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Abstract

Denoising has to do with estimating a signal x¢ from its noisy observations y = xo + z. In this paper,
we focus on the “structured denoising problem”, where the signal xo possesses a certain structure and z
has independent normally distributed entries with mean zero and variance o2. We employ a structure-
inducing convex function f(-) and solve mine{3|ly — x|[3 + oAf(x)} to estimate xo, for some A > 0.
Common choices for f(-) include the £; norm for sparse vectors, the ¢1 — ¢2 norm for block-sparse signals
and the nuclear norm for low rank matrices. The metric we use to evaluate the performance of an estimate

x" is the normalized mean-squared-error NMSE (o) = . We show that NMSE is maximized as
o — 0 and we find the ezact worst case NMSE, which has a simple geometric interpretation: the mean-
squared-distance of a standard normal vector to the A-scaled subdifferential Adf(x0). When X is optimally
tuned to minimize the worst-case NMSE, our results can be related to the constrained denoising problem
mingxy< f(x) 1|y — X||2}. The paper also connects these results to the generalized LASSO problem, in
which, one solves min f(x)< f(x){||[¥ — Ax||2} to estimate x¢ from noisy linear observations y = Axq + z.
We show that certain properties of the LASSO problem are closely related to the denoising problem. In
particular, we characterize the normalized LASSO cost and show that it exhibits a “phase transition” as
a function of number of observations. Our results are significant in two ways. First, we find a simple
formula for the performance of a general convex estimator. Secondly, we establish a connection between
the denoising and linear inverse problems.
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1 Introduction

Signals exhibiting structured behavior play a critical role in various applications. In particular, sparse
signals, block-sparse signals, low-rank matrices and their many variations are often the underlying solutions
of problems, with applications ranging from MRI to recommendation systems to DNA microarrays, [1-9].
Hence, a significant amount of work has been dedicated to developing and analyzing algorithms, that can take
advantage of the signal structure. In this work, we will be considering the estimation of structured signals
corrupted by additive noise via convex optimization. Under Gaussian noise assumption, we will provide
an exact characterization of the estimation performances of useful convex algorithms based on prozimity
operator. Proximity operator corresponding to a function f(-) at a point y is given by,

o1
prox(y,A) = argm)gnﬂy—XIIg +Af(x) (1.1)
Proximity operator was first introduced by Moreau in [10]. It has several nice properties, it can often be

evaluated quickly and it constitutes the backbone of the proximal algorithms, [10-17]. The topic of this work
is to understand and characterize the estimation capabilities of proxf(~) when y is the noisy observations
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of an underlying structured signal xg. Our results will be particularly meaningful when f(-) is structure
inducing. The prime example is the ¢; norm, in which case (1.1) is known as “soft-thresholding the entries
of y” and has the following closed form solution, [4,15,31,40,73],

yi— Aifys > A
[prox;(y, )i = q 0 if |y;| < A . (1.2)
yi + A else

While sparse signal estimation is the fundamental question in compressed sensing and properties of £; min-
imization has been studied extensively, recent literature shows that, various other signal forms show up in
diverse set of applications and these applications are growing in a daily basis, [7,43-46,48,49,51,52,54-60,70].
Consequently, a uniform treatment of the structured signal recovery problems is highly desirable. With this
intention, we will loosely say, xq is a structured signal and f(:) : R" — R is a convex function that exploits
this particular structure. Such structured signal-function pairs include the sparse vectors and the ¢; norm,
and the low-rank matrices and the nuclear norm. Chandrasekaran et al. [8] and Bach [9] consider systematic
ways of finding the structure-inducing function given the characteristics of the signal.

With this motivation, we will provide sharp estimation guarantees for the general problem (1.1) where
y = Xg + ov, Xq is a structured signal, and v is the noise vector; whose entries are independent standard
normal. As it has been observed in the relevant literature, [19,29, 30,34], when noise has variance o2, it is
useful to consider the slight modification of (1.1),

o1
prox, (y, o) = argmin |ly — x| + 02 (%) (1.3)

which takes the normalization for ¢ into account. We focus on finding a tight upper bound on the normalized-
mean-squared-error (NMSE) defined as,

IE[Hproxf(xo +ov,0)N) —x0[|3]

_ (1.4)

o
NMSE (1.4) is a function of variance o2, vector x¢ and function f(-). We find a formula for the highest value
of NMSE over ¢ > 0, which is only a function of f(-) and x¢. To state our result, we need to introduce some

notation.
o Subdifferential: The set of subgradients of a convex function f(-) at xo will be denoted by 9f(xg).
e Distance: Given a nonempty set C, the distance of a vector v to C is dist(v,C) := infyec |V — ul|2.

o Mean-squared-distance (MSD): Let g € R™ be a vector with standard normal entries and C be a
nonempty set. Define D(C) = E[dist(g, C)?].

The following theorem gives a sample result.

Theorem 1.1 (Worst Case NMSE). Assume f(-) : R™ — R is a convex function, xo € R", A > 0 and v has
independent standard normal entries. Then,

s E[[|proz;(xo + ov, o)) — %3] — D(Af(x0)). (1.5)

>0 o2

Furthermore, the worst case NMSFE is achieved as o — 0.

Remark 1: Observe that, the result is not interesting if the function is differentiable at xg, in which case,
subdifferential is a singleton. It becomes useful when the subdifferential is large; which decreases the distance
term D(ADf(x0)).
Remark 2: The fact that worst case NMSE is achieved as ¢ — 0 has been observed in relevant problems
which will be discussed later on [33-35,40]

The quantity D(AJf(x0)) may seem abstract at first sight. However, for the problems of interest, the
subdifferential df(xo) is a highly structured and well-studied set, [1,23,28]. Several works, [8,25, 34, 61],
provide useful upper bounds on this quantity for certain structured signal classes.



k-sparse, xo € R" Rank r, X, € R%*4 k-block sparse, xo € R

D(A\Of(x0)) | (A2 43)k for A > /2log % | Ar+2d(r+1) for A>2Vd | (A +b+2)k for A >vVb+ /2logL

Table 1: Closed form upper bounds for D(AJf(x0)) corresponding to (1.6), (1.7) and (1.8) (from [34,61]).

1.1 Examples

We will now list some specific examples which are applications of Theorem 1.1 in combination with Table 1.

1. Sparse signal estimation: Assume xy € R" has k nonzero entries and v has independent standard
normal entries and y = X¢ 4+ ov. Pick f(-) as the £; norm. Then, for A > ,/2log %,

E[|[prox,, (y, o) — xo/|3]
2

< (A + 3)k. (1.6)

g

2. Low-rank matrix estimation: Assume Xg € R4*? is a rank r matrix, n = d x d. This time, xo € R™
corresponds to vectorization of X and f(-) is chosen as the nuclear norm || - || (sum of the singular values
of a matrix) [45,48]. Hence, we observe y = vec(Xg) + ov and estimate X, as,

o1
prox, (y, o) = argmin = |ly — vee(X) 3 + oA|X] ..

Then, whenever A > 2v/d, normalized mean-squared-error satisfies,

]E[Hprox*(y, U)‘) B XOH%‘]

2
. < (A2 + 2d)r + 2d. (1.7)

g

3. Block sparse estimation: Let n = ¢ x b and assume the entries of xg € R™ can be grouped into ¢ known
blocks of size b so that only k of these t blocks are nonzero. To induce the structure, the standard approach
is to use the ¢; o norm which sums up the ¢» norms of the blocks, [7,50,51]. In particular, denoting the
subvector corresponding to i’th block of a vector x by x;, the £1 » norm is equal to [|x[12 = 2'_, ||x;]2. Pick

f() =1 "l and assume A > vb+ ,/2log £, v has independent standard normal entries and y = xg + o'v.

E[|[prox,, ,(y, oA) — xol|3]
2

. < (A2 +b+2)k. (1.8)

1.2 Relevant literature

Proximity operator with ¢; minimization has been subject of various works and results of type (1.6) is
known [4,8,27,29]. Block sparse signals have been studied in [40,50]. NMSE properties of low-rank matrices
has been analyzed in detail by [35-37]. Our main contribution is giving the exact worst case NMSE for
arbitrary convex functions. As a side result, we provide closed form upper bounds such as (1.6), (1.7) and
(1.8). Closer to our results, in [19], Bhaskar et al. considers denoising via structure inducing “atomic norms”
with a focus on line spectral estimation. However, their error bounds are looser than what Theorem 1.1 gives.
For example, in (1.7), we are able to bound the error in terms of the sparsity of the vector; whereas [19]
bounds in terms of the ¢; norm of the vector which can be substantially larger. In [20], Chandrasekaran
and Jordan consider the “constrained denoising” problem which enforces the constraint f(x) < f(xg) rather
than penalization oA f(x) in (1.3). As it will be discussed in Section 3, their results are consistent with ours;
however, we additionally show that NMSE bounds are sharp as ¢ — 0.

A more challenging problem occurs when y is arising from noisy linear observations Axy and we have to
solve an underdetermined linear inverse problem. In this case, we can consider a variant of (1.1), namely,

1
argmxin§||y—AxH§+)\f(x). (1.9)

When f(-) is the ¢; norm and xg is a sparse signal (1.9) is known as LASSO. LASSO has been the subject of
great interest as it is a natural and powerful approach to noise robust compressed sensing [43,73-78]. Section




3 provides certain results on LASSO and connection of our results to the linear inverse problems in more
detail.
Some of the advantages of our results are as follows.

e In various compressed sensing or estimation results, guarantees are orderwise rather than the exact
quantities. For example, while NMSE of O (dr) is orderwise optimal for nuclear norm minimization
(recall (1.7)), it is often critical to know the actual constant term that multiplies dr for real life
applications. For Gaussian noise, it is known that, this constant is as small as 6 rather than being, say,
1000 (set A = 2v/d in (1.7)). Consequently, a formula that gives the exact performance is desirable.

e Instead of finding case specific results for various structured signal classes, we are stating our results
for a generic convex function f(-); which allows us to systematically obtain the specific instances. The
only required information is the subdifferential df(xo).

e As it will be discussed in Section 3, we will relate Theorem 1.1 to the linear inverse problem (1.9) and
in fact, we will find a general relation between them, in connection to the recent results of [8,25]. In
particular, for both problems, the subdifferential based quantity, D(AJf(xo)), plays a critical role.

To provide a better intuition about our results, we will now exemplify other possible signal forms and the
associated structure inducing functions.

2 Common structures and the associated functions

We consider the following low dimensional signal models and for each case, we explain the signal structure
and provide the convex function f(-) that exploits the structure.

e Sum of a low rank and a sparse matrix: The matrix of interest Xy can be decomposed into a low
rank piece Lo and a sparse piece Sg, hence it is a “mixture” of the low rank and sparse structures. This
model is useful in applications such as video surveillance and face recognition, [57,58]. In this case, function
f(-) should be chosen so that it simultaneously emphasizes sparse and low rank pieces in the given matrix.

FX) = _inf Il + 18] (2.1)

(2.1) is known as the infimal convolution of the ¢; norm and the nuclear norm, [56,58].

e Discrete total variation: In many imaging applications, [64,66,67], the signal of interest x( rarely
changes as a function of time. Consequently, letting d; = xg,j41 —Xg,;for 1 <i<n—-1,d € R~ becomes a
sparse vector. To induce this structure, one may minimize the total variation of xg, namely ||xo||7v = ||d]|1-

e Nonuniformly sparse signals and weighted ¢; minimization: In many cases, we might have prior
information regarding the sparsity pattern of the signal, [52-55]. In particular, the signal xo might be
relatively sparse over a certain region and dense over another. To exploit this additional information we can
use a modified /; minimization where different weights are assigned to different regions. More rigorously,
assume the set of entries {1,2,...,n} is divided into ¢ disjoint sets St, ..., S; that correspond to regions with
different sparsity levels. Then, given a nonnegative weight vector w = [wy wy ... wy], weighted £1 norm ||x||,

can be given as:
t
el =Y S ws Y ]
=1

i= JES;

e Other models: We can include various other models: signals that are sparse and positive, [41,42]; positive
semidefinite constraints, [45,46]; simultaneously sparse and low rank matrices, [68—70]; permutation matrices,
binary vectors, cut matrices, [8]; etc.

3 Main Contributions

3.1 Notation

Before stating our main results, we will introduce the relevant notation. N'(0,02L,) is used to denote the
distribution of a vector in R™ with independent Gaussian entries with variance ¢? and mean zero. For a



convex function f(-) : R™ — R, the set of subgradients of f(-) at x is denoted by df(x). df(x) is a nonempty,
convex and compact set, [88]. Given a set A and A € R, AA will denote the set obtained by scaling elements
of A by A. The cone obtained by A is given as,

cone(A) = {Ax € R"|x € 4, > 0}.

When A, B are two sets, A + B will denote the Minkowski sum {a + b‘a € A and b € B}. The closure of a
set A will be denoted by CI(A). We will now briefly describe our notation on convex geometry. The distance
between a set nonempty set C and a point x € R™ is given as: dist(x,C) = mingec ||x — s||2. When C is closed
and convex, there exists a unique point in C that is closest to x called the “projection of x on C”. This point
will be denoted by Proj(x,C). Basically, Proj(x,C) € C and,

||lx — Proj(x,C)||2 = dist(x,C).
The polar cone of C, which is always closed and convex, will be denoted by C* and is given as:

C* ={v|(v,x) <0forall x € C}.

3.1.1 Useful concepts

Mean-squared-distance Let C be a nonempty subset of R™. The mean-squared-distance (MSD) to C will
be denoted by D(C) and is defined as,

D(C) = Eldist(g,C)?) (3.1)
where g ~ N(0,I). The relevant definitions have been used in [34,61]. This definition is closely related to
the concepts like “statistical dimension” of [25] and “Gaussian width” of [8].

Feasible sets and tangent cones: Given a convex function f(-) : R™ — R, the descent set at xq is given as
Fy(x0) = {z|f(x0 +2z) < f(x0)}. Then, the tangent cone at xq is defined as Ty(xo) = Cl(cone(Fy(xp))). In
particular, when xq is not a minimizer of f(-), we have Tt (xo) = cone(df(xo))*. In fact, this will be the only
assumption we will be making besides the convexity of f(-). The details of this result can be found in [84,86].
In a similar manner, for a convex set C and xg € C, the set of feasible directions at x¢ is denoted by Fe(xq)
and is given by F¢(xo) = {z|xo+z € C}. Then, the tangent cone at x becomes T¢(xo) := Cl(cone(F¢(xq))).

3.2 Results on denoising

Throughout the discussion below, we assume Xq is not a minimizer of f(-).

Theorem 3.1 (Constrained denoising). Let C be a nonempty, convezr and closed set and let xo be an arbitrary
vector in C. Let,

proge(y) = argmin [[y — x|>. (3.2)
Assume v ~ N(0,1,,). Then,

- E[|| proze(xo + ov) — xo13] = D(Te(x0)"). (3.3)

a>0 0'2

Furthermore, the equality above is achieved as o — 0. Now, let f(-) : R™ — R be a convex function and
choose C = {x € R"| f(x) < f(xo)}. For this choice, we have,

ma ELIPrO2e(3X0 V) = X0l) _ 1y 5)%) = D cone(df (x0))). (3.4

>0 02

Remark: The constrained and the regularized denoising problems are closely related. To relate these, con-
sider the right hand sides of (3.4) and (1.5), in particular, the quantities, D(cone(0f(xo))) and D(AOf(x0)).
Since AJf(xg) is subset of cone(df(xg)), for all A > 0, one has,

D (cone(df (x0))) < D(AIf (xo))-



Denoising with ¢;-minimization

600 ; T B

=

wn

= ,

= ~--D(X0f (x0))

%200 —D(cone(9f(x0)))

O

5200¢ ]

E

100[, .

0 ‘ ‘ ‘
0 100 00 400 500

200 3
Sparsity (k)

Figure 1: We assumed x¢ is a k sparse vector in R%%° and picked f(:) to be the £;-norm. The solid red line
corresponds to D(cone(df(x0))) and dashed blue lines correspond to D(AJf(x0)) for A from 0 to 1.5. In case of

£1 minimization, both quantities are solely functions of the sparsity. Observe that D(cone(df(xo))) is always upper
bounded by D(A9f(xo)).

On the other hand, as it will be discussed later on, when f(-) is a norm, making use of the results of [25], we
can actually obtain,

SUPseo f(xo) ||S||2
X
i ono\lz)

(3.5) can be simplified for structure inducing functions. For example, when xq is a k sparse vector in R™,
right hand side can be replaced by 2\/% . For the low-rank and block-sparse signals described in Section 1.1,

we can use 2\/2 and 2\/% respectively.

Our next result considers a mixture of constrained and regularized estimators.

0< r/\nzing()\af(xo)) — D(cone(9f(xp))) <2 (3.5)

Theorem 3.2 (General upper bound). Assume C is a nonempty, convex and closed set and f(-) : R® — R
is a convex function. Assume xg € C, A >0 and v ~ N(0,1,,). Consider the following estimator,

. 1
prozge(y,o\) = argmin oA f(x) + 3 [ly = x[3. (3.6)
For any o > 0, we have,

Ell||proz oV,0\) — 2
[llp f)c(xo+2v, ) X0”2]SD()\af(Xo)+Tc(X0)*)~ (3.7)

g

3.3 Connecting the NMSE to the linear inverse problem

We now turn our attention to the connection between the noiseless linear inverse problem and normalized
MSE. Linear inverse problem is the problem of recovering a signal of size n from m noiseless linear observations
y = Axq. To tackle this problem, when m < n, in a generic setup, a common approach is to make use of a
structure inducing function f(-) and solving,

min f(x) subject to y = Ax. (3.8)

It is known that, for structured signals, (3.8) exhibits a phase transition from failure to success as the number
of observations increases. Works by Chandrasekaran et al. [8] and Amelunxen et al. [25] showed that, this
phase transition occurs around m ~ D(cone(df(x¢))). This is impressive as D(cone(df(x¢))) not only
corresponds to the worst case NMSE of the constrained denoising (3.2); but also to a seemingly unrelated
problem (3.8). This observation was first made by Donoho et al. in [40]. Authors in [40] effectively claimed
that, the worst case NMSE of optimally tuned (1.3) corresponds to the phase transition point of (3.8). We
show that, this is indeed the case as miny>o D(AJf(x0)) = D(cone(df(x¢))) (recall (3.5)). Hence, our results
combined with [8,25] rigorously justifies the claims in [40].



3.4 Relation to LASSO

As a next step, we will now briefly extend our results to the estimation of xy from noisy linear observations
of xg. While many generic compressed sensing problems deal with matrices with independent identically
distributed entries, we will be stating our results for a random partial unitary matrix A. In other words, A
is generated uniformly at random among the matrices satisfying A € R™*"™ and AAT =1,,.

Matrices with independent standard normal entries and uniformly random unitary matrices are clearly
not identical; however, they are closely related. For instance, both matrices have uniformly distributed null
spaces with respect to the Haar measure. This ensures that, the two matrices have statistically identical
behavior for the purposes of the noiseless linear inverse problem (3.8), [25].

We observe y = Axg+ov where v ~ N(0,I). This is the standard setup for noisy linear inverse problems
and it is used in numerous papers including [29, 30,43, 73-75]. In order to estimate xo from y, we will be
using the following generalized setup,

min ||y — Ax||3 subject to x € C. (3.9)

We can again relate this problem to the classic LASSO when xq is sparse and when we choose C = {x €
R™ | [[x]l1 < [Ixo[[1}. When f(:) is an arbitrary function, we can use C = {x € R" | f(x) < f(x0)}.

We have the following result that relates optimal LASSO cost and the LASSO error to D(T¢(x0)*) and
also D(cone(df(x)))-

Theorem 3.3. Assume C is a nonempty, closed and convex set and xg € C. Assume A € R™*™ is a partial

unitary matriz generated uniformly at random. Let the noise vector v .~ N(0,I) be independent of A and
y = Axg + ov. Denote the minimizer of (3.9) by x* = x*(y,A). Conditioned on A, define the normalized
LASSO cost and “projected LASSO error” as follows,

. E — Ax*||2 EMAx* — Axnll2
Frasso(A) = lim u, npasso(A) = max [l oll3]

o—0 o2 >0 o? 7

where the expectation is over v. Then, there exists constants c1,co > 0 such that,

) (m=D(Te(x0)"))* )

n )

o Whenever m < D(T¢(x0)*), with probability 1 — ¢; exp(—c
nLASSO(A) =m and FLASSO(A) =0.

o Whenever m > D(T¢(x0)*), with probability 1 — c; exp(—cat?),

D(Te(x0)*) — tv/n <npasso(A) < D(T¢(x0)*) + tv/n,
m —D(Te(x0)") — tv/n <Frasso(A) <m —D(Te(x0)*) +tv/n

Here, the probabilities are over the random measurement matriz A.

This theorem suggests that, 74550 and Fj,asso has a phase transition around the point m ~ D(T¢(x0)*);
which not only shows up in (3.4) but also corresponds to the phase transition point of (3.8) (setting
C={xeR" | f(x) < f(x0)}). When m < D(T¢(x0)*), one cannot recover Xg, even from the noise-
less observations Axg; as a result, it is futile to expect noise robustness. In this regime, our result suggests,
npasso = m. When the number of measurements are more than the phase transition point, interestingly,
NLAsso stops growing proportionally to m and takes a value around D(7T¢(x0)*) depending on the particular
realization of A.

While this is an interesting phenomenon, we should emphasize that, the more critical question is
rather than the projection of the error term on A. This problem has been investigated for Gaussian mea-
surement matrices and for ¢;-minimization in a series of work, [29,30,76,77]. However, to the best of our
knowledge, Theorem 3.3 is the first result, that relates the LASSO cost and error to the convex geometry of
the problem in a general framework.

E[|lx* —xo|13]
2



3.5 Organization of the paper
The rest of this work is dedicated to the technical aspects of the theorems stated in this section. A summary
of the consequent sections are as follows.

e Section 4, Upper bounding the error: We will start by introducing the optimality conditions for the
problem (3.6). Then, we will find a tight upper bound to the resulting MSE. This will prove Theorem 3.2.

e Section 5, Lower bounding the error: We will restrict our attention to the analysis of the proximity
operator (1.3). As ¢ — 0, we will find a lower bound; which is arbitrarily close to the upper bound. This
will prove Theorem 1.1. We use a similar argument for the constrained problem described in Theorem 3.1.

e Section 6, Further discussion: Following from (3.5), we discuss the relation between optimally tuned
(over \) “regularized estimator” (1.3) and the “constrained estimator” (3.2).

e Section 7, Connection to LASSO: The proof of Theorem 3.3 will be provided. This proof requires
some technical details related to the intersection of a random subspace and a cone. In particular, we will
characterize certain properties of the intersection by using a modification of the results provided in [25]. We
will also give examples to illustrate generality of our results.

4 Upper Bound and Its Interpretation
For the rest of the paper, we will make the following assumptions.
o f(-):R™ — R is a convex function.
e C C R” is a nonempty, convex and closed set.
e x5 €C.

Notation: When it is clear from context, the minimizer of an optimization over x will be denoted by x*.
Following from Section 3.1, for a closed and convex set C, the “distance vector” from C to x is defined as
x — Proj(x,C) and is denoted by II(x,C). Since projection is the nearest point, [|TI(x,C)||s = dist(x,C).

To distinguish the deterministic analysis from stochastic analysis, we will allocate 7 and solve,

1 2
* = i Zlly — 4.1
X argglelng(X) + 2Hy x||3 (4.1)

when the noise is deterministic. When noise is distributed as N(0,02I), we will set 7 = oA and X\ will
correspond to the penalty for stochastic noise.

4.1 Upper bounding the error

Lemma 4.1 (Optimality conditions). Lety = xo+2z and assume f(-) is a convez function and C is a convex
and closed set containing xo. Let 7 > 0. Consider the problem (4.1). x* is the unique optimal solution if
and only if there exists s € f(x*) and u € Te(x*)* such that:

Tstu+x =y (4.2)
Alternatively, we can state (4.2) in terms of the error vector w* = x* — x¢ and the noise z, as follows.
Ts+u+w =z (4.3)

Proof. The fact that “x* is the optimal solution if and only if (4.2) holds” follows from Proposition 4.7.2
of [86] and considering the subdifferential of the objective 7 f(x) + 3 |ly —x[|3. On the other hand, uniqueness
follows from the strict convexity of the objective function of the proximity operator (4.1). O

The next lemma provides an upper bound on the ¢ norm of the error term w* = x* — xq.

Lemma 4.2. Consider the problem (4.1). Let w* = x* — xo. Assuming the setup of Lemma 4.1, we have:

[IW*|l2 < dist(z, 70f (x0) + T (x0) ™).



Proof. Before starting the proof we emphasize that 70 f(x¢) + T (x0)* is closed due to the fact that 70 f(x)
is compact and T¢(xg)* is closed. From the optimality conditions, there exists s € 9f(x*) and u € T¢(x*)*
such that (4.3) holds. Now, let KC := K(C, f,x0) = 70f(x0) +Tc(x0)*. Further, let sg € 0f(x0), up € Te(x0)*
and wog = z — 7sg — ug. We will first explore the relation between the dual vectors and w*. The following
inequality follows from the standard properties of the subgradients.

(W) T's > f(xo+w") — f(x0) > (W) sp = (W) (s —s0) >0 (4.4)
Since u € T¢(x*)* and —w* € Te(x*), we have:
(u,w*) >0 (4.5)
Similarly, ug € T¢(x0)* and w* € T¢(xg), hence:
(ug, w*) <0 (4.6)
Overall, combining (4.4), (4.5) and (4.6), we find:
(W, (u+78) — (up +780)) >0 (4.7
From (4.7), we will conclude that ||[w*|2 < ||woll2. (4.7) is equivalent to:
(W, (2= w") = (z = wp)) = (W, wp —w") 20 = [[w'[ < (W", wo) < [[w"[|allwol2  (4.8)

Hence, we indeed have: |wgll2 > |[w*||2. Since this is true for all sy, up, we can choose the wy with the
shortest length, namely, choose wq to be the distance vector wo = II(z, T¢(x0)* + 79 f(%0)) to conclude. O

As a direct application of Lemma 4.2, we can upper bound the expected errors as follows when z is
stochastic.

Proposition 4.1. Let ¢ > 0, A > 0. In problem (4.1), let z = ov, where v.~ N(0,1). Then,
e Denote the minimizer of (4.1) by x* = x*(7,2). Letting 7 = o,

w < D(AIf (x0) + Te(x0)"). (4.9)

o
o Let \* = argminy>o D(AJf(x0) + Tc(x0)*). By choosing T = Ao in (4.1) and using (4.9) we have,

x* — xo||3
LQOHQ] < IglzigD(/\af(Xo) + Te(x0)™) (4.10)

g

e Setting C =R"™ in (4.9), we show <-direction of Theorem 1.1.
o Setting f(-) =0 in (4.9), we show <-direction of Theorem 3.1.

Proof. Let 7 = oA and w*(1,2) = x*(7,2) — Xo. From Lemma 4.2, the noise in (4.1) satisfies:
Ilw*(1,2)||2 < dist(z, o A0 f(x0) + Te(x0)") = dist(ov, o NI f (x0) + Te(%x0)™).
Taking the squares of both sides and normalizing by ¢2, we find,

Iw* ()3 _ .
TQ < dist(v, A0 f (x0) + Te(x0)*)%.
Now, taking the expectations of both sides and using v ~ N(0,I), we end up with the first statement (4.9).
Second statement follows immediately. For third statement, observe that if C = R™ (i.e. no constraint) then
Fe(x0) =R™ and T¢(xg)* = {0}. Finally, if f(-) =0 (i.e. no penalization), 9f(xq) = Adf(xo) = {0}.

O



4.2 First order approximation

In this section, we will consider the first order approximation of the proximal denoising problem around xg
and we will argue that, the error term of the first order problem is exactly same as the upper bound provided
in Lemma 4.2. This will provide a good intuition for our consecutive results, which argue that the least
favorable noise distribution that maximizes normalized MSE occurs as ¢ — 0.

Notation: Given w, xq, f(+), € > 0, the ratio M is nondecreasing as a function of e. Furthermore,
the “directional derivative” along w is defined as [84,88],

lim f(xo +ew) — f(xo)

e—0 €

— Flxaw) (411
It is known that, [88], there is a trivial relation between the directional derivative and the subgradients,

f(xo,w) = sup (w,s). (4.12)
s€0f(xo0)

We will extensively make use of this equality later on. Finally, let us denote the “set of maximizing subgra-
dients” of f(-) at xo along w, via 9f(xg,w). In particular,

df(xo, W) :={s € 0f(xo)|s"w=sup (s')"w} (4.13)
s’€0 f(xo)

0 f(xp,w) basically corresponds to a face of the subdifferential along w. Observe that, the supremum on the
right hand side is the directional derivative of f(-) at x¢ along w.

4.2.1 Approximated problem

e Approximating the function f(-) at xo: We will use the first order approximation fy,(-) of f(-) at
Xg, which is achieved via directional derivatives. In particular, we will let:

fxO (x) = f(xp) + sup (s,x—Xq) (4.14)
s€0f(xo0)

It is known that, f(-) behaves like fy,(-) in the close proximity of xg, [86]. (4.14) can be viewed as a
generalization of the first order approximation of differentiable functions. Furthermore, observe that,
fxo (%) < f(x) for all x due to convexity and the subgradient property.

e Approximating the set C at x¢: We will find an approximation of C by considering the tangent cone
of C at x¢. This follows from the fact that T¢(x() provides a good approximation of the set of feasible
perturbations Fg(xg) around 0 as we have T¢(xg) = Cl(cone(F¢(%g))). Hence, the approximation to
the set C will be:

Cxo = Xg + TC (Xo) (415)

e The approximated problem around x,: Approximated problem is obtained by approximating the
function and the set simultaneously and considering (4.1) with the new function and set f,C.

. p 1
min 7, (%) + 3y — I3 (416)

x€Cx,

As it is argued in Lemma B.1, the first order approximation of f(-) is a convex function and hence
(4.16) is a convex problem.

The nice property of the problem (4.16) is the fact that, it can be solved exactly. It also provides an
insight about what to expect as the minimax risk. We will now show that, the error in the approximated
problem is exactly equal to the upper bound given in Lemma 4.2. Hence, the error in the original problem
is always upper bounded by the error in the approximated problem. However, intuitively, the approximation
will be tight when the noise variance is sufficiently small, hence when the variance ¢ is small, the error in
the original problem will be approximately equal to the upper bound.

Before analysis of the approximated problem, we will provide a lemma which shows that the subgradients
of fxO can be found exactly. The proof can be found in the Appendix B.
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Lemma 4.3. Let fxo be same as in (4.14). For any x, we have,
0 fo (%) = Of (x0,% — X0) (4.17)

Basically, the subgradients of fxo are the maximizing subgradients of f(-), i.e., the set of subgradients
that maximizes the inner product with x — xg.
The next result, characterizes a useful property of the projection on a convex set, [86].

Lemma 4.4. Let K be a closed and conver set and v be an arbitrary vector. We have,

(Proj(v,K),II(v,K)) = 31612 (u, II(v, K))

In words, the projection vector mazximizes the inner product with the distance vector over K.

We have the following result regarding the first order approximated problem (4.16).

Proposition 4.2 (Solution for the approximated problem). Let fyx, and C be same as (4.14) and (4.15)
respectively. Let x = X(7,z) denote the optimal solution of (4.16). Then, we have:

X — X9 = H(Z,Taf(X()) +Tc(X0)*) (4.18)

Proof. Let w = X — xg. From optimality conditions, X is the unique minimizer of (4.16) if and only if, it
satisfies,
TsStu+w=z (4.19)

where s € 8fx, (%) and u € Téxo (%)*. Using Lemma 4.3, s € dfy, (X) is identical to s € 8f(xq, %X — Xq).
Assume (4.18) holds, then z — W = 7s + u for some u € Te(xg)* and s € 9f(xg). We will show that,
(4.19) holds for this particular w, s, u and X is indeed the minimizer of (4.16). Since z—u is the closest point
to TOf(xg), we have:
w =1I(z — u,79f(x0)), s = Proj(z — u,70f(x0))
In conjunction with Lemma 4.4, this implies (W, s) = supgcyg(x) (s’, W) which in turn implies s € 9f(xg,X—

X0) = O fx, (%) based on Lemma 4.3. In a similar manner, we have:
w =1I(z — 78, Tc(x0)"), u=Proj(z — s, Tc(x0)")

Using Moreau’s decomposition theorem (see Lemma A.3), this implies that w € Tc(xo) and (W,u) = 0.
Now, we will argue that u € T (X)* to conclude. Let v € Fs (x). This implies v +xo + W € Cy, or
x0 x0

alternatively, v+ w € T¢(xg). Hence,
(v+w,u) <0
Using (W, u) = 0, we find for all v € F; (%), (v,u) < 0. This will still be true when we take the closure
*0
and the cone of the set 5 (X(7,2z)) which gives (v,u) <0 for all v € T;; (%) and implies u is in the polar
x0 *0
cone of T (X). O
*0

This shows that the approximated problem (4.16) can be solved exactly and its error exactly matches
with the upper bound found in Lemma 4.2. This observation provides a good interpretation of Lemma 4.2.

The next corollary follows immediately from Proposition 4.2 and gives MSE results under stochastic noise.
The proof is based on taking the expectation of (4.18) over z.

Corollary 4.1 (Approximated MSE). Assume v ~ N (0,I). Let z = ov in the approzimated problem (4.16)
and let 7 = o). Denote the minimizer by x(\,z). Then,

E[|x(X, 2) — xol13] = o*Eldist(v, A0 f (x0) + Te(x0)*)]-

The next section is dedicated to showing that the bounds we have provided so far are in fact sharp. In
particular, as 0 — 0, the original problem (4.1) behaves same as the approximated problem (4.16).

11



5 Tight lower bound when o — 0

We will now focus our attention to the >-direction of Theorem 1.1 and hence the regularized estimator (no
constraint),

x*(1,2) :argmian(x)—l—%H(xo—&—z) — x| (5.1)

We will show that, one can find a good lower bound for the estimation error ||x*(7,2) — Xgl|2 in (5.1). The
following proposition states that f(-) can be approximated by fx, (recall (4.14)) around x¢ along all directions
simultaneously. This result is a stronger version of (4.12) and is due to Lemma 2.1.1 of Chapter VI of [88].

Proposition 5.1. Assume f(-) is a convex function on R™. Then, for any given &y > 0, there exists some
€0 > 0 such that, for all w € R™, with |w||2 < €y, the following holds:

0 < f(xo0+ W) — fro (%0 + W) < o[ w2 (5.2)

While it is clear that fy,(-) is an under estimator of f(-) at all points, upper bounding f(-) in terms of
fxo(+) and a small first order term will be quite helpful for the perturbation analysis.

5.1 Deterministic lower bound

The following lemma provides a deterministic lower bound on the error x*(7,z) — x¢. Unlike the previous
sections, there will be no set constrained (i.e. C) in the consequent analysis.

Lemma 5.1. Consider the problem (5.1). Let wo :=I(z,70f(X0)). Assume T < Cy||wol|2 for some constant
Co > 0. Using Proposition 5.1, choose dg, €y > 0 ensuring (5.2). Then, whenever |wqll2 < €,

1x*(1,2) — %oz > (1 — \/200Co) dist(z, 70 f (x0)).

Proof. To begin with, observe that, ||wo|lz = dist(z, 79f(xo)). Let so = 22i@r/&0) = pyom Lemma 4.4,

-
so € Of(xo,wo) where df(xg,wp) is given by (4.13). Let us rewrite the objective function of (5.1) as a
function of the perturbation w = x — xg.

1
g(w) = 7(f(x0 + W) = f(x0)) + 5z = w3
Using the facts that |[|[wqlls < eg, 7 < Cy||wol|2 and wq + 7sg = 2z, we have the following,
1
g(wo) = 7(f(x0 +wo) — f(x0)) + §||Z —wol3
2 1
= 7({s0, Wo) + (f (X0 + Wo) = fxo (x0 + W0))) + 5|12 = wol[3
1 1
< 7({s0,wo) + dol[woll2) + 5 [woll3 = (2, wo) + 5 =13
1 1
< Codollwoll3 + §||W0||§ —(z — 780, Wo) + §HZH§
1 1
= (Codo — ) Iwoll3 + 513
1 . 1
= (C()(s() — i)dISt(Z,Taf(Xo))z + 5”2”% (53)
Letting w*(7,2) = x*(7,2) — X0, g(w*(7,2)) should be smaller than the right hand side of (5.3) as x*(7,2)
should outperform xg + wg. Choose s* € 0f(xo,x*(7,2) — Xg). Then, g(w*(7,2)) can be lower bounded as
follows:
* * * 1 *
9w (r,2)) 2 7 (8", W' (7,2)) + |z — W (7, 2)I3
* * * 1 * 2 1 2
=7(s", w'(1,2)) — (2, w"(7,2)) + S [|W" (. 2) |2 + 5 |zl

= —(W'(r,2),2 = 78") + S| W (T, 2)|3 + 5|13 (5-4)
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Now, using s* € 0f(xo, w*(7,2)),
(W*(1,2),8") > (W*(1,2),80) = —(W"(7,2),2 —78") > —(W"(7,2),2 — TS0)
Combining this and (5.4), g(w*(7,z)) satisfies:
* 1 * 2 * : 1 2
g(w*(r,2)) 2 S W (7, 2)|l2 — | W"(7, 2) | 2dist(z, 70 f (x0)) + 5 |12 (5:5)
From Lemma 4.2, it is known that ||w*(7,2)|2 < dist(z,70f(x0)). Now, calling a = ||w*(7,2)|]2, b =
dist(z, 70f (x0)), and t = 2Cydg, g(w*(7,2)) < g(wo) implies,

a? t—1
?)b?
Setting u = a/b and using 1 > u,t > 0, we have:
ub® —u?b?/2> (1 - 1)?/2 = 2u—u?>(1—-t) = u* —2u+(1-1t) <0
Overall, 1 > u > 1 — v/t. Equivalently, ||w*(7,2)|l2 > (1 — /2Cyd)dist(z, 70.f (x0)). O

This lemma shows that, when z is sufficiently small, then the error |[w*||2 will be close to its upper
bound given in Lemma 4.2. Observe that, we assumed 7 < Codist(z,70f(x¢)) for some Cp > 0. The
setup of Theorem 1.1 already prepares the background for this assumption as it chooses 7 = o\ and z ~
N(0,02T). Together, these will ensure z, T is approximately proportional and Lemma 4.2 is applicable, with
high probability, for sufficiently large Cy. The choice 7 = oA for a fixed A, is in fact a well-known property
of the soft thresholding operator, [4,30,35,40,73,74].

5.2 Stochastic lower bound for regularized NMSE

To finish the proof of Theorem 1.1, we need to show that the upper bound can be achieved as ¢ — 0. This
will be the topic of this section.

Proposition 5.2. Consider program (5.1) with 7 = o\ and z = ov where v ~ N(0,1,,). Then, we have:

* o2
L Ellx (o) 0v) — |3

o—0 02

= D(A0f(x0))

Proof. To begin with, observe that D(AJf(x0)) > 0 as AJf(x¢) is a compact set. Let w* = x* (oA, 0v) — x.
Denote the probability density function of an N (0, cI) distributed vector by p.(-). We can write:

Ef|w*[|3] = / w1200 (2)dz
zER™
We will split the error term into three parts where the integration is performed over the following sets.
e S; ={a€cR"||allz > Ci0}.
e S ={acR"||a]: < Cio, dist(a, \odf(x0)) > €10}
e 93 ={acR"||a]; < Cio, dist(a, \cdf(x0)) < €10}

where (1, €; are positive scalars to be determined later on. Recall that v = 2 and define the associated

restricted integrations I, fl-, which are given as:
L= [ 1w (2)ia
z€S;
I; :/ dist(v, N f (x0))*p1(v)dz
oveS;
From Proposition 4.1, E[||w* (o), ov)|[3] = I + I + I3 < 0*(I, + Iy + I3). To proceed,
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e We will first argue that I and I3 are smaller compared to Io.
e Then, we will argue that I5 is close to fg.

e These will yield: . . R .
Il +Ig+]32[2512%11 +IQ+13

Claim: We have, .

Iy > D(Af (x0)) — [ef + Q(C1)] (5.6)
where Q(C1) — 0 as Cq — oc.
Proof. Using the boundedness of 0f(xo), let R = Rx, = suPgegy(x,) [ISll2. dist(v, AOf(x0))? can be upper

bounded as,
dist(v, \0f(x0))? < (||[v]l2 + AR)? < 2(||v]3 + A\*R?).

Observe that, I, is calculated over the region [[vl]l2 > C1. As Cy — oo, since the multivariate Gaussian
distribution have finite moments, we have I, := Q(C’l) — 0.
I3 can be upper bounded by the integration of €7 over R” which yields I; < €2. Finally, using,

3
Z D(\f(x0))

we have I, > D(Af(x0)) — €2 — Q(C1). O
The following lemma finishes the proof by using Lemma 5.1.

Lemma 5.2. Let R = suDscyy(x,) IISll2. Based on Proposition 5.1, for any dg > 0, there exists g > 0 so
that, .
f(x0 + W) — fx,(x) < dol|wl|2 for all |w]2 < eo. (5.7)

Now, for any given (fized) €1, C1, do, €0, choose o sufficiently small to ensure (Ch + RN\)o < €y. Then, for

all such o’s,
IQ Z 0'2(1 — 1/ 260)\6;1)f2. (58)

Following from (5.8) and letting 5o — 0 (by choosing ey properly) and keeping o accordingly small, we
obtain,

IE * 2
i Bl O3
o—0 0-2]2 o—0 0—2]2

I
=2 >1. (5.9)

Since this is true for arbitrary e1,Cy letting C1 — oo and € — 0 and using the relation (5.6), we can
conclude,

* 2
i B .21

o—0 o

> D(AIf (x0)). (5.10)

Proof. To show the result, we will use Lemma 5.1. To apply Lemma 5.1 with wo = dist(z, cAdf(xg)), we
will show that, all z € S satisfy the requirements.

e First, observe that, for any z € Sy, from triangle inequality, we have,

dist(z, o Adf(x0)) < oAR+ 0C; < (AR + Cy)o < €.

e Secondly, we additionally have,

A
T =0\ < —dist(z, 0\ f(x0)).
€1
e Using these and (C; + AR)o < €y, we can apply Lemma 5.1 for all z € Sy to obtain,

Iw* (A, 2)]|2 > (1 — \/200Aer Y dist (2, oA f (x0)) (5.11)
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Integrating over Sz, we find (5.8). Recall that, o is under our control and all z € Sy = S3(0) with o < 5z
satisfies (5.11); which is only a function of §; when Ci,€; are fixed. We can let §o — 0, while keeping o
sufficiently small compared to €g, to obtain, (5.9) after an integration over Ss.

(5.9) is true for any constants C1,e; > 0 as 0 — 0. Letting C; — oo, €3 — 0 and using (5.6), we obtain,

Iy

L NS TS v T Ie) R

Finally, combining this with (5.9), and letting ¢ — 0 as a function of C; — o0,€e; — 0, we get the desired
result (5.10). Hence, this shows the >—direction in Theorem 1.1 as o — 0. O

O

6 Further discussion on proximal denoising

The remaining two things are the proofs for Theorem 3.1 and discussion of (3.5) which relates Theorem 3.1
and 1.1. We should remark that, for Theorem 3.1, Proposition 4.1 already provides the upper bound on
the estimation error. In order to show the exact equality in (3.3), we use arguments which are similar to
Proposition 5.2 in nature. This time, instead of arguing the function f(-) can be well approximated by the
directional derivatives in a small neighborhood, we consider the first order approximation of F¢(xo) by the
tangent cone T¢(xg). The reader is referred to Appendix E for the proof.

We will now discuss the relation between the terms D(cone(df(x¢))) and D(A9f(x0)); which relates
constrained and regularized estimation results and also the noiseless linear inverse problem (3.8) to each
other. From Propositions 5.2 and 4.1, recall that D(A9f(xg)) corresponds to the worst case NMSE of the
A-regularized proximity operator (1.3). When we tune A optimally, we can achieve an error as small as
infy>o D(AJf(x0)). We related this to D(cone(0f(x0))) via (3.5). The right hand side is due to Theorem
4.5 of [25] which gives the following bound,

25UPgeq f(x) [[sll2

M)

when f(+) is a norm. This bound can be enhanced by choosing an x that maximizes f (m) while ensuring

inf DA (x0) < Dlcone(df (x0))) + (6.1)

0f(x) = 0f(x¢). We will now provide some observations on (6.1). Later on, we will exemplify how this
upper bound is quite simple and powerful for well-known structure inducing functions. We will also propose
an alternative upper bound of our own that only depends on the subdifferential df(x() and does not require
f(-) to be norm.

6.1 Observations on the upper bound

Upper bounding inf,>¢ D(xg, 7f) in terms of D(cone(df(xp))) requires technical argument involving Gaus-
sian concentration. While (6.1) looks simple, magnitudes of supscgs(x,) ISll2 and f (”;‘ﬁ) might not always
be clear.

For the consequent discussion, we will use the following notation. Let,

X

Ry, = sup |sll2  and  fmax(xo) = sup f <) . (6.2)
s€of(x) 2 (0=07(x0) " \IXll2

fmax(Xo) corresponds to the largest value of f (m) while keeping subdifferential fixed. Since inf,>¢ D(xo, 7 f)

and D(cone(df(xg))) depends only on the set subdifferential we can use fiax(Xo) to get a better bound on
the right hand side of (6.1).

We will now briefly investigate this quantity for the classical sparsity inducing functions and argue that
it has a simple interpretation in general.

e /1 norm: If xq is a k sparse signal, then, subgradient is given as:

s; = sgn(zg,;) when zg; # 0
Ilxoll1 = {s €R"| {Sv € [-1,1] clse ' (6.3)
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Hence, subgradients only depend on the sign of the signal. This way, by keeping sgn(xg) same and

normalizing the magnitudes, we can make f (H;ﬁ) as large as v/k. On the other hand, Ry, is trivially

equal to v/n and it is achieved by choosing |s;| = 1 for all 1 < i < n. Consequently, we find:

Ry, n
fmax(XO) B \/; (64)

o Nuclear norm: We now assume Xg is a vectorized form of a rank r matrix Xo € R**? where n = d2.

Assume, Xg has singular value decomposition ULV” where ¥ € R"*" has positive diagonals. Set of
subgradients of the nuclear norm at Xy can be given as [23],

9|1 Xollx = {S|UTSV =1, and |[|(I;—UU")S(I,—VVT)|,. <1} (6.5)

In a very similar manner to the ¢; norm, subgradients of the nuclear norm depends only on the singular
vectors of Xy and not on its singular values. Consequently, by normalizing singular values of Xy without
modifying S we can make f(;4—) as high as \/r. On the other hand, supgegx, |, IISIlF is Vd and it

lIxoll2
is achieved when all singular values of S are equal to 1. This yields,

Re, _ [d
fmax(XO) B r (66)

e /15 norm: Let xg € R” for n = tb as described in (1.8). Subdifferential of ¢; 5 yields Rx, = Vi,
[23]. Similar to ¢; norm, normalizing ¢ norms of the individual blocks of xg, it can be shown that

fmax(X0> = \/E Hence,
Rey [T
Jnax(x0) \/; (6.7)

x,

The reason behind these examples is to provide the reader with an intuition about the quantity f_Ri&o).

From these examples, we observe the following relation,

Ry, (Ambient dimension) 12 (6.8)

fmax (XO) -
For /; minimization, this is fairly clear as a sparse signal has k degrees of freedom. For a d x d rank r matrix,

degrees of freedom is 7(2d — r), [47], which lies between dr and 2dr and the ambient dimension that the
matrix belongs is d?. From (6.6), we indeed have: \/g = \/%i'

Degrees of freedom

6.1.1 Simple bounds on optimal tuning for common functions
From (6.4) and (6.6), we can state the following results as straightforward observations.
Proposition 6.1 (Sandwiching optimally tuned NMSE). Let xo € R™.

o Assume, xg s a k sparse signal (recall (1.6)). Then, using D(cone(d||xoll1)) > k, we have:

min>\>0 D()\@HX()Hl) n
1< = <1+4+2y/—= 6.9
D(cone(9|x0l1)) k3 (6.9)

o Assume xo corresponds to a rank r matriz with size d x d where n = d* (recall (1.7)). Using

D(cone(0xo|l+)) = rd,
miny>o D(AJ]|xo]|+) \/T
< = < =3 :
1< D el S 1424/ 5= (6.10)

o Assume xq is a block sparse signals (recall (1.8)) where n = tb has t blocks of size b and k of the blocks
are nonzero. Using D(cone(0||xo1,2)) > kb,

min,\zo D()\a”Xo|

12) t
=L <1424 —— 11
D(cone@xolis)) @V 2%k2 (6.11)
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Proof. For the proof, we combine (6.4), (6.6), (6.7) with the facts that,
D(cone(d||x0l[1)) > k, D(cone(d||xoll«)) > rd, D(cone(d||xo|l1,2)) > bk. (6.12)

Then, we apply (6.1). These bounds trivially arise from the specific structure of the sub-differentials of the
{1, nuclear norm and ¢; 2 norm. For (6.12), the reader is referred to [23,24,68] for a detailed discussion. Note
that k, 2dr —r? and bk are the “degrees of freedom” for the k sparse signal, rank r matrix and k block-sparse
signal hence (6.12) is intuitive. O

6.1.2 Alternative upper bounds

We should emphasize that, different bounds can be developed. We will next consider a bound that does not
involve the term f(x); however requires the following assumption.

Assumption 6.1. There exists a nontrivial subspace T = T(f,x0) and a vector e = e(f,x¢) so that, for all
s € 0f(xg), we have:
Proj(s,T) =e (6.13)

This assumption is related to the concept of decomposable norms, [23,24,56,68], and is known to be true
for sparsity inducing functions. If there are many such subspaces, we will choose the one with the largest
dimension. In general, T is called the support of the sparse signal and e is known as the “sign” vector. For
example, for /1 norm, T is the set of vectors, whose location of the nonzero entries are same as that of xq.
On the other hand, e is simply the vector sgn(xg).

For the nuclear norm described in (6.5), T'is the set of matrices X satisfying (I — UUT)S(I;—~VVT) =0
and the sign vector is UVT.

To be able to analyze min,>¢ D(xq, 7f), for a given vector v, we are interested in the optimal regularizer
7(v) that minimizes dist(v,7df(xg)) over all 7 > 0. In general, 7(v) may not be unique. In this case,
we will use the smallest value. Assumption 6.1 implies an interesting property for 7(v), namely, 7(v) is a
lel5 *-Lipschitz function of v. In other words, the optimal regularizer cannot change too much with a small
change in v. More rigorously, for all vy, vy € R,

[7(v1) = 7(va)ll2 < (6.14)

Based on this observation, we have the following result. The proof can be found in Lemma C.4 of
Appendix C.

Proposition 6.2. Suppose Assumption 6.1 holds. Let Ly, = |e|l3*. Then,

Tirgl%D(xo, 7f) < D(cone(df(x0))) + QW(R,Q(OL,Q{O + Ry, L, \/D(cone(ﬁf(xo))) +1) (6.15)

The right hand side of (6.15) involves the quantity Rx,Lx,. For the norms we considered, this quantity

is actually equal to 7 f"&o) as we have |lel|2 = fmax(X0). Consequently, there is a close relation between the

two upper bounds (6.1) and (6.15). Observe that, unlike (6.1), (6.15) only depends on the properties of the
subdifferential set 0 f(x¢) rather than the particular value of f(xg).

Finally, we should emphasize that ||e||3 is closely related to the “generalized sparsity” of the signal. The
reader is referred to [23,24,56,68] for a comprehensive discussion.

7 Calculation of the LASSO Cost

This section will make use of the results of [25]. Let us introduce the concept of statistical dimension and its
relation to Gaussian squared-distance.

Definition 7.1 (Statistical dimension, [25]). Let C € R™ be a closed and convex cone. Statistical dimension
of C is denoted by 6(C) and is defined as,

3(C) = E[|| Proj(g, C)]13),

where g ~ N(0,1L,).
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When C is a linear subspace, the statistical dimension reduces to the regular notion of dimension. In
general, 6(C) is a good measure of the size of C and C behaves like a §(C) dimensional linear subspace, [25].
It is also closely related to the Gaussian width that has been the topics of papers [8,20]. When C is a convex
and closed cone, 6(C) and D(C) are related as follows,

4(C*) =D(C)
This follows from Moreau’s decomposition (Fact A.3) as follows,
D(C) = E[dist(g, C)*] = E[|1(g,C)||3] = E[||Proj(g,C")[13] = 6(C")

Again using Moreau’s decomposition, it can be shown that 6(C) + 6(C*) = E|||g]|3] = n.

7.1 Proof of Theorem 3.3

We first present the proof of Theorem 3.3. To do this, we will make use of Theorem I of [25]; which
characterizes the probability of nontrivial intersection for two randomly oriented cones. To rotate a cone C
randomly, we will multiply its elements by a unitary matrix U; which is drawn uniformly at random.

UC := {Uala e C}

Theorem 7.1 (Kinematic Formula, [25]). Let A, B be two arbitrary closed and convex cones, one of which is
not a subspace. Let U be a unitary matriz chosen uniformly at random with respect to Haar measure. Then,
for any € > 0, the followings hold:

2

S(A)+6(B)<n—e/n = PANUB=0)>1- 4eXp(_%6)
62

5(A)+46(B)>n+eyn = P(ANUB =) < dexp( 16)

Theorem 7.1 shows that, two cones will intersect with high probability when 6(A) 4+ §(B) > n. In order
to prove Theorem 3.3, we introduce a useful variation of Theorem 7.1, which probabilistically characterizes
the statistical dimension of the intersection when two cones do intersect. Basically, we show that, when
§(A)+d(B), with high probability, §(ANUB) is around 6(A) + J(B) —n. The detailed discussion of this can
be found in Appendix D. We now proceed with the proof of Theorem 3.3 and as a first step, we will prove
the results on the projected LASSO error 1;4550-

7.2 Finding 14550

Proof of Theorem 3.3, Calculation of npasso. We will reduce (3.9) to a problem that is equivalent to the
regular constrained denoising (3.2). Consider the set,

AC = {Ax|x eC}
Hence, finding Ax* is equivalent to finding the solution of:

i — 1
min [ly —ull2 (7.1)
where y = Axg + ov. From Theorem 3.1, we know that, for fixed A and Gaussian v, the worst case NMSE
A(x — x¢) satisfies:

E[[|A(x —xo)|3]

3 = D(TAc(AXO)*) (7.2)

= Imax
NLASSO nax p

Hence, we simply need to characterize D(Tac(Axp)*) to conclude. To do this, we will make use of the fact
that A € R™*™ is a uniformly random partial unitary matrix and we will first characterize Tac(Axg)*. The
following lemma, provides this characterization.

Lemma 7.1. Assume AAT =1,, and let C(xo, AT) = Te(x0)* N Range(AT). Then,

Tac(Axo)* = AC(xo, A") (7.3)
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Proof. Assume s € AC(x9, AT) and u € Fac(Axg). Then, there exists x € C such that, u = A(x — x¢) and
s’ € C(xg, AT) such that As’ =s. Then,

(s,u) = (As’,A(x —x0)) = (ATAs', ATA(x —x)) = (s', ATA(x —x¢)) = (s',x — %) <0

Hence s € Tac(Axq)*. Conversely, assume s ¢ AC(xo,AT) and let s’ = ATs. s’ ¢ Te(xo)* because
s’ € Range(A”) however As’ ¢ AC(xg, AT). Consequently, there exists x € C such that (x — xg,s’) > 0. It

follows,
0 < (x —xg,8") = (x —x0, ATAs") = (A(x — x0), As’) = (A(x — X),S) .

where Ax — Axg € Tac(Axg). This implies s & Tac(Axg)*. Overall, we find (7.3). O
Based on Lemma 7.1, we can write,
npasso = D(Tac(Axq)*) = m — §(Tac(Axo)*) = m — §(AC(xo, AT)),

and calculate §(AC(xg, AT)) with high probability. Recall from Lemma 7.1 that, C(xg, A7) is the intersection
of a cone with the uniformly random subspace Range(A”). Hence Theorem 7.1 is applicable. We will now
split the problem in two cases.

™ we find, with

probability 1 — ¢; exp(f@w), Te(x0)* NRange(AT) = {0}. Consequently, Tac(Axg)* =
A{0} = {0} which gives npasso = m.

e Case 1 m < D(T¢(x0)*): In this case, using Theorem 7.1 with ¢ = %

e Case 2 m > D(T¢(x0)*): In this case, we use a modification of Theorem 7.1 which characterizes the
statistical dimension of the intersection of a random subspace and a cone. This is, in fact, the topic
of Appendix D. From Proposition D.1, there exists constants c;,co > 0 such that, with probability
1 — c1 exp(—cat?), we have:

|6(Te(x0)* NRange(AT)) — (m — D(Te(x0)"))| < tv/n

Equivalently, we have:

m —D(Te(x0)*) — tv/n < 8(C(x0, AT)) <m — D(Te(x0)*) + tyv/n (7.4)
On the other hand, since C(xg, AT) C Range(AT), multiplication with partial unitary A preserves
the distances over Range(AT) and is isometric, hence it will preserve the statistical dimension (see
properties of statistical dimension in [25]) and will yield,

§(AC(x0,AT)) = 6(C(x0, AT))

Overall, using (7.2) and applying Lemma 7.1, we have nzasso = m — 6(C(xo, AT)). Now, using (7.4),
with the same probability, we find:

D(Te(x0)*) — tv/n < npasso < D(Te(x0)*) + tv/n

7.3 Pinpointing the LASSO Cost
The next result directly follows from characterization of ;4550 in Section 7.2 and Proposition E.1 and gives

the result on the LASSO cost Fras50. Basically, we use the fact that Frasso + npasso = m.

Proposition 7.1 (LASSO cost). Assume A,v,Xq, f is same as in Theorem 3.3. Consider the cost function
fobj (X0, A, v) = mingec ||y — Ax||3 in (3.9). Conditioned on A, define the asymptotic LASSO cost as:

. E f b5 \X0, A7 v
Frasso(A) = lim Elfory (x0, A, v)] 5 )
o—0 g
where the expectation is over v ~ N(0,1,,). Then, there exists constants c1,c2 > 0 such that,

(_02 (m—D(Tﬁ (x0)*))? )

o Whenever m < D(T¢(x0)*), with probability 1 — ¢q exp , Frasso =0.
X0 )

o Whenever m > D(T¢(xq)*
m —D(Te(x0)") —tv/n < Frasso < m —D(Te(x0)") + tv/n.

, with probability 1 — c; exp(—cat?),
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7.4 Numerical results

Remark: To relate Theorem 3.3 to the level-set constrained problem min f(x)< f(x,) [|[¥ — Ax||2, we will make
use of the fact that Tf(x¢)* = cone(df(x0)) when xq is not a minimizer of f(-) (see [84]).

7.4.1 LASSO with the ¢/; norm

We considered the following ¢; constrained optimization,

m);111||y — Ax||? subject to ||x|1 < |Ixol|1. (7.5)

We let x¢ to be a k sparse vector and chose k to be 20,40 and 60 while varying number of measurements
m from 20 to 400. The ambient dimension is n = 500. We have performed 50 realization of the problem in
which A is generated as a random unitary matrix and ov is the noise vector, where v ~ A(0,1I) and o is
sufficiently small.

We have estimated the quantities 77,4550 and Frasso by averaging ||y — Ax*||3 and ||Ax* — Axg||3 over
50 realizations.

Finally, in order to verify our results, we estimate the term D(cone(||xo|[1)). This is done by making
use of the classical results on ¢; phase transitions, (see [3,26,28]). In particular, see Theorem 4 of [26].
For example, when n = 500 and xq is 20 sparse, we find D(cone(||xq||1)) ~ 89. Similarly, 40 and 60 gives
D(cone(]|xol]|1)) &~ 142 and 186 respectively.

Figure 2 illustrates our results. In Figure 2(a), we observe that we can accurately predict projected
LASSO error based on Theorem 3.3. The dashed red line is what we theoretically expect and the blue, green
and black markers are the experimental results for k£ = 20,40 and 60 respectively.

Figure 2(b) demonstrates that, LASSO cost can be similarly predicted. We should note that, in both
figures there is an apparent phase transition. When the number of measurements are not sufficient, (m <
D(cone(||xol/1))), we observe that nasso increases linearly in m actually it is equal to m. On the other hand,
when the number of measurements are sufficient, 77, 4550 stays same and is simply equal to D(cone(||xq||1))-

Recall that, m > D(cone(||xo||1)) regime is the regime where the noiseless compressed sensing problem
succeeds. For ¢; minimization, [33] argues that, there is in fact a phase transition for noise sensitivity,
and when m > D(cone(||xg]|1)), the LASSO will recover x( robustly and when m < D(cone(||x¢l|1)), the

* 2
normalized error ”x;%”z will be unbounded as ¢ — 0. Overall, we observe that the phase transition for

nrasso and Frasso occurs exactly at m = D(cone(||xo||1)); which is also known to be the noise sensitivity
threshold [33].
It should be emphasized that the more popular formulation of LASSO is,

o1
min S|y — x|[5 + Aflx[|1.
x 2

This has been studied in a series of papers [20-31,33] and [29, 30, 74] give analytical characterization of the
asymptotic LASSO error E[||x* — x¢||3]. On the other hand, our results hold for arbitrary convex functions
and are not limited to ¢; minimization. Now, we will illustrate this with an example on nuclear norm.

7.4.2 LASSO with the nuclear norm

We next considered a scenario where xq is a vectorized form of a 30 x 30, rank 4 matrix. We observe
y = Axg + ov where A is an m x 900 partial unitary and v ~ N(0,I). We solve,

minly ~ A} subject to x|, < [}xols (7.6)

where || - ||« returns the nuclear norm of the 30 x 30 matrix form of xo.

To predict the LASSO cost, we made use of the results of [46], which approximates D(cone(||zo||+)) based
on the asymptotic singular value distribution of the n x n i.i.d. Gaussian matrices in a similar manner to the
f1 phase transition calculations.

Using results of [46], we estimate D(cone(||zo||x)) ~ 389. We then repeat the same experiment that is
described in the previous section where we vary m from 30 to 900 in the intervals of 30 and average the
results to estimate nyass0 and Frasso.

This time, we additionally approximated the actual asymptotic LASSO error Ep 4550 = lim,_0 w.
Figure 3 shows the projected error and the actual error as a function of m. We observe that, projected error
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Figure 2: a) represents the expected projected LASSO error ||A(x* — x0)||3 when A € R™*" is partial unitary. b)
represents the LASSO cost i.e. E[||y — Ax*||3]. Results are for 1 minimization, and for three different sparsity levels

of k = 20,40 and 60. Vector length is n = 500. Measurements run from m = 20 to 400.
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Figure 3: Simultation is performed for a 30 x 30 matrix of rank 4. The blue markers are the projected LASSO error;
which matches with theory. Green markers are the (total) normalized LASSO MSE; which is unbounded on the left
side of the phase transition line and a decreasing function of m on the right side of the PT line m = D(cone(df(x0)))
(recall Section 3.3).

can again be accurately predicted from our theoretical results. The LASSO is not robust for the regime
m < D(cone(]|zgll+)) and Erasso is unbounded. Conversely, when m > D(cone(||zo||«)) the error becomes
finite and decreases as a function of m. At m = n = 900, we see that Epass0 = npasso- This is not sur-
prising due to the fact that ||A(x* — x¢)||2 = ||x* — X¢||2 when m = 900 as A becomes a full (square) unitary
matrix and preserves the ¢5 norm. Figure 4(a) provides the LASSO cost for the same simulation. The cost
satisfies Frass0 = m—nrasso as predicted by our theory. Figure 4(a) also illustrates how D(cone(0f(x0)))
corresponds to the stability phase transition of (7.6) (recall Section 3.3).

7.4.3 LASSO for Gaussian matrices

We additionally performed the same simulations in Section 7.4.1 and solved (7.5) for i.i.d. Gaussian A rather
E[I\A(X*Z)—XO)\@] ]E[Ily—lzf\lg]

than partial unitary. Estimation of the quantities and are carried out in the in
the exact same manner. In Figure 4(b) the dashed red line is the theoretical prediction for npasso when
A is unitary and the blue, green and black markers are the results for i.i.d. Gaussian A. Hence, Figure
4(b) indicates that, our results for partial unitary compression matrices also holds for Gaussian compression
matrices and the results might be universal. This would not be surprising given the recent advances of the
universality of the phase transitions, [71,72].
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Figure 4: a) The LASSO cost as a function of measurements for 30 x 30, rank 4 matrix. b) This figure is same as
Figure 2(a) except i.i.d. Gaussian measurement is used rather than partial unitary.

8 Discussion of the results

We have considered the proximal denoising problem and provided sharp MSE upper bounds that are achiev-
able in the small noise regime. Our bounds depend on the convex geometry of the problem (1.1) and can be
captured by distance to the scaled subdifferential A0 f(xg) or to the subdifferential cone cone(df(xg)). These
are meaningful quantities when x( is a structured signal and f(-) is properly chosen to induce structure.
Surprisingly, our estimation bounds are closely related to the recovery phase transition of the linear inverse
problem (3.8).

We also showed an interesting phase transition for the generalized LASSO problem. When the number of
measurements m are smaller than D(cone(9f(x¢))), there is no noise robustness and the cost value is equal
to 0. On the other hand, when the number of measurements are more than D(cone(df(xg))), the cost is
around m — D(cone(df(x¢))). This indicates that behavior of LASSO is closely related to the same quantity
D(cone(df(x0))).

We should again emphasize that, while ¢;-minimization is often the primary interest, our results apply
to all convex functions.

8.1 Future directions

e Analysis of Generalized LASSO: While we considered some basic properties of the generalized LASSO
problem (3.9), the most critical one is yet to be explored. We believe there is a simple formula that
predicts the LASSO error in,

min [y — Ax|3 + Af(x) (8.1)

which depends on the number of measurements m, the subdifferential df(xg) and the regularizer \.
The generalized LASSO analysis will be a unification of the results on noiseless compressed sensing
(3.8) and compression-less denoising problem (1.1). Results of Chandrasekaran et al. and Amelunxen
et al. [8,25] apply to noiseless linear inverse problem (3.8) and we have mostly focused on estimation via
convex functions without linear measurements. With generalized LASSO analysis, one will hopefully
be able to predict the behavior of the noisy linear inverse problem and extend the results of [29,30,74],
from ¢;-minimization to arbitrary functions.

e Universality in denoising: Assume the noise vector z has independent and identically distributed (i.i.d.)
entries but the distribution is not normal. In this case, unfortunately our MSE bounds are no longer
accurate. A simple example is the scenario where x; is a sparse signal, and the entries of z are equally
likely to be o and —o. If x is k sparse, D(cone(||xo[|1)) ~ klog 22, [28].

On the other hand, assuming o is sufficiently small and setting A = 1 in (1.3), soft-thresholding reveals
that the estimate x* satisfies,

0if 29, =0
zp=q T (8.2)
xo,; — sgn(xo;)o + z; else
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Overall, this gives E[ | = 2k; which is smaller than D(cone(df(x¢))) for the regime k < n.

While this shows that estimation error may depend on the distribution, one can actually introduce
further randomization to the noise. Given z, assume we observe xy+ Uz where U is a uniformly random
unitary matrix. We believe that, if one first generates and fixes U and then takes the expectation over
z, the worst case normalized MSE will in fact be around D(cone(df(x¢))), under mild assumptions.
Possible such assumptions are i.i.d.’ness and subgaussianity of the entries of z; which are used in [71]
to show the universality of the compressed sensing phase transitions for ¢; minimization.
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APPENDIX

A Auxiliary results

Fact A.1 (Hyperplane separation theorem, [86]). Assume C1,Co C R™ are disjoint closed sets at least one
of which is compact. Then, there exists a hyperplane H such that C1,Cs lies on different open half planes
induced by H.

Fact A.2 (Properties of the projection, [86,87]). Assume C C R™ is a nonempty, closed and convex set and
a,b € R” are arbitrary points. Then:

| Proj(a) — Proj(b)||2 < [la — b||
The projection Proj(a,C) is the unique vector satisfying,

Proj(a,C) = argmin ||la — v||2 (A1)
vel

The projection Proj(a,C) is also the unique vector sg that satisfies,

(so,a —sp) = sup (s,a — sg) (A.2)
scC

In other words, a and C lies on different half planes induced by the hyperplane that goes through Proj(a,C)
and that is orthogonal to a — Proj(a,C).

Fact A.3 (Moreau’s decomposition theorem, [10]). Let C be a closed and convez cone in R™. For anyv € R",
the followings are equivalent:

ev=a+b,acCbeC* anda’b=0.
e a = Proj(v,C),b = Proj(v,C*).

Definition A.1 (Lipschitz function). h(:) : R™ — R is called L-Lipschitz if for all x,y € R™, |h(x)—h(y)| <
Lljx = yll2-

The next lemma provides a concentration inequality for Lipschitz functions of Gaussian vectors, [81].

Fact A.4. Let g ~ N(0,1) and h(-) : R™ — R be an L-Lipschitz function. Then for all t > 0:

2

P(|h(g) — Elh(g)]] > 1) < 2exp(—573)
Lemma A.1. For any g ~ N(0,1), ¢ > 1, we have:
c—1)>2n
P(||gllz > cv/n) < 2exp(_%)

Proof. El|gll2] < VE[||gll3] = v/n- Secondly £, norm is a 1-Lipschitz function due to the triangle inequality.

Hence:
(c—1)*n

P(lgll2 > evn) < P(lgll = (¢ = 1)v/n + E[l|gl2]) < 2exp(———

)
Lemma A.2. Let C be a closed and convex cone in R™. Then, D(C) + D(C*) = n.

Proof. Using Fact A.3, any v € R" can be written as Proj(v, C)+Proj(v,C*) = v and (Proj(v,C), Proj(v,C*)) =
0. Hence,
[v][* = [Proj(v, C*)||* + [[Proj(v,C)||* = dist(v,C)? + dist(v,C")?

Letting v ~ N(0,1I) and taking the expectations, we can conclude. O
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B Subdifferential of the approximation

Proof of Lemma 4.3. Recall that fxO (xo + v) — f(x0) is equal to the directional derivative f'(xq,v) =
SUPseaf(xy) (S: V). Also recall the “set of maximizing subgradients” from (4.13). Clearly, 0f'(xo,v) =

O fxo (X0 4+ v). We will let x = w + x¢ and investigate 8(xo, w) as a function of w.
If w=0: For any s € 0f(x0) and any v by definition, we have:

f/(XQ,V)*f/(Xo,O) :f/(Xo,V) = sup <V,S/> > <V,S>
s’€0f(xo)

hence s € 9f’(xg,0). Conversely, assume s & df(xg), then there exists v such that:
f(v+x0) < f(x0) + (v,s)
By convexity for any € > 0:

f(ev +x0) — f(x0)

€

Taking € — 0 on the left hand side we find:

f/(XO’V) - f/(Xo,O) = f,(X07V) < <V7S>

< f(v+x0) = f(x0) < ({v,s)

which implies s & 9f'(x0,0).
If w # 0: Now, consider the case w # 0. Assume, s € Jf(xo, w). Then, for any v, we have:

f(xo,w+v)— f'(xo,w) = sup (w+v,s1)— sup (w,ss) (B.1)
s1€0f(x0) 52€9f(x0)
= sup (w+v,s1)—(w,s)>(v,s) (B.2)
s1€9f(x0)

Hence, s € 9f'(xq,w). Conversely, assume s & 9 f(xg, w). Then, we’ll argue that s € 9’ (xq, w).
Assume f’(xg,w) = c||w||3 for some scalar ¢ = ¢(w). We can write s = aw + u where u’w = 0. Choose
v = ew with || < 1. We end up with:

f'(x0,w+v) = f(xo,w) =€ sup (w,s1) = cel|w|3 > (s,v) = ae||w|3
s1€9f(x0)

Consequently, we have ce > ae for all |e] < 1 which implies a = ¢. Hence, s can be written as cw + u.
Now, if s € 0f(xp) then s € 0f(xg,x — X¢) as it maximizes (s’,w) over s’ € 9f(x¢). However we assumed
s & 0f(x0,x — Xg). Observe that u =s — cw and 9f(xp,x — Xg) — ¢cw lies on n — 1 dimensional subspace
H that is perpendicular to w. By assumption u & 9f(xp,x — xg) — cw. We'll argue that this leads to
a contradiction. By making use of convexity of df(xq,x — x0) — ¢w and invoking Hyperplane separation
theorem (Fact A.1), we can find a direction h € H such that:

(h,u) > sup (h,s’) (B.3)

s’€0 f(x0,x—X0)—cwW
Next, considering eh perturbation, we have:

' (x0,w +€h) — f'(x9,w) = sup (e(h,s;)— sup (w,sy—s1)) (B.4)
s1€0f(xo0) s2€9f(x0)

Denote the s; that establish equality by sj.
Claim: As € — 0, (s},w) — c||w|3.

Proof. Recall that df(xo) is bounded. Let R = supgcoy(x,) I8'll2. Choosing s1 € 9f(x0,x — %), we always
have:
f'(x0,w + €h) — f'(x0,w) > €(s1,h) > —eR||h]|2

On the other hand, for any s; we may write:

e(h;s;) = sup (w,s2—s1) < eR|hlls + (s1, W) — ¢ w3
s2€0f(x0)
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Hence, for s], we obtain:
eR|hllz + (s7,w) — c|w|3 > —eR|h[z = (s],w) > cl|wl[|3 — 2¢R]h]|2
Letting € — 0, we obtain the desired result. O

Claim: Given 9f(xo), for any ¢ > 0 there exists a § > 0 such that for all s; € 9f(x¢) satisfying (s1, w) >
c|[w||3 — & we have dist(s1,df(x0,x — X)) < €.

Proof. Assume for some €' > 0, claim is false. Then, we can construct a sequence s(7) such that dist(s(¢), 9 f (xo, x—
x0)) > € but (s(i), w) — c||w||3. From the well-known Bolzano-Weierstrass Theorem and the compactness of
df(xp) C R™, (i) will have a convergent subsequence whose limit s(co) will be inside 9f(xg) and will satisfy
(Soo, W) = c||W||3 = f'(x0, W). On the other hand, dist(s(c0), df(x¢,x—X¢)) > ¢ = s(c0) & df(x0,x—X0)
which is a contradiction. O

Going back to what we have, using the first claim, as eh — 0, (s}, w) — c||w]||3. Using the second claim,
this implies for some § which approaches to 0 as € — 0, we have:

sup  (e(h,s1) — sup (w,s2 —s1)) < €(d]|/h2 + sup (s'.h))
$1€9f(x0) s2€0 f(x0) s’ €0 f(x0,x—X0)—CcwW

Finally, based on (B.3), whenever e is chosen to ensure §|/hll2 < (h,u) — SUPg ey f(xyx—xo)—cw (8 1) We
have,
1/ (x0,w + €h) — f'(x0,w) < € (h,u),

which contradicts with the initial assumption that s is a subgradient of f’(xg,-) at w, since,

f'(x0,w + €h) — f'(x9,w) > (s,eh) = € (u,h).

Lemma B.1. fxo (x) is a convex function of x.

Proof. To show convexity, we need to argue that the function f’(xg,w) is a convex function of w = x — xq.
Observe that g(w) = f(xo + w) — f(x0) is a convex function of w and behaves same as the directional
derivative f’(xq,w) for sufficiently small w. More rigorously, from (4.11), for any w1, wy € R™ and § > 0
there exists € > 0 such that, we have:

glewy) < f'(x0,ew1) + de, g(ews) < f'(x0, ews) + e
Hence, for any 0 < ¢ < 1:

f'(x0,e(ewr + (1 = c)w2)) < gle(ew + (1 — c)w2))
< cglewr) + (1 = c)g(ews)
< cf'(x0,ewy) + (1 — ¢) f'(x0, W) + €8

Making use of the fact that f’(xo,es) = ef’(xq,s) for any direction s, we obtain:
f'(x0, w1 + (1 = c)wa) < cf'(x0, w1) + (1 — ¢) f'(x0, Wa) + 9

Letting § — 0, we may conclude with the convexity of f’(xg,) and problem (4.16). O

C Swapping the minimization over 7 and the expectation

Lemma C.1 ( [82,83]). Assume g ~ N(0,1,,) and let h(-) : R™ — R be an L-Lipschitz function. Then, we
have:

Var(h(g)) < L?

We next show a closely related result.
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Lemma C.2. Assume g ~ N (0,1,) and let h(-) : R™ — R be an L-Lipschitz function. Then, we have:
\h(g) — E[h(g)]| < V2rL
Proof. From Lipschitzness of h(-), letting a = h(g) — E[h(g)] and invoking Lemma A.4 for all ¢ > 0, we have:
2
212)
Denote the probability density function of |a| by p(-) and let Q(u) = P(Ja] > u). We may write:

MM=£mwMM=/uM() / Qlu

Using Q(u) < 2exp(— 2L2) for w > 0, we have:

P(la—Efa]| > t) = P(|a] > #) < 2exp(—

w2

S =0

[uQ(w)]3, = [2uexp(~
Next,
/0 Q(U)duﬁ/o 2exp(— 2L2 du—rL
O

Lemma C.3. Suppose Assumption 6.1 holds. Recall that T(v) = argmin;>¢ dist(v,70f(x¢)). Then, for all
Vi, Va2,
[vi = vall2

‘T(Vl) _T(VQ)I < ||e||2

(C.1)

Hence, 7(v) is ||e||5 *-Lipschitz function of v.

Proof. Let a; = Proj(v;,cone(C)) for 1 < i < 2. Using Lemma A.2, we have ||a; — as||2 < [[vi — val2 as
0f (x0) is convex. Now, we will further lower bound ||vy — val|2 as follows:

[Proj(ai —az,T)[2 < [la1 —az|l2 < [[vi — valf2
Now, observe that ||Pr(a; — az2)|l2 = ||7(v1)e — 7(v2)e|2. Hence, we may conclude with (C.1). O
Lemma C.4. Let C be a conver and closed set. Define the set of T that minimizes dist(v,7C),
T(v)={r >0|arg rTn>18 dist(v,7C)}

and let 7(v) = infrepny 7. T(V) is uniquely determined, given C and v. Further, assume 7(v) is an L
Lipschitz function of v and let R := R(C) = maxyec ||ull2. Then,

m>irol]E[di5t(g,7'C)2] < D(cone(C)) + 2m(R2L* + RL\/D(cone(C)) + 1)
Proof. Let g ~ N(0,I) and let 7* = E[r(g)]. Now, from triangle inequality:
[7(v) = 77| <t = dist(v,7"C) < dist(v,7(v)C) + Rt
Consequently,
Eldist(g,7(g)C)] < minE[dist(g, 7C)] < E[dist(g, 7°C)] < E[dist(g, 7(g)C) + R|7(g) — 7]

This gives:
El[dist(g, 7°C)] — E[dist(g, 7(g)C)] < RE[|7(g) — "]
Observing E[dist(g, 7(g)C)] = E[dist(g, cone(C))] < y/D(cone(C)), and using Lemma C.2 we find:

E[dist(g, 7*C)] — v/D(cone(C)) < V27 RL

E[dist(g, 7°C)]2 — D(cone(C)) < v2rRL(2v/D(cone(C)) + V27 RL)
Using Lemma C.1 we have E[dist(g, 7(g)C)]* > E[dist(g, 7(g)C)?] — 1, Wthh gives:
)

m;{)lE[dist(g,TC)Q] — D(cone(C)) < 2rR*L? + 2v27 RL+/D(cone(C)) + 1

This yields:
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D Intersection of a cone and a subspace

D.1 Intersections of randomly oriented cones

Based on Kinematic formula (Theorem 7.1), one may find the following result on the intersection of the two
cones. We first consider the scenario in which one of the cones is a subspace.

Proposition D.1 (Intersection with a subspace). Let A be a closed and convex cone and let B be a linear
subspace. Denote 6(A) + 6(B) —n by §(A, B). Assume the unitary U is generated uniformly at random.
Given € > 0, we have the following:
o If5(A)+d(B) +ey/n>n,
2
P((ANUB) > §(A, B) + ev/n) < 8exp(—;—4)
e P(§(ANUB) < 6(A, B) — ey/n) < 8exp(—5).

Proof. Denote ANUB by C. Let H be a subspace with dimension n — d chosen uniformly at random
independent of U. Observe that, UBN H is a 6(B) — d dimensional random subspace for d < §(B). Hence,
using Theorem 7.1 with A and UB N H yields:

§(A)+6(B)—d<n—tyn = P(ANUBNH ={0}) > 1 —4exp(—%) (D.1)

5(A)+46(B)—d>n+tyn = P(ANUBNH ={0}) < 4exp(f%) (D.2)

Observe that (D.1) is true even when d > §(B) since if d > §(B), UB N H = {0} with probability 1.
Proving the first statement: Let v = 6(A) +6(B) —n, 7e = v+ ey/n and 7.2 = v + §/n. We assume
Ye > 0. Observing ANUB N H = CN H, we may write:

P(CNH ={0}) <P(CNH={0}[6(C) =) +P(5(C) <) (D.3)
and P(6(C) <) >P(CNH ={0}) —P(CNH={0}|6(C) > )

If, ve > n, P(6(C) < 7.) = 1. Otherwise, choose d = max{~,/2,0}.
Case 1: If d = 0, then, 7.2 <0 and H = R". This gives,

B(C N H = {0}]3(C) > 7.) = B(C = {0}]3(C) > 70) =0 (D.5)

Also, choosing t = §/n in (D.1) and using v < —§+/n, we obtain:

2

P(CNH={0})=P(C={0})>1— 4exp(—g—4) (D.6)
Case 2: Otherwise, d = 7./ > 0. Applying Theorem 7.1, we find:
2
P(C N H = {0}]6(C) > 7.) < 4eXp(—g—4) (D.7)
Next, choosing t = §+/n in (D.1), we obtain:
2
P(CNH={0}) >1—4exp(——) (D.8)

64
Overall, combining (D.4), (D.5), (D.6), (D.7) and (D.8), we obtain:

2
P(5(C) < 70) > 1 - Sexp(—-)
Proving the second statement: In the exact same manner, this time, let v_. = y—ey/n, Voej2 =V 5V/N
Ifvy_. <0,
P(3(C) < 7o) < P(56(C) < 0) = 0

31



Otherwise, let d = v_. /5, we may write,
B(3(C) = y-0) = P(CN H # {0}) — B(C 1 H # {0}[3(C) < 7-0) (D.9)

in an identical way to (D.4). Repeating the previous argument and using (D.2), we may first obtain,

2

P(CNH#{0})>1- 4exp(—g—4)

and using Theorem 7.1,
2

P(C N H # {0}]8(C) <7 < dexp(— )

Combining these, gives the desired result.

2

P(5(C) = 7-) > 1 = Sexp(— )

E Proof of Theorem 3.1 — Lower bound

Theorem E.1. Let C be a closed and convex set, v ~ N(0,I) and let x*(ov) = argmingec [|Xo + ov — x||2.
Then, we have,
E[|x*(ov) — xo[3]

lim >

o—0 o

= D(Te(x0)")

Proof. Let 1 > a,¢ > 0 be numbers to be determined. Denote probability density function of a A/(0, cI)
distributed vector by p.(-). From Lemma F.1, the expected error E[||x* — x¢l|3] is simply,

/ IProj(ov, Fe(x0))|3p1(v)dv
veR™

Let S, be the set satisfying:
[[Proj(u, Te (x0)) 2

Sa = {u S Rn| Hu||2

> al.

Let S, = R"—S,. Using Proposition F.1, given € > 0, choose ¢y > 0 such that, for all ||uf|s < ¢y and u € S,,
we have,

[[Proj(u, Fe(xo))ll2 > (1 =€) [Proj(u, Te(xo)) 2. (E.1)

Now, let z = ov. Split the error into three groups, namely:
o P = e ncs, IProi(z. Fe(xo)) oo (2)dz, Ty = [\ e o [Proj(v. Te(x0)) [3p1 (v)dv.
o Py = i ncs, IPTOi(z, Fe(xo))[Bpo (2)da, T = fi1 -0 e [Proi(v. Te(x0)) [3p1 (v)dv.

o F3= [,c5. IProj(z, Fe(x0))l3po (2)dz, T3 = [ s, [IProj(v, Te(x0))[3p1(g)dv-

The rest of the argument will be very similar to the proof of Proposition 5.2. We know the following from
Proposition 4.1:

Ty + Ty + T3 = D(Te(x0)")
Fl +F2 +F3 = IE:[HX"< — Xo”%] S 02(T1 +T2 +T3)

To proceed, we will argue that, the contributions of the second and third terms are small for sufficiently
small o, a, € > 0. Observe that:

T, < / o2 |v|py (v)dv < o?n
ves

a

For T, we have:

€
<[ vy =)
Ivi2>2 g
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Since ||gl|2 has finite second moment, fixing ey > 0 and letting o — 0, we have C'(%2) — 0. For T, from
(E.1), we have:

F1 Z (]. — 6)20'2T1
Overall, we found:
Ty
0'2 g T1 + T2 + T3

Writing 71 = D(Te(x0)*) — To — T3 > D(T¢(x0)*) — o®n — C(£2), we have:

Ellx —xolf] L By (e

> D(Te(x0)")

Ti _ D(Ie(xo)") —a’n— O(2)
T1 + T2 + T3 - D(Tc(XO)*)

Letting 0 — 0 for fixed «, €9, € , we obtain:

E[llx* = xol13]

. ,D(Te(x0)") — an
750 72D (Te (x)°)

D(Tc(x0)*)

z(1-¢

* 2
Since, a, € can be made arbitrarily small, we obtain lim,_,o % =1

The next result shows that, as ¢ — 0, we can exactly predict the cost of the constrained problem.

Proposition E.1. Consider the setup in Theorem E.1. Let w*(ov) = x*(ov) — xg. Then,

i Ellov = @)l
o—0 o

= D(Te(x0))
Proof. Let w* = w*(ov) and z = ov. z — w* satisfies two conditions.
e From Lemma F.1, ||z — w*||s = dist(z, Fe(xg)) > dist(z, Te(xo)).
e Using Lemma F.1, [z — w*[ + w3 < |2]3
Consequently, when v ~ N (0,I), we find:
no? = E[||zl[3] > E[|z — w*|3] + E[|w*[|3] > 0®E[Proj(v, Tc(x0)")?] + E[||w*||3]

Normalizing both sides by o2 and subtracting D(T¢(x¢)) = E[Proj(v, Tc(x0)*)?] and E[||w*||3] we find:

. E[||w*||? El||lz — w*||2
D(TC(XO) ) - [”0-2 ”2} Z [” 02 ||2] o D(Tc(Xo)) 2 0
where we used Lemma A.2. Now, letting ¢ — 0 and using the fact that lim,_, E H\;v;\lﬁ] = D(Te(x0)*), we
find the desired result. O

F Approximation results on convex cones

F.1 Standard observations

Remark: Throughout the section, C will be a nonempty, closed and convex set in R”.

Property F.1. Let xg € C andy = xo +z € R". From Lemma A.1, recall that, Proj(y,C) is the unique
vector that is equal to argmingec ||y — ull2. By definition of feasible set Fe(xo), we also have, Proj(y,C) =
Proj(z, Fe(xo)).

Lemma F.1. For all z € R™ and x¢ € C, we have:

(| Proj(z, Fe(x0))ll2 < || Proj(z, Te(x0))|2
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Proof. Setting f(-) =0 and y = x¢ + z in Lemma 4.2, we have:
[[Proj(z, Fe(x0))ll2 = [[x* — xol|2 < dist(z, Te(x0)") = [[Proj(z, Te(xo)) |2
O

The following lemma shows that projection onto the feasible cone is arbitrarily close to the projection
onto the tangent cone as we scale down the vector. This is due to Proposition 5.3.5 of Chapter IIT of [88].

Lemma F.2. Assume xq € C. Then, for any z € C,

lim

e—0

PTOJ(GW;FC (x0)) — Proj(w,Te(xo))

Hence,
o If Proj(w,T¢(x0)) =0, using Lemma F.1, Proj(z, Fc(xg)) = 0.

e If Proj(w,Tc(x0)) # 0,
-~ ||Proj(eW,Fc(X0))\\2 -1
=0 || Proj(ew, Te(x0)) |2

F.2 Uniform approximation to the tangent cone

Proposition F.1. Let C be a closed and convex set including Xo. Denote the unit £2-sphere in R™ by S*1
and let 1 > a > 0 be arbitrary. Given o,e > 0, there exists an e¢g > 0 such that, for all w € S*1,
[|Proj(w, Te(x0))|l2 > o and for all 0 < t < €y, we have:

| Proj(tw, Fe(x0))||2
t|| Proj(w, Te(x0))]l2

>1—c¢ (F.1)
In particular, setting o = 1, given € > 0, there exists eg > 0 such that, for allt < ey and allw € Te(x0)NS™ 1,
| Proj(tw, Fe(xo))ll> > (1 — e)t.
Remark: Note that, statements of Propositions F.1 and 5.1 are quite similar.
Proof. Given « > 0, consider the following set:

S = {w € 8" !|[Proj(w, Te(xo)) 2 > a}
This set is closed and bounded and hence compact. Define the following function on this set:

|[Proj(ew, Fe(xo)|l2 1— ¢}
[Proj(cw, Te(xo))[l2 —

c(w) = max{c > 0 |

c(w) is strictly positive due to Lemma F.2 and it can be as high as infinity. Furthermore, from Lemma F.3,
we know that whenever ¢ < ¢(w):

[Proj(ew, Fe(xo)ll2 o, _

[[Proj(ew, Te(xo))ll2 —

as well. Let s(w) = min{1, ¢(w)}. If s(w) is continuous, since S"~! is compact s(w) will attain its minimum
which implies ¢(w) > s(w) > €p > 0 for some €y. Again, this also implies, for all w € S"!, and 0 < t < ¢,

|[Proj(tw, Fe(xo0)ll2
[tProj(w, Te(x0))l|2

>1—c€

To end the proof, we will show continuity of s(w).
Claim: s(w) is continuous.
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Proof. We will show that limy,_w, $(W2) = s(wy). To do this, we will make use of the continuity of the
IProj(caw, Fe(xo)ll2

[Proj(crw Te (xo)]l2 when the denominator is nonzero.
,

functions ||Proj(c1w, Fe(x0)||2, ||Proj(ciw, Te(x0)||2 and
Given wy, let ¢; = min{2, c(w1)}.
Case 1: If ‘l“grrgjj((;l:vvll ’I{VCC&‘OO)))"‘@ > 1—¢, then ¢(wy) > 2 and for all wy, sufficiently close to w, i
is more than 1 — € and hence ¢(wg) > 2 > 1. Hence, s(w;) = s(wa).
IProj(ciwy,Fe(xo)l|2
[[Proj(ciwi,Tc(x0))|l2

[[Proj(ciwa,Fe(xo0)ll2
[Proj(ciwz,Tc (x0))ll2

Case 2: Now, assume = 1 — ¢ which implies ¢; = ¢(wy). Using the “strict decrease” part
[Proj(c¢'wa,Fe(xo)ll2

? [[Proj(c’wi,Te(x0))ll2

of Lemma F.3, for any ¢ > 0 and ¢/ =c¢; — € > 1 — €. Then, for wo sufficiently close to

IProj(c’wa,Fe(x0)ll2
[Proj(c’wa,Te(x0))ll2

w1, > 1 — e which implies ¢(wq) > ¢’. Hence, ¢(wa) > ¢; — € for arbitrarily small ¢ > 0.

Conversely, for any ¢ > 0 and ¢/ = ¢; + €, ‘\llpPrrsjj((cc/’:vvll ’TFCC(%“)))“"Z < 1 —¢e. Then, for wy sufficiently close to

|Proj(c’wa,Fe(x0)]l2
[Proj(c’wa,Te(x0))ll2
Combining these, we obtain ¢(w2) — ¢(w1) as wa — wy. This also implies s(wz) — s(w1). -

< 1 — € which implies ¢(ws) < ¢’. Hence, ¢(ws) < ¢; + € for arbitrarily small € > 0.

Wi,

This finishes the proof of the main statement (F.1). For the o = 1 case, observe that, ||w|2 = 1 and

[IProj(w,Te(x0))||2 = 1 implies w € Te(x0). O
Lemma F.3. Let xg € R"™ and let w have unit l3-norm and set lp = ||Proj(w,Tc(xo))||2. Define the
function,

[Projtw. FexoDllz f4r ¢ > ()
g(t) = L
lp fort=0

Then, g(-) is continuous and non increasing on [0,00). Furthermore, it is strictly decreasing on the interval
[to, 00) where to = sup,{t > 0|g(t) = Ir}.

Proof. Due to Lemma F.1, g(t) < lr and from Lemma F.2, the function is continuous at 0. Continuity at
t # 0 follows from the continuity of the projection (see Fact A.2). Next, if g(t) = lr, using the fact that
Fe(x0) contains 0, the second statement of Lemma F.4 gives,

Proj(tw, Tc(xo)) = Proj(tw, Fe(xo)) € Fe(xo).

From convexity, Proj(t'w,Tc(x¢)) € Fe(xo) for all 0 < ' < t. Hence, g(t') = lp. This implies g(t) = I for
t <tp.
Now, assume t; > tg and t; > to > 0 for some ¢1,t5 > 0. Then, g(t1) < lr, hence, the third statement of

Lemma F.4 applies. Setting a = % in Lemma F.4, we find,
. Proj(tow, Fe(x
[Proj(tw, Fe (o))l < Lrodltex, Felxo))lz

ty

which implies the strict decrease of w over t > tg.
O

For the rest of the discussion, given three points A, B,C' in R", the angle induced by the lines AB and
BC will be denoted by ABC.

Lemma F.4. Let IC be a convex and closed set in R™ that includes 0. Letz € R™ and 0 < o < 1 be arbitrary,
let p1 = Proj(z,K), p2 = Proj(az, K). Denote the points whose coordinates are determined by 0, p1, P2,z by
O, P, P, and Z respectively. Then,

e ZP0O is either wide or right angle.
o If ZP,O is right angle, then p1 = B2 = Proj(z, T (0)).

o If ZP,0 is wide angle, then ||pi|2 < Hp;HZ < ||Proj(z, Tk (0))||2-
Proof. Acute angle: Assume Z PO is acute angle. If Z OP, is right or wide angle, then 0 is closer to z

than p; which is a contradiction. If ZOP, is acute angle, then draw the perpendicular from Z to the line
OP;. The intersection is in K due to convexity and it is closer to z than p;, which again is a contradiction.
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Casel Case 2

Figure 5: Possible configurations of the points in Lemma F.4.

Right angle: Now, assume ZP0 is right angle. Using Fact A.2, there exists a hyperplane H that
separates z and K passing through P; which is perpendicular to z—p;. The line P;O lies on H. Consequently,
for any a € [0,1], the closest point to az over K is simply ap;. Hence, po = ap;. Now, let q; :=
Proj(z, Txc(0)). Then, Proj(az, Tic(0)) = aqi. If qi # p1 then, [[qi2 > [[p1]l2 since [z — a1z < [z — 12
and:

laull3 = llzll3 — Iz — ai[l3 > llzll3 — Iz = p1ll3 > P13

where the last inequality follows from the fact that ZP,O is not acute. Then,

L IProj(a, Te )l _ llale

: = > 1
a=0  [[Proj(z, K)|2 P2 l2

which contradicts with Lemma F.2.

Wide angle: Finally, assume Z P,0 is wide angle. We start by reducing the problem to a two dimensional
one. Obtain K’ by projecting the set K to the 2D plane induced by the points Z, P, and O. Now, let
p5 = Proj(az, K'). Due to the projection, we still have:

Iz = Phll2 < [|lz — p2]l2 < [z — ap2 (F.2)

and ||p5|l2 < |Ip2ll2. Next, we will prove that ||p4|l2 > |api]]2 to conclude. Figure 5 will help us explain
our approach. Let the line UP; be perpendicular to ZP;. Assume, it crosses ZO at S. Let P'Z’ be parallel
to P1Z;. Observe that P’ corresponds to ap;. H is the intersection of P’Z’ and P;U. Denote the point
corresponding to p5 by Ps. Observe that P, satisfies the following:

e P is the closest point to Z in K hence Py lies on the left of P,U (same side as O).

e P is the closest point to Z’. Hence, Z’ P, P is not acute angle. Otherwise, we can draw a perpendicular
to P, Py from Z’ and end up with a shorted distance. This would also imply that Z’'PjP; is not acute
as well. The reason is, due to projection, |Z'Pj| < |Z'P,| and |P}P;| < |P2P;| hence,

|Z'Py| > |Z' P,)* + |PPy” > |Z' P3| + | Py Py (F.3)

e PJ has to lie below or on the line OP; otherwise, perpendicular to OP; from Z’ would yield a shorter
distance than |P;Z’|.

e po # ap;. To see this, note that Z'P'O is wide angle. Let q € R™ be the projection of az on the line
{cpl‘c € R} and point @ denote the vector q. If @ lies between O and P, q € K and |QZ'| < |P'Z’|.
Otherwise, P; lies between @ and P’ hence |P1Z'| < |P'Z’| and p € K. This implies Py, Py # P’.

Based on these observations, we investigate the problem in two cases illustrated by Figure 5.
Case 1 (S lies on Z'Z): Consider the lefthand side of Figure 5. If P} lies on the righthand side of P'U,
this implies |P5O| > |P’O| which is what we wanted.

If Pj lies on the region induced by OP'TT’ then P1P2’Z’ is acute angle as P12’Pé > PZ'P is wide,
which contradicts with (F.3).
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If P} lies on the remaining region T'TU, then Z'P}P; is acute. The reason is, PjZ'P; is wide as follows:
PZ'P, > PTP, >UTP, >UP'P, = g

Case 2 (S lies on 0Z’): Consider the righthand side of Figure 5. Due to location restrictions, Pj lies on
cither Py P'H triangle or the region induced by OP'HU. If it lies on Py P'H then, OP'P} > OP'H (thus
wide); which implies |OP}| > |OP’| as OP' Py is wide angle and P’ # P}.

If Py lies on OP'HU then, PPjZ' < PLHZ' = 7 hence P\ P}Z' is acute angle which contradicts with

(F.3).
In all cases, we end up with |OPj| > |OP’| which implies ||pa]l2 > [|p4]l2 > a|/p1]|2 as desired.
Finally, apply Lemma F.1 on az to upper bound ||pz||2 by a||Proj(z, Ti(0))|2- O
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