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In many-body localized systems, propagation of information forms a light cone that grows loga-
rithmically with time. However, local changes in energy or other conserved quantities are expected
to spread only within a finite distance. Is it possible to detect the logarithmic light cone using local
observables, starting from thermal states or eigenstates? Here we show that this is indeed the case,
but only in an out-of-time-ordered way. In particular, we numerically calculate various correlators
in a prototypical model of many-body localization. While correlators of local operators A(t = 0)
and B(t > 0) ordered in time sequence — e.g., A(t = 0)B(¢ > 0) — are not sensitive to the unbounded
information propagation, those with out-of-time order — e.g., A(t = 0)B(t > 0)A(t = 0)B(t > 0) —
can detect the logarithmic light cone. We demonstrate the connection between out-of-time-ordered
correlators and the Lieb-Robinson bound in many-body localized systems, and explain how to satu-
rate the latter by measuring the involved commutator on specially designed initial states. Moreover,
out-of-time-ordered correlators also allow us to study the temperature dependence of the light cones

and we observe an increase of propagation velocity with increasing temperature.

In the presence of disorder, localization can occur not
only in single-particle quantum systems [I], but also in
interacting many-body systems [2HI0]. The former is
known as Anderson localization, and the latter is called
many-body localization (MBL). Neither Anderson local-
ized nor MBL systems conduct heat, charge, or other
local conserved quantities. Indeed, changes in energy or
charge at position £ = 0 from equilibrium can propa-
gate and lead to changes in the corresponding quantity
only within a finite distance with |Z| < Lo, where Lg is
called the localization length. Note that entanglement
also remains bounded after a local perturbation from
eigenstates [II]. Other transport-related measurements
only demonstrate strictly local effects: e.g., fluctuation of
conserved quantities remains finite after a global quench
[12] and domain wall configuration does not completely
melt after a sufficiently long time [I3].

The entanglement spreading, i.e., the propagation of
information, on the other hand, is in stark contrast to
the transport of conserved quantities. Although informa-
tion propagation is strictly local in Anderson localized
systems [I4] [I5], entanglement in MBL systems grows
without bound after a global quench [12, [T6H23]. In par-
ticular, it was shown that if the initial state is prepared
in a random product state by a random field and inter-
action is turned on at ¢ = 0, entanglement of half of
the chain grows logarithmically with time. This result
suggests that in MBL systems, information propagation
is not restricted to a finite region, as otherwise entan-
glement would saturate at a finite value. Instead, infor-
mation propagates throughout the system, although at a
very slow rate [24], 25]. This feature distinguishes MBL
from Anderson localization.

The propagation of information can be formalized by
adapting the Lieb-Robinson bound [26H28] to the context
of MBL systems [29]. In particular, one might expect
a logarithmic light cone in the sense that the operator

norm of the commutator of two local (w.l.0.g.) Hermitian
operators A and B with time separation ¢ and spatial
separation x decays exponentially outside a light cone
whose radius is given by |z| ~ log |t|. That is,

1[A(0,0), Bz, 1)]|| < ceallel-blogith (1)

for some positive constants a,b,c. Here, B(z,t) is the
time evolved operator in the Heisenberg picture B(z,t) =
eHtB(z,0)e~ "t and ||-|| denotes the operator norm (the
maximum singular value) of an operator.

Can the unbounded information propagation, or more
specifically, the logarithmically growing light cone be de-
tected with local observables instead of entanglement?
One straightforward idea is to directly measure the
Hermitian commutator i[A(0,0), B(z,t)] in the Lieb-
Robinson bound (Eq. [1)) on thermal states or eigenstates.
This method does not work, because it is related to the
linear response measured by B after the local unitary per-
turbation V = e¢~%"4 for small 7 via the Kubo formula,

(VIB(z,t)V) — (B(x,t)) = 7(i[A, B(z,1)]) + O(7%). (2)

Note that V and B can be, although do not have
to be, chosen as the operations of changing and mea-
suring local conserved quantities, respectively. Hence
outside the localization length Ly, there is approxi-
mately no change after perturbation for the evolved ther-
mal state e~V (e7PH [ tr(ePH))VTelft or eigenstate
e HtV ) (J1y) is an eigenstate of the Hamiltonian).
The crucial feature in the Lieb-Robinson bound is the
degree of non-commutativity between operators A(0,0)
and B(z,t). In order to detect the logarithmic light
cone, we consider the out-of-time-ordered (OTO) corre-
lator [30H33] of the form A(0,0)B(z,t)A(0,0)B(z,t) for
generic local observables. It plays a crucial role in inves-
tigating the butterfly effect and scrambling in quantum



chaotic systems especially the black holes [30H38]. We
observe that OTO correlators can detect the logarithmic
light cone. To understand this, we discuss its relation
to the square of the commutator —[A(0,0), B(z,t)]* and
furthermore to the Frobenius norm of [A(0,0), B(x,?)]
which is expected to behave similarly to the operator
norm in the Lieb-Robinson bound in Eq. In addition,
OTO correlators allow us to observe the temperature de-
pendence of the logarithmic light cones.

The fact that the Lieb-Robinson bound (Eq. pre-
dicts a logarithmic light cone while the expectation value
of [A(0,0), B(x,t)] on thermal states or eigenstates ap-
proaches zero outside a finite distance raises the question
of whether the Lieb-Robinson bound (Eq. is satu-
rated when measured on some set of initial states. Of
course, it is saturated when measured on the eigenstate
of [A(0,0), B(x,t)] with the largest eigenvalue in magni-
tude, but such states are not very physical. Is it pos-
sible to saturate the Lieb-Robinson bound (Eq. [I) on
physically motivated states? We provide numerical and
analytical evidences that this is not the case on the eigen-
states of the Hamiltonian, any mixture of them, or ran-
dom product states.

Finally, we compare the above observations on MBL
systems with Anderson localized systems. In Anderson
localized systems, all response functions including infor-
mation propagation are localized. That is, the system
has a strictly non-expanding light cone and OTO corre-
lators do not decay outside a finite distance, which we
show explicitly using a random-field XY model.

Out-of-time-ordered correlator as a probe.—How do we
measure the logarithmic light cone in an MBL system
using local observables starting from thermal states or
eigenstates? To answer this question, we consider the
spin-1/2 random-field Heisenberg chain and simulate its
dynamics using exact diagonalization. The Hamiltonian
is

L—1 L
— T T vy z Z z
H=7 (0505 +0jol +o5050) + Y hios, (3)
=1 j=1
where o7, aé.’, o are the Pauli matrices at the site j, and

h;’s are independent and identically distributed (i.i.d.)
uniform random variables on the interval [—h,h]. This
model is known to be in the MBL phase for k 2, 7 [39-41],
and we fix h = 16. Most data presented below are for L =
10, but we keep doing finite-size scaling to guarantee that
the system size we use is large enough for our purposes.
For the ease of presentation, data for finite-size scaling
are not shown unless necessary.

Suppose the system is prepared in the thermal state or
a random eigenstate. Their expectations are given by

(O)n = tr(e P 0) ftr(eP1), (4)
(O)eig = (U]Ol¥), (5)
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FIG. 1. (Color online) Color plots of |(i[of, o5 (t)])wm| for
B = 0.1 (left) and [(i[o7, 05 (t)])eig| (right), averaged over 100
samples. The distance remains finite for large ¢.

where 8 = 1/T is the inverse temperature, and |¢y) is a
random eigenstate of H.

We calculate the response of the operator B; = o7} for
j=1,2,..., L to perturbation at the left end of the chain
A = of. The result is plotted as a function of j and ¢
in Fig. From this figure, it is straightforward to see
that changes in B in response to A, whether in a thermal
state or in a random eigenstate, is restricted within a
finite distance. We observe similar behavior for other
choices of local operators A and B. As we mentioned
before, this phenomenon can be explained by the Kubo
formula and localization.

We now consider the OTO operator ofof(t)ofof(t),
which is very close to I if [of,0f(t)] ~ 0, ie., if the
site j at time t is outside the light cone originating
at the first site. We can see from Fig. (upper
panels) that this OTO correlator clearly visualizes an
unbounded light cone. Specifically, the radius of the
light cone grows as blogt for some positive constant b
when t is large. We also calculate the OTO operator
ABj(t)AB;(t) for A = o7, B; = o} (lower left panel)
and A = (0¥ 4+ 0%)/V?2,B; = (of + oj)/\/i (lower right
panel). The light cone is visible in the lower right panel
(A = (o + 07)/V2,B; = (067 + 07)/V/2) but is not
very clear in the lower left panel (A = of,B; = 07).
This is because o; has a large overlap with the lo-
cal integrals of motion [22, 42] and therefore does not
‘scramble’[32, B3, B6] very strongly. Furthermore, the
OTO correlator Re(AB;(t)AB;(t))ecig decays (does not
decay) to 0 for very large ¢ in the upper (lower) right
panel, where Re denotes the real part. This is because
0% (0F +0%) has a vanishing (finite) overlap with the lo-
cal integrals of motion. We see that the OTO correlator
Re(o7073(t)o707 (t))eig almost does not decay.

Why does OTO correlation behave differently from
normal response functions? Loosely speaking, normal
response functions measures the spreading of physical
quantities like energy or charge, while OTO correlation
measures the spreading of information. In particular, we
show below that the OTO correlator is connected to the
Lieb-Robinson bound (Eq. |1) describing a light cone that
grows logarithmically in time in an MBL phase.

The OTO correlator can be obtained by expanding the
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FIG. 2. (Color online) Color plots of 1—Re(c7 07§ (t)o7 o7 (t))wn
for B = 0.1 (upper left panel), 1 — Re(o707j(t)o70] (t))eig
(upper right panel), 1 — Re{o{0}(t)070;(t))eig (lower left
panel), and 1 — Re((o7 4 07) (05 (t) + o5 (t)) (o7 + 07) (05 (1) +
07 (t)))eig/4 (lower right panel), averaged over 100 samples.
The distance in all but the lower left panels grows as blogt
when t is large. At a numerical level, it is not clear whether
1 —Re(o70}(t)oio} (t))eig can be used to detect the logarith-
mic light cone.

log,,
log | 0‘

square of the commutator

—[o7, U;-”(t)]2 =2—oy0j(t)oyo}(t) — of(t)oto](t)oy.

(6)
Indeed, the thermal average (—[of, 0% (t)]*)un at infinite
temperature 8 = 0 is the squared Frobenius norm of the
commutator [of, o7} ()] divided by 2L, This is closely re-
lated to the Lieb-Robinson bound (Eq. which states
that the operator norm of [of,0f(t)], i.e., the largest
(in magnitude) eigenvalue of [of, 0% (t)], decays exponen-
tially outside a light cone that grows logarithmically with
time. Plotting the operator norm of [0, 0§ ()] in Fig.
(right panel), we clearly observe that the bound (Eq. |1)
can indeed be saturated. Therefore, while the definitions
of the Frobenius and operator norms are different, they
behave very similarly in the present context. In this way,
we have established a connection between the logarith-
mic spreading of OTO correlation and the logarithmic
light cone described in the Lieb-Robinson bound (Eq.
in MBL systems.

Note the sharp contrast between the expectation of
—[of,0%(t)]* as shown in Fig. 2/ and that of [of, 0¥ (t)]
as shown in Fig. The fact that the former demon-
strates unbounded spreading while the latter does not
is related to the strong sign oscillation in the eigenval-
ues of [0f,0%(t)], which upon taking the expectation
(either with respect to a thermal state or a random
eigenstate) cancel among themselves. The eigenvalues
of —[of,0%(t)]* on the other hand, are always positive
and contribute additively when taking the expectation
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FIG. 3. (Color online) Color plots of the Frobenius norm di-
vided by 2%/2 (left) and operator (right) norm of [oF, 0 (t)],
averaged over 100 samples. Both quantities spread to a dis-
tance which grows logarithmically in time.

values.

OTO correlators also allow us to observe the tempera-
ture dependence of logarithmic light cones (this problem
for linear light cones in ergodic systems has been stud-
ied; see, e.g., [38]). In particular, we study how the light
cone boundary z ~ blog;,t depends on temperature. To
this end, we choose a threshold value € and extract b by
solving the relation between j and ¢ from the equation

1 — Re(o7 o} (t)oio] (t))m = €. (7)

It should be noted that b depends on both € and 8. For
fixed €, we observe that b decreases as 8 increases. This
observation is similar to that found in [38] for systems
with a holographic dual. On the other hand, this behav-
ior can also be interpreted in terms of the localization
dynamics of the model. It is know that for smaller h
there are mobility edges to thermal phases in the middle
of the spectrum [40]. For our choice of h, the system
does not have mobility edges but one might still expect
the system to be more localized when temperature goes
to either positive zero (ground state) or negative zero
(highest excited state) from infinity. Therefore, when S
increases from 0 to finite positive value, b is expected to
decrease as shown in Fig.

Similarly, OTO correlators can detect mobility edges.
In particular, when we tune energy density (or tempera-
ture) across a mobility edge from localized to delocalized
parts of the spectrum, we expect that the light cone (as
visualized by OTO correlators) changes from logarithmic
to power law.

Saturation of Lieb-Robinson bound.— The fact that
the operator norm of [of, 0% (t)] saturates the logarithmic
light cone, as shown in Figure [3| (right panel), is equiva-
lent to the fact that the expectation value of [of, o7 (t)]
taken with respect to its eigenstate corresponding to the
largest (in magnitude) eigenvalue saturates the logarith-
mic light cone. In Fig. |5 (upper left panel), we plot the
expectation value of [of, 0% (t)] taken on the largest (in
magnitude) eigenvalue eigenstate of the commutator on
the logarithmic light cone. In particular, we roughly lo-
cate the boundary of the logarithmic light cone in Fig.
(right panel) as ¢t = 1024795 We choose [;) to be
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FIG. 4. (Color online) The light cone x ~ blog,,t at various
inverse temperature 8. The data in this plot are obtained by
solving (7) for e = 1/2. Note that the color plots for 3 = 0,0.1
are shown in Fig. (upper panels), and the color plots for
other 3 are not shown. It should be clear that b decreases as
[ increases for fixed e.

the eigenstate of [of, 0¥ (t = 10°%10-%)] with the largest
(in magnitude) eigenvalue. We do see a logarithmic light
cone. This is in contrast to the observation in Fig. [T that
the expectation of [of, o (¢)] with respect to the thermal
states or eigenstates of the Hamiltonian cannot visualize
the logarithmic light cone.

Since the eigenstates of the commutator are arguably
not physically motivated, we would like to investigate
whether the logarithmic light cone can be detected
through expectation value of i[of, 0% (¢)] (which describes
linear response via the Kubo formula (Eq. ) on ran-
dom product states, which constitute an important class
of physically accessible states both experimentally and
numerically. The result is plotted in the lower panels of
Fig. [f] Although there might seem to be an unbounded
light cone in each of these panels, we argue that our nu-
merical results indeed point to a finite light cone in the
thermodynamic limit by doing finite-size scaling. (On
the other hand, as mentioned above, we have done finite-
size scaling for all previous plots and do not encounter
similar problems.) To this end, we consider the quantity
max; |([of, 07 (t)])|, which measures the maximum “sig-
nal” that can ever be detected by o7 at any time (see Eq.
2). We emphasize that this quantity does not describe
whether the light cone is logarithmic, but only detects
whether the light cone is bounded. Specifically, if it be-
comes vanishing and even decays exponentially at large
distance, then the light cone should be considered finite.
Fig. (upper right panel) provides evidences that in
the thermodynamic limit the maximum of the expecta-
tion of i[of, of (t)] with respect to random product states
decays exponentially to 0 as j increases. In this sense,
the light cone as seen from random product states is in-
deed finite. In the appendix, we calculate analytically
the linear response of some product states using the phe-
nomenological “l-bits” description of MBL systems [22],
which qualitatively explains the behavior shown in Fig.
Bl

Comparison with Anderson localization.—Information
propagation forms a finite light cone in a single-particle
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FIG. 5. (Color online) (upper left) Color plot of

[(¥5llof, oF (t)]|wy)|, averaged over 100 samples. We choose
;) to be the eigenstate of [o7, o7 (t = 10°4705)] with the
largest (in magnitude) eigenvalue. (upper right) Finite size
scaling of max; |([o7, o5 (t)])| with respect to random product
states for L = 8 (blue), 9 (green), 10 (red), average over 500
samples. It appears that the quantity under consideration
decays exponentially as j (distance) increases. (lower panels)
Color plots of [([of, 07 (t)])| with respect to random product
states for L = 8 and L = 10.

Anderson insulator. This intuition can be formalized by
a strictly local Lieb-Robinson bound [I4]

11A(0,0), B(a, 0)]|| < ce™ I, (8)

and by the fact that entanglement remains bounded if
the initial state is a product state [15].

All previously studied quantities should visualize a fi-
nite light cone in the long time limit. Thus, OTO cor-
relators provide a way to distinguish MBL from Ander-
son localization. To see this explicitly, we consider the
random-field XX chain as a model of Anderson localiza-
tion:

L
H =

1

L
(U;-”U;»”+1 + O’;»JO';»J+1) + Z hjo?, (9)
1 j=1

<.
Il

where h;’s are ii.d. uniform random variables on the
interval [—h, h]. We still take = 16. This model can
be mapped to a free-fermion hopping model in a random
potential. We calculate the same quantities as before
and plot them in Fig. [6] which clearly shows that both
conserved quantity propagation and information propa-
gation are limited to a finite region.

Therefore, the intuition that localization means no
information propagation holds in Anderson localized
phases, but not in MBL phases.

Conclusion.—To summarize, although an MBL phase
is characterized by a lack of transport, information still
propagates throughout the system after a local pertur-
bation which can be detected using OTO correlators on
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FIG. 6. (Color online) Color plots of 1 —
Re(o707 (t)o707 (t))eig (left) and the operator norm of
[of,05(t)] (right) for the Anderson localized model (9)
averaged from 100 samples. The light cone remains finite in
the long time limit.

eigenstates or thermal states, as we have shown above.
Furthermore, we find that on specially designed ini-
tial states, even linear response functions can have non-
localized behavior, although those on random product
state still decays exponentially with distance. Whether
linear response function on other physically motivated
states can exceed strict localization and even achieve log-
arithmic light cone is an interesting question for future
study.

Moreover, we study the temperature dependence of
the logarithmic light cones using OTO correlators and
observe an increase in propagation velocity with temper-
ature. While this observation is similar to that in [38],
the possible interpretation we discussed above in terms
of localization dynamics suggests that this behavior may
change depending on the mobility structure of the sys-
tem. We leave this possibility for future study.

OTO correlators have been extensively studied in the
context of quantum gravity [30H33] where it is used to
study the chaotic dynamics and scrambling behavior of
black holes through the AdS-CFT duality. Here we
present an example where OTO correlators provide a use-
ful probe of the dynamics of normal quantum mechanical
system in general, whether they have a holographic dual
or not.

The usefulness of OTO correlators is not restricted to
localized systems but applies to ergodic systems as well.
In particular, in non-integrable diffusive systems, we ex-
pect that OTO correlators can be used to access the
linear light cone described in the Lieb-Robinson bound
while normal time ordered correlation functions is only
sensitive to the diffusive transport at a much lower speed.
Furthermore, similar to MBL cases, linear light cone in
non-integrable diffusive systems may be detected from
linear response of e.g. energy, provided that the initial
states are specially designed. An extensive study of er-
godic systems is going to be presented elsewhere.

Note added.—Shortly before and after we posted the
original version of this paper on arXiv, we became aware
of two related works, one by Fan et al. [43] and one by
Swingle and Chowdhury. They also studied OTO corre-

lators in MBL systems.
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LINEAR RESPONSE FOR NON-EIGENSTATES

In this section, we compute analytically the linear
response of a particular class of non-eigenstates using
the phenomenological description of the MBL system in
terms of the “I-bits” [22]. The analytical result supports
our numerical observations in Fig.

The Hamiltonian in the “l-bits” basis reads

H = Zhﬂ'lz +Z‘]ij7—iz7—]"z + e, (10)

where J;; decays exponentially with the distance between
7 and j. For simplicity and w.l.o.g., we will ignore three-
or more-body terms in the Hamiltonian.

We are going to compute the expectation value of
[71(t),75;] on product states of “l-bits” in the Y direc-
tion. Note that the expectation value on product states
in the Z direction is clearly zero, reflecting the absence
of transport in eigenstates of the Hamiltonian. By using
product states in the Y direction, we hope to access the
off-diagonal elements of the commutator although our re-
sult shows that the linear response of such states still falls
short of achieving the unbounded light cone.

The time evolution of 7{ is given by

ettt o =it
— eithl‘rf eit > JuTiTs Tlxe—it > Jleijze—ithlff
= (cos(thy) + isin(thy)77)
x [ (cos(tr;) + isin(t.J;)7i77)

J
X1y H (cos(tJlj) — isin(tJlj)Tijz)

J

X (cos(thy) — isin(thy)1y) . (11)
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Conjugating 7 with Hj (cos(tJr;) + isin(tJy;)iTF)
generates the following terms:

x Y_z T _z_z Y 2z 2z _z
T TUTy TIT Ty TLT TRT e (12)

Conjugating these terms with (cos(thy) + isin(thi)7f)
generates
', lele T Tf/TfT,fo, ey (13)
where 7’ is the result of rotating 7 by (cos(thy) +
isin(thy)rf) and 7¢° is the result of rotating 7¢ by
(cos(thy) + isin(thy)7f).
The commutator of these terms with 73 involves terms

Yy
T1 Tjos

TflijOT]j, Tflrjyor,jrf, e (14)
The expectation value of these terms on product states
in the Y direction is nonzero only for the first term. The
the bare expectation value (up to +1) is cos(2th;). The

norm of this term is tan(2tJy;,) ][, cos(2tJ1x). Putting

together, the expectation value of the commutator on
product state of the “l-bits” in the Y direction is
cos(2thy) tan(2tJ1;,) [ I, cos(2tJ1k)-

When tJ;, < 1, the second factor is proportional to
tJ1j, and hence the expectation value decays exponen-
tially with increasing jo. Omne might want to think of
this as the outside of the light cone. However, the expec-
tation value on the boundary of the supposed light cone
je ~ logt also decays with j., because cos(2tJy;) < 1
when k < j. and cos(2tJy;) ~ 1 when k > j.. There-
fore, the supposed light cone “faints out” with distance.
This is exactly the behavior we see in Fig. (lower
panels) that there seems to be a logarithmically grow-
ing light cone but it disappears with time. Because of
this exponential decay of expectation values at light cone
boundaries, the expectation value for any j and ¢ can be
bounded by an exponentially decaying function of j, in-
dicating that there is in fact a localized light cone. If we
calculate the maximum achievable expectation value for
any j, it decays exponentially, similar to that shown in
the upper right panel of Fig.
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