (f.21) take form
0 094,94
) L ,  (5.23)
(T = 20y )M (T — 20,2 - (T — 2g, )P (T = 20y )M (T — 20,2 - (T — 2g, )P
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where 11 + po + ... + pp = n. The number of such terms is given by

B(n) = p(n) + Y | “5 5 p(0). (5.24)

where |--- | is the floor function. From inequalities 22;02 p(p) +1>p(n) and p—1 > |k
for p € N, and taking into account the freedom to adjust «, it follows that

b(n) + 1 > B(n). (5.25)

One can therefore adjust coefficients in (b.21]) so that the most singular terms of the first type
in (p.23) reproduce the same singular combinations that appear in

00y Xa(x,0), (5.26)

while the singularities of the second type in (5.29) are removed (by setting their coefficients to
zero). Repeating such operations for less singular terms, one can express constraint equations
in terms of derivatives of the wave-function with respect to 6 and z, and ultimately interpret
them as super-quantum curves.

5.2 Super-quantum curve at level 1/2

The lowest level at which a super-Virasoro singular vector arises is n = 1/2, which corresponds
to values p = ¢ = 1 in (f.2), and vanishing momentum « = 0 in consequence. Therefore the

wave-function is identified with the partition function (B.J)) in this case, Xa=o(z,0) = Z,
2(0)

which does not depend neither on x nor on ¢. In this case the operator A; /2

takes a simple
form

ggo/)ﬁa:O(%@) = —0pXa=0(2,0) =0, (5.27)

and from (B.4), on the level of the bosonic component g a—o(x) we get

Ay =Coip Al =GoupA) =L, (5.28)

so that /&§0/)2 indeed has the same form as the operator (R.10) encoding a super-Virasoro

singular vector at level 1/2. Finally, from (@) we find the full super-quantum curve equation
at level 1/2

A Ramo(2,0) =0, AL = —0y — 00, (5.29)

5.3 Super-quantum curves at level 3/2

To construct quantum curves at level 3/2 we consider the first nontrivial constraint equation

c9<5f’/2) (z,0)x2(z,0)) =0, (5.30)
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where

N N
(3/2) _ (a+QN)VB 09a 09,
657 (.6) = h az_:l Tz v Eb_:l (@ = za)(x — 2)
N = (5.31)
9\/_ 2)q + Vr(z) 0~
2%
Z T — 2, K2 ().
The constraint equation (5.3Q) can be written in terms of 9,99 xq(z,6), see (B.3), only for
2
o
with special values of momenta
a=0, BY?h o -—p 2 (5.33)

These values correspond respectively to (p,q) = (1,1), (p,q) = (3,1), and (p,q) = (1,3) in
(b.2), with the first solution corresponding to singular vector at level 1/2. For the above
values of a the equation (5.3() can be written as

0(0:00 + @) ) xala, ) + 227 <<Z Rk +fjfi(”j)x;“<x,e>>=o, (534
a a=1 @

xr—z
=1 a

which using (B.Z) can be further rewritten as a differential equation

a?~
= VF( )0z + ﬁh(az))xa(x, 0) =0. (5.35)

By including the prefactor in (f.9) and using (@) we then obtain

9(89589 + %Vé(x)(?g

100
A, = 0.0 — 3 el 3/2 (5.36)
for the momenta « in (§.33). As the operators acting on X p,q=0(z) we find
o2 ~
Az =LaGyys - ﬁG—g/zv

5.37
A — G, A0 — 2, - 20 O‘QG G o
3/2 = ©-1/2R3/5 = R + 7z 0-3/26-1/2,

so that A:(,) /)2 indeed has the form of singular vectors at level 3/2 given in (R11) for a =

+3%1/2h. Moreover, for the remaining value a = 0 in (5.33), A

3/2 essentially reduces to the
singular vector at level 1/2, see (5.2§). We also obtain

o2
A0 _ g 2075 A
A3/2 0; — 7 iy ) = 5 G_3/209, (5.38)
and from (F.9) we finally find the super-quantum curve equation
~ o~ ~ a? ~ 202 ~
A3/2XQ(ZE, 9) = 0, 3/2 = —8x89 — ﬁG_3/2 — 9(63 — ?L_Q), (539)

for special values of o in (5.33).

— 928 —



5.4 Super-quantum curve at level 2

To identify super-quantum curves at level 2 we consider the constraint

9< (CITE) (2,0) + 202 8P (@, 9)) S (z, 9)> (5.40)

(=)

@ (o +Qh/2)VB 0 al 0
0T (@, 9) h ;(x—za) 2 Z:: x—za)(:n—zb)+
B 09,0, N oV (@) + Vi(x)da
! 2 aEbz:l (r — 2q)(z — Zb z:: L= Zj i 4y
0VB <~ Vir(2)da
- 2h ; (x — 24)? f(x)
and
60112 5312 (4 f: ICRRDVE i 090y
Vr(2) o (x — 24)? h ; (x — 2zq) (T — 2p)2

(5.42)

WBN ()0, o~ L,
h Z (x — 24)( x—zb)+ﬁh(w)zx—za'

7

The constraint (5.40) can be expressed in terms of 092y 25(x, §) given in (B-) if the coefficients
c; and cg are fixed as

202 B12a(20% + Qha — h?)
Ccl1 = ?, Cy = — h3 s (543)
and momenta take form
7 1/2 _ p—1/2
a=0, BY2n, —p~'/%p, _on BT, (5.44)

2 2
We recognize that values o = 0 and o = +5%F1/2] correspond respectively to singular vectors

at levels 1/2 and 3/2, while @ = —Qh/2 arises for p = ¢ = 2 in (5.3) and corresponds to the
singular vector at level 2, as we show in what follows. For all values of a in (p.44), using

(B2), the equation (f.40) can be rewritten as

C1 7

(92 ~ 5o Vi@ + TVh@)0: — 157 (w) + 52 @)s) Xl O
— M = S 26219“ ins _ (545)
el <<; Gmal 2 e e 0) =0
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Furthermore, adding to the equation (f.45) the following constraint and fixing the value of c3

0VB (3/2) ins N 2
__v (2){esStP (@, 00 (2,0)) =0, 5= T (5.46)
for the momenta in (p.44) we obtain a differential equation
~ 2 h
022 ~ SV — 5T + Vo, + =2 @) + 2 e @yo, 00
h a h/Ba h? (5.47)

+ VH@VR() + 1 Vr(@)h(2)) Xa(e,0) =

which now can be expressed in terms of super-Virasoro generators identified in section f.3.
Including the prefactor in (f.9), and using ([A.9), after some algebra we find

~0 202 ~ 2a2+Qha—h2A
Ay =32 - S5 Lo - G320, (5.48)

for the momenta (p.44). This operator leads to the following operators acting on Xp ()

o~ 202 ~ 202 + Qha — h? ~

Kéo) = |-2_1 - ?L_2 + 72 G—3/2a—1/2 =
2 2
o~ o+ Qha — hE ~
- A3/2 + K2 G_3/2G_1/2,

(5.49)
AL 20°~ =
=’ 1G 1/2_71—L 2G_ 1/2—71—G 5/27F
202 + Qha — h?
+ )

~

(2L2G_12 — G_gpol 1),

and for a = —% the operator Kéo) takes form of singular vector at level 2 in (B.13). Further-
more
a? . 202 + Qha — h?

AU 2a
Ay’ = —0;09 +?L 20y — 72 —G_ 5/2 — 72

(22_2(99 + @_3/28x), (5.50)

and finally from (f.9) we obtain the super-quantum curve equation at level 2

6—3/289 + 2 2 9G 5/2F (5.51)

0 (25_289 + 6_3/2895) ,

for the momenta (p.44).
Similarly as before we see that these results reduce to results at lower levels, upon substi-
tution of values of a corresponding to those lower levels (5.33); in particular for those values

of « the operator Ag ), up to a simple factor, coincides with the operator A:(,) /)2 ()
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5.5 Super-quantum curves at level 5/2

To construct quantum curves at level 5/2 we consider

9< (CIS—(E/z) (337 9) + 6281(/13)(95)5-(3/2) (:Ev 9) + 638\(/11:/(23)T-$-2) (337 9)))(25(3;7 9)> =0, (552)

where

N N

HSf/z)(x,H): (a—l—?Qh)\/BZ( 09, n Z (x_zeﬁa
=1

h < (2 — 24)3 a)?(x — 2p) "

N

N
+5 Z (:L'_Zeﬁa _ efz VB('Z(')ﬂa"i_VF(x)_i_ (553)
a=1

bl o) (@ — 2p)? T — 2q)?

N

VB S VE@Ia £ Vi) 0 G
a=1

2 +
h T — 2, h?

(1)
HOVB(:C)

N
S0 = 3 e+ CEF S o

N

00 _OVB S~ Vi)
" Ba,%:zl (= za)(z — 2) (2 — 2¢) h Z
N N

1(3:—za)(:n—zb) R

a,b=

(5.54)

and

0oL/

VT (w.0) =

(5.55)

We find that only for momenta

Q= 07 51/2h7 _5_1/2h7 _%7

28'/%h,  —2871/2p, (5.56)
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the equation (p.59) can be written as

6(0200 + SVE ()05 — SLVh ()0, + h\r Fla)n) xale.0)
0VEB,, Y 2 Y 2 al c5a0 .
N W ( )< (22: (l‘ - '1Za)2 * agz:l (517 - Za)éf — Zb) B Zl (:E — Zz)(g; b— Zb)2>X0c ($70)>
N
Xonr

(S SR ) o

where coefficients ¢;, 2, ¢3 have been fixed as in earlier examples. The momenta +23%1/2] in
(B.50) arise respectively for (p,q) = (5,1) and (p,q) = (1,5) in (5.J), and represent singular

vectors at level 5/2, while other values of « in (p.56) represent singular vectors at all lower
levels. By adding to the equation (5.57) an additional constraint

IR ey 0, 0) + esVe()T ,0) + Vi (2)0f}/2) 5 0, 0) (2, 0)) =
(5.58)

and adjusting coefficients c4, cs, cg, for the momenta (f.56) we obtain a differential equation

~

2 Gy _ Gy ‘197 2 3 __8
9(81,89 +— Vi (x)0p VF(a:)(‘)x + 28xh(x) + h\/_ah(a:)(‘)x h\/ﬁaf(x)ae+
+ 20V (10,00 + fc‘* Vh()0s + YoV ()h(r) — 5 Vr(x)d+
VB(ea + c5) VBes VBes y
- TVé(x)Vp(x)ax — LoDV (@) Vi ()9 + L Vi () f(x))xa(x,e) —0.
(5.59)
Including the prefactor in (f.g) this differential equation takes form
~0) _ 2 2a(a? + Qha — 712) a(2a? + Qha + R?) A
A5 =0 e agn T ey O
a?(20% + 3Qha’ + (Q* — b)h*a — 3QR?) o '
P4 (3a + 2Qh) —5/2

for the momenta (p.5). Acting on the bosonic component this operator is represented as

A0 _ ;‘\‘( ) (a2 + Qha — h2)(2a + Qh)
5/2 h2 (3 + 2Qh)

2
a‘ ~ ~ ~ PN
(ﬁG_5/2 + 2G_3/2L_1 - 4L_2G_1/2>, (561)

and, as expected, for a = +28%FY2h it indeed has the same form as a singular vector at

level 5/2 in (R.13). Finally, determining Aé /)2 and then using (B.9) we finally obtain the
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super-quantum curve at level 5/2

~

Ag‘/zf(\a(ﬂj,ﬁ) == 0,
2a(a? + Qha — h?) ~ a(2a? + Qha + R?) 4

- )
= — L_ - €T
T o B ST To
%(20% + 3Qha? + (Q* — 5)h%a — 3QR°) ~ 20°
—0(92 — —-L_20,
+ A (3a + 2Qh) G52 (ar e L2t
a(a® + Qho — h2) 4 202 (202 + 3Qha? + (Q? — 5)h%a — 3Qh3) ~
G_5/2(99 + L_3)’
h2(3a + 2Qh) R4 (3 + 2Qh)

(5.62)

for the momenta (p.5().

Similarly as before, for the momenta (p.44) at level 2 the operator AL)

5/2
simple factor, to the operator Agl) in (B.49), and encodes singular vectors up to level 2.

reduces, up to a

6. Double quantum structure and special limits

In this section we analyze various limits of super-quantum curves. These limits are interesting,
as they are related to two quantum structures, which are encoded in super-quantum curves.
First, super-quantum curves are quantum in the 't Hooft sense, and their classical limit can
be identified as the large N limit (B.27). As we discuss below, for 3 = 1 the super-quantum
spectral curve at level 3/2 reduces to the (classical) spectral curve of the super-eigenvalue
model.

The second interesting limit can be interpreted as the Nekrasov-Shatashvili limit [45],
or equivalently as the classical limit in super-Liouville theory [56]. In terms of parameters
(B-4) this limit arises when e; — 0 with e fixed. The dependence of 8 is therefore crucial in
this limit. As we will show below, in this limit super-quantum curves reduce to differential
equations for certain fields in classical super-Liouville theory.

To avoid singularities in matrix model expectation values that arise in the above limits,
one should consider the normalized partition function (@) and the corresponding super-

quantum curves (p.10)).

6.1 Classical limit

We consider first the classical 't Hooft limit. Note that derivatives of the normalized wave-
function W, (z,6) introduced in (f.5) with respect to # and 2 take form

hopW o (z,0) = —% <¢(x)e%¢<x>+%w<w>9> ,

B0, Va(w,0) = 2 {(.6(2) + o(x)0) eF OV

NI e
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Therefore in the classical limit (B.27) with 3 =1
N—o0, f—1 a
—

—ﬁyp(:n)\lfa(:n, 0),

N—o0, (%
T 2 (yn(@) + i (2)6) Wa(a,6),

where yp(z) and yp(z) are defined in (B-29) and (B.34).
In particular, consider the super-quantum curve at level 3/2 in (p.39)

—W? Ay = h20,09 + a*G_3)5 + h*007 — 200 L _y, (6.3)

ﬁae‘lfa(x, 9)

hoz Vo (z,0)

with momenta o = £4¥/2x. In the limit (b-2) this quantum curve reduces to the super-

spectral curve, which defines the solution space C in (B.33)

-~ N—o00, 1
A3 Wa(2,0) =0 "7 Ap(e,yplyr) = 0AB(, yBlyr), (6.4)
where
G(z) = —lim h*G 355,  L(z) = — lim h*L_». (6.5)
sy s

In this sense the super-quantum curve at level 3/2 can be regarded as a quantization of the
super-spectral curve. We will present how higher level super-quantum curves behave in the
classical limit in section .3, after discussing Nekrasov-Shatashvili limit.

6.2 Nekrasov-Shatashvili — classical super-Liouville limit

Let us discuss the limit, which in terms of parameters (B.4) arises for e; — 0 with e fixed, and
which can be identified with the Nekrasov-Shatashvili limit, or a classical limit in the super-
Liouville theory. We will consider normalized wave-functions W, ,(x,0) for the momenta

Q= 0gp41,1 = —PE€1, (6-6)
which in the above limit factorize as

O (2,0) = lim U, (z,0) = (U5 (2,0))". (6.7)

—pa €1—0
The corresponding super-quantum curves arise at level p+1/2, and it is convenient to rescale

them as follows

TNS NS TNS +1 4. T—Dpe
Ap+1/2\:[/—p61 (.Z', 0) = O, Ap+1/2 = —612] 51111—130 Ap—fll/Q’ (68)

and express in terms of operators

N . N
g = lim €1e5G_ =
—nt1/2 = AW€1€2Y nt1/:

1
=~ w (022 (VA @)Vi (@) + 2027 Vin() + 022 FY (w,e2) )
Elji = lim elegz_n =
€1—0
1 1., 1, L n—
- _m(iax 2(Vh()?) + 5002 (VE@)Vir(@) + 3605 Va (@) + 00 2FY) (@, 62) )

(6.9)
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where

1 1 -~
FO(,e0) = ——[h(2), FO(e)],  FY(x,e0) = ——[f(2), FO(&)],  (6.10)
€1€2 €1€2

are defined in terms of the deformed prepotential
F(O)(62) = — lim €1€69log Z. (6.11)

61—)0

Note that @S 1172 and Elj% are simply fermionic and bosonic functions of z that satisfy

oGNS =nIGNS o, ORLNS =01l . (6.12)

Using the above notation, the super-quantum curve equation (H.39) at level 3/2 in the
limit €7 — 0 takes form

A5 0NS (2,0) = <e§axag —GNS ), + 06307 + 292@3) WS (2,0) =0, (6.13)
and can be written equivalently as
o

0 (%axa@ - §§§/2) NS (2,0) =0 (egag + G5 1,05 + 22153) U (2,0)=0.  (6.14)

The Nekrasov-Shatashvili limit of super-quantum curves at higher levels, corresponding
to momenta (B.€), can be determined recursively and written in the form

op+1 p+1 Tp+1
AN, NS (2,0) = (T2 + 070 0 + 001 ) 05, (2,0) =0, (6.15)
or equivalently
2p+1 Tp+1
Ofr WS (x,0) = 600 1 UNS (,6) =0. (6.16)
Here the operators fg’i’ll and /I;gﬁ are determined by the following sequence for quH and 35“,

q=0,...,p+ 1
/SH—I = 07 A{H_l = 62897 ?7\84_1 = 17 /611)—1—1 = 628w7
7p+1 7 Zp+1 Tp+1
Pl = e0u fI +2(g = D(p — g+ DENS 2 — (p— g+ 1G5 00071, (6.17)
Bt = e0ubl ™ + qey 1GNNS, FET 4 2q(p — g + 1)LNGHET].

Using the factorization (p.7) and the super-quantum curve equation at level 3/2 in (p.14), by
induction we find

eﬁillqlNS (l‘, 9) = p(p - 1) e (p - Q)H (\IJNS ($7 9))1"‘1_1 (6260\IJNS (l‘, 9)) (62812\1/1:1?1 ($7 9))‘1 )

—Ppe€1 —€1 —€1
- -1 +1
Oor T NS (2,0) =plp— 1) (p— )0 (T, (2,0))" " (20,923 (2,0))

and therefore the quantum curve equation (.16 is derived.
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Super-quantum curves at several lowest levels obtained from (p.17) take form

AN = 30209 + 262 L5309 — 362G™5 00 — 262G88 o+
+ 9( 62g 5/289 + 862£_28 + 462&8)

AN = 40309 + 8BLN30,0p + A3 LN50p — 663GNS 07 — 8BGNS 1,0, — 66305 5+
— 18G5, 25 + 0301k — ABGNS 0,00 — 43T 00y + 203502+
+ 2032850, + 12625 — 965,075, + 36(235)%),

A, = 50309 + 2063 L5020 + 2063 LN50,0p + 1263LY505 — 1063GN3 503+ (6.18)
— 2062QN5/23 30529N7/2 245§§NS/2 - 62§N§/2QAN5/289+
+ 36€ (LN5) 0y — 1106265 1o LN50, — 56e2GNS o LN5 — 726,605, LG+
n 9(6283 — 10636 ,020p — 2063G™3 ,0,0p — 1863GS 50y + 405 LN50%+
+ 606321:1882 + 726321j§8x + 48¢; ENS — 3462QN5/2 289 262gN3/2£NSa9+
— 5662075508 50 — 566205, 0N + 2566 (£35)%0, + 25662 L35LY),

where we have used the relations (f.19). As expected, the above operators coincide with
operators that implement classical equations of motion for certain fields in the classical super-
Liouville theory [57].

6.3 Classical limit of higher level super-quantum curves

Having determined the form of super-quantum curves in the Nekrasov-Shatashvili limit at
higher levels, we can simply write down super-spectral curves in the 't Hooft classical limit
Al

12 by considering es — 0 limit

el
p+1/2 = lim Ap+1/2 (619)

e2—0

As in (B.2), in the classical limit ez — 0 of N> (2, 6) we find

—pe1

20005, (2,0) “ —pyp(2) 95, (x,0), (6.20)
€20, 95 (2,0) “ pyp(@) + yp(2)0) UN5,, (2,0).

For example, taking advantage of the results in (f.1§) and denoting G(x) = lim,,_0 @g /2
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and L(x) = lim¢,—0 Eljg as in (6.5), we find higher-level classical curves

Agy = —2<3yB(33)AF($7yB’yF) + 2yF(l’)AB($7yB’yF)>+
+ 20 (311%(@1417(177 yslyr) + 0z Ar (2, yslyr)yr(z) + 8ys(z)Ap(z, yB|yF)>,
Ay = —18((3yn(2)? + L()) Ar (2, yslyr) + 3yr(@)yn () Ap (2, ylyr) )+
+90(2(9y5(2)? + 3yp(x)yr(x) + 2L()) Ap(w, yslyr) +
+ (15y(2)yB () + 3yr(x)yp(x) + 40.G(2)) Ap(z, yBlyr)+
+ 3G($)5mAF(SE7yB|yF))-

(6.21)

7. Examples: super-gaussian and super-multi-Penner models

In this section we illustrate how our general considerations specialize when the matrix model
potential is fixed to some particular form. We consider the gaussian model with quadratic
bosonic potential Vp(x), as well as a supersymmetric version of the multi-Penner model.
These models are of particular interest: the gaussian is the simplest model and its analysis
nicely illustrates various general features that we discussed in earlier sections, and the multi-
Penner model turns out to encode many features familiar in super-Liouville theory. We discuss
both super-quantum curves in those models, as well as their planar solutions.

7.1 Super-gaussian model

As the first example we discuss a supersymmetric version of the gaussian model. To start
with, we consider a potential with a fixed quadratic bosonic term, and with bosonic and
fermionic linear terms depending on bosonic and fermionic times, ¢ and £ respectively

Vi, 8) = Vi o(@) + V@), Vii(x) = to+ %:ﬁ, Vi(z) = €z, (7.1)

Below we determine a super-quantum curve for this model. We show that it does not involve
derivatives with respect to the bosonic time ¢ (so that one eliminate dependence on ¢ e.g.
by setting ¢ = 1), however it involves a derivative with respect to the fermionic time &.
We also analyze its planar solution and show that it agrees with the classical limit of the
super-quantum curve.

Super-quantum curves

For the super-gaussian model with the deformed potential (1)) we find that super-quantum
curve equations (p.39) at level 3/2 take form

23/2?% (z,0) =0, 23/2 = —0,; 09 — 5i1@—3/2 - 9@% - 25ilf—2>, (7.2)
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where ap = +6+/2h. Here @_3/2 and E_g in (4.39), as operators acting on Y. (z,6), are
expressed as

R2G g = E(@ + ) + QR — €+ al¢ +0) — /B Zﬂayg“ ) ) /R, 6),

(7.3)
h°L_g = §(m—|-t) —|—§Qh—u—|—0z,
where this time we denote
08 (z,0) = en (W@ FV@)0) (7.4)
Furthermore, from the constraints (f.21)) and (f.29) we obtain
(3212 = €021) Ralw,0) = (7.5)
where

= €02 = 0+ 0= (0 ) (0 — 35t) + t— - t—< Zﬁaygls 0))/Xa(@,0). (7.6)
It follows that @_3 /2 in (F-3) can be expressed as a differential operator

~ 2
WG _aaRale,0) = (E(a + 1) + QRE — 26(n— ) — (3 + 05 + (€~ 0)32) Rl 0), (7.7)

which can be used to write down super-quantum curve equations ([7.3). Since the potential
(1)) has only one fermionic parameter £, it follows that 9:Z = 0, and so in the classical
limit (6.9) the above super-quantum curve equations reproduce the super-spectral curve for
&n = &0p,1, derived independently in ([[.16) from the analysis of the planar limit.

Planar one-cut solution

Let us consider now the planar one-cut solution in the gaussian model without a linear bosonic
term, however with general fermionic potential

K
V(e6) = Va(@) + Ve@)s,  Vale) = ga%s  Vile)= g, (7.8)

where &, are fermionic parameters. In this model the first term in the bosonic resolvent
(D.3Y) yields the well known resolvent for the standard bosonic gaussian model

W (@) = ﬁ - \/(x_QI)(:E—@) =z — /2?2, (7.9)

c2miz—z\l (z—q)(z — q2)

where the branch points ¢; have been determined by the asymptotic condition (D.20). We
also obtain the fermionic resolvent ([D.39)

wr(z) = j{ Az Ve(z) |2 = 2 +—Hf = Vp(z) — (@) — (7.10)

c2mix—z\ 22 -2u /22 -2 Vaz —2u
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where we have defined a fermionic moment function

Zgnf{ dz J1—2p2%

[I]

=" Jomo 2mi 2" 2(1 — x2)

= & (a® — p) + Loa(z® — p) + 553(21174 —2ux? — p*) + ..,

(7.11)

with the values =(¢;) = :2(1) and Z'(¢q;) = EZ@) at the branch points. If all even fermionic

parameters are turned off
S=8=&=...=0, (7.12)

we see that Z(x) = Z(—x) and Egl) = Egl). In this case, by assuming the solution (D.37) we
obtain

3
iy =Z=(v/2n) =§1M+§§3M2+---, (7.13)

and
E(:E)—,uf:(x2—2u)(£1+£3(:172+u)+...). (7.14)

We then obtain the bosonic resolvent wg(x) = wj(g)( ) by Z2(¢;) — py = 0 and the fermionic
resolvent (f.10). By (D.2) we find

yp(z) = /22 = 2p, yr(z) = Va2 —2u(& + &% +p) +...), (7.15)

and the super-spectral curve takes form

ypyr = (2% —2p) (& + &@* +p) +...),

7.16
yh + ye(@)yr(z) = (2% — 2p) (1 — 261632 4 ... (7.16)

For &, = 0,1 this spectral curve agrees with the classical limit of the super-quantum curve
derived in ([7.9).

To complete the planar analysis we note, that the solution ([.I3) can be confirmed in
yet another way. Recall that the matrix model partition function with a general potential
satisfies super-Virasoro constraints (B.25) and (B.26). These constraints include

g—1/2Z = €_1Z = O, (717)

which for the gaussian model with the potential (7.1]) take form

N
g-1/2 = —t§%< Zf}a> + O¢ + £,
“ (7.18)

() =
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These generators can also be obtained as a = 0 limit of ([.5). Since the potential (1) has
only one fermionic parameter §, and so 9¢Z = 0, the constraint (g_/ — §¢—1)Z = 0 yields

ply
Nz (X te) =t (719)

so that the left hand side does not depend on the deformation parameter ¢t and does not have
quantum corrections. It follows that (D.12) takes form

g = Ep, (7.20)
which is consistent with the solution (f.13) and therefore with (7.19) for &, = £5,,1.

7.2 Super-multi-Penner model and super-Liouville theory

Let us discuss now the super-multi-Penner super-eigenvalue model with the potential

M
V(z,0) =) ailog(z — a; + 6:0) = Vp(x) + Vi (x)6,
i=1
u u ) (7.21)
a;b;
Vi = il —z;), Vi = .
() ;a og(r — x;) 7 (z) ;:E—l‘i
In this model it is convenient to rescale the wave-function in ([L.1]) and introduce the following
normalization o
Xa(2,0) = Ralz,0) [J (@i — xj — 6:6;) 2. (7.22)

i#]
Note that in this super-multi-Penner model the potential term

e—g Z(Jl\r:l V(Zaﬂ9a) (723)

takes an analogous form as M insertions of x'(z, 0) in ([f-J). We already showed that, in the

«
ins

context of conformal field theory, an insertion of x4

(z,0) can be interpreted as an insertion
of a primary field (f.1)), with degenerate momentum «a = «,, 4. Therefore the wave-function
([:23) represents a correlation function in the super-Liouville theory, which involves (M + 2)
Neveu-Schwarz primary fields inserted on P': M of those fields are encoded in the potential,
one field is represented by the insertion of x'S(z, #) itself, and one additional field is inserted
at £ = oo € P! and has the momentum a, given in (7:27). Note that if the condition a, = 0
is imposed, the primary field at x = oo is removed and the model with the above potential
describes super-Liouville theory with (M + 1) primary fields. It follows that various objects
familiar in super-Liouville theory arise upon the specialization of our formalism to the super-
multi-Penner potential. In particular super-quantum curve equations can be identified as
supersymmetric BPZ equations for correlation functions of several primary fields, Nekrasov-
Shatashvili limit of quantum curves coincides with certain classical equations of motion in

super-Liouville theory, etc. We discuss these relations in more detail below.
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0sp(1]2) invariance of the wave-function

Recall that a subset of super-Virasoro generators determined in section [[.3 forms the osp(1]2)
subalgebra and imposes constraints (f.25). Specializing the potential to the super-multi-
Penner model case ([.2])) we find that generators ([L.26) and (f.27), as acting on the normalized
wave-function Yo (z,0) in ([(:22), take form

M
9% )(@,0) = =D =Y D,
=1

M M M N
510‘/2@, 0) = —aD — Z:EiDi —2A,0 —2 Z Ay, 0; — 6;1—020 (a@ + Z o;0; — \/th 19a>,
i=1 i=1 i=1 a=1
(7.24)
and
B M
egl(‘r7 9) = _81‘ - Z 81‘1'7
i=1
- 0. < 0; M
(5 (2,0) = —20; — 509 - > (%i0a; + Elagi) — A0 =Y Ag; + Aa,
i=1 i=1 (7.25)
03 (x,0) = =20, — 2609 — > (2700, + 2:0,05,) — 2080z — 2> Ao,
i=1 i=1
M N
_ h—o; (am + Zaﬂ:i — \/ﬁhZz’a),
i=1 a=1
where
D; = —0y, + 0,04, (7.26)
M
ozoo:,u+Qh—oz—Zozi. (7.27)
i=1

When ay, # 0, a primary field with momentum ., has to be located at x = co and we
can use generators Zgl(x, 0), Z‘f‘ (z,0) and ﬁ‘f‘/Q(:E, 6) only under the super-matrix integral, while
the eigenvalue-independent representation exists only for two remaining generators, which
can be used to impose constraints on the (integrated) wave-function ([.29)

%1 2(@,0)Xa(@,0) = €21 o(x,0)Xa(,0) = 0. (7.28)

We can use these constraints to remove two bosonic derivatives and one fermionic derivative
from operators (|?.33) and ([7.34) introduced below, and then from the super-quantum curve

equation.
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On the other hand, once the condition a, = 0 is imposed, all generators in (7.24) and
(F:25) do not depend on super-eigenvalues z, and ¥,, and they can be used to fix the full
0sp(1]2) invariance of the wave-function ([7.22)

9212, 0)Xa(,0) = 3 o (%, 0)Xa(z,0) = 0. (7.29)

Using these constraints we can eliminate three bosonic derivatives and two fermionic deriva-
tives from operators ([.33) and ([.34) introduced below, and then from the super-quantum
curve equation.

In particular for the super-multi-Penner model (F.21) with M = 2 and for an, = 0 the
constraints ([7.29) respectively take form

((1’1 — xg)Dl + (.Z' - LZ'Q)D + 2Aa9 + 2Aa191 + 2Aa202)§a(az, 9) O,
((1’2 — xl)Dg + (.Z' — xl)D + 2Aa9 + 2Aa191 + 2Aa202)§a(az, 9) = O,
and

(2(z1 — 22)0p, + 2(x — 2)0y + 009 + 0109, + 020, + 204 + 204, + 2A0,) Xa(z,0) =0,
(2(332 - $1)8x2 + 2(33 - xl)ax + 986 + 91801 + 02602 + 2Aa + 2Aa1 + 2Aa2)5€a(x7 9) = 07
(7.31)

and they can be used to remove all time derivatives from operators ([.33) and (|7.33), and so

from super-quantum curves in consequence.

Super-quantum curves

We construct now super-quantum curves for the super-multi-Penner model with the potential
(F21). First, the fermionic operator h(z) in (JA.T]) and the bosonic operator f(z) in ([AF)
take form

=1 (7.32)

where D; = —0p, + 0,0,,. Second, we introduce the super-Virasoro generators represented on
the wave-function X, (z,6) in ([.23); taking advantage of (.39), for n > 2 they take form

é—n+1/2 = <H($z —x; — 0:0; ) a2 )é—n+1/2(H(ﬂfi —Tj— 01'9]-)_%> =
isﬁj i#j

’I’L—l 9@ 1
Z < (z; —x)™ B (x; —x)n1 DZ)’

(7.33)
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and

(7.34)

n—1)A 1 (n—1)6;
= — Op, + ————0p,. |.
Z < (v, — )" (zy— )" * 2(w; — )
Super-quantum curves for the super-multi-Penner model can now be constructed using

the above representation of super-Virasoro generators in expressions for super-Virasoro sin-
gular vectors. For example, super-quantum curve equations (pb.39) at level 3/2 take form

Z3/2>za::|:5i1/2h($7 0) =0, gs/z = —0,0p — 5ilé—3/2 - 9(@% - 25ilz_2). (7.35)

Furthermore, we can use constraints discussed in section to remove time-dependence
from operators é—n—i—l /2 and E_n. In particular, considering the super-multi-Penner model
with M = 2 and fixing a. = 0, we can completely remove time derivatives from these
operators, so that their action on Y, (z, ) takes for example the following form

6—3/2%11(33’9) = [_ Z -

2Aa6 A9+Aa61+Aa92
D % 1 2
Z (x — x;)? (x —x1)(x — 22)

] o(2,0), (7.36)

i=1,2 i=1,2
and
~ B 1 0;D +2A,, 009 +2A, +2A,, +2A,,
L_9Xa(z,0) = [ 2;2 pa—_ Z-;z EEE R I — (7.37)
1 Z Aoﬁiﬁ _ ((x — a:l)Aal — (x — $2)Aa2)9192 (:E 9)
(x —z1)(x — 22) T (x — 21)%(x — x2)?

It follows that super-quantum curve equations in this case are time-independent, and take
form of ordinary super-differential equations. These equations are directly related to the
ordinary differential equation of the type considered by Dotsenko and Fateev [58,59]. It was
analysed in [60] and some properties of its solutions, which can be expressed in term of certain
two-fold contour integrals, were discussed in [61].

For completeness, let us also consider the classical limit (p.9) in the above example. We
find that the super-quantum curves at level 3/2 reduces in this limit to a system of equations

a20; a?h; + a36
yB(JE)yF(JE) _ Z i S — 1Y1 2Y2

£ 12(3:—@) (x — 1) (2 — 29)’
up(z ) L+ a%+a% (7.38)
yr(x Py (x—2)2  (z—21)(x —a2) '

((x — xl)a% —(z— xg)a§)9192
(x — x1)%(x — 29)?

This agrees with the classical super-spectral curve, determined from the analysis of the planar
solution of super-multi-Penner model in ([.60).
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Planar one-cut solution

For completeness, let us also consider a one-cut solution of the super-multi-Penner with the
potential (7.21)). Under the one-cut ansatz

o(z) = (z — q1)(z — q2), (7.39)

the first term in the bosonic resolvent (|D.3§) is given by

w9 (z) = Z o fo@) oy f: aivol®) (7.40)
B 2772 T —z z—x;\| o(2) B — (. — x)\/o ()

The branch points ¢; and g2 are determined by the asymptotic condition (D.20)

):o, Z O‘m — —au, (7.41)

where we have defined u
Qoo =1 — i, (7.42)
i=1

which describes the momentum of the primary field at x = co. From (D.37) we obtain

JQ{ Z ab o) (91, 92) <~§ - Ha)) - iaiei (1 R 7\(513(:%)) i
271 Z2—=Ti\Jo(z) o(@:)

i=1

where

Cp(x) = %Ul(w) + (1 — q2)c(q1, 42), c(q1,q2) = —c(q2, 1), (7.44)

is an undetermined function. Here the fermionic and bosonic moments (D.2§) and ([D.31]) are
also obtained as

M o(z) oz
Ef,”—ufzzaiei@ L+ ﬁ)zam (7.45)

) M b o(x;)

—(2 iYq 7 —

! ; (a1 — @) () (7.46)
M

M =Y i = M(qy), (7.47)

i=1 (QI—xz) 0(517@)

where we have introduced fermionic and bosonic moment functions as

=(a) = Y it ( e ))> , (7.48)
i—1 % o\T;
M

M(z) =Y i , (7.49)

(x —x;)\/o(x;)

=1
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Then the bosonic resolvent ([D.3§) is obtained as

1 =(
onle) = Vy(a) = MVTD - 5 3 o o et SR
and the fermionic resolvent ([D.39) takes form
wi(z) = Vi(z) — =&)L (7.51)

yp(x) = M(z)\/o(x) — E’(m)E(azl + ! Res =(2)=(2) (7.52)

yr(z) = : (7.53)

Let us consider the case of M = 2 and explicitly express the super-spectral curve. In this
case the bosonic moment function ([.49) is given by

M(z) = - = xl)z‘; ) (7.54)

where we have used the asymptotic condition ([7.41]), which furthermore implies

2 _ 2 2 2
Qt@=ota-——m—(@1-2) ae=nr2-—— 5 —
o

a2 (a;l — LEQ), (755)

so that we determine the branch points

a2 (z1+ 22) — (0} — ) (z1 — x2) + (21 — :Eg)\/(ozgo — (01 + @2)?) (o — (a1 — 2)?)

q1,2 =

202,
(7.56)
The super-spectral curve is then expressed as
yp(@)yr(z) = M(x)E(z),
M(2)Z(2)Z(2) (7.57)
2 /
yp(x)* +yp(x)yr(x) = + Res ,
() F() () ,;ZIzM(Z)O'( )(x_z)

where the second term on the right hand side in the second equation can be written as

M(x)=' (2)E(z) Oéoo9192 (=1)'Cp(z) T —
Z B%SZ M(z)o(z)(z — 2z) - (:17—:171 (x — x2) 2 Z <l‘1—l‘2 o(x;) > ( i)
(7.58)

In particular in the limit a,, — 0, assuming

o2 Cp(x;) = 0, (7.59)
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we find the super-spectral curve

B k) W'aits
W) = G S 2

2

—(z1 — x2) (1)’
x—x1)(x — 29) Z T —

0102 CYe2(n 2
! (x — 21)*(z — 32)? 221;2( Deil i)

yp(2)? + yp(x)yr(z) = ( + (7.60)

i=1,2

This curve coincides with the classical limit of the super-quantum curve at level 3/2 found in

([39).
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A. Operators h(z) and f(z)

In this appendix we introduce and discuss properties of operators ﬁ(:n) and f(x), which are
used in various computations in the paper. The fermionic operator h(x) takes form

h(z) =hi(z) + he(x),

ﬁt(x) = n’ an Z §k+1/23tk,n,1,
n=0 k=n+1 (Al)

he(w) =1y ™ > ktrde,

and we denote

O"h(z) = [ax,ag—lﬁ(x)} . (A.2)

From the identification (B.15) we find that the action of ﬁ(y) on the wave-function x,(z,0),
defined in ([.3), can be rewritten as the expectation value involving the function h(y)

R(y)xa(@,0) = (h(y)X™(2,0)),  hy) = h(y) + he(y),

N
ht(y) = _\/th VF(y) — VF(Za)7

a=1 Y — Za (A3)
N i ;
he(y) = —V/BhY (VB(y)y _Vf( o))
a=1 a

7 fixed

~

Similarly we introduce a bosonic operator f(z) defined by
f(@) =fi) + fe(a),

fi(z) = 12 Z z" Z ktiOr, .,
n=0 k=n+2 (A5)

fﬁ(‘r) = h2zxn Z <k - n;_ 1)§k+1/2a§k,n,3/27

n=0 k=n+2

and we denote

-~

0 flw) = [0, 0071 Fl)] (A.6)
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From identifications (B.13), the action of f(y) on the wave-function xq(z,8) in () can be
rewritten as the expectation value involving the function f(y)

FW)xalz,0) = (fy)x'™( 9)> f) = fily) + fe(),
y) = _\/th Vi(y) — Vé(za),

_Za

_ _\/—hz ( (Y ) Vi(2a))Va N V}Q)(y, za)ﬁa>7

— 2q) 2(y — za)?

where VISZ) (y,2q) is defined in (B.29). In the large N limit (B.27) the expectation value of
f(z) reproduces £ (z) introduced in (B:33)
1
lim — (f(z)) = fO(a). (A7)

N—oo
h fixed

Operators h(z) in (B) and f(z) in (&) satisfy certain commutation relations, which
we take advantage of in various computations. These commutation relations follow from the
formula

b +n—2)! k+n—1)!
2 (p(p—l)!) - (n(kz—l)!) » BneEN, (A-8)

and take form

~ 1
h(x)ﬁ"VB(l’)] = n—thc‘)gHVF(x),

{he),00ve(@)} = [Fl@), 00| = —= 102V (a), (A.9)
e )

and

(M), 0h0)} = =10 fla,

[Ae), 02 (w)] = 5 - - 1;(711 50 ), (A.10)
@), 0:70)] = gy P @),

Differentiating the above relations with respect to x, we inductively obtain

. " m!n! e
[am h(z),o" VB(az)] - mrﬁax Ly (),
- - In
{8;”h(:n),8§VF(x)} - [a;n Fx), 0" V()| = %#aﬁnﬂw(@, (A.11)

(m +2n+ 3)m!n!
2(m+n+2)!

0 T @), 0 Vi(a)| = W Vi (a),
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and

[a;;ﬂh(x), an A(x)} - (”2?75’1 ;f; ! 2 gmen 2 (). (A.12)
R e s ()

B. Derivatives of x"(z,0)

In this appendix we summarize derivatives with respect to 6 and = of

N

" (z, 0) = ( %if: add, ) 1x—2a E (B.1)

T — 24

a=
defined in (). First order derivatives are equal

ins

o Xlns ZE 9 a\/_z U«Xa

1ns

(z,0) :oz\/_z aXe(

T — 2z, T — 2z,
(B.2)
ms a\/_ Xlns € 9) Oé\/BH axgls(xje)
amXa (ZE 9 Z T — 2, A ; (x_za)g ’
and second order derivatives take form
ins Oé\/_ IIXIQ?S II: 9 25 aXlo?s € 9)
DaOo o™ (2,6) = Z (x — 24 Z_: (x — zq)( :E—Zb)+
04259 90X 05(, 0)
+ h2 ag; (T — 24)( — 2)%’
(B.3)
9 ins \/_ Xlns x, 9 1ns( x,
Oaxa Z (x — 24 Z x—za)(a:—zb)+

a,b=1

. QWB@Z PaX3®(x,0) | 20°56 i ( Daxi®(z, 0)

h (x — 24)3 h? T —24)%(x — 2)

a=1 a,b=1

Note that in effect the right hand side of 9,09x"(z,6) does not depend on 6.
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C. Loop insertion operators

We define fermionic and bosonic loop insertion operators as follows

E :$n+1 Ent1/27
Z :En-i-l t"

We also consider their higher order generalizations

51/2)
Vp (z)

VB(x =

5=1/2) _ (—1)F1 0, [0,

Ve@) T (= 1)

(00,052 11,

100 03) ] 1]

k—1
(k) B (_1)k—1
8V]_:g(m) - (k _ 1)[ [895’ [a
k—1

These operators act on the partition function Z or the wave-function x,(z,0) as

N
o () =%

W) =

The commutation relations

(o) - -

1

)
Il

WE

1

)
Il

h 1

Uq

1

VB (@ —2)F’

.

(r — 24)

(x — zq)

(k) [ A(k=1/2) - h k
Aoy VB = {00 Vi) | = /B @ =
lead to
(k—1/2) S 1
{aVF(w) Sy, 9)} N Z_; (= = 2a)*(y — 2a)
N
(k) om] kda
|:8VB(J7)’ S+(y7 Z, 9)_ - Z_; (33‘ — Za)k+1(y Za)v
(k—1/2) 7 N kv U
—1/2 a a
T (y; =
e Tt 0] =3 e Y
(k) 1+ k
[8V3(x)’T+(y?$79)_ = Z (2 — 20)F T (y — 2a)
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D. Planar analysis
In this appendix we discuss planar solutions in the super-eigenvalue model.

D.1 Planar free energy

Let us introduce bosonic and fermionic planar resolvents

_ oy w1l Moo — lim wl N, D.1
) = dm yz( S e gmyp () e

where y = /BhN is the 't Hooft parameter, and (- --) denotes the unnormalized expectation

value (B.5). Note that the spectral functions yg(x), yr(z) defined in (B.29), (B.34) are written
in terms of these resolvents as

yp(z) = Vi(z) —wp(z),  yr(z) =Vr(z) - wr(z). (D.2)

In the super-eigenvalue model (B.J)) at 8 = 1, let us consider the effective potential

N
1
eff_ﬁz (2a,Y4) Z log |zq — 2p — Py (D.3)

1<a<b<N

Using (B.§) we then obtain equations of motion for eigenvalues

1
/ —
Vi(zq) = h E po— 7(zq) = h E Za—Zb (D.4)
b#a

The eigenvalue distribution is described by bosonic and fermionic density operators

1 N 1 N
p(2) = Y dz—z),  pr(z) = N D 046z = 2a), (D.5)
a=1 a=1

and the eigenvalue densities at large N can be expressed in terms of the planar resolvents

(B.D) as

pB(2) = ]\}1_1?100 l<,?)B(z)> 2;“ ll_H)El) (wp(z — i€) — wp(z + i€)),
p=1
. . (D.6)
pr(z) = ]\} im —<,?)F(z)> Smip ll_H)El) (wp(z —i€) — wp(z + ie)).
p=1

From (D.3) in the large N limit, we then find that the planar free energy can be written in
terms of these eigenvalue densities

2
Sers(ppspr) = —p | dzpp(2)Vp(2) + % / dzd? pp(2)pp(2)log |z — 2'|+
D DxD
2 /
+u | dzprp(2)Ve(z) — ,u_/ dzdz'w, (D.7)
D 2 Jpxp z—=z
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where D is the support of pp(z) and pr(z), and we have used

79(119b
Za — 2b

log(zq — 25 — Vo) = log(zq — 2p) — (D.8)

D.2 Planar resolvents

To compute the resolvents (D.1]) one can use planar equations (B.3H) that, using (D.3), can
be written as

wp(@)or(e) - 740 %‘Z%(ZZ)“B(Z) - 740 %—ZB_(? wr(z) =0, (D.9)
1 L dz V(2)
5“3(”5)2 + §WF(33)WF($) ~ £ Tm%wg(z)—i—

_i%ZF_(ZZ)wF(z) — %jéc%(;/li(z)fwﬂz) =0, (D.10)

where C' is the contour around the support D. Around x = oo the resolvents behave asymp-
totically as

WB(‘T) = % + O(.Z'_z), wF(.Z') = % -+ O(x_2)7 (Dll)
where .
1 ﬁl B B ﬁ
= zvgfoNz<;Q9a> = N/DdzpF(Z) = 7{} 5 F(2)- (D.12)

As shown in [32-34], the resolvents have at most second-order fermionic couplings of &, 1 /2
wp(x) = wg) (x) + wg) (x), wr(x) = wg)(a:), (D.13)

where additional superscripts denote orders of fermionic couplings. Therefore equations ([D.9)
and (D.1() are filtered by the orders of fermionic couplings, as in [34]

order 0 : %wg) (x)? = fé % Zé—(zz) wg)(z), (D.14)
order 1:  VpxwW(z)=— 3 % ‘;F_(Zg Wi (2), (D.15)
oder2: D euf) ) = 3l @0l ) - f D)

-3 § e ), (0.16)
order 3 : i%%@wg) (2) — w}l)(x)wg) (x) =0, (D.17)

where we have defined a linear operator 17]’5 acting on a function f(x) of x by

dz VA(2)

2mi x — 2

Vs fa)= 1) - @ @) (@) (D.18)
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Assuming the s-cut ansatz [62-64], from the equation (D.14) at order 0 we find a solution

(0) 7)) — ﬁVé(Z) 0’(%) o) = 2s o
B ( )_ 027_‘_2' T — 2 0,(2)7 ( )—g( ql)7 (Dlg)

where by the asymptotic condition (D.11)) for wp(z) one finds the following conditions for g¢;:

dz 2*Vh(z)
P = ulg.s, k=0,1,...,s. D.20
?402m oz) (D-20)

These conditions imply that the kernel of the operator 17]’5 is given by

N k
ker(Vj) D {%, k=0,1,...,s | g;’s satisfy the conditions ()} (D.21)
o(x
Using the solution (D.19) we then consider the equation ([D.1§) at order 1, and find a solution
1) dz Vp(z (2) = ©O(x) D
= .22

“F () 2m x—2z\ o(z) + O'(l‘ ( )

where .

k s—1

= Z,ugf )xk, u; ) = s (D.23)

(k)

is an undetermined function with first-order fermionic couplings u P Actually, by an ex-
change of contours

dz dzy VB 29) dz1 dzy V5 (21)Vr(22) o(z2)
7401 2mi jé omi (x — 21) (21 — 22) 7401 27i 2m (x — 29) (22 — 21) \| o(21)’
(D.24)

we see that the first term of ([D.29) satisfies the equation ([D.15) (the notation 3901 dz fcz dzy
above means that the contour C; contains the contour Cs; the contribution coming from the
pole at z; = 2 vanishes by the exchange of contours). The second term is in the kernel (D.21))
of the operator 17]’3, and it is provided by the asymptotic condition (D.11]) for wr(x).

By plugging the solution ([D.22) into the right hand side of the equation (D.16) at order
2 we obtain

VB * w(2) (x) =

B f le dZQ VF(Zl)VF(Zg) )0’(22 __% d21]é d22 VF 21 VF(ZQ) 0'(2’2)
C Cy Cs

) 2i Oy omi (z—21)(x — 22) 20 x) 27 2m (x — 21)2(21 — 22)\/o(21)

(x)
ﬂj{ dleF z21)\/o(z1) (x;]é
C

. I ANGEY
20(z) Jo, 2rri (x — 21)? 20 (z 2mi T — zl
1 [ da Vp(21)O(21) @(x)@' dz Vi(2) @) .
2 /Q{Cl 21 (x — 21)%\/0(21) 20(z) ?{ oz —z r (%), (D.25)
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which can be rewritten using the Cauchy’s integral formula as

Vi xwi) () =
yA

“3 0.3
027Ti C1

IS

21% dZQ VF(Zl)VF(Zg) 0'(21)0'(22)

2 27 2mi (x — 2)(z — 21)(z — 22)20(2)
] e
* % jé 2d7z jé 37 a:( )z)(,i — 21)0;57(2)) jé 271 72 gjrlz 632 — :Fizi)zl)a((Zl))
%jq{ 2d—2 j(él ;li (z — zVFiﬁ)igzl)g(Zl) B 20( ) B Qd; ZF_( Z) wW(2). (D.26)

In this expression, by exchanging the contour C' with contours C'; and C5, the second, the
fifth and the last term cancel out and we obtain

2s
Vs @ (2) = —% ; m (20 - o) (22 - o'a). (D.27)

where we have introduced fermionic moments

(n) _ ]g de Vi) s (D.28)

¢ c 2mi (z — q)"

[1]

By taking into account the kernel (D.21]) of the operator 953 and the asymptotic condition
(D-11)) for wp(x), we find a solution of (D.27) in the form

FOPRSI. 2 (=2 - @(qz))(”(2 —0(@)  Y(2)
? ( ) ; Mo’ x—qz \/O'(:E) + 0'(;1;)7

(D.29)

where
Z ,uff zk (D.30)

(k)

is an undetermined function with second-order fermionic couplings p P and M; are the first

dz Vh( 1
M; = ]4 2 V(2 . (D.31)
21 2 — q; (z)

bosonic momenta

Let us finally consider the last equation ([D.I7) at order 3, which gives constraints for
undetermined functions O(x) in (D.23) and Y(x) in (D.3(). Using the Cauchy’s integral
formula the equation (D.17) is written as

dz Vr(z) (2) dz 1 (1) (2)
74 ] w _ - w w =0. D.32
c2mr—z B(Z) c2mx —z F(Z) B(z) 0 (D-32)
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Plugging the solutions (D.23) and (D.29) into this equation, we see that the first term is
canceled out by a term coming from the exchange of contours in the second summand. We
then obtain

25 =) _ o 2s
26 el 3 G i (B - 0w) B -0w) + TG =0

J#
(D.33)
The residues at = = ¢;,i = 1,...,2s, give 2s constraints for O(z) and Y (x)
2s
=0 _ o) | = 1 1 =0 _ o)) (22 —6/(6:) + T (0|
(D.34)

These equations give constrains for s indeterminates ,ugfk) in ©(z) and s — 1 indeterminates

,ugf? in T(x). In particular in the 1-cut (s = 1) case T (z) = 0, so that these constraints give

(=Y = ny) (B = ns) =0, (D.35)

and one finds that one solution can be written as [34]

=(1) , =(1
JEELE U R v SR NIy SN CED
In fact this solution has an ambiguity
py = piy + c(qu, q2) <5§1) - 551)) ; (D.37)
where ¢(q1,92) = —c(g2,¢q1) is a bosonic function of ¢; and go; if Egl) = Eél), the equation

(D:39) is trivially satisfied and does not determine /.
Summarizing the above results, the s-cut solution of the planar resolvents is given by

2s H(l —(2) /
o= § T 1 ey e O
Ve [0, e
r(@) 7402711':17—,2 0(:17)+m7 (D-39)

with the constraint equations (D.34), where C' is the contour around all the branch cuts of
Vo(x). This formula is the multi-cut version of the one-cut solution derived in [34]. By
(D.2) we then also obtain the spectral functions yp(x) and yp(x). To determine the branch
points ¢; one can use the s+ 1 constraint equations ([D.2(). For s > 2, as in the usual bosonic
model, in addition to this asymptotic condition we also need to consider s — 1 constraint
equations representing stability conditions among cuts, or the filling fractions along each cut
(see e.g. [64,65]).

We consider examples of planar one-cut solutions in the super-gaussian and the super-
multi-Penner models in sections [7.1] and [7.3.
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