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Abstract: In modern mathematical and theoretical physics various generalizations, in

particular supersymmetric or quantum, of Riemann surfaces and complex algebraic curves

play a prominent role. We show that such supersymmetric and quantum generalizations can

be combined together, and construct supersymmetric quantum curves, or super-quantum

curves for short. Our analysis is conducted in the formalism of super-eigenvalue models: we

introduce β-deformed version of those models, and derive differential equations for associated

α/β-deformed super-matrix integrals. We show that for a given model there exists an infinite

number of such differential equations, which we identify as super-quantum curves, and which

are in one-to-one correspondence with, and have the structure of, super-Virasoro singular

vectors. We discuss potential applications of super-quantum curves and prospects of other

generalizations.
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1. Introduction

Riemann surfaces and complex algebraic curves play a prominent role in mathematics and

admit various generalizations, which often have origin in modern mathematical and theoretical

physics. In this paper we consider two such generalizations: supersymmetric and quantum.

Supersymmetric Riemann surfaces play an important role in superstring theory [1–5], and

they have received renewed interest recently [6–10]. They can also be represented, at least in

some specific cases, as supersymmetric algebraic curves [11,12].

Another generalization of algebraic curves, also to much extent motivated by physics, is

related to quantization and non-commutative geometry, and leads to the notion of quantum

curves. Quantum curves can be thought of as differential operators Â(x̂, ŷ) that impose linear,

differential, Schroedinger-like equations on certain wave-functions Ψ(x)

Â(x̂, ŷ)Ψ(x) = 0, (1.1)

where x̂ and ŷ, represented respectively by multiplication by x and ~∂x, are operators satis-

fying the commutation relation

[ŷ, x̂] = ~. (1.2)

In the limit ~ → 0 these operators commute and can be identified with complex numbers,

and the quantum curve equation reduces to a “classical” algebraic curve

A(x, y) = 0. (1.3)

Quantum curves arise in various physical contexts, such as intersecting branes in type IIA

string theory [13, 14], B-branes in (refined) topological string theory [15, 16], surface oper-

ators [16, 17], and they are objects of active studies in knot theory [18–20] and from other

mathematical perspectives [21–26]. It has been conjectured that in all situations mentioned

above quantum curves can be constructed by means of the topological recursion [27], and in

many cases they can also be constructed explicitly in the formalism of matrix models. In this

case the classical algebraic curve (1.3) is identified with the spectral curve of a matrix model,

and the differential equation (1.1) is the equation satisfied by a determinant expectation value.

It has been shown recently – in the formalism of matrix models and the topological recursion –

that to a given algebraic curve one can in fact associate an infinite family of quantum curves,

which are in one-to-one correspondence with, and have the structure of, Virasoro singular

vectors [28]. This statement can be viewed as a consequence of the familiar relation between

matrix models and conformal field theory [29,30].

In this paper we combine the two above generalizations and construct supersymmetric

quantum curves, or super-quantum curves for short. Our construction is based on so-called

super-eigenvalue models, introduced in [31] and then analyzed in [32–36], which can be re-

garded as supersymmetric generalizations of matrix models. In this paper we first generalize

super-eigenvalue models to the β-deformed case, and then formulate a supersymmetric gen-

eralization of the construction presented in [28]. Analogously as in [28], we find that to a
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given super-eigenvalue model one can associate an infinite family of super-quantum curves,

which have the structure of super-Virasoro singular vectors. These super-quantum curves

take form of differential equations that annihilate wave-functions, which are constructed as

certain α/β-deformed super-matrix integrals.

Let us stress that our results illustrate more general phenomenon, i.e. the existence

of infinite families of quantum curves associated to certain underlying symmetries. This

phenomenon is manifest in the context of matrix models or their generalizations. In the case

of ordinary hermitian matrix models there is an underlying Virasoro symmetry, which implies

the existence of quantum curves having the structure of Virasoro singular vectors [28]. In the

case of super-eigenvalue models considered in this paper, there is an underlying super-Virasoro

symmetry, and quantum curves take form of super-Virasoro singular vectors. For other types

of matrix models, e.g. involving other ensembles of matrices, or deformations of the measure

or the potential, or multi-matrix models, etc., there is also an underlying symmetry, whose

manifestation must be the existence of a family of quantum curves, having the structure of

associated singular vectors. Explicit analysis of such generalizations is an interesting task for

future work.

It would also be interesting to generalize our results beyond the realm of matrix models.

In the case of hermitian matrix models such a generalization can be formulated by means of

the topological recursion, so that one can essentially associate a family of quantum curves to

a given algebraic curve (irrespective of the existence of a matrix model). Reformulation of

other types of matrix models, in particular the super-eigenvalue model, in terms of generalized

topological recursions would enable to identify yet more general quantum curves.

There are many other directions to explore. It would be interesting to relate our super-

quantum curve to the representation of super-Virasoro singular vectors in terms of super-Jack

polynomials [37–39]. While our super-quantum curves correspond to singular vectors in the

Neveu-Schwarz sector, it is desirable to identify analogous curves for the Ramond sector,

possibly following some ideas in [39,40]. It would be interesting to interpret our results in the

context of a relation between super-Liouville theory and gauge theories on ALE spaces [41],

or to find links to some putative supersymmetric version of topological string theory [42,43].

As a word of warning, we stress that super-quantum curves introduced in this paper

should not be confused with (quantum) super-A-polynomials [20]. In the latter case the

prefix super has to do with homological knot invariants (in analogy with superpolynomials),

while in this paper super refers to a supersymmetric generalization.

Let us briefly summarize the results of this paper. First, we introduce a β-deformed

super-eigenvalue model as a formal integral

Z =

∫ N∏

a=1

dzadϑa∆(z, ϑ)βe−
√

β
~

∑N
a=1 V (za,ϑa), (1.4)
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where ∆(z, ϑ) =
∏

1≤a<b≤N (za − zb − ϑaϑb) and the potential takes form of a series

V (x, θ) = VB(x) + VF (x)θ, VB(x) =
∞∑

n=0

tnx
n, VF (x) =

∞∑

n=0

ξn+1/2x
n, (1.5)

where tn and ξn+1/2 are respectively bosonic and fermionic parameters called times. The

partition function (1.4) is referred to as the super-eigenvalue integral, with bosonic za and

their fermionic superpartners ϑa interpreted as super-eigenvalues of some putative ensemble

of matrices. Although one way of writing (1.4) at β = 1 as an integral over some ensemble

of matrices was proposed in [44] and an explicit form of such an integral was given for small

N , it is not possible to write it explicitly for general N . Nonetheless, it is convenient to call

(1.4) as a super-eigenvalue model, or a super-matrix model, due to the analogy with bosonic

matrix models.

It is known that the bosonic partition function satisfies a set of Virasoro constraints, and

one can derive analogous super-Virasoro constraints in case of the super-eigenvalue model

(1.4). In this paper we derive such constraints in the β-deformed case and show that they

take form

gn+1/2Z = ℓnZ = 0, for n ≥ −1, (1.6)

where gn+1/2 and ℓn are differential operators written in terms of times tn and ξn+1/2, which

form a representation of the super-Virasoro algebra. The above equation means that the

matrix model partition function encodes the Neveu-Schwarz (NS) vacuum in an auxiliary

superconformal field theory associated to the super-eigenvalue model. We also show that in

the large N limit a distribution of eigenvalues is encoded in a super-spectral curve, which is

described by a pair of equations (3.35)

yB(x)yF (x) +G(x) = yB(x)
2 + y′F (x)yF (x) + 2L(x) = 0, (1.7)

where G(x) and L(x) are defined in (3.36). One can also eliminate the differential y′F (x) of

yF (x) with respect to x from (1.7) and write this equation in the form of a supersymmetric

algebraic curve (3.38). Such a super-spectral curve was identified already in [31].

Having discussed properties of the β-deformed super-eigenvalue model, we associate to

it a family of wave-functions parametrized by a parameter α; we also refer to these wave-

functions as α/β-deformed super-matrix integrals. These wave-functions are a generalization

of a determinant (characteristic polynomial) expectation value in a bosonic matrix model and

take form

χ̂α(x, θ) = e
α
~2
VB(x)+ α

~2
VF (x)θ

〈
e
−

√
β
~

∑N
a=1 α

(
log(x−za)−

θ
x−za

ϑa
)〉
≡ χ̂B,α(x) + χ̂F,α(x)θ. (1.8)

In the right hand side we identified bosonic and fermionic components of the wave-function,

and denoted them χ̂B,α(x) and χ̂F,α(x) respectively. We show that the α/β-deformed integral

(1.8) also satisfies super-Virasoro constraints that generalize (1.6), and find corresponding

super-Virasoro generators gαn+1/2(x, θ) and ℓ
α
n(x, θ).
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Having defined the wave-function χ̂α(x, θ), we pose the crucial question in this paper:

does it satisfy a differential equation in x of a finite order? We find a very interesting answer

to this question: χ̂α(x, θ) satisfies such a differential equation only for special values of α,

labeled by two positive integers p and q

α = αp,q =
(p− 1)β1/2 − (q − 1)β−1/2

2
~, with p− q ∈ 2Z. (1.9)

Remarkably, these are the values of NS degenerate momenta in super-Virasoro algebra, and

corresponding wave-functions may be referred to as NS wave-functions. We then show that for

the above values of α the wave-function can be identified as an expectation value of a super-

Virasoro degenerate primary field in an auxiliary superconformal field theory associated to

the super-eigenvalue model, while the differential equation annihilating the wave-function

has the structure of the corresponding super-Virasoro singular vector at level n = pq/2, when

expressed in terms of appropriate generators of the super-Virasoro algebra. We identify such

a differential equation as a super-quantum curve and for a given value of α write it as (5.1)

Âαnχ̂α(x, θ) = 0. (1.10)

Moreover, we show that at the lowest nontrivial level 3/2 this super-quantum curve reduces

to the classical super-spectral curve (1.7).

In more detail, we find two representations of super-Virasoro algebra, given in (4.32) and

(4.33), which can be used to write a super-quantum curve, and which act respectively on the

wave-function χ̂α(x, θ) and its bosonic component χ̂B,α(x) defined in (1.8). We show that the

bosonic component χ̂B,α(x) is annihilated

Â
(0)
n χ̂B,αp,q (x) = 0 (1.11)

by an operator Â
(0)
n , which takes form of the operator encoding a super-Virasoro singular

vector, written in terms of generators (4.33). This operator can be easily transformed into

an operator (super-quantum curve)

Âαn = Â(0)
n − θ∂θÂ(0)

n − θÂ(1)
n , (1.12)

that annihilates the whole wave-function χ̂α(x, θ). The operator (1.12) is expressed in terms

of generators (4.32), and its component Â
(1)
n is related to Â

(0)
n simply by the action of Ĝ−1/2,

as we explain in detail in section 5.

A very interesting feature of our result is that at a given level n super-quantum curves are

written in a universal form, which depends on the momentum α, and substituting a particular

value α = αp,q produces a familiar expression encoding the corresponding singular vector.

Moreover, one can substitute values of α corresponding to singular vectors at levels lower

than n, and then our expression (up to a simple factor) reduces to appropriate expressions

encoding corresponding singular vectors at lower levels. Therefore at a given level n we find

a universal α-dependent expression for the super-quantum curve, which encodes all singular
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vectors at levels equal or lower than n. To our knowledge such universal expressions for

super-Virasoro singular vectors have not been previously known.

Let us illustrate the above statements with some examples. We find that an operator

Â
(0)
n at level n = 3/2 takes form

Â
(0)
3/2

= L̂−1Ĝ−1/2 −
α2

~2
Ĝ−3/2, (1.13)

and it indeed encodes familiar expressions for singular vectors at level 3/2 upon a substitution

of α = ±β±1/2
~, which correspond to degenerate momenta (1.9) at this level. Then, as

explained in section 5, from (1.12) the full super-quantum curve is reconstructed as

Âα3/2 = −∂x∂θ −
α2

~2
Ĝ−3/2 − θ

(
∂2x −

2α2

~2
L̂−2

)
. (1.14)

Similarly, at level n = 2 we find

Â
(0)
2 = L̂

2
−1 −

2α2

~2
L̂−2 +

2α2 +Q~α− ~
2

~2
Ĝ−3/2Ĝ−1/2. (1.15)

For the degenerate momentum α = α2,2 = (β1/2−β−1/2)~/2 this expression indeed reduces to

a familiar expression encoding a super-Virasoro singular vector at level 2, and for momenta

at lower levels it reduces to expressions for corresponding singular vectors at those lower

levels. From the above result we can also easily reconstruct the full form of Âα2 , which is

given in (5.51). Furthermore, at level n = 5/2, in (5.61) we find analogous universal α-

dependent expression for Â
(0)
5/2 that encodes singular vectors up to this level, and then the full

super-quantum curve Âα5/2 is given in (5.62).

Having introduced and explicitly identified super-quantum curves we analyze some of

their properties. Among others we discuss two quantum structures encoded in their form, and

analyze two corresponding classical limits: the ’t Hooft limit and the classical super-Liouville

(or equivalently the Nekrasov-Shatashvili [45]) limit. (As the second word of warning, one

needs to be careful in deciphering acronyms when analyzing the NS limit of the NS wave-

function.)

Apart from analyzing super-eigenvalue models with general potentials (involving generic

times tn and ξr), we also consider a specialization of our formalism to models with fixed

potentials, such as the super-gaussian and the super-multi-Penner model. In particular we

show that familiar objects in super-Liouville theory (the form of correlation functions, super-

BPZ equations, etc.) arise from the latter specialization. Furthermore, for completeness

and in order to compare classical limit of super-quantum curves with classical super-spectral

curves, we conduct an analysis of planar solutions of super-eigenvalue models.

The plan of this paper is as follows. In section 2 we review properties of the super-

Virasoro algebra and a construction of its singular vectors. In section 3 we introduce a

β-deformed super-eigenvalue model, show that its partition function satisfies super-Virasoro
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constraints, and identify its super-spectral curve. In section 4 we introduce an α/β-deformed

matrix integral, find a representation of super-Virasoro algebra associated to it, as well as a

related representation, which provides building blocks of super-quantum curves. In section 5

we present a general construction of those super-quantum curves and illustrate it in several

examples at levels 1/2, 3/2, 2, and 5/2. In section 6 we discuss a double quantum structure

encoded in super-quantum curves, and two corresponding classical limits: the ’t Hooft limit

and the Nekrasov-Shatashvili (or the classical super-Liouville) limit. In section 7 we specialize

our consideration to super-eigenvalue models with the super-gaussian and the super-multi-

Penner potentials. Finally, in the appendix we discuss various operator expressions used in

calculations throughout the paper, and also present a general form of a planar solution of the

super-eigenvalue model.

2. Super-Virasoro algebra, singular vectors, and free field realization

The N = 1 super-Virasoro algebra is defined by the following (anti)commutation relations

{Gr, Gs} = 2Lr+s +
c

3

(
r2 − 1

4

)
δr+s,0,

[Lm, Gr] =
(m
2
− r
)
Gm+r,

[Lm, Ln] = (m− n)Lm+n +
c

12
(m3 −m)δm+n,0.

(2.1)

In this paper we consider primarily the NS (Neveu-Schwarz) sector of (2.1), in which the

indices of generators Gr take half-integer values, r ∈ Z + 1
2 . Indices n of generators Gn,

forming the Virasoro subalgebra of the NS superalgebra, are integers.

Let ν∆ be the highest weight state with respect to the NS algebra (2.1)

L0ν∆ = ∆ν∆, Lmν∆ = Grν∆ = 0, m, r > 0. (2.2)

Denote by πnNS(∆) the free vector space generated by all vectors of the form

ν∆,MR = L−Mg−Rν∆ ≡ L−mj . . . L−m1
G−rk . . . G−r1ν∆, (2.3)

where R and M are multi-indices such that

0 < r1 < r2 . . . < rk, 0 6 m1 6 m2 . . . 6 mj ,

and

|M |+ |R| ≡ m1 + . . . mj + r1 + . . . rk = n.

The 1
2Z-graded representation of the NS superconformal algebra determined on the space

πNS(∆) =
⊕

n∈ 1
2
N∪{0}

πn
NS
(∆), π0

NS
(∆) = C ν∆,
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by the relations (2.1) and (2.2) is called the NS supermodule of the highest weight ∆ and the

central charge c. Each πnNS(∆) is an eigenspace of L0 with the eigenvalue ∆ + n. The space

πNS(∆) has also a natural Z2-grading

πNS(∆) = π+
NS
(∆)⊕ π−

NS
(∆), π+

NS
(∆) =

⊕

m∈N∪{0}

πm
NS
(∆), π−

NS
(∆) =

⊕

m∈N∪{0}

π
m+ 1

2
NS (∆),

where π±NS(∆) are eigenspaces of the parity operator (−1)F = (−1)2(L0−∆). NS generators

Lm and Gr are, respectively, even and odd with respect to this grading,

[
(−1)F , Lm

]
=
{
(−1)F , Gr

}
= 0.

A nonzero element χ ∈ πNS(∆) of degree n > 0 is called a singular vector if it satisfies the

highest weight conditions (2.2) with L0χ = (∆ + n)χ. It generates its own NS supermodule

πNS(∆ + n), which is a submodule of πNS(∆).

There exists on πNS(∆) a natural, symmetric bilinear form 〈· , ·〉 uniquely determined by

the relations (Lm)
† = L−m, (Gr)

† = G−r and normalization condition 〈ν∆, ν∆〉 = 1. The

singular vector χ is orthogonal with respect to 〈· , ·〉 to all vectors in πNS(∆) including itself,

∀ξ ∈ πNS(∆) : 〈 ξ |χ 〉 = 0. (2.4)

Consequently, if we denote by Gn
c,∆ the matrix of 〈· , ·〉 on πn

NS
(∆) calculated in the basis (2.3)

[
Gn
c,∆

]
MR,NS

= 〈ν∆,MR, ν∆,NS〉, |M |+ |R| = |N |+ |S| = n, (2.5)

then it is nonsingular if and only if the supermodule πNS(∆) does not contain singular vectors

of degrees 1
2 , 1, . . . , n. The determinant of this matrix is given by the Kac theorem [46]

detGn
c,∆ = Kn

∏

16pq62n

(
∆−∆p,q(c)

)PNS(n−
pq
2
)
. (2.6)

Here Kn depends only on the level n, the sum p + q must be even, the multiplicity of each

zero of the Kac determinant is given by PNS(n) = dimπn
NS
(∆) and

∆p,q(c) = −pq − 1

4
+
p2 − 1

8
β +

q2 − 1

8

1

β
, (2.7)

where

c =
3

2
− 3

(
β−1/2 − β1/2

)2
.

The combination

Q = β−1/2 − β1/2, (2.8)

which we shall frequently use in what follows, corresponds to the background charge in the

N = 1 super-Liouville field theory. Finally, if we parametrize ∆ as

∆α =
α

2~

(α
~
−Q

)
, (2.9)
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then the equation (2.7) implies

α = αp,q =
(p− 1)β1/2 − (q − 1)β−1/2

2
~,

in agreement with (1.9).

Partial results containing the form of Neveu-Schwarz singular vectors can be found in

[47–51]. For the first few levels one can also compute their form directly from the definition.

Below we give some examples (for more examples see [52]).

• For n = 1/2 we have a singular vector for p = q = 1, which corresponds to ∆ = 0 (i.e.

the singular vector is in the NS supermodule of the vacuum) given by

χ11 = G−1/2ν11, νpq ≡ ν∆p,q . (2.10)

• For n = 3/2 we have either (p, q) = (3, 1) or (p, q) = (1, 3). The former case corresponds

to

χ31 =
(
L−1G−1/2 − βG−3/2

)
ν31, (2.11)

while the latter is obtained by changing β to −β−1 and ν31 to ν13.

• For n = 2 we have (p, q) = (2, 2) and

χ22 =

(
L2
−1 −

1

2

(
β−1/2 − β1/2

)2
L−2 −G−3/2G−1/2

)
ν22. (2.12)

• Finally, for n = 5/2 we have (p, q) = (5, 1) or (p, q) = (1, 5). In the former case

χ51 =
(
L2
−1G−1/2 + 2β(3β − 1)− 3βG−3/2L−1 − 2βL−2G−1/2

)
ν51. (2.13)

The singular vector χ15 is obtained by changing β to −β−1 and ν51 to ν15.

In what follows we will also take advantage of the free field realization of the super-

Virasoro algebra, in terms of the free bosonic and free fermionic operators on a two-sphere

S2, such that

φ(x1)φ(x2) = log(x1 − x2) + . . . , (2.14)

ψ(x1)ψ(x2) =
1

x1 − x2
+ . . . . (2.15)

From these operators one can construct the superconformal current

S(x) =:ψ(x)∂xφ(x) : +Q∂xψ(x) (2.16)

and the energy-momentum tensor

T (x) =
1

2
:∂xφ(x)∂xφ(x) : +

1

2
:∂xψ(x)ψ(x) : +

1

2
Q∂2xφ(x). (2.17)
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It follows that

S(x1)S(x2) =
2c

3(x1 − x2)3
+

2

x1 − x2
T (x2) + . . . ,

T (x1)S(x2) =
3

2(x1 − x2)2
S(x2) +

1

x1 − x2
S′(x2) + . . . ,

T (x1)T (x2) =
c

2(x1 − x2)4
+

2

(x1 − x2)2
T (x2) +

1

x1 − x2
T ′(x2) + . . . ,

(2.18)

where the central charge is given by

c =
3

2
− 3Q2. (2.19)

From the OPE (2.18) it follows that the modes Gr and Ln of the superconformal current and

the energy-momentum tensor

S(x) =
∑

r∈Z+1/2

Grx
−r−3/2, T (x) =

∑

n∈Z

Lnx
−n−2, (2.20)

satisfy the commutation relations of the super-Virasoro algebra (2.1).

Note that Gr and Ln discussed above are abstract generators of the super-Virasoro alge-

bra. In the rest of this paper we will find several explicit representations of such super-Virasoro

generators, which are expressed in terms of bosonic and fermionic times encoded in the super-

eigenvalue model, as well as arguments x and θ of supersymmetric wave-functions. To avoid

confusion we write generators in those different representations using different fonts.

3. β-deformed super-eigenvalue models

In this section we introduce the β-deformed super-eigenvalue model. This model is a β-

deformation of the super-eigenvalue model formulated in [31], which itself is a generalization

of an eigenvalue representation of the bosonic, hermitian matrix model to the supersymmetric

case. The analysis of expectation values in the β-deformed super-eigenvalue model will be the

main tool in our considerations. The partition function of the β-deformed super-eigenvalue

model can be represented as a formal integral over an even number N of bosonic eigenvalues

za and fermionic eigenvalues ϑa

Z =

∫ N∏

a=1

dzadϑa∆(z, ϑ)βe−
√

β
~

∑N
a=1 V (za,ϑa), (3.1)

where

∆(z, ϑ) =
∏

1≤a<b≤N

(za − zb − ϑaϑb), (3.2)

and the potential is given by

V (x, θ) = VB(x) + VF (x)θ,

VB(x) =
∞∑

n=0

tnx
n, VF (x) =

∞∑

n=0

ξn+1/2x
n.

(3.3)
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Here tn are bosonic parameters and ξn+1/2 are fermionic parameters with {ϑa, ξn+1/2} = 0,

which we call (even and odd, respectively) times. Instead of parameters ~ and β, sometimes

it is convenient to use parameters

ǫ1 = −β1/2~, ǫ2 = β−1/2
~. (3.4)

For VF (x) = 0 and β = 1 the partition function Z is equal to the square of the partition

function of the usual bosonic matrix model (which involves integration over eigenvalues za
only, so that the dependence on fermionic variables is absent in the above formulas) with the

same (bosonic) potential VB(x) [31,32,34]. In what follows by 〈· · · 〉 we mean an unnormalized

expectation value, for an operator O defined as

〈O〉 =
∫ N∏

a=1

dzadϑa∆(z, ϑ)βe−
√

β
~

∑N
a=1 V (za,ϑa)O. (3.5)

In case of the usual bosonic matrix model, for some special values of β, the partition

function is indeed a representation of an integral over some ensemble of matrices (hermitian,

orthogonal, or symplectic). Moreover, for all values of β, the partition function of the bosonic

model satisfies Virasoro constraints, i.e. it is annihilated by operators ℓn, for n ≥ −1, which
have an explicit representation in terms of times tk and satisfy the Virasoro algebra; in this

sense the partition function is analogous to the vacuum state in a conformal field theory.

For the super-eigenvalue model the situation is different – its partition function cannot be

represented as an integral over some (supersymmetric) matrices, for any values of β. However

a remarkable feature of this model, and the original motivation to construct it, is the fact that

its partition function satisfies super-Virasoro constraints, i.e. it is annihilated by a relevant set

of super-Virasoro generators, analogously to the supersymmetric vacuum in a superconformal

field theory.

3.1 Ward identities and super-Virasoro constraints

In what follows we derive super-Virasoro constraints for the super-eigenvalue model, for ar-

bitrary values of β. Let us first write down Ward identities, which in the context of matrix

models take form of loop equations, for the β-deformed super-eigenvalue model. Note that

the partition function (3.1) is invariant under a fermionic shift

za → za +
ϑaδ

x− za
, ϑa → ϑa +

δ

x− za
, (3.6)

where δ is a fermionic constant. In consequence one obtains a fermionic Ward identity

∫ N∏

a=1

dzadϑa

N∑

a=1

(
ϑa∂za − ∂ϑa

)[ 1

x− za
∆(z, ϑ)βe−

√
β
~

∑N
a=1 V (za,ϑa)

]
= 0. (3.7)

Using

1

za − zb − ϑaϑb
=

za − zb + ϑaϑb
(za − zb − ϑaϑb)(za − zb + ϑaϑb)

=
1

za − zb
+

ϑaϑb
(za − zb)2

, (3.8)
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the fermionic Ward identity (3.7) can be written as

〈S+(x)〉 = 0, (3.9)

where

S+(x) = β

N∑

a,b=1

ϑa
(x− za)(x− zb)

+ (1− β)
N∑

a=1

ϑa
(x− za)2

+

−
√
β

~

N∑

a=1

1

x− za
(
V ′
B(za)ϑa + VF (za)

)
. (3.10)

Similarly, the invariance of the partition function (3.1) under the bosonic infinitesimal trans-

formation

za → za +
ε

x− za
, ϑa → ϑa +

εϑa
2(x− za)2

, (3.11)

with an infinitesimal bosonic constant ε, leads to a bosonic Ward identity

∫ N∏

a=1

dzadϑa

N∑

a=1

(
∂za − ∂ϑa

ϑa
2(x− za)

)[
1

x− za
∆(z, ϑ)βe−

√
β
~

∑N
a=1 V (za,ϑa)

]
= 0. (3.12)

Using the relation (3.8), this Ward identity is written as

〈T+(x)〉 = 0, (3.13)

where

T+(x) =
β

2

N∑

a,b=1

1

(x− za)(x− zb)
+
β

2

N∑

a,b=1

ϑaϑb
(x− za)(x− zb)2

+
1

2
(1− β)

N∑

a=1

1

(x− za)2
+

−
√
β

~

N∑

a=1

1

x− za
(
V ′
B(za) + V ′

F (za)ϑa
)
−
√
β

2~

N∑

a=1

VF (za)ϑa
(x− za)2

. (3.14)

The quantities S+(x) and T+(x), which implement Ward identities given above, can be

identified with positive parts of the superconformal current and the energy-momentum tensor

of an auxiliary superconformal field theory, which can be associated to the super-eigenvalue

model. Note that time derivatives of the partition function (3.1) can be identified with

expectation values of the combinations of eigenvalues, by the following identification

N∑

a=1

zna ←→ − ~√
β
∂tn ,

N∑

a=1

znaϑa ←→ − ~√
β
∂ξn+1/2

. (3.15)

We can therefore associate to the super-eigenvalue model a free boson and a free fermion

fields, which in terms of the above identifications can be written as

φ(x) =
1

~
VB(x)−

√
β

N∑

a=1

log(x− za), (3.16)

ψ(x) =
1

~
VF (x)−

√
β

N∑

a=1

ϑa
x− za

. (3.17)

– 12 –



We can then build the superconformal current as in (2.16). We find that

S(x) = S−(x) + S+(x), (3.18)

where S+(x) is given by (3.10) and

S−(x) =
1

~2
VF (x)V

′
B(x) +

Q

~
V ′
F (x)−

√
β

~

N∑

a=1

VF (x)− VF (za)
x− za

−
√
β

~

N∑

a=1

(
V ′
B(x)− V ′

B(za)
)
ϑa

x− za
.

(3.19)

Similarly, the energy-momentum tensor (2.17) takes the form

T (x) = T−(x) + T+(x), (3.20)

where T+(x) is given in (3.14) and

T−(x) =
1

2~2
(
V ′
B(x)

2 + V ′
F (x)VF (x)

)
+
Q

2~
V ′′
B(x)−

√
β

~

N∑

a=1

V ′
B(x)− V ′

B(za)

x− za

−
√
β

2~

N∑

a=1

(
V ′
F (x)− V ′

F (za)
)
ϑa

x− za
−
√
β

2~

N∑

a=1

V
(2)
F (x, za)ϑa
(x− za)2

,

(3.21)

where we have defined

V
(2)
F (x, za) = VF (x)− VF (za)− (x− za)V ′

F (za). (3.22)

Finally, expanding (3.18) and (3.20) in the modes defined as in (2.20), for n ≥ −1 we find

gn+1/2 =

∞∑

k=1

ktk∂ξk+n+1/2
+

∞∑

k=0

ξk+1/2∂tk+n+1
+ ~

2
n∑

k=0

∂ξk+1/2
∂tn−k

−Q~(n+1)∂ξn+1/2
(3.23)

and

ℓn =

∞∑

k=1

ktk∂tk+n
+

~
2

2

n∑

k=1

∂tk∂tn−k
+

∞∑

k=0

(
k +

n+ 1

2

)
ξk+1/2∂ξk+n+1/2

+

+
~
2

2

n∑

k=1

k∂ξn−k+1/2
∂ξk−1/2

− 1

2
Q~(n+ 1)∂tn ,

(3.24)

as well as the modes for n < −1 given explicitly in (4.22) and (4.24). In terms of the above

generators the fermionic Ward identity (3.9) can be rewritten in the form of super-Virasoro

constraints

gn+1/2Z = 0, n ≥ −1. (3.25)

Similarly, the bosonic Ward identity (3.13) gives constraints

ℓnZ = 0, n ≥ −1, (3.26)

which can be derived also from (3.25) using the commutation relations (2.1). These are the

super-Virasoro constraints of the β-deformed super-eigenvalue model that we have been after.
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3.2 Super-spectral curve

In the analysis of bosonic matrix models an algebraic curve, called the spectral curve, plays a

crucial role. It encodes information about the equilibrium distribution of eigenvalues and can

be determined from the large N limit of the loop equation. Upon quantization it is turned

into an operator that annihilates a wave-function, defined as a certain expectation value. In

this paper we show that an analogous situation arises in super-eigenvalue models – however

in this case the resulting spectral and quantum curves are supersymmetric. In this section we

show how a supersymmetric algebraic curve emerges from the large N limit of loop equations

(3.9) and (3.13), while corresponding quantum curves are analyzed in the following sections.

By the large N (or classical) limit we understand the limit

N →∞, ~→ 0, with µ = β1/2~N = const, (3.27)

and we also denote

~̂ = (β1/2 − β−1/2)~. (3.28)

In this limit we consider the following expectation values (defined as in (3.5))

YB(x; ~̂) ≡ YB(x) = lim
N→∞
~̂ fixed

~

Z

〈
∂xφ(x)

〉
, YF (x; ~̂) ≡ YF (x) = lim

N→∞
~̂ fixed

~

Z

〈
ψ(x)

〉
. (3.29)

With this notation Ward identities (3.9) and (3.13) yield respectively

YB(x)YF (x)− V ′
B(x)VF (x) + ~̂

(
V ′
F (x)− Y ′

F (x)
)
− h(0)(x) = 0, (3.30)

and

YB(x)
2 + Y ′

F (x)YF (x)− V ′
B(x)

2 − V ′
F (x)VF (x) + ~̂

(
V ′
B(x)− Y ′

B(x)
)
− 2f (0)(x) = 0, (3.31)

where

h(0)(x) = h(0)(x; ~̂) =

= − lim
N→∞
~̂ fixed

√
β~

Z

〈 N∑

a=1

(
VF (x)− VF (za)

x− za
+

(
V ′
B(x)− V ′

B(za)
)
ϑa

x− za

)〉
, (3.32)

f (0)(x) = f (0)(x; ~̂) =

= − lim
N→∞
~̂ fixed

√
β~

Z

〈 N∑

a=1

(
V ′
B(x)− V ′

B(za)

x− za
+

(
V ′
F (x)− V ′

F (za)
)
ϑa

2(x− za)
+
V

(2)
F (x, za)ϑa
2(x− za)2

)〉
,

(3.33)

where V
(2)
F (x, za) is defined in (3.22). h(0)(x) and f (0)(x) are polynomials in x if the potentials

VB(x) and VF (x) are polynomials. For ~̂ = 0, or in particular for β = 1, denoting

yB(x) = YB(x; 0), yF (x) = YF (x; 0), (3.34)
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the Ward identities (3.30) and (3.31) in the large N limit yield [31]

{
AF (x, yB |yF ) ≡ yB(x)yF (x) +G(x) = 0,

AB(x, yB |yF ) ≡ yB(x)2 + y′F (x)yF (x) + 2L(x) = 0,
(3.35)

where

G(x) = −V ′
B(x)VF (x)− hcl(x),

L(x) = −1

2
V ′
B(x)

2 − 1

2
V ′
F (x)VF (x)− fcl(x),

hcl(x) = h(0)(x; 0), fcl(x) = f (0)(x; 0).

(3.36)

Using the first equation in (3.35), the differential y′F (x) in the second equation can be removed

by rewriting it as

ÃB(x, yB |yF ) ≡ yB(x)AB(x, yB |yF ) + yF (x)∂xAF (x, yB |yF )
= yB(x)

3 + 2L(x)yB(x) + yF (x)G
′(x) = 0.

(3.37)

Then the solution space C of the equations (3.35) can be embedded in a supersymmetric

algebraic curve C̃

C =
{
(x, yB |θ, yF ) ∈ C

2|2
∣∣∣ AF (x, yB |yF ) = θAB(x, yB |yF )

}

⊂ C̃ =
{
(x, yB |θ, yF ) ∈ C

2|2
∣∣∣ yBAF (x, yB |yF ) = θÃB(x, yB |yF )

}
,

(3.38)

where we have introduced a fermionic variable θ conjugate to yF , {θ, yF} = 0.

4. α/β-deformed matrix integrals and the wave-function χ̂α(x, θ)

The aim of this paper is to construct supersymmetric quantum curves. These objects quantize

the solution space C in (3.38) and by definition impose differential equations for the following

wave-function

χ̂α(x, θ) =

〈
e

α
~

(
φ(x)+ψ(x)θ

)〉
, (4.1)

where θ is a fermionic variable with {θ, ϑa} = {θ, ξn+1/2} = 0. The expectation value 〈· · · 〉
is understood as in (3.5), and we also call the expression (4.1) as the α/β-deformed matrix

integral. The momentum α is a bosonic parameter, and we will see that finite order differential

equations for the wave-function arise only for some special values of α. Using (3.16) and (3.17),

the wave-function (4.1) can be written as

χ̂α(x, θ) = e
α
~2
VB(x)+ α

~2
VF (x)θ 〈χins

α (x, θ)
〉
≡ e

α
~2
VB(x)+ α

~2
VF (x)θχα(x, θ), (4.2)

where by omitting the proportionality factor we introduced χα(x, θ), and

χins
α (x, θ) = e

−
√

β
~

∑N
a=1 α

(
log(x−za)−

θ
x−za

ϑa
)

=
(
1 +

√
β

~

N∑

a=1

αθϑa
x− za

) N∏

a=1

(x− za)−
√

β
~
α. (4.3)
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It is also convenient to decompose the wave-function (4.1) into a bosonic component χ̂B,α(x)

and its fermionic partner χ̂F,α(x)

χ̂α(x, θ) =χ̂B,α(x) + χ̂F,α(x)θ,

χ̂B,α(x) ≡
〈
e

α
~
φ(x)
〉
= χ̂α(x, 0),

χ̂F,α(x) ≡
α

~

〈
ψ(x)e

α
~
φ(x)
〉
= −∂θχ̂α(x, θ).

(4.4)

In some situations — in particular in the analysis of the classical limit of super-quantum

curves — we also consider a wave-function normalized by the partition function (3.1), which

we denote

Ψα(x, θ) =
χ̂α(x, θ)

Z
. (4.5)

Note that, analogously to the bosonic case [28], the normalized wave-function can be expressed

in terms of connected differentials

W(h,0)(x1, . . . , xh) = βh/2
〈 h∏

i=1

N∑

a=1

dxi
xi − za

〉(c)

, (4.6)

W(h,1)(x1, . . . , xh|x, θ) = β(h+1)/2

〈 h∏

i=1

N∑

a=1

dxi
xi − za

·
N∑

a=1

ϑaθ

x− za

〉(c)

, (4.7)

where 〈· · · 〉(c) denotes the connected part of the normalized expectation value 〈· · · 〉 /Z. From
the definition (4.1) we find the formula

logΨα(x, θ) =
α

~2
V (x, θ)+

+

∞∑

h=1

1

h!

(
− α

~

)h ∫ x

∞
· · ·
∫ x

∞

(
W(h,0)(x1, . . . , xh) +W(h,1)(x1, . . . , xh|x, θ)

)
.

(4.8)

Recall that in the bosonic case the differentials (4.6) can be reconstructed by means of

the topological recursion [53–55], with the initial condition given by an algebraic curve. In

consequence the wave-function (4.8) and the quantum curve equation it satisfies can be re-

constructed in more general situations, even if a matrix model formulation of a given problem

is not known [27]. A supersymmetric version of the topological recursion that would enable

to compute both types of differentials (4.6) and (4.7) in super-eigenvalue models has not been

formulated yet. Once such a formulation is established, the expression (4.8) would enable

construction of super-quantum curves beyond the realm of super-eigenvalue models.

In this section we analyze certain properties of the wave-function (4.1) and identify associ-

ated representation of the super-Virasoro algebra. This representation will turn out to provide

building blocks of super-quantum curves, which will be constructed in the next section.

– 16 –



4.1 Deformed currents and Ward identities for the wave-function

Let us first derive Ward identities for the wave-function, analogously as for the original

partition function Z in section (3.1). For simplicity, we consider first χα(x, θ) defined in

(4.2), with the prefactor removed. Such a wave-function can be regarded as the original

super-eigenvalue model, however with deformed potentials

ṼB(y;x) = VB(y) + α log(x− y),

ṼF (y;x, θ) = VF (y)−
αθ

x− y .
(4.9)

Our strategy is to consider bosonic and fermionic fields corresponding to the model with

such potentials, and to write Ward identities in terms of the corresponding currents. The

deformation of the potentials given above leads to a deformation of bosonic and fermionic

fields (3.16) and (3.17), so that the super-conformal current S(y) in (3.18) is replaced by

S(y;x, θ) = S−(y;x, θ) + S+(y;x, θ), (4.10)

where

S−(y;x, θ) =
1

~2
ṼF (y;x, θ)∂y ṼB(y;x)−

√
β

~

N∑

a=1

ṼF (y;x, θ)− ṼF (za;x, θ)
y − za

+

+
Q

~
∂yṼF (y;x, θ)−

√
β

~

N∑

a=1

(
∂yṼB(y;x)− ∂za ṼB(za;x)

)
ϑa

y − za
=

=
2∆αθ

(y − x)2 +
1

y − x
[
θ
(
∂x +

α

~2
V ′
B(y)

)
−
(
∂θ −

α

~2
VF (y)

)]
+

+
1

~2

[
V ′
B(y)VF (y) +Q~V ′

F (y) + ĥ(y)
]
.

(4.11)

The second expression above is written in terms of the operator ĥ(y) defined in (A.1), and

deriving the action of S−(y;x, θ) on χα(x, θ) we took advantage of derivatives ∂θχ
ins
α (x, θ) and

∂xχ
ins
α (x, θ) given in (B.2). Above, as in (2.9), we denoted

∆α =
α

2~

(α
~
−Q

)
. (4.12)
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We also find

S+(y;x, θ) = β

N∑

a,b=1

ϑa
(y − za)(y − zb)

+ (1− β)
N∑

a=1

ϑa
(y − za)2

+

−
√
β

~

N∑

a=1

1

y − za
(
∂za ṼB(za;x)ϑa + ṼF (za;x, θ)

)
=

=
α
√
β

~

N∑

a=1

ϑa
(x− za)(y − za)

+Q
√
β

N∑

a=1

ϑa
(y − za)2

+ β

N∑

a,b=1

ϑa
(y − za)(y − zb)

+

+
αθ
√
β

~

N∑

a=1

1

(x− za)(y − za)
−
√
β

~

N∑

a=1

V ′
B(y)ϑa + VF (y)

y − za
− 1

~2
ĥ(y).

(4.13)

Similarly the energy-momentum tensor T (y) in (3.20) is replaced by

T (y;x, θ) = T−(y;x, θ) + T+(y;x, θ), (4.14)

where

T−(y;x, θ) =
1

2~2
(
(∂yṼB(y;x))

2 + (∂yṼF (y;x, θ))ṼF (y;x, θ)
)
+
Q

2~
∂2y ṼB(y;x)+

−
√
β

~

N∑

a=1

∂yṼB(y;x)− ∂za ṼB(za;x)
y − za

−
√
β

2~

N∑

a=1

Ṽ
(2)
F (y, za;x, θ)ϑa

(y − za)2
+

−
√
β

2~

N∑

a=1

(
∂yṼF (y;x, θ)− ∂za ṼF (za;x, θ)

)
ϑa

y − za
=

=
1

2(y − x)2
[
2∆α + θ

(
∂θ −

α

~2
VF (y)

)]
+

1

y − x
[
∂x +

α

~2
V ′
B(y)−

αθ

2~2
V ′
F (y)

]
+

+
1

~2

[1
2
V ′
B(y)

2 +
1

2
V ′
F (y)VF (y) +

1

2
Q~V ′′

B(y) + f̂(y)
]
,

(4.15)

where we defined

Ṽ
(2)
F (y, za;x, θ) = ṼF (y;x, θ)− ṼF (za;x, θ)− (y − za)∂za ṼF (za;x, θ). (4.16)

The second expression in (4.15) is written in terms of the operator f̂(y) defined in (A.5), and

to find the representation of T−(y;x, θ) on χα(x, θ) we took advantage of derivatives (B.2).

We also find

T+(y;x, θ) =
β

2

N∑

a,b=1

1

(y − za)(y − zb)
+
β

2

N∑

a,b=1

ϑaϑb
(y − za)(y − zb)2

+
1

2
(1− β)

N∑

a=1

1

(y − za)2
+

−
√
β

~

N∑

a=1

1

y − za
(
∂za ṼB(za;x) + ∂za ṼF (za;x, θ)ϑa

)
−
√
β

2~

N∑

a=1

ṼF (za;x, θ)ϑa
(y − za)2

,

(4.17)
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which can be rewritten as

T+(y;x, θ) =
α
√
β

~

N∑

a=1

1

(x− za)(y − za)
+
Q
√
β

2

N∑

a=1

1

(y − za)2
+
β

2

N∑

a,b=1

1

(y − za)(y − zb)
+

+
β

2

N∑

a,b=1

ϑaϑb
(y − za)(y − zb)2

+
αθ
√
β

~

N∑

a=1

ϑa
(x− za)2(y − za)

+

+
αθ
√
β

2~

N∑

a=1

ϑa
(x− za)(y − za)2

−
√
β

2~

N∑

a=1

2V ′
B(y) + V ′

F (y)ϑa
y − za

+

−
√
β

2~

N∑

a=1

VF (y)ϑa
(y − za)2

− 1

~2
f̂(y). (4.18)

In terms of the above currents, the fermionic and bosonic Ward identities for the super-

eigenvalue model with deformed potentials (4.9) take a simple form

〈
S+(y;x, θ)χ

ins
α (x, θ)

〉
= 0,

〈
T+(y;x, θ)χ

ins
α (x, θ)

〉
= 0.

(4.19)

4.2 Super-Virasoro operators for α/β-deformed matrix integrals

By expanding the superconformal current S(y;x, θ) in (4.10) and the energy-momentum ten-

sor T (y;x, θ) in (4.14) in powers of y, and writing them in the form

S(y;x, θ) =
∑

r∈Z+1/2

gαr (x, θ)y
−r−3/2, T (y;x, θ) =

∑

n∈Z

ℓαn(x, θ)y
−n−2, (4.20)

we find the following representation of the super-Virasoro algebra (as acting on χα(x, θ))

gαn+1/2(x, θ) =





gn+1/2 − θxn+1∂x + xn+1∂θ+

+α
∑n

k=0 x
n−k∂ξk+1/2

+ αθ
∑n

k=0 x
n−k∂tk , if n ≥ −1

gn+1/2 − 2∆αθ(n+ 1)xn − θxn+1∂x + xn+1∂θ+

− α
~2

∑−n−2
k=0 ξk+1/2x

k+n+1 − α
~2
θ
∑−n−2

k=0 (k + 1)tk+1x
k+n+1, if n ≤ −2

(4.21)

where

gn+1/2 =





∑∞
k=1 ktk∂ξk+n+1/2

+
∑∞

k=0 ξk+1/2∂tk+n+1
+

+~
2
∑n

k=0 ∂ξk+1/2
∂tn−k

−Q~(n+ 1)∂ξn+1/2
, if n ≥ −1

1
~2

∑−n−2
k=0 (k + 1)tk+1ξ−n−k−3/2 − n+1

~2
Qξ−n−1/2+

+
∑∞

k=−n−1 ξk+1/2∂tk+n+1
+
∑∞

k=−n ktk∂ξk+n+1/2
, if n ≤ −2

(4.22)
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Furthermore

ℓαn(x, θ) =





ℓn − xn+1∂x − n+1
2 xnθ∂θ + α

∑n
k=0 x

k∂tn−k
+

+αθ
∑n−1

k=0

(
n−1
2 − k

)
xk∂ξn−k−1/2

, if n ≥ −1
ℓn − (n+ 1)∆αx

n − xn+1∂x − n+1
2 xnθ∂θ+

− α
~2

∑−n−2
k=0 (k + 1)tk+1x

n+k+1+

+ α
2~2
θ
∑−n−2

k=0

(
(n+ k + 1)xn+kξk+1/2 + (k + 1)xn+k+1ξk+3/2

)
, if n ≤ −2

(4.23)

where

ℓn =





∑∞
k=1 ktk∂tk+n

+ ~2

2

∑n
k=1 ∂tk∂tn−k

+
∑∞

k=0

(
k + n+1

2

)
ξk+1/2∂ξk+n+1/2

+

+~2

2

∑n
k=1 k∂ξn−k+1/2

∂ξk−1/2
− n+1

2 Q~∂tn , if n ≥ −1
n(n+1)

2~ Qt−n − 1
2~2
∑−n−2

k=0 (k + 1)(k + n+ 1)tk+1t−n−k−1+

+
∑∞

k=0(k − n)tk−n∂tk − 1
2~2
∑−n−2

k=0 (n+ k + 1)ξ−n−k−1/2ξk+1/2+

+
∑∞

k=−n

(
k + n+1

2

)
ξk+1/2∂ξk+n+1/2

, if n ≤ −2
(4.24)

Note that super-Virasoro generators gα−1/2(x, θ), g
α
1/2(x, θ) together with ℓα−1(x, θ), ℓ

α
0 (x, θ)

and ℓα1 (x, θ) form a representation of osp(1|2) algebra, and they impose constraints on the

wave-function

gα±1/2(x, θ)χα(x, θ) = ℓα±1,0(x, θ)χα(x, θ) = 0. (4.25)

In terms of super-eigenvalues za and ϑa, the generators in the above constraints (as acting on

χα(x, θ)) take form

gα−1/2(x, θ) = −D −
√
β

~

N∑

a=1

(
V ′
B(za)ϑa + VF (za)

)
,

gα1/2(x, θ) = −xD −
αµθ

~2
−
√
β

~

N∑

a=1

(
V ′
B(za)ϑa + VF (za)

)
za + (µ +Q~− α)

√
β

~

N∑

a=1

ϑa,

(4.26)
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and

ℓα−1(x, θ) = −∂x −
√
β

~

N∑

a=1

(
V ′
B(za) + V ′

F (za)ϑa
)
,

ℓα0 (x, θ) = −x∂x −
θ

2
∂θ +

µ

2~2
(µ +Q~− 2α)−

√
β

~

N∑

a=1

(
V ′
B(za) + V ′

F (za)ϑa
)
za+

−
√
β

2~

N∑

a=1

VF (za)ϑa,

ℓα1 (x, θ) = −x2∂x − xθ∂θ −
αµ

~2
x−
√
β

~

N∑

a=1

(
V ′
B(za) + V ′

F (za)ϑa
)
z2a+

−
√
β

~

N∑

a=1

VF (za)ϑaza +

√
β

~
(µ+Q~− α)

N∑

a=1

za,

(4.27)

where

D = −∂θ + θ∂x. (4.28)

In section 7 we will see that, at least for super-eigenvalue models with some particular po-

tentials, this symmetry — by means of the constraints (4.25) — can be used to turn time-

dependent quantum curves into time-independent ones.

4.3 Super-Virasoro operators as building blocks of super-quantum curves

We can define now the representation of super-Virasoro algebra on χα(x, θ) at y = x. The

generators G−n+1/2 and L−n for n ≥ 1 which provide building blocks of super-quantum curves

can be determined as

Gn+1/2χα(x, θ) =

∮

y=x

dy

2πi
(y − x)n+1S(y;x, θ)χα(x, θ) =

=

∮

y=x

dy

2πi
(y − x)n+1S−(y;x, θ)χα(x, θ),

Lnχα(x, θ) =

∮

y=x

dy

2πi
(y − x)n+1T (y;x, θ)χα(x, θ) =

=

∮

y=x

dy

2πi
(y − x)n+1T−(y;x, θ)χα(x, θ),

(4.29)

where in the second line of each expression above we have used the Ward identity (4.19).
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Taking advantage of (4.11) and (4.15) we then find

G−1/2 = θ
(
∂x +

α

~2
V ′
B(x)

)
−
(
∂θ −

α

~2
VF (x)

)
,

G−n+1/2 =
1

~2(n− 2)!

(
∂n−2
x

(
V ′
B(x)VF (x)

)
+
(
Q~+

α

n− 1

)
∂n−1
x VF (x)+

+
αθ

n− 1
∂nxVB(x) + ∂n−2

x ĥ(x)
)
, for n ≥ 2,

L−1 = ∂x +
α

~2
V ′
B(x)−

αθ

2~2
V ′
F (x),

L−n =
1

~2(n− 2)!

(1
2
∂n−2
x

(
V ′
B(x)

)2
+

1

2
∂n−2
x

(
V ′
F (x)VF (x)

)
+
(1
2
Q~+

α

n− 1

)
∂nxVB(x)+

− (n+ 1)αθ

2n(n− 1)
∂nxVF (x) + ∂n−2

x f̂(x)
)
, for n ≥ 2,

(4.30)

where ∂nx ĥ(x) and ∂
n
x f̂(x) are defined in (A.2) and (A.6).

We can also include the prefactor in (4.2) and consider the representation of super-

Virasoro algebra on χ̂α(x, θ), defined by

Ĝ−n+1/2χ̂α(x, θ) =

∮

y=x

dy

2πi
(y − x)−n+1S−(y;x, θ)χ̂α(x, θ),

L̂−nχ̂α(x, θ) =

∮

y=x

dy

2πi
(y − x)−n+1T−(y;x, θ)χ̂α(x, θ).

(4.31)

From the earlier results, and using the commutation relations (A.11), from (4.30), we find

Ĝ−1/2 = θ∂x − ∂θ, L̂−1 = ∂x,

Ĝ−n+1/2 =
1

~2(n− 2)!

(
∂n−2
x

(
V ′
B(x)VF (x)

)
+Q~∂n−1

x VF (x) + ∂n−2
x ĥ(x)

)
, for n ≥ 2,

L̂−n =
1

~2(n− 2)!

(1
2
∂n−2
x

(
V ′
B(x)

)2
+

1

2
∂n−2
x

(
V ′
F (x)VF (x)

)
+

+
1

2
Q~∂nxVB(x) + ∂n−2

x f̂(x)
)
, for n ≥ 2.

(4.32)

Using the commutation relations (A.11) and (A.12), one can check that the above generators

indeed satisfy the super-Virasoro algebra, in particular
{
Ĝ−m−1/2, Ĝ−n−1/2

}
= 2L̂−m−n−1,[

L̂−m, Ĝ−n−1/2

]
=
(
n− (m− 1)/2

)
Ĝ−m−n−1/2 and

[
L̂−m, L̂−n

]
= (n−m)L̂−m−n for n ≥ 1.

From (4.32) we also find the representation of the super-Virasoro algebra, as acting on

bosonic and fermionic components χ̂B,α(x) and χ̂F,α(x) introduced in (4.4); for n ≥ 2 we get

Ĝ−1/2χ̂B,α(x) = χ̂F,α(x), Ĝ−1/2χ̂F,α(x) = ∂xχ̂B,α(x),

Ĝ−n+1/2χ̂B,α(x) = Ĝ−n+1/2χ̂B,α(x), Ĝ−n+1/2χ̂F,α(x) = Ĝ−n+1/2χ̂F,α(x),

L̂−1χ̂B,α(x) = ∂xχ̂B,α(x), L̂−1χ̂F,α(x) = ∂xχ̂F,α(x),

L̂−nχ̂B,α(x) = L̂−nχ̂B,α(x), L̂−nχ̂F,α(x) = L̂−nχ̂F,α(x).

(4.33)
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From this representation, Ĝ
2
−1/2 = L̂−1 on χ̂B,α(x), and we find commutation relations

{
Ĝ−m−1/2, Ĝ−n−1/2

}
= 2L̂−m−n−1,

[
L̂−m, Ĝ−n−1/2

]
=
(
n − (m − 1)/2

)
Ĝ−m−n−1/2, as well

as
[
L̂−m, L̂−n

]
= (n−m)L̂−m−n for n ≥ 1. Although commutation relations

{
Ĝ−1/2, Ĝ−n+1/2

}
= 2L̂−n,

[
Ĝ−1/2, L̂−n

]
=
n− 1

2
Ĝ−n−1/2, n ≥ 1, (4.34)

are not obvious at this stage, they are needed to construct quantum curves in the next section.

Yet another representation of super-Virasoro algebra that we consider is associated to

the normalized wave-function (4.5). In this case the operators Ĝn+1/2 and L̂n in (4.32) are

converted to Ĝ−n+1/2 ≡ Z−1Ĝ−n+1/2Z and L̂−n ≡ Z−1L̂−nZ, and for n ≥ 2 they take form

Ĝ−n+1/2 =
1

~2(n− 2)!

(
∂n−2
x

(
V ′
B(x)VF (x)

)
+Q~∂n−1

x VF (x) + ∂n−2
x ĥ(x)+

+
[
∂n−2
x ĥ(x), logZ

])
,

L̂−n =
1

~2(n− 2)!

(1
2
∂n−2
x

(
V ′
B(x)

2
)
+

1

2
∂n−2
x

(
V ′
F (x)VF (x)

)
+

1

2
Q~∂nxVB(x)+

+ ∂n−2
x f̂(x) +

[
∂n−2
x f̂(x), logZ

])
.

(4.35)

5. Super-quantum curves as super-Virasoro singular vectors

In this section we construct supersymmetric quantum curves, or super-quantum curves, de-

noted Âαn, which annihilate wave-functions χ̂α(x, θ) introduced in (4.1)

Âαnχ̂α(x, θ) = 0. (5.1)

Our construction is based on the analysis of Ward identities (4.19). We show that these

super-quantum curves have the structure of the Neveu-Schwarz (NS) super-Virasoro singular

vectors, which have been presented in section 2. As we recalled in that section, NS super-

Virasoro singular vectors exist only at levels n = pq/2, for integer p and q such that p− q is

even, and correspond to momenta of the form

α = αp,q =
(p− 1)β1/2 − (q − 1)β−1/2

2
~, with p− q ∈ 2Z. (5.2)

We will show that super-quantum curves can be identified also only for those special values

of α. In our derivation these values arise from the condition that the wave-function χ̂α(x, θ)

satisfies a differential equation of a finite order in x. Therefore in the notation Âαn the

superscript α refers to the deformation parameter of the corresponding wave-function, and

the subscript n denotes the level of the singular vector encoding the structure of a given

super-quantum curve; we also refer to n as the level of a given super-quantum curve. In the

next section we will show in particular that the super-quantum curve at level 3/2 reduces to

super-spectral curve (3.38) in the classical limit.
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The structure of super-Virasoro singular vectors is encoded in operators Âαn as follows.

First note, that in view of the decomposition (4.4) and the representation (4.33), we can write

the wave-function in the form

χ̂α(x, θ) = (1− θĜ−1/2)χ̂B,α(x). (5.3)

Therefore the information about the wave-function is essentially encoded in its bosonic com-

ponent χ̂B,α(x). Note also that

θχ̂α(x, θ) = θχ̂B,α(x), χ̂F,α(x) = −∂θχ̂α(x, θ) = Ĝ−1/2χ̂B,α(x). (5.4)

In consequence one can introduce an operator Â
(0)
n , expressed in terms of generators (4.33),

which annihilates the bosonic wave-function

Â
(0)
n χ̂B,αp,q (x) = 0. (5.5)

As we will show, this is the operator Â
(0)
n that takes form of a super-Virasoro singular vector,

written in terms of generators (4.33).

The above equation can be rewritten also in terms of an operator Â
(0)
n – which arises by

replacing Ĝ−1/2 by (−∂θ) in Â
(0)
n – acting on χ̂α(x, θ)

θÂ(0)
n χ̂αp,q (x, θ) = θÂ(0)

n χ̂B,αp,q (x) = 0. (5.6)

Furthermore, the bosonic wave-function is annihilated also by the following operator Â
(1)
n

(expressed in terms of generators (4.33))

Â
(1)
n = Ĝ−1/2Â

(0)
n , (5.7)

which can be related to the operator acting on χ̂α(x, θ) as

θÂ(1)
n χ̂αp,q (x, θ) = θÂ(1)

n χ̂B,αp,q (x) = 0. (5.8)

Finally, the original super-quantum curve Âαn can be reconstructed from the two ingredients

Â
(0)
n and Â

(1)
n introduced above, as

Âαn = Â(0)
n − θ∂θÂ(0)

n − θÂ(1)
n , (5.9)

and this operator is expressed in terms of generators (4.32).

One can also transform the operator (5.9) into an operator that annihilates the normalized

wave-function (4.5), which takes form

Âαn = Z−1ÂαnZ, (5.10)

and can be expressed in terms of generators (4.35).

In section 5.1 we discuss an algorithm that enables to construct (5.5) and then super-

quantum curves (5.9) at arbitrary level, and in following sections we illustrate this algorithm

and construct explicitly super-quantum curves at several lowest levels.
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5.1 General construction

Our construction of super-quantum curves is based on the analysis of constraint equations

(4.19) and their generalizations, which we write as
〈
S
(k+3/2)
+ (x, θ)χins

α (x, θ)
〉
= 0,

〈
T
(k+2)
+ (x, θ)χins

α (x, θ)
〉
= 0, (5.11)

where

S
(k+3/2)
+ (x, θ) =

(−1)k
k!

∂k

∂yk
S+(y;x, θ)

∣∣∣
y=x

,

T
(k+2)
+ (x, θ) =

(−1)k
k!

∂k

∂yk
T+(y;x, θ)

∣∣∣
y=x

,

(5.12)

for k ≥ 0, denote derivatives of the superconformal current S+(y;x, θ) given in (4.13) and

the energy-momentum tensor T+(y;x, θ) in (4.18). We also consider additional constraint

equations, expressed in terms of loop insertion operators (C.1)
(
∂
(1)
VB(x)

)k1 · · ·
(
∂
(p)
VB(x)

)kp(
∂
(1/2)
VF (x)

)ℓ1 · · ·
(
∂
(q−1/2)
VF (x)

)ℓq〈
S
(k+3/2)
+ (x, θ)χins

α (x, θ)
〉
= 0,

(
∂
(1)
VB(x)

)k1 · · ·
(
∂
(p)
VB(x)

)kp(
∂
(1/2)
VF (x)

)ℓ1 · · ·
(
∂
(q−1/2)
VF (x)

)ℓq〈
T
(k+2)
+ (x, θ)χins

α (x, θ)
〉
= 0,

(5.13)

where k1, . . . , kp are non-negative integers and ℓ1, . . . , ℓq ∈ {0, 1}. Here the actions of the loop
insertion operators on S+(y;x, θ) and T+(y;x, θ) are given by (C.5).

To construct super-quantum curves we consider singular terms in x (for x → ∞), i.e.

terms involving (x − zk) in denominators in the above constraints, and show that they can

be expressed in terms of derivatives of χα(x, θ) with respect to x or θ, so that a combination

of such derivatives provides a differential equation we are interested in. We argue now that

it should always be possible to construct such differential equations, and in following sections

we will illustrate such a construction in explicit examples.

Let us discuss first super-quantum curves at half-integer levels n− 1
2 , for n ∈ N. Consider

a linear combination of constraint equations (5.13) of the form

0 = θ
〈 n−2∑

p=0

∑

|µ|=p

a1;µ~∂
(µ)
VB(x)S

(n−p−1/2)
+ (x)χins

α (x, θ) +
∑

|µ|=n−3

a2;µ~∂
(µ)
VB(x)∂

(1/2)
VF (x)T

(2)
+ (x)χins

α (x, θ)+

+
∑

|µ|=n−4

~∂
(µ)
VB(x)

(
a3;µ∂

(3/2)
VF (x)T

(2)
+ (x) + a4;µ∂

(1/2)
VF (x)T

(3)
+ (x) + a5;µ∂

(1/2)
VF (x)∂

(3/2)
VF (x)S

(3/2)
+ (x)

)
χins
α (x, θ)

〉
,

(5.14)

where µ is an integer partition with |µ| = µ1 + µ2 + . . ., and

~∂
(µ)
VB(x) = ∂

(µ1)
VB(x)∂

(µ2)
VB(x) · · · . (5.15)

The number of coefficients ai;µ in (5.14) is given by

a(n) =

n−2∑

p=0

p(p) + p(n− 3) + 3p(n − 4), (5.16)
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where p(p) denotes the number of partitions of p. The most singular terms in the equation

(5.14) are of the form
θϑa1

(x− za1)µ1(x− za2)µ2 · · · (x− zap)µp
, (5.17)

with µ1 + µ2 + . . .+ µp = n. The number of such terms is given by

A(n) =
n−1∑

p=0

p(p). (5.18)

Now note, that the inequality p(p− 1) + p(p − 2) ≥ p(p) for p ≥ 2 implies that

a(n) + 1 ≥ A(n). (5.19)

This means that the number of coefficients in (5.14), together with an additional freedom to

adjust α (taken into account by an additional 1 in the left hand side of the above equation),

is sufficient to group the most singular terms of the form (5.17) (present in (5.14)) into

combinations that reproduce the same type of singularities in

θ∂n−1
x ∂θχα(x, θ). (5.20)

In an analogous way one can express less singular terms in (5.14) also in terms of derivatives

of the wave-function with respect to θ and x. Therefore a combination of constraint equations

(5.14), with coefficients appropriately adjusted and expressed in terms of derivatives of the

wave-function with respect to θ and x, gives rise to a differential equation which we identify

as a super-quantum curve.

Similarly one can construct super-quantum curves at an integer level n ∈ N. To this end

we consider now a combination of constraints

0 = θ
〈 n−2∑

p=0

∑

|µ|=p

b1;µ~∂
(µ)
VB(x)T

(n−p)
+ (x)χins

α (x, θ)+

+
n−2∑

p=0

n−p−2∑

q=0

∑

|µ|=p

b2;µ;q~∂
(µ)
VB(x)∂

(q+1/2)
VF (x) S

(n−p−q−1/2)
+ (x)χins

α (x, θ)
〉
.

(5.21)

The number of coefficients b1;µ and b2;µ;q is given by

b(n) =

n−2∑

p=0

p(p) +

n−2∑

p=0

(n− p− 1)p(p), (5.22)

while the most singular terms in (5.21) take form

θ

(x− za1)µ1(x− za2)µ2 · · · (x− zap)µp
,

θϑa1ϑa2
(x− za1)µ1(x− za2)µ2 · · · (x− zap)µp

, (5.23)

– 26 –



where µ1 + µ2 + . . .+ µp = n. The number of such terms is given by

B(n) ≡ p(n) +
n−2∑

p=0

⌊n− p
2

⌋
p(p), (5.24)

where ⌊· · · ⌋ is the floor function. From inequalities
∑n−2

p=0 p(p) + 1 ≥ p(n) and p − 1 ≥
⌊p
2

⌋

for p ∈ N, and taking into account the freedom to adjust α, it follows that

b(n) + 1 ≥ B(n). (5.25)

One can therefore adjust coefficients in (5.21) so that the most singular terms of the first type

in (5.23) reproduce the same singular combinations that appear in

θ∂nxχα(x, θ), (5.26)

while the singularities of the second type in (5.23) are removed (by setting their coefficients to

zero). Repeating such operations for less singular terms, one can express constraint equations

in terms of derivatives of the wave-function with respect to θ and x, and ultimately interpret

them as super-quantum curves.

5.2 Super-quantum curve at level 1/2

The lowest level at which a super-Virasoro singular vector arises is n = 1/2, which corresponds

to values p = q = 1 in (5.2), and vanishing momentum α = 0 in consequence. Therefore the

wave-function is identified with the partition function (3.1) in this case, χ̂α=0(x, θ) = Z,

which does not depend neither on x nor on θ. In this case the operator Â
(0)
1/2 takes a simple

form

Â
(0)
1/2χ̂α=0(x, θ) = −∂θχ̂α=0(x, θ) = 0, (5.27)

and from (5.4), on the level of the bosonic component χ̂B,α=0(x) we get

Â
(0)
1/2 = Ĝ−1/2, Â

(1)
1/2 = Ĝ−1/2Â

(0)
1/2 = L̂−1, (5.28)

so that Â
(0)
1/2 indeed has the same form as the operator (2.10) encoding a super-Virasoro

singular vector at level 1/2. Finally, from (5.9) we find the full super-quantum curve equation

at level 1/2

Âα=0
1/2 χ̂α=0(x, θ) = 0, Âα=0

1/2 = −∂θ − θ∂x. (5.29)

5.3 Super-quantum curves at level 3/2

To construct quantum curves at level 3/2 we consider the first nontrivial constraint equation

cθ
〈
S
(3/2)
+ (x, θ)χins

α (x, θ)
〉
= 0, (5.30)
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where

θS
(3/2)
+ (x, θ) =

(α+Q~)
√
β

~

N∑

a=1

θϑa
(x− za)2

+ β

N∑

a,b=1

θϑa
(x− za)(x− zb)

+

− θ
√
β

~

N∑

a=1

V ′
B(x)ϑa + VF (x)

x− za
− θ

~2
ĥ(x).

(5.31)

The constraint equation (5.30) can be written in terms of θ∂x∂θχα(x, θ), see (B.3), only for

c = −α
2

~2
, (5.32)

with special values of momenta

α = 0, β1/2~, or − β−1/2
~. (5.33)

These values correspond respectively to (p, q) = (1, 1), (p, q) = (3, 1), and (p, q) = (1, 3) in

(5.2), with the first solution corresponding to singular vector at level 1/2. For the above

values of α the equation (5.30) can be written as

θ
(
∂x∂θ +

α2

~4
ĥ(x)

)
χα(x, θ) +

θα2
√
β

~3

〈( N∑

a=1

V ′
B(x)ϑa
x− za

+

N∑

a=1

VF (x)

x− za

)
χins
α (x, θ)

〉
= 0, (5.34)

which using (B.2) can be further rewritten as a differential equation

θ
(
∂x∂θ +

α

~2
V ′
B(x)∂θ −

α

~2
VF (x)∂x +

α2

~4
ĥ(x)

)
χα(x, θ) = 0. (5.35)

By including the prefactor in (4.2) and using (A.9) we then obtain

Â
(0)
3/2 = −∂x∂θ −

α2

~2
Ĝ−3/2, (5.36)

for the momenta α in (5.33). As the operators acting on χ̂B,α=0(x) we find

Â
(0)
3/2 = L̂−1Ĝ−1/2 −

α2

~2
Ĝ−3/2,

Â
(1)
3/2 = Ĝ−1/2Â

(0)
3/2 = L̂

2
−1 −

2α2

~2
L̂−2 +

α2

~2
Ĝ−3/2Ĝ−1/2,

(5.37)

so that Â
(0)
3/2 indeed has the form of singular vectors at level 3/2 given in (2.11) for α =

±β±1/2
~. Moreover, for the remaining value α = 0 in (5.33), Â

(0)
3/2 essentially reduces to the

singular vector at level 1/2, see (5.28). We also obtain

Â
(1)
3/2

= ∂2x −
2α2

~2
L̂−2 −

α2

~2
Ĝ−3/2∂θ, (5.38)

and from (5.9) we finally find the super-quantum curve equation

Âα3/2χ̂α(x, θ) = 0, Âα3/2 = −∂x∂θ −
α2

~2
Ĝ−3/2 − θ

(
∂2x −

2α2

~2
L̂−2

)
, (5.39)

for special values of α in (5.33).
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5.4 Super-quantum curve at level 2

To identify super-quantum curves at level 2 we consider the constraint

θ
〈(
c1T

(2)
+ (x, θ) + c2∂

(1/2)
VF (x)S

(3/2)
+ (x, θ)

)
χins
α (x, θ)

〉
= 0, (5.40)

where

θT
(2)
+ (x, θ) =

(α+Q~/2)
√
β

~

N∑

a=1

θ

(x− za)2
+
β

2

N∑

a,b=1

θ

(x− za)(x− zb)
+

+
β

2

N∑

a,b=1

θϑaϑb
(x− za)(x− zb)2

− θ
√
β

2~

N∑

a=1

2V ′
B(x) + V ′

F (x)ϑa
x− za

+

− θ
√
β

2~

N∑

a=1

VF (x)ϑa
(x− za)2

− θ

~2
f̂(x),

(5.41)

and

θ∂
(1/2)
VF (x)S

(3/2)
+ (x, θ) =

N∑

a=1

θ

(x− za)2
+

(α+Q~)
√
β

~

N∑

a,b=1

θϑaϑb
(x− za)(x− zb)2

+

+
θ
√
β

~

N∑

a,b=1

VF (x)ϑa
(x− za)(x− zb)

+
θ

~2
ĥ(x)

N∑

a=1

ϑa
x− za

.

(5.42)

The constraint (5.40) can be expressed in terms of θ∂2xχ
ins
α (x, θ) given in (B.3) if the coefficients

c1 and c2 are fixed as

c1 =
2α2

~2
, c2 = −

β1/2α(2α2 +Q~α− ~
2)

~3
, (5.43)

and momenta take form

α = 0, β1/2~, −β−1/2
~, −Q~

2
=
β1/2 − β−1/2

2
~. (5.44)

We recognize that values α = 0 and α = ±β±1/2
~ correspond respectively to singular vectors

at levels 1/2 and 3/2, while α = −Q~/2 arises for p = q = 2 in (5.2) and corresponds to the

singular vector at level 2, as we show in what follows. For all values of α in (5.44), using

(B.2), the equation (5.40) can be rewritten as

θ
(
∂2x −

c1
2α
V ′
F (x)∂θ +

c1
α
V ′
B(x)∂x −

c1
~2
f̂(x) +

c2
~
√
βα

ĥ(x)∂θ

)
χα(x, θ)+

− θ
√
β

2~
VF (x)

〈( N∑

a=1

c1ϑa
(x− za)2

−
N∑

a,b=1

2c2ϑa
(x− za)(x− zb)

)
χins
α (x, θ)

〉
= 0.

(5.45)
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Furthermore, adding to the equation (5.45) the following constraint and fixing the value of c3

−θ
√
β

2~
VF (x)

〈
c3S

(3/2)
+ (x, θ)χins

α (x, θ)
〉
= 0, c3 =

2α√
β~
, (5.46)

for the momenta in (5.44) we obtain a differential equation

θ
(
∂2x −

c1
2α
V ′
F (x)∂θ −

c1
~2
f̂(x) +

c1
α
V ′
B(x)∂x +

c2

~
√
βα

ĥ(x)∂θ +
2α +Q~

~2
VF (x)∂x∂θ+

+
1

~2
V ′
B(x)VF (x)∂θ +

α

~4
VF (x)ĥ(x)

)
χα(x, θ) = 0,

(5.47)

which now can be expressed in terms of super-Virasoro generators identified in section 4.3.

Including the prefactor in (4.2), and using (A.9), after some algebra we find

Â
(0)
2 = ∂2x −

2α2

~2
L̂−2 −

2α2 +Q~α− ~
2

~2
Ĝ−3/2∂θ, (5.48)

for the momenta (5.44). This operator leads to the following operators acting on χ̂B,α(x)

Â
(0)
2 = L̂

2
−1 −

2α2

~2
L̂−2 +

2α2 +Q~α− ~
2

~2
Ĝ−3/2Ĝ−1/2 =

= Â
(1)
3/2 +

α2 +Q~α− ~
2

~2
Ĝ−3/2Ĝ−1/2,

Â
(1)
2 = Ĝ−1/2Â

(0)
2 = L̂

2
−1Ĝ−1/2 −

2α2

~2
L̂−2Ĝ−1/2 −

α2

~2
Ĝ−5/2+

+
2α2 +Q~α− ~

2

~2

(
2L̂−2Ĝ−1/2 − Ĝ−3/2L̂−1

)
,

(5.49)

and for α = −Q~

2 the operator Â
(0)
2 takes form of singular vector at level 2 in (2.12). Further-

more

Â
(1)
2 = −∂2x∂θ +

2α2

~2
L̂−2∂θ −

α2

~2
Ĝ−5/2 −

2α2 +Q~α− ~
2

~2

(
2L̂−2∂θ + Ĝ−3/2∂x

)
, (5.50)

and finally from (5.9) we obtain the super-quantum curve equation at level 2

Âα2 χ̂α(x, θ) = 0,

Âα2 = ∂2x −
2α2

~2
L̂−2 −

2α2 +Q~α− ~
2

~2
Ĝ−3/2∂θ +

α2

~2
θĜ−5/2+

+
2α2 +Q~α− ~

2

~2
θ
(
2L̂−2∂θ + Ĝ−3/2∂x

)
,

(5.51)

for the momenta (5.44).

Similarly as before we see that these results reduce to results at lower levels, upon substi-

tution of values of α corresponding to those lower levels (5.33); in particular for those values

of α the operator Â
(0)
2 , up to a simple factor, coincides with the operator Â

(1)
3/2 in (5.37).
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5.5 Super-quantum curves at level 5/2

To construct quantum curves at level 5/2 we consider

θ
〈(
c1S

(5/2)
+ (x, θ) + c2∂

(1)
VB(x)S

(3/2)
+ (x, θ) + c3∂

(1/2)
VF (x)T

(2)
+ (x, θ)

)
χins
α (x, θ)

〉
= 0, (5.52)

where

θS
(5/2)
+ (x, θ) =

(α+ 2Q~)
√
β

~

N∑

a=1

θϑa
(x− za)3

+ β

N∑

a,b=1

θϑa
(x− za)2(x− zb)

+

+ β

N∑

a,b=1

θϑa
(x− za)(x− zb)2

− θ
√
β

~

N∑

a=1

V ′
B(x)ϑa + VF (x)

(x− za)2
+

+
θ
√
β

~

N∑

a=1

V ′′
B(x)ϑa + V ′

F (x)

x− za
+

θ

~2
∂xĥ(x),

(5.53)

θ∂
(1)
VB(x)S

(3/2)
+ (x, θ) =

N∑

a=1

θϑa
(x− za)3

+
(α+Q~)

√
β

~

N∑

a,b=1

θϑa
(x− za)2(x− zb)

+

+ β

N∑

a,b,c=1

θϑa
(x− za)(x− zb)(x− zc)

− θ
√
β

~

N∑

a,b=1

V ′
B(x)ϑa

(x− za)(x− zb)
+

− θ
√
β

~

N∑

a,b=1

VF (x)

(x− za)(x− zb)
− θ

~2
ĥ(x)

N∑

a=1

1

x− za
,

(5.54)

and

θ∂
(1/2)
VF (x)T

(2)
+ (x, θ) =

3

2

N∑

a=1

θϑa
(x− za)3

+
(2α +Q~)

√
β

2~

N∑

a,b=1

θϑa
(x− za)(x− zb)2

+

+
β

2

N∑

a,b,c=1

θϑa
(x− za)(x− zb)(x− zc)

− θ
√
β

~

N∑

a,b=1

V ′
B(x)ϑa

(x− za)(x− zb)
+

− θ
√
β

2~

N∑

a,b=1

VF (x)ϑaϑb
(x− za)2(x− zb)

− θ

~2
f̂(x)

N∑

a=1

ϑa
x− za

.

(5.55)

We find that only for momenta

α = 0, β1/2~, −β−1/2
~, −Q~

2
, 2β1/2~, −2β−1/2

~, (5.56)
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the equation (5.52) can be written as

θ
(
∂2x∂θ +

c1
α
V ′′
B(x)∂θ −

c1
α
V ′
F (x)∂x +

c1
~2
∂xĥ(x) +

c2
~
√
βα

ĥ(x)∂x −
c3

~
√
βα

f̂(x)∂θ

)
χα(x, θ)

− θ
√
β

2~
VF (x)

〈( N∑

a=1

2c1
(x− za)2

+

N∑

a,b=1

2c2
(x− za)(x− zb)

−
N∑

a,b=1

c3ϑaϑb
(x− za)(x− zb)2

)
χins
α (x, θ)

〉

− θ
√
β

~
V ′
B(x)

〈( N∑

a=1

c1ϑa
(x− za)2

+

N∑

a,b=1

(c2 + c3)ϑa
(x− za)(x− zb)

)
χins
α (x, θ)

〉
= 0, (5.57)

where coefficients c1, c2, c3 have been fixed as in earlier examples. The momenta ±2β±1/2
~ in

(5.56) arise respectively for (p, q) = (5, 1) and (p, q) = (1, 5) in (5.2), and represent singular

vectors at level 5/2, while other values of α in (5.56) represent singular vectors at all lower

levels. By adding to the equation (5.57) an additional constraint

−θ
√
β

~

〈(
c4V

′
B(x)S

(3/2)
+ (x, θ) + c5VF (x)T

(2)
+ (x, θ) + c6VF (x)∂

(1/2)
VF (x)S

(3/2)
+ (x, θ)

)
χins
α (x, θ)

〉
= 0,

(5.58)

and adjusting coefficients c4, c5, c6, for the momenta (5.56) we obtain a differential equation

θ
(
∂2x∂θ +

c1
α
V ′′
B(x)∂θ −

c1
α
V ′
F (x)∂x +

c1
~2
∂xĥ(x) +

c2

~
√
βα

ĥ(x)∂x −
c3

~
√
βα

f̂(x)∂θ+

+
2α

~2
V ′
B(x)∂x∂θ +

√
βc4
~α

V ′
B(x)

2∂θ +

√
βc4
~3

V ′
B(x)ĥ(x)−

α

~2
VF (x)∂

2
x+

−
√
β(c4 + c5)

~α
V ′
B(x)VF (x)∂x −

√
βc5

2~α
V ′
F (x)VF (x)∂θ +

√
βc5
~3

VF (x)f̂(x)
)
χα(x, θ) = 0.

(5.59)

Including the prefactor in (4.2) this differential equation takes form

Â
(0)
5/2 = −∂2x∂θ +

2α(α2 +Q~α− ~
2)

~2(3α + 2Q~)
L̂−2∂θ −

α(2α2 +Q~α+ ~
2)

~2(3α+ 2Q~)
Ĝ−3/2∂x+

+
α2(2α3 + 3Q~α2 + (Q2 − 5)~2α− 3Q~

3)

~4(3α + 2Q~)
Ĝ−5/2,

(5.60)

for the momenta (5.56). Acting on the bosonic component this operator is represented as

Â
(0)
5/2 = Â

(1)
2 +

(α2 +Q~α− ~
2)(2α +Q~)

~2(3α+ 2Q~)

(α2

~2
Ĝ−5/2 + 2Ĝ−3/2L̂−1 − 4L̂−2Ĝ−1/2

)
, (5.61)

and, as expected, for α = ±2β±1/2
~ it indeed has the same form as a singular vector at

level 5/2 in (2.13). Finally, determining Â
(1)
5/2 and then using (5.9) we finally obtain the
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super-quantum curve at level 5/2

Âα5/2χ̂α(x, θ) = 0,

Âα5/2 = −∂2x∂θ +
2α(α2 +Q~α− ~

2)

~2(3α + 2Q~)
L̂−2∂θ −

α(2α2 +Q~α+ ~
2)

~2(3α+ 2Q~)
Ĝ−3/2∂x+

+
α2(2α3 + 3Q~α2 + (Q2 − 5)~2α− 3Q~

3)

~4(3α+ 2Q~)
Ĝ−5/2 − θ

(
∂3x −

2α2

~2
L̂−2∂x+

+
α(α2 +Q~α− ~

2)

~2(3α+ 2Q~)
Ĝ−5/2∂θ +

2α2(2α3 + 3Q~α2 + (Q2 − 5)~2α− 3Q~
3)

~4(3α+ 2Q~)
L̂−3

)
,

(5.62)

for the momenta (5.56).

Similarly as before, for the momenta (5.44) at level 2 the operator Â
(0)
5/2 reduces, up to a

simple factor, to the operator Â
(1)
2 in (5.49), and encodes singular vectors up to level 2.

6. Double quantum structure and special limits

In this section we analyze various limits of super-quantum curves. These limits are interesting,

as they are related to two quantum structures, which are encoded in super-quantum curves.

First, super-quantum curves are quantum in the ’t Hooft sense, and their classical limit can

be identified as the large N limit (3.27). As we discuss below, for β = 1 the super-quantum

spectral curve at level 3/2 reduces to the (classical) spectral curve of the super-eigenvalue

model.

The second interesting limit can be interpreted as the Nekrasov-Shatashvili limit [45],

or equivalently as the classical limit in super-Liouville theory [56]. In terms of parameters

(3.4) this limit arises when ǫ1 → 0 with ǫ2 fixed. The dependence of β is therefore crucial in

this limit. As we will show below, in this limit super-quantum curves reduce to differential

equations for certain fields in classical super-Liouville theory.

To avoid singularities in matrix model expectation values that arise in the above limits,

one should consider the normalized partition function (4.5) and the corresponding super-

quantum curves (5.10).

6.1 Classical limit

We consider first the classical ’t Hooft limit. Note that derivatives of the normalized wave-

function Ψα(x, θ) introduced in (4.5) with respect to θ and x take form

~∂θΨα(x, θ) = −
α

Z

〈
ψ(x)e

α
~
φ(x)+α

~
ψ(x)θ

〉
,

~∂xΨα(x, θ) =
α

Z

〈(
∂xφ(x) + ∂xψ(x)θ

)
e

α
~
φ(x)+α

~
ψ(x)θ

〉
.

(6.1)
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Therefore in the classical limit (3.27) with β = 1

~∂θΨα(x, θ)
N→∞, β→1−→ −α

~
yF (x)Ψα(x, θ),

~∂xΨα(x, θ)
N→∞, β→1−→ α

~

(
yB(x) + y′F (x)θ

)
Ψα(x, θ),

(6.2)

where yB(x) and yF (x) are defined in (3.29) and (3.34).

In particular, consider the super-quantum curve at level 3/2 in (5.39)

−~2Âα3/2 = ~
2∂x∂θ + α2Ĝ−3/2 + ~

2θ∂2x − 2θα2L̂−2, (6.3)

with momenta α = ±β±1/2
~. In the limit (6.2) this quantum curve reduces to the super-

spectral curve, which defines the solution space C in (3.38)

Âα3/2Ψα(x, θ) = 0
N→∞, β→1−→ AF (x, yB |yF ) = θAB(x, yB |yF ), (6.4)

where

G(x) = − lim
~→0
β=1

~
2Ĝ−3/2, L(x) = − lim

~→0
β=1

~
2L̂−2. (6.5)

In this sense the super-quantum curve at level 3/2 can be regarded as a quantization of the

super-spectral curve. We will present how higher level super-quantum curves behave in the

classical limit in section 6.3, after discussing Nekrasov-Shatashvili limit.

6.2 Nekrasov-Shatashvili — classical super-Liouville limit

Let us discuss the limit, which in terms of parameters (3.4) arises for ǫ1 → 0 with ǫ2 fixed, and

which can be identified with the Nekrasov-Shatashvili limit, or a classical limit in the super-

Liouville theory. We will consider normalized wave-functions Ψα2p+1,1(x, θ) for the momenta

α = α2p+1,1 = −pǫ1, (6.6)

which in the above limit factorize as

ΨNS
−pǫ1(x, θ) ≡ lim

ǫ1→0
Ψ−pǫ1(x, θ) =

(
ΨNS

−ǫ1(x, θ)
)p
. (6.7)

The corresponding super-quantum curves arise at level p+1/2, and it is convenient to rescale

them as follows

ÂNS
p+1/2Ψ

NS
−pǫ1(x, θ) = 0, ÂNS

p+1/2 = −ǫ
p+1
2 lim

ǫ1→0
Â−pǫ1
p+1/2, (6.8)

and express in terms of operators

ĜNS
−n+1/2 = lim

ǫ1→0
ǫ1ǫ2Ĝ−n+1/2 =

= − 1

(n− 2)!

(
∂n−2
x

(
V ′
B(x)VF (x)

)
+ ǫ2∂

n−1
x VF (x) + ∂n−2

x F
(0)
F (x, ǫ2)

)
,

L̂NS
−n = lim

ǫ1→0
ǫ1ǫ2L̂−n =

= − 1

(n− 2)!

(1
2
∂n−2
x

(
V ′
B(x)

2
)
+

1

2
∂n−2
x

(
V ′
F (x)VF (x)

)
+

1

2
ǫ2∂

n
xVB(x) + ∂n−2

x F
(0)
B (x, ǫ2)

)
,

(6.9)
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where

F
(0)
F (x, ǫ2) = −

1

ǫ1ǫ2

[
ĥ(x), F (0)(ǫ2)

]
, F

(0)
B (x, ǫ2) = −

1

ǫ1ǫ2

[
f̂(x), F (0)(ǫ2)

]
, (6.10)

are defined in terms of the deformed prepotential

F (0)(ǫ2) = − lim
ǫ1→0

ǫ1ǫ2 logZ. (6.11)

Note that ĜNS
−n+1/2 and L̂NS

−n are simply fermionic and bosonic functions of x that satisfy

∂nx ĜNS
−3/2 = n!ĜNS

−n−3/2, ∂nx L̂NS
−2 = n!L̂NS

−n−2. (6.12)

Using the above notation, the super-quantum curve equation (5.39) at level 3/2 in the

limit ǫ1 → 0 takes form

ÂNS
3/2Ψ

NS
−ǫ1(x, θ) =

(
ǫ22∂x∂θ − ĜNS

−3/2 + θǫ22∂
2
x + 2θL̂NS

−2

)
ΨNS

−ǫ1(x, θ) = 0, (6.13)

and can be written equivalently as

θ
(
ǫ22∂x∂θ − ĜNS

−3/2

)
ΨNS

−ǫ1(x, θ) = θ
(
ǫ22∂

2
x + ĜNS

−3/2∂θ + 2L̂NS
−2

)
ΨNS

−ǫ1(x, θ) = 0. (6.14)

The Nekrasov-Shatashvili limit of super-quantum curves at higher levels, corresponding

to momenta (6.6), can be determined recursively and written in the form

ÂNS
p+1/2Ψ

NS
−pǫ1(x, θ) =

(
f̂p+1
p+1 + θf̂p+1

p+1∂θ + θb̂p+1
p+1

)
ΨNS

−pǫ1(x, θ) = 0, (6.15)

or equivalently

θf̂p+1
p+1Ψ

NS
−pǫ1(x, θ) = θb̂p+1

p+1Ψ
NS
−pǫ1(x, θ) = 0. (6.16)

Here the operators f̂p+1
p+1 and b̂p+1

p+1 are determined by the following sequence for f̂p+1
q and b̂p+1

q ,

q = 0, . . . , p+ 1:

f̂p+1
0 = 0, f̂p+1

1 = ǫ2∂θ, b̂p+1
0 = 1, b̂p+1

1 = ǫ2∂x,

f̂p+1
q+1 = ǫ2∂xf̂

p+1
q + 2(q − 1)(p − q + 1)L̂NS

−2 f̂
p+1
q−1 − (p− q + 1)ĜNS

−3/2b̂
p+1
q−1,

b̂p+1
q+1 = ǫ2∂xb̂

p+1
q + qǫ−1

2 ĜNS
−3/2f̂

p+1
q + 2q(p − q + 1)L̂NS

−2b̂
p+1
q−1.

(6.17)

Using the factorization (6.7) and the super-quantum curve equation at level 3/2 in (6.14), by

induction we find

θf̂p+1
q+1Ψ

NS
−pǫ1(x, θ) = p(p− 1) · · · (p − q)θ

(
ΨNS

−ǫ1(x, θ)
)p−q−1 (

ǫ2∂θΨ
NS
−ǫ1(x, θ)

) (
ǫ2∂xΨ

NS
−ǫ1(x, θ)

)q
,

θb̂p+1
q+1Ψ

NS
−pǫ1(x, θ) = p(p− 1) · · · (p− q)θ

(
ΨNS

−ǫ1(x, θ)
)p−q−1 (

ǫ2∂xΨ
NS
−ǫ1(x, θ)

)q+1
,

and therefore the quantum curve equation (6.16) is derived.
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Super-quantum curves at several lowest levels obtained from (6.17) take form

ÂNS
5/2 = ǫ32∂

2
x∂θ + 2ǫ2L̂NS

−2∂θ − 3ǫ2ĜNS
−3/2∂x − 2ǫ2ĜNS

−5/2+

+ θ
(
ǫ32∂

3
x − ǫ2ĜNS

−5/2∂θ + 8ǫ2L̂NS
−2∂x + 4ǫ2L̂NS

−3

)
,

ÂNS
7/2 = ǫ42∂

3
x∂θ + 8ǫ22L̂NS

−2∂x∂θ + 4ǫ22L̂NS
−3∂θ − 6ǫ22ĜNS

−3/2∂
2
x − 8ǫ22ĜNS

−5/2∂x − 6ǫ22ĜNS
−7/2+

− 18ĜNS
−3/2L̂NS

−2 + θ
(
ǫ42∂

4
x − 4ǫ22ĜNS

−5/2∂x∂θ − 4ǫ22ĜNS
−7/2∂θ + 20ǫ22L̂NS

−2∂
2
x+

+ 20ǫ22L̂NS
−3∂x + 12ǫ22L̂NS

−4 − 9ĜNS
−3/2ĜNS

−5/2 + 36
(
L̂NS
−2

)2)
,

ÂNS
9/2 = ǫ52∂

4
x∂θ + 20ǫ32L̂NS

−2∂
2
x∂θ + 20ǫ32L̂NS

−3∂x∂θ + 12ǫ32L̂NS
−4∂θ − 10ǫ32ĜNS

−3/2∂
3
x+

− 20ǫ32ĜNS
−5/2∂

2
x − 30ǫ32ĜNS

−7/2∂x − 24ǫ32ĜNS
−9/2 − ǫ2ĜNS

−3/2ĜNS
−5/2∂θ+

+ 36ǫ2
(
L̂NS
−2

)2
∂θ − 110ǫ2ĜNS

−3/2L̂NS
−2∂x − 56ǫ2ĜNS

−3/2L̂NS
−3 − 72ǫ2ĜNS

−5/2L̂NS
−2+

+ θ
(
ǫ52∂

5
x − 10ǫ32ĜNS

−5/2∂
2
x∂θ − 20ǫ32ĜNS

−7/2∂x∂θ − 18ǫ32ĜNS
−9/2∂θ + 40ǫ32L̂NS

−2∂
3
x+

+ 60ǫ32L̂NS
−3∂

2
x + 72ǫ32L̂NS

−4∂x + 48ǫ32L̂NS
−5 − 34ǫ2ĜNS

−5/2L̂NS
−2∂θ − 2ǫ2ĜNS

−3/2L̂NS
−3∂θ+

− 56ǫ2ĜNS
−3/2ĜNS

−5/2∂x − 56ǫ2ĜNS
−3/2ĜNS

−7/2 + 256ǫ2
(
L̂NS
−2

)2
∂x + 256ǫ2L̂NS

−2L̂NS
−3

)
,

(6.18)

where we have used the relations (6.12). As expected, the above operators coincide with

operators that implement classical equations of motion for certain fields in the classical super-

Liouville theory [57].

6.3 Classical limit of higher level super-quantum curves

Having determined the form of super-quantum curves in the Nekrasov-Shatashvili limit at

higher levels, we can simply write down super-spectral curves in the ’t Hooft classical limit

Âcl
p+1/2 by considering ǫ2 → 0 limit

Âcl
p+1/2 = lim

ǫ2→0
ÂNS
p+1/2. (6.19)

As in (6.2), in the classical limit ǫ2 → 0 of ΨNS
−pǫ1(x, θ) we find

ǫ2∂θΨ
NS
−pǫ1(x, θ)

ǫ2→0−→ −pyF (x)ΨNS
−pǫ1(x, θ),

ǫ2∂xΨ
NS
−pǫ1(x, θ)

ǫ2→0−→ p
(
yB(x) + y′F (x)θ

)
ΨNS

−pǫ1(x, θ).
(6.20)

For example, taking advantage of the results in (6.18) and denoting G(x) = limǫ2→0 ĜNS
−3/2
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and L(x) = limǫ2→0 L̂NS
−2 as in (6.5), we find higher-level classical curves

Âcl
5/2 = −2

(
3yB(x)AF (x, yB |yF ) + 2yF (x)AB(x, yB |yF )

)
+

+ 2θ
(
3y′F (x)AF (x, yB |yF ) + ∂xAF (x, yB |yF )yF (x) + 8yB(x)AB(x, yB |yF )

)
,

Âcl
7/2 = −18

((
3yB(x)

2 + L(x)
)
AF (x, yB |yF ) + 3yF (x)yB(x)AB(x, yB |yF )

)
+

+ 9θ
(
2
(
9yB(x)

2 + 3y′F (x)yF (x) + 2L(x)
)
AB(x, yB |yF )+

+
(
15y′F (x)yB(x) + 3yF (x)y

′
B(x) + 4∂xG(x)

)
AF (x, yB |yF )+

+ 3G(x)∂xAF (x, yB|yF )
)
.

(6.21)

7. Examples: super-gaussian and super-multi-Penner models

In this section we illustrate how our general considerations specialize when the matrix model

potential is fixed to some particular form. We consider the gaussian model with quadratic

bosonic potential VB(x), as well as a supersymmetric version of the multi-Penner model.

These models are of particular interest: the gaussian is the simplest model and its analysis

nicely illustrates various general features that we discussed in earlier sections, and the multi-

Penner model turns out to encode many features familiar in super-Liouville theory. We discuss

both super-quantum curves in those models, as well as their planar solutions.

7.1 Super-gaussian model

As the first example we discuss a supersymmetric version of the gaussian model. To start

with, we consider a potential with a fixed quadratic bosonic term, and with bosonic and

fermionic linear terms depending on bosonic and fermionic times, t and ξ respectively

Vt(x, θ) = VB,t(x) + VF (x)θ, VB,t(x) = tx+
1

2
x2, VF (x) = ξx. (7.1)

Below we determine a super-quantum curve for this model. We show that it does not involve

derivatives with respect to the bosonic time t (so that one eliminate dependence on t e.g.

by setting t = 1), however it involves a derivative with respect to the fermionic time ξ.

We also analyze its planar solution and show that it agrees with the classical limit of the

super-quantum curve.

Super-quantum curves

For the super-gaussian model with the deformed potential (7.1) we find that super-quantum

curve equations (5.39) at level 3/2 take form

Â3/2χ̂α±(x, θ) = 0, Â3/2 = −∂x∂θ − β±1Ĝ−3/2 − θ
(
∂2x − 2β±1L̂−2

)
, (7.2)
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where α± = ±β±1/2
~. Here Ĝ−3/2 and L̂−2 in (4.32), as operators acting on χ̂α(x, θ), are

expressed as

~
2Ĝ−3/2 = ξ(x+ t)x+Q~ξ − ξµ+ α(ξ + θ)−

√
β~
〈 N∑

a=1

ϑaχ̂
ins
α (x, θ)

〉
/χ̂α(x, θ),

~
2L̂−2 =

1

2
(x+ t)2 +

1

2
Q~− µ+ α,

(7.3)

where this time we denote

χ̂ins
α (x, θ) = e

α
~
(φ(x)+ψ(x)θ). (7.4)

Furthermore, from the constraints (4.21) and (4.23) we obtain
(
ĝα−1/2 − ξℓ̂α−1

)
χ̂α(x, θ) = 0, (7.5)

where

ĝα−1/2 − ξℓ̂α−1 = ∂θ + ∂ξ − (θ − ξ)
(
∂x −

α

~2
t
)
+ t

ξµ

~2
− t
√
β

~

〈 N∑

a=1

ϑaχ̂
ins
α (x, θ)

〉
/χ̂α(x, θ). (7.6)

It follows that Ĝ−3/2 in (7.3) can be expressed as a differential operator

~
2Ĝ−3/2χ̂α(x, θ) =

(
ξ(x+ t)x+Q~ξ − 2ξ(µ− α)− ~

2

t

(
∂ξ + ∂θ + (ξ − θ)∂x

))
χ̂α(x, θ), (7.7)

which can be used to write down super-quantum curve equations (7.2). Since the potential

(7.1) has only one fermionic parameter ξ, it follows that ∂ξZ = 0, and so in the classical

limit (6.2) the above super-quantum curve equations reproduce the super-spectral curve for

ξn = ξδn,1, derived independently in (7.16) from the analysis of the planar limit.

Planar one-cut solution

Let us consider now the planar one-cut solution in the gaussian model without a linear bosonic

term, however with general fermionic potential

V (x, θ) = VB(x) + VF (x)θ, VB(x) =
1

2
x2, VF (x) =

K∑

n=1

ξnx
n, (7.8)

where ξn are fermionic parameters. In this model the first term in the bosonic resolvent

(D.38) yields the well known resolvent for the standard bosonic gaussian model

ω
(0)
B (x) =

∮

C

dz

2πi

z

x− z

√
(x− q1)(x− q2)
(z − q1)(z − q2)

= x−
√
x2 − 2µ, (7.9)

where the branch points qi have been determined by the asymptotic condition (D.20). We

also obtain the fermionic resolvent (D.39)

ωF (x) =

∮

C

dz

2πi

VF (z)

x− z

√
z2 − 2µ

x2 − 2µ
+

µf√
x2 − 2µ

= VF (x)−
Ξ(x)− µf√
x2 − 2µ

, (7.10)
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where we have defined a fermionic moment function

Ξ(x) ≡
K∑

n=1

ξn

∮

z=0

dz

2πi

√
1− 2µz2

zn+2(1− xz) =

= ξ1(x
2 − µ) + ξ2x(x

2 − µ) + 1

2
ξ3(2x

4 − 2µx2 − µ2) + . . . ,

(7.11)

with the values Ξ(qi) = Ξ
(1)
i and Ξ′(qi) = Ξ

(2)
i at the branch points. If all even fermionic

parameters are turned off

ξ2 = ξ4 = ξ6 = . . . = 0, (7.12)

we see that Ξ(x) = Ξ(−x) and Ξ
(1)
1 = Ξ

(1)
2 . In this case, by assuming the solution (D.37) we

obtain

µf = Ξ
(√

2µ
)
= ξ1µ+

3

2
ξ3µ

2 + . . . , (7.13)

and

Ξ(x)− µf = (x2 − 2µ)
(
ξ1 + ξ3(x

2 + µ) + . . .
)
. (7.14)

We then obtain the bosonic resolvent ωB(x) = ω
(0)
B (x) by Ξ(qi) − µf = 0 and the fermionic

resolvent (7.10). By (D.2) we find

yB(x) =
√
x2 − 2µ, yF (x) =

√
x2 − 2µ

(
ξ1 + ξ3(x

2 + µ) + . . .
)
, (7.15)

and the super-spectral curve takes form

yByF = (x2 − 2µ)
(
ξ1 + ξ3(x

2 + µ) + . . .
)
,

y2B + y′F (x)yF (x) = (x2 − 2µ)(1− 2ξ1ξ3x+ . . .).
(7.16)

For ξn = ξδn,1 this spectral curve agrees with the classical limit of the super-quantum curve

derived in (7.2).

To complete the planar analysis we note, that the solution (7.13) can be confirmed in

yet another way. Recall that the matrix model partition function with a general potential

satisfies super-Virasoro constraints (3.25) and (3.26). These constraints include

g−1/2Z = ℓ−1Z = 0, (7.17)

which for the gaussian model with the potential (7.1) take form

g−1/2 = −t
√
β

~

1

Z

〈 N∑

a=1

ϑa

〉
+ ∂ξ + ξ∂t,

ℓ−1 = −t
µ

~2
+ ∂t − ξ

√
β

~

1

Z

〈 N∑

a=1

ϑa

〉
.

(7.18)
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These generators can also be obtained as α = 0 limit of (7.5). Since the potential (7.1) has

only one fermionic parameter ξ, and so ∂ξZ = 0, the constraint (g−1/2 − ξℓ−1)Z = 0 yields

µ

N

1

Z

〈 N∑

a=1

ϑa

〉
= ξµ, (7.19)

so that the left hand side does not depend on the deformation parameter t and does not have

quantum corrections. It follows that (D.12) takes form

µf = ξµ, (7.20)

which is consistent with the solution (7.13) and therefore with (7.15) for ξn = ξδn,1.

7.2 Super-multi-Penner model and super-Liouville theory

Let us discuss now the super-multi-Penner super-eigenvalue model with the potential

V (x, θ) =
M∑

i=1

αi log(x− xi + θiθ) = VB(x) + VF (x)θ,

VB(x) =

M∑

i=1

αi log(x− xi), VF (x) =

M∑

i=1

αiθi
x− xi

.

(7.21)

In this model it is convenient to rescale the wave-function in (4.1) and introduce the following

normalization

χ̃α(x, θ) = χ̂α(x, θ)
∏

i 6=j

(xi − xj − θiθj)
αiαj

2~2 . (7.22)

Note that in this super-multi-Penner model the potential term

e−
√

β
~

∑N
a=1 V (za,ϑa) (7.23)

takes an analogous form as M insertions of χins
α (x, θ) in (4.3). We already showed that, in the

context of conformal field theory, an insertion of χins
α (x, θ) can be interpreted as an insertion

of a primary field (4.1), with degenerate momentum α = αp,q. Therefore the wave-function

(7.22) represents a correlation function in the super-Liouville theory, which involves (M +2)

Neveu-Schwarz primary fields inserted on P
1: M of those fields are encoded in the potential,

one field is represented by the insertion of χins
α (x, θ) itself, and one additional field is inserted

at x =∞ ∈ P
1 and has the momentum α∞ given in (7.27). Note that if the condition α∞ = 0

is imposed, the primary field at x = ∞ is removed and the model with the above potential

describes super-Liouville theory with (M + 1) primary fields. It follows that various objects

familiar in super-Liouville theory arise upon the specialization of our formalism to the super-

multi-Penner potential. In particular super-quantum curve equations can be identified as

supersymmetric BPZ equations for correlation functions of several primary fields, Nekrasov-

Shatashvili limit of quantum curves coincides with certain classical equations of motion in

super-Liouville theory, etc. We discuss these relations in more detail below.
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osp(1|2) invariance of the wave-function

Recall that a subset of super-Virasoro generators determined in section 4.2 forms the osp(1|2)
subalgebra and imposes constraints (4.25). Specializing the potential to the super-multi-

Penner model case (7.21) we find that generators (4.26) and (4.27), as acting on the normalized

wave-function χ̃α(x, θ) in (7.22), take form

g̃α−1/2(x, θ) = −D −
M∑

i=1

Di,

g̃α1/2(x, θ) = −xD −
M∑

i=1

xiDi − 2∆αθ − 2
M∑

i=1

∆αiθi −
α∞

~2

(
αθ +

M∑

i=1

αiθi −
√
β~

N∑

a=1

ϑa

)
,

(7.24)

and

ℓ̃α−1(x, θ) = −∂x −
M∑

i=1

∂xi ,

ℓ̃α0 (x, θ) = −x∂x −
θ

2
∂θ −

M∑

i=1

(
xi∂xi +

θi
2
∂θi
)
−∆α −

M∑

i=1

∆αi +∆α∞ ,

ℓ̃α1 (x, θ) = −x2∂x − xθ∂θ −
M∑

i=1

(x2i ∂xi + xiθi∂θi
)
− 2∆αx− 2

M∑

i=1

∆αixi

− α∞

~2

(
αx+

M∑

i=1

αixi −
√
β~

N∑

a=1

za

)
,

(7.25)

where

Di = −∂θi + θi∂xi , (7.26)

α∞ = µ+Q~− α−
M∑

i=1

αi. (7.27)

When α∞ 6= 0, a primary field with momentum α∞ has to be located at x =∞ and we

can use generators ℓ̃α0 (x, θ), ℓ̃
α
1 (x, θ) and g̃

α
1/2(x, θ) only under the super-matrix integral, while

the eigenvalue-independent representation exists only for two remaining generators, which

can be used to impose constraints on the (integrated) wave-function (7.22)

g̃α−1/2(x, θ)χ̃α(x, θ) = ℓ̃α−1,0(x, θ)χ̃α(x, θ) = 0. (7.28)

We can use these constraints to remove two bosonic derivatives and one fermionic derivative

from operators (7.33) and (7.34) introduced below, and then from the super-quantum curve

equation.

– 41 –



On the other hand, once the condition α∞ = 0 is imposed, all generators in (7.24) and

(7.25) do not depend on super-eigenvalues za and ϑa, and they can be used to fix the full

osp(1|2) invariance of the wave-function (7.22)

g̃α±1/2(x, θ)χ̃α(x, θ) = ℓ̃α±1,0(x, θ)χ̃α(x, θ) = 0. (7.29)

Using these constraints we can eliminate three bosonic derivatives and two fermionic deriva-

tives from operators (7.33) and (7.34) introduced below, and then from the super-quantum

curve equation.

In particular for the super-multi-Penner model (7.21) with M = 2 and for α∞ = 0 the

constraints (7.29) respectively take form

(
(x1 − x2)D1 + (x− x2)D + 2∆αθ + 2∆α1

θ1 + 2∆α2
θ2
)
χ̃α(x, θ) = 0,

(
(x2 − x1)D2 + (x− x1)D + 2∆αθ + 2∆α1

θ1 + 2∆α2
θ2
)
χ̃α(x, θ) = 0,

(7.30)

and

(
2(x1 − x2)∂x1 + 2(x− x2)∂x + θ∂θ + θ1∂θ1 + θ2∂θ2 + 2∆α + 2∆α1

+ 2∆α2

)
χ̃α(x, θ) = 0,

(
2(x2 − x1)∂x2 + 2(x− x1)∂x + θ∂θ + θ1∂θ1 + θ2∂θ2 + 2∆α + 2∆α1

+ 2∆α2

)
χ̃α(x, θ) = 0,

(7.31)

and they can be used to remove all time derivatives from operators (7.33) and (7.34), and so

from super-quantum curves in consequence.

Super-quantum curves

We construct now super-quantum curves for the super-multi-Penner model with the potential

(7.21). First, the fermionic operator ĥ(x) in (A.1) and the bosonic operator f̂(x) in (A.5)

take form

ĥ(x) = ~
2
M∑

i=1

1

x− xi
Di,

f̂(x) = ~
2
M∑

i=1

( 1

x− xi
∂xi +

θi
2(x− xi)2

∂θi

)
,

(7.32)

where Di = −∂θi + θi∂xi . Second, we introduce the super-Virasoro generators represented on

the wave-function χ̃α(x, θ) in (7.22); taking advantage of (4.32), for n ≥ 2 they take form

G̃−n+1/2 =
(∏

i 6=j

(xi − xj − θiθj)
αiαj

2~2

)
Ĝ−n+1/2

(∏

i 6=j

(xi − xj − θiθj)−
αiαj

2~2

)
=

=
M∑

i=1

(
2(n− 1)∆αiθi

(xi − x)n
− 1

(xi − x)n−1
Di

)
,

(7.33)
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and

L̃−n =
(∏

i 6=j

(xi − xj − θiθj)
αiαj

2~2

)
L̂−n

(∏

i 6=j

(xi − xj − θiθj)−
αiαj

2~2

)
=

=

M∑

i=1

(
(n− 1)∆αi

(xi − x)n
− 1

(xi − x)n−1
∂xi +

(n− 1)θi
2(xi − x)n

∂θi

)
.

(7.34)

Super-quantum curves for the super-multi-Penner model can now be constructed using

the above representation of super-Virasoro generators in expressions for super-Virasoro sin-

gular vectors. For example, super-quantum curve equations (5.39) at level 3/2 take form

Ã3/2χ̃α=±β±1/2~
(x, θ) = 0, Ã3/2 = −∂x∂θ − β±1G̃−3/2 − θ

(
∂2x − 2β±1L̃−2

)
. (7.35)

Furthermore, we can use constraints discussed in section 7.2 to remove time-dependence

from operators G̃−n+1/2 and L̃−n. In particular, considering the super-multi-Penner model

with M = 2 and fixing a∞ = 0, we can completely remove time derivatives from these

operators, so that their action on χ̃α(x, θ) takes for example the following form

G̃−3/2χ̃α(x, θ) =

[
−
∑

i=1,2

1

x− xi
D+

∑

i=1,2

2∆αiθi
(x− xi)2

−2∆αθ +∆α1
θ1 +∆α2

θ2
(x− x1)(x− x2)

]
χ̃α(x, θ), (7.36)

and

L̃−2χ̃α(x, θ) =

[
−
∑

i=1,2

1

x− xi
∂x +

∑

i=1,2

θiD + 2∆αi

2(x− xi)2
− θ∂θ + 2∆α + 2∆α1

+ 2∆α2

2(x− x1)(x− x2)
+ (7.37)

+
1

(x− x1)(x− x2)
∑

i=1,2

∆αθiθ

x− xi
−
(
(x− x1)∆α1

− (x− x2)∆α2

)
θ1θ2

(x− x1)2(x− x2)2
]
χ̃α(x, θ).

It follows that super-quantum curve equations in this case are time-independent, and take

form of ordinary super-differential equations. These equations are directly related to the

ordinary differential equation of the type considered by Dotsenko and Fateev [58,59]. It was

analysed in [60] and some properties of its solutions, which can be expressed in term of certain

two-fold contour integrals, were discussed in [61].

For completeness, let us also consider the classical limit (6.2) in the above example. We

find that the super-quantum curves at level 3/2 reduces in this limit to a system of equations

yB(x)yF (x) =
∑

i=1,2

α2
i θi

(x− xi)2
− α2

1θ1 + α2
2θ2

(x− x1)(x− x2)
,

yB(x)
2 + y′F (x)yF (x) =

∑

i=1,2

α2
i

(x− xi)2
− α2

1 + α2
2

(x− x1)(x− x2)
+

−
(
(x− x1)α2

1 − (x− x2)α2
2

)
θ1θ2

(x− x1)2(x− x2)2
.

(7.38)

This agrees with the classical super-spectral curve, determined from the analysis of the planar

solution of super-multi-Penner model in (7.60).
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Planar one-cut solution

For completeness, let us also consider a one-cut solution of the super-multi-Penner with the

potential (7.21). Under the one-cut ansatz

σ(x) = (x− q1)(x− q2), (7.39)

the first term in the bosonic resolvent (D.38) is given by

ω
(0)
B (x) =

∮

C

dz

2πi

1

x− z
M∑

i=1

αi
z − xi

√
σ(x)

σ(z)
= V ′

B(x)−
M∑

i=1

αi
√
σ(x)

(x− xi)
√
σ(xi)

. (7.40)

The branch points q1 and q2 are determined by the asymptotic condition (D.20)

M∑

i=1

αi√
σ(xi)

= 0,
M∑

i=1

αixi√
σ(xi)

= −α∞, (7.41)

where we have defined

α∞ = µ−
M∑

i=1

αi, (7.42)

which describes the momentum of the primary field at x =∞. From (D.37) we obtain

µf =
1

2

∮

C

dz

2πi

M∑

i=1

αiθi
z − xi

σ′(z)√
σ(z)

+ c(q1, q2)
(
Ξ
(1)
1 − Ξ

(1)
2

)
=

M∑

i=1

αiθi

(
1− CP (xi)√

σ(xi)

)
, (7.43)

where

CP (x) =
1

2
σ′(x) + (q1 − q2)c(q1, q2), c(q1, q2) = −c(q2, q1), (7.44)

is an undetermined function. Here the fermionic and bosonic moments (D.28) and (D.31) are

also obtained as

Ξ
(1)
I − µf =

M∑

i=1

αiθi

(√
σ(xi)

qI − xi
+

σ′(xi)

2
√
σ(xi)

)
= Ξ(qI), (7.45)

Ξ
(2)
I = −

M∑

i=1

αiθi
√
σ(xi)

(qI − xi)2
= Ξ′(qI), (7.46)

MI =
M∑

i=1

αi

(qI − xi)
√
σ(xi)

=M(qI), (7.47)

where we have introduced fermionic and bosonic moment functions as

Ξ(x) =

M∑

i=1

αiθi

(√
σ(xi)

x− xi
+
CP (xi)√
σ(xi)

)
, (7.48)

M(x) =
M∑

i=1

αi

(x− xi)
√
σ(xi)

. (7.49)

– 44 –



Then the bosonic resolvent (D.38) is obtained as

ωB(x) = V ′
B(x)−M(x)

√
σ(x)− 1

2

∑

I=1,2

Ξ(qI)Ξ
′(qI)

MIσ′(qI)(x− qI)
√
σ(x)

, (7.50)

and the fermionic resolvent (D.39) takes form

ωF (x) = VF (x)−
Ξ(x)√
σ(x)

. (7.51)

By (D.2) we equivalently have

yB(x) =M(x)
√
σ(x)− Ξ′(x)Ξ(x)

2M(x)σ(x)3/2
+

1

2
√
σ(x)

M∑

i=1

Res
z=xi

Ξ′(z)Ξ(z)

M(z)σ(z)(x − z) , (7.52)

yF (x) =
Ξ(x)√
σ(x)

. (7.53)

Let us consider the case of M = 2 and explicitly express the super-spectral curve. In this

case the bosonic moment function (7.49) is given by

M(x) = − α∞

(x− x1)(x− x2)
, (7.54)

where we have used the asymptotic condition (7.41), which furthermore implies

q1 + q2 = x1 + x2 −
α2
1 − α2

2

α2
∞

(x1 − x2), q1q2 = x1x2 −
α2
1x2 − α2

2x1
α2
∞

(x1 − x2), (7.55)

so that we determine the branch points

q1,2 =
α2
∞(x1 + x2)− (α2

1 − α2
2)(x1 − x2)± (x1 − x2)

√(
α2
∞ − (α1 + α2)2

)(
α2
∞ − (α1 − α2)2

)

2α2
∞

.

(7.56)

The super-spectral curve is then expressed as

yB(x)yF (x) =M(x)Ξ(x),

yB(x)
2 + y′F (x)yF (x) =M(x)2σ(x) +

∑

i=1,2

Res
z=xi

M(x)Ξ′(z)Ξ(z)

M(z)σ(z)(x − z) ,
(7.57)

where the second term on the right hand side in the second equation can be written as

∑

i=1,2

Res
z=xi

M(x)Ξ′(z)Ξ(z)

M(z)σ(z)(x − z) =
α∞θ1θ2

(x− x1)2(x− x2)2
∑

i=1,2

αi

(√
σ(xi)

x1 − x2
+

(−1)iCP (xi)√
σ(xi)

)
(x− xi).

(7.58)

In particular in the limit α∞ → 0, assuming

α2
∞CP (xi)→ 0, (7.59)

– 45 –



we find the super-spectral curve

yB(x)yF (x) =
−(x1 − x2)

(x− x1)(x− x2)
∑

i=1,2

(−1)iα2
i θi

x− xi
,

yB(x)
2 + y′F (x)yF (x) =

−(x1 − x2)
(x− x1)(x− x2)

∑

i=1,2

(−1)iα2
i

x− xi
+

+
θ1θ2

(x− x1)2(x− x2)2
∑

i=1,2

(−1)iα2
i (x− xi).

(7.60)

This curve coincides with the classical limit of the super-quantum curve at level 3/2 found in

(7.38).
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A. Operators ĥ(x) and f̂(x)

In this appendix we introduce and discuss properties of operators ĥ(x) and f̂(x), which are

used in various computations in the paper. The fermionic operator ĥ(x) takes form

ĥ(x) =ĥt(x) + ĥξ(x),

ĥt(x) ≡ ~
2

∞∑

n=0

xn
∞∑

k=n+1

ξk+1/2∂tk−n−1
,

ĥξ(x) ≡ ~
2

∞∑

n=0

xn
∞∑

k=n+2

ktk∂ξk−n−3/2
,

(A.1)

and we denote

∂nx ĥ(x) ≡
[
∂x, ∂

n−1
x ĥ(x)

]
. (A.2)

From the identification (3.15) we find that the action of ĥ(y) on the wave-function χα(x, θ),

defined in (4.2), can be rewritten as the expectation value involving the function h(y)

ĥ(y)χα(x, θ) =
〈
h(y)χins

α (x, θ)
〉
, h(y) = ht(y) + hξ(y),

ht(y) ≡ −
√
β~

N∑

a=1

VF (y)− VF (za)
y − za

,

hξ(y) ≡ −
√
β~

N∑

a=1

(
V ′
B(y)− V ′

B(za)
)
ϑa

y − za
.

(A.3)

In the large N limit (3.27) the expectation value of h(x) reproduces h(0)(x) in (3.32)

lim
N→∞
~̂ fixed

1

Z
〈h(x)〉 = h(0)(x). (A.4)

Similarly we introduce a bosonic operator f̂(x) defined by

f̂(x) =f̂t(x) + f̂ξ(x),

f̂t(x) ≡ ~
2

∞∑

n=0

xn
∞∑

k=n+2

ktk∂tk−n−2
,

f̂ξ(x) ≡ ~
2

∞∑

n=0

xn
∞∑

k=n+2

(
k − n+ 1

2

)
ξk+1/2∂ξk−n−3/2

,

(A.5)

and we denote

∂nx f̂(x) ≡
[
∂x, ∂

n−1
x f̂(x)

]
. (A.6)
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From identifications (3.15), the action of f̂(y) on the wave-function χα(x, θ) in (4.2) can be

rewritten as the expectation value involving the function f(y)

f̂(y)χα(x, θ) =
〈
f(y)χins

α (x, θ)
〉
, f(y) = ft(y) + fξ(y),

ft(y) ≡ −
√
β~

N∑

a=1

V ′
B(y)− V ′

B(za)

y − za
,

fξ(y) ≡ −
√
β~

N∑

a=1

((
V ′
F (y)− V ′

F (za)
)
ϑa

2(y − za)
+
V

(2)
F (y, za)ϑa
2(y − za)2

)
,

where V
(2)
F (y, za) is defined in (3.22). In the large N limit (3.27) the expectation value of

f(x) reproduces f (0)(x) introduced in (3.33)

lim
N→∞
~̂ fixed

1

Z
〈f(x)〉 = f (0)(x). (A.7)

Operators ĥ(x) in (A.1) and f̂(x) in (A.5) satisfy certain commutation relations, which

we take advantage of in various computations. These commutation relations follow from the

formula
k∑

p=1

(p+ n− 2)!

(p− 1)!
=

(k + n− 1)!

n(k − 1)!
, k, n ∈ N, (A.8)

and take form
[
ĥ(x), ∂nxVB(x)

]
=

1

n+ 1
~
2∂n+1
x VF (x),

{
ĥ(x), ∂nxVF (x)

}
=
[
f̂(x), ∂nxVB(x)

]
=

1

n+ 1
~
2∂n+2
x VB(x),

[
f̂(x), ∂nxVF (x)

]
=

2n+ 3

2(n+ 1)(n + 2)
~
2∂n+2
x VF (x),

(A.9)

and
{
ĥ(x), ∂nx ĥ(x)

}
=

2

n+ 1
~
2∂n+1
x f̂(x),

[
ĥ(x), ∂nx f̂(x)

]
=

n− 1

2(n + 1)(n + 2)
~
2∂n+2
x ĥ(x),

[
f̂(x), ∂nx f̂(x)

]
=

n

(n + 1)(n + 2)
~
2∂n+2
x f̂(x).

(A.10)

Differentiating the above relations with respect to x, we inductively obtain

[
∂mx ĥ(x), ∂

n
xVB(x)

]
=

m!n!

(m+ n+ 1)!
~
2∂m+n+1
x VF (x),

{
∂mx ĥ(x), ∂

n
xVF (x)

}
=
[
∂mx f̂(x), ∂

n
xVB(x)

]
=

m!n!

(m+ n+ 1)!
~
2∂m+n+2
x VB(x),

[
∂mx f̂(x), ∂

n
xVF (x)

]
=

(m+ 2n + 3)m!n!

2(m+ n+ 2)!
~
2∂m+n+2
x VF (x),

(A.11)
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and

{
∂mx ĥ(x), ∂

n
x ĥ(x)

}
=

2m!n!

(m+ n+ 1)!
~
2∂m+n+1
x f̂(x),

[
∂mx ĥ(x), ∂

n
x f̂(x)

]
=

(n− 2m− 1)m!n!

2(m+ n+ 2)!
~
2∂m+n+2
x ĥ(x),

[
∂mx f̂(x), ∂

n
x f̂(x)

]
=

(n−m)m!n!

(m+ n+ 2)!
~
2∂m+n+2
x f̂(x).

(A.12)

B. Derivatives of χins

α (x, θ)

In this appendix we summarize derivatives with respect to θ and x of

χins
α (x, θ) =

(
1 +

√
β

~

N∑

a=1

αθϑa
x− za

) N∏

a=1

(x− za)−
√

β
~
α (B.1)

defined in (4.3). First order derivatives are equal

∂θχ
ins
α (x, θ) =

α
√
β

~

N∑

a=1

ϑaχ
ins
α (x, 0)

x− za
=
α
√
β

~

N∑

a=1

ϑaχ
ins
α (x, θ)

x− za
,

∂xχ
ins
α (x, θ) = −α

√
β

~

N∑

a=1

χins
α (x, θ)

x− za
− α
√
βθ

~

N∑

a=1

ϑaχ
ins
α (x, θ)

(x− za)2
,

(B.2)

and second order derivatives take form

∂x∂θχ
ins
α (x, θ) =− α

√
β

~

N∑

a=1

ϑaχ
ins
α (x, θ)

(x− za)2
− α2β

~2

N∑

a,b=1

ϑaχ
ins
α (x, θ)

(x− za)(x− zb)
+

+
α2βθ

~2

N∑

a,b=1

ϑaϑbχ
ins
α (x, θ)

(x− za)(x− zb)2
,

∂2xχ
ins
α (x, θ) =

α
√
β

~

N∑

a=1

χins
α (x, θ)

(x− za)2
+
α2β

~2

N∑

a,b=1

χins
α (x, θ)

(x− za)(x− zb)
+

+
2α
√
βθ

~

N∑

a=1

ϑaχ
ins
α (x, θ)

(x− za)3
+

2α2βθ

~2

N∑

a,b=1

ϑaχ
ins
α (x, θ)

(x− za)2(x− zb)
.

(B.3)

Note that in effect the right hand side of ∂x∂θχ
ins
α (x, θ) does not depend on θ.
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C. Loop insertion operators

We define fermionic and bosonic loop insertion operators as follows

∂
(1/2)
VF (x) = −

~√
β

∞∑

n=0

1

xn+1
∂ξn+1/2

,

∂
(1)
VB(x) = −

~√
β

∞∑

n=0

1

xn+1
∂tn .

(C.1)

We also consider their higher order generalizations

∂
(k−1/2)
VF (x) =

(−1)k−1

(k − 1)!

[
∂x,
[
∂x, · · ·

[
∂x︸ ︷︷ ︸

k−1

, ∂
(1/2)
VF (x)

]
· · ·
]]
,

∂
(k)
VB(x) =

(−1)k−1

(k − 1)!

[
∂x,
[
∂x, · · ·

[
∂x︸ ︷︷ ︸

k−1

, ∂
(1)
VB(x)

]
· · ·
]]
.

(C.2)

These operators act on the partition function Z or the wave-function χα(x, θ) as

∂
(k−1/2)
VF (x)

〈
· · ·
〉
=
〈 N∑

a=1

ϑa
(x− za)k

· · ·
〉
,

∂
(k)
VB(x)

〈
· · ·
〉
=
〈 N∑

a=1

1

(x− za)k
· · ·
〉
.

(C.3)

The commutation relations

{
∂
(k−1/2)
VF (x) , VF (z)

}
= − ~√

β

1

(x− z)k ,
[
∂
(k)
VB(x), V

′
B(z)

]
=
{
∂
(k−1/2)
VF (x) , V ′

F (z)
}
= − ~√

β

k

(x− z)k+1
,

(C.4)

lead to

{
∂
(k−1/2)
VF (x) , S+(y;x, θ)

}
=

N∑

a=1

1

(x− za)k(y − za)
,

[
∂
(k)
VB(x), S+(y;x, θ)

]
=

N∑

a=1

kϑa
(x− za)k+1(y − za)

,

[
∂
(k−1/2)
VF (x) , T+(y;x, θ)

]
=

N∑

a=1

kϑa
(x− za)k+1(y − za)

+

N∑

a=1

ϑa
2(x− za)k(y − za)2

,

[
∂
(k)
VB(x), T+(y;x, θ)

]
=

N∑

a=1

k

(x− za)k+1(y − za)
.

(C.5)
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D. Planar analysis

In this appendix we discuss planar solutions in the super-eigenvalue model.

D.1 Planar free energy

Let us introduce bosonic and fermionic planar resolvents

ωB(x) ≡ lim
N→∞
β=1

µ

N

1

Z

〈 N∑

a=1

1

x− za

〉
, ωF (x) ≡ lim

N→∞
β=1

µ

N

1

Z

〈 N∑

a=1

ϑa
x− za

〉
, (D.1)

where µ =
√
β~N is the ’t Hooft parameter, and 〈· · · 〉 denotes the unnormalized expectation

value (3.5). Note that the spectral functions yB(x), yF (x) defined in (3.29), (3.34) are written

in terms of these resolvents as

yB(x) = V ′
B(x)− ωB(x), yF (x) = VF (x)− ωF (x). (D.2)

In the super-eigenvalue model (3.1) at β = 1, let us consider the effective potential

Veff =
1

~

N∑

a=1

V (za, ϑa)−
∑

1≤a<b≤N

log |za − zb − ϑaϑb|. (D.3)

Using (3.8) we then obtain equations of motion for eigenvalues

V ′
B(za) = ~

∑

b6=a

1

za − zb
, VF (za) = ~

∑

b6=a

ϑb
za − zb

. (D.4)

The eigenvalue distribution is described by bosonic and fermionic density operators

ρ̂B(z) =
1

N

N∑

a=1

δ(z − za), ρ̂F (z) =
1

N

N∑

a=1

ϑaδ(z − za), (D.5)

and the eigenvalue densities at large N can be expressed in terms of the planar resolvents

(D.1) as

ρB(z) ≡ lim
N→∞
β=1

1

Z

〈
ρ̂B(z)

〉
=

1

2πiµ
lim
ǫ→0

(
ωB(z − iǫ)− ωB(z + iǫ)

)
,

ρF (z) ≡ lim
N→∞
β=1

1

Z

〈
ρ̂F (z)

〉
=

1

2πiµ
lim
ǫ→0

(
ωF (z − iǫ)− ωF (z + iǫ)

)
.

(D.6)

From (D.3) in the large N limit, we then find that the planar free energy can be written in

terms of these eigenvalue densities

Seff (ρB , ρF ) = −µ
∫

D
dzρB(z)VB(z) +

µ2

2

∫

D×D
dzdz′ρB(z)ρB(z

′) log |z − z′|+

+ µ

∫

D
dzρF (z)VF (z)−

µ2

2

∫

D×D
dzdz′

ρF (z)ρF (z
′)

z − z′ , (D.7)
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where D is the support of ρB(z) and ρF (z), and we have used

log(za − zb − ϑaϑb) = log(za − zb)−
ϑaϑb
za − zb

. (D.8)

D.2 Planar resolvents

To compute the resolvents (D.1) one can use planar equations (3.35) that, using (D.2), can

be written as

ωB(x)ωF (x)−
∮

C

dz

2πi

VF (z)

x− z ωB(z)−
∮

C

dz

2πi

V ′
B(z)

x− z ωF (z) = 0, (D.9)

1

2
ωB(x)

2 +
1

2
ω′
F (x)ωF (x)−

∮

C

dz

2πi

V ′
B(z)

x− z ωB(z)+

−
∮

C

dz

2πi

V ′
F (z)

x− z ωF (z) −
1

2

∮

C

dz

2πi

VF (z)

(x− z)2ωF (z) = 0, (D.10)

where C is the contour around the support D. Around x =∞ the resolvents behave asymp-

totically as

ωB(x) =
µ

x
+O(x−2), ωF (x) =

µf
x

+O(x−2), (D.11)

where

µf ≡ lim
N→∞
β=1

µ

N

1

Z

〈 N∑

a=1

ϑa

〉
= µ

∫

D
dzρF (z) =

∮

C

dz

2πi
ωF (z). (D.12)

As shown in [32–34], the resolvents have at most second-order fermionic couplings of ξn+1/2

ωB(x) = ω
(0)
B (x) + ω

(2)
B (x), ωF (x) = ω

(1)
F (x), (D.13)

where additional superscripts denote orders of fermionic couplings. Therefore equations (D.9)

and (D.10) are filtered by the orders of fermionic couplings, as in [34]

order 0 :
1

2
ω
(0)
B (x)2 =

∮

C

dz

2πi

V ′
B(z)

x− z ω
(0)
B (z), (D.14)

order 1 : V̂ ′B ∗ ω(1)
F (x) = −

∮

C

dz

2πi

VF (z)

x− z ω
(0)
B (z), (D.15)

order 2 : V̂ ′B ∗ ω(2)
B (x) = −1

2
ω
(1)
F (x)∂xω

(1)
F (x)−

∮

C

dz

2πi

V ′
F (z)

x− z ω
(1)
F (z)+

− 1

2

∮

C

dz

2πi

VF (z)

(x− z)2ω
(1)
F (z), (D.16)

order 3 :

∮

C

dz

2πi

VF (z)

x− z ω
(2)
B (z)− ω(1)

F (x)ω
(2)
B (x) = 0, (D.17)

where we have defined a linear operator V̂ ′B acting on a function f(x) of x by

V̂ ′B ∗ f(x) ≡
∮

C

dz

2πi

V ′
B(z)

x− z f(z)− ω
(0)
B (x)f(x). (D.18)
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Assuming the s-cut ansatz [62–64], from the equation (D.14) at order 0 we find a solution

ω
(0)
B (x) =

∮

C

dz

2πi

V ′
B(z)

x− z

√
σ(x)

σ(z)
, σ(x) ≡

2s∏

i=1

(x− qi), (D.19)

where by the asymptotic condition (D.11) for ωB(x) one finds the following conditions for qi:

∮

C

dz

2πi

zkV ′
B(z)√
σ(z)

= µδk,s, k = 0, 1, . . . , s. (D.20)

These conditions imply that the kernel of the operator V̂ ′B is given by

ker(V̂ ′B) ⊃
{

xk√
σ(x)

, k = 0, 1, . . . , s

∣∣∣∣ qi’s satisfy the conditions (D.20)

}
. (D.21)

Using the solution (D.19) we then consider the equation (D.15) at order 1, and find a solution

ω
(1)
F (x) =

∮

C

dz

2πi

VF (z)

x− z

√
σ(z)

σ(x)
+

Θ(x)√
σ(x)

, (D.22)

where

Θ(x) ≡
s−1∑

k=0

µ
(k)
f xk, µ

(s−1)
f ≡ µf (D.23)

is an undetermined function with first-order fermionic couplings µ
(k)
f . Actually, by an ex-

change of contours

∮

C1

dz1
2πi

∮

C2

dz2
2πi

VF (z1)V
′
B(z2)

(x− z1)(z1 − z2)

√
σ(z1)

σ(z2)
=

∮

C1

dz1
2πi

∮

C2

dz2
2πi

V ′
B(z1)VF (z2)

(x− z2)(z2 − z1)

√
σ(z2)

σ(z1)
,

(D.24)

we see that the first term of (D.22) satisfies the equation (D.15) (the notation
∮
C1
dz1

∮
C2
dz2

above means that the contour C1 contains the contour C2; the contribution coming from the

pole at z1 = z2 vanishes by the exchange of contours). The second term is in the kernel (D.21)

of the operator V̂ ′B, and it is provided by the asymptotic condition (D.11) for ωF (x).

By plugging the solution (D.22) into the right hand side of the equation (D.16) at order

2 we obtain

V̂ ′B ∗ ω(2)
B (x) =

=
1

2

∮

C1

dz1
2πi

∮

C2

dz2
2πi

VF (z1)VF (z2)
√
σ(z1)σ(z2)

(x− z1)(x− z2)2σ(x)
− 1

2

∮

C1

dz1
2πi

∮

C2

dz2
2πi

VF (z1)VF (z2)
√
σ(z2)

(x− z1)2(z1 − z2)
√
σ(z1)

+
Θ(x)

2σ(x)

∮

C1

dz1
2πi

VF (z1)
√
σ(z1)

(x− z1)2
+

Θ′(x)

2σ(x)

∮

C1

dz1
2πi

VF (z1)
√
σ(z1)

x− z1

− 1

2

∮

C1

dz1
2πi

VF (z1)Θ(z1)

(x− z1)2
√
σ(z1)

− Θ(x)Θ′(x)

2σ(x)
−
∮

C

dz

2πi

V ′
F (z)

x− z ω
(1)
F (z), (D.25)
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which can be rewritten using the Cauchy’s integral formula as

V̂ ′B ∗ ω
(2)
B (x) =

=
1

2

∮

C

dz

2πi

∮

C1

dz1
2πi

∮

C2

dz2
2πi

VF (z1)VF (z2)
√
σ(z1)σ(z2)

(x− z)(z − z1)(z − z2)2σ(z)

− 1

2

∮

C

dz

2πi

∮

C1

dz1
2πi

∮

C2

dz2
2πi

VF (z1)VF (z2)
√
σ(z2)

(x− z)(z − z1)2(z1 − z2)
√
σ(z1)

+
1

2

∮

C

dz

2πi

∮

C1

dz1
2πi

Θ(z)VF (z1)
√
σ(z1)

(x− z)(z − z1)2σ(z)
+

1

2

∮

C

dz

2πi

∮

C1

dz1
2πi

Θ′(z)VF (z1)
√
σ(z1)

(x− z)(z − z1)σ(z)

− 1

2

∮

C

dz

2πi

∮

C1

dz1
2πi

VF (z1)Θ(z1)

(x− z)(z − z1)2
√
σ(z1)

− Θ(x)Θ′(x)

2σ(x)
−
∮

C

dz

2πi

V ′
F (z)

x− z ω
(1)
F (z). (D.26)

In this expression, by exchanging the contour C with contours C1 and C2, the second, the

fifth and the last term cancel out and we obtain

V̂ ′B ∗ ω(2)
B (x) = −1

2

2s∑

i=1

1

(x− qi)σ′(qi)
(
Ξ
(1)
i −Θ(qi)

)(
Ξ
(2)
i −Θ′(qi)

)
, (D.27)

where we have introduced fermionic moments

Ξ
(n)
i ≡

∮

C

dz

2πi

VF (z)

(z − qi)n
√
σ(z). (D.28)

By taking into account the kernel (D.21) of the operator V̂ ′B and the asymptotic condition

(D.11) for ωB(x), we find a solution of (D.27) in the form

ω
(2)
B (x) = −1

2

2s∑

i=1

(
Ξ
(1)
i −Θ(qi)

)(
Ξ
(2)
i −Θ′(qi)

)

Miσ′(qi)(x− qi)
√
σ(x)

+
Υ(x)√
σ(x)

, (D.29)

where

Υ(x) ≡
s−2∑

k=0

µ
(k)
ff x

k (D.30)

is an undetermined function with second-order fermionic couplings µ
(k)
ff , and Mi are the first

bosonic momenta

Mi ≡
∮

C

dz

2πi

V ′
B(z)

z − qi
1√
σ(z)

. (D.31)

Let us finally consider the last equation (D.17) at order 3, which gives constraints for

undetermined functions Θ(x) in (D.23) and Υ(x) in (D.30). Using the Cauchy’s integral

formula the equation (D.17) is written as

∮

C

dz

2πi

VF (z)

x− z ω
(2)
B (z)−

∮

C

dz

2πi

1

x− zω
(1)
F (z)ω

(2)
B (z) = 0. (D.32)
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Plugging the solutions (D.22) and (D.29) into this equation, we see that the first term is

canceled out by a term coming from the exchange of contours in the second summand. We

then obtain

2s∑

i=1

Ξ
(1)
i −Θ(qi)

(x− qi)σ′(qi)

[
− 1

2

2s∑

j 6=i

1

(qi − qj)Mjσ′(qj)

(
Ξ
(1)
j −Θ(qj)

)(
Ξ
(2)
j −Θ′(qj)

)
+Υ(qi)

]
= 0.

(D.33)

The residues at x = qi, i = 1, . . . , 2s, give 2s constraints for Θ(x) and Υ(x)

(
Ξ
(1)
i −Θ(qi)

) [
− 1

2

2s∑

j 6=i

1

(qi − qj)Mjσ′(qj)

(
Ξ
(1)
j −Θ(qj)

)(
Ξ
(2)
j −Θ′(qj)

)
+Υ(qi)

]
= 0.

(D.34)

These equations give constrains for s indeterminates µ
(k)
f in Θ(x) and s − 1 indeterminates

µ
(k)
ff in Υ(x). In particular in the 1-cut (s = 1) case Υ(x) = 0, so that these constraints give

(
Ξ
(1)
1 − µf

)(
Ξ
(1)
2 − µf

)
= 0, (D.35)

and one finds that one solution can be written as [34]

µ̃f =
Ξ
(1)
1 + Ξ

(1)
2

2
=

1

2

∮

C

dz

2πi

VF (z)σ
′(z)√

σ(z)
, σ(z) = (z − q1)(z − q2). (D.36)

In fact this solution has an ambiguity

µf = µ̃f + c(q1, q2)
(
Ξ
(1)
1 − Ξ

(1)
2

)
, (D.37)

where c(q1, q2) = −c(q2, q1) is a bosonic function of q1 and q2; if Ξ
(1)
1 = Ξ

(1)
2 , the equation

(D.35) is trivially satisfied and does not determine µf .

Summarizing the above results, the s-cut solution of the planar resolvents is given by

ωB(x) =

∮

C

dz

2πi

V ′
B(z)

x− z

√
σ(x)

σ(z)
− 1

2

2s∑

i=1

(
Ξ
(1)
i −Θ(qi)

)(
Ξ
(2)
i −Θ′(qi)

)

Miσ′(qi)(x− qi)
√
σ(x)

+
Υ(x)√
σ(x)

, (D.38)

ωF (x) =

∮

C

dz

2πi

VF (z)

x− z

√
σ(z)

σ(x)
+

Θ(x)√
σ(x)

, (D.39)

with the constraint equations (D.34), where C is the contour around all the branch cuts of√
σ(x). This formula is the multi-cut version of the one-cut solution derived in [34]. By

(D.2) we then also obtain the spectral functions yB(x) and yF (x). To determine the branch

points qi one can use the s+1 constraint equations (D.20). For s ≥ 2, as in the usual bosonic

model, in addition to this asymptotic condition we also need to consider s − 1 constraint

equations representing stability conditions among cuts, or the filling fractions along each cut

(see e.g. [64, 65]).

We consider examples of planar one-cut solutions in the super-gaussian and the super-

multi-Penner models in sections 7.1 and 7.2.
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