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I. STRUCTURE OF CEMENTITE

Cementite has an orthorhombic structure with the
Pnma space group, containing 12 iron atoms and 4 car-
bon atoms per unit cell. The Fe atoms occupy two dis-
tinct sites on the lattice, with eight FeII atoms occupying
the general site (8d), and four FeI occupying the spe-
cial site (4c). The carbon atoms also occupy a 4c site,
with prismatically coordinated positions between the Fe
atoms.

The lattice parameters of our Fe3C sample were ex-
tracted from x-ray diffraction measurement conducted
using a laboratory Cu Kα source, shown in Fig. 1. The
refined XRD pattern included MgO peaks which were
remnants of the MgO capsule used in the high-pressure,
high-temperature synthesis1.

The experimental and computed equilibrium lattice
parameters from this study are compared with other liter-
ature values in Table I. The lattice parameters calculated

Table I. Unit cell parameters of cementite from various exper-
imental and computational studies.

Source a (Å) b (Å) c (Å) Method

this study 5.0429 6.7028 4.4816 PAW/PBE
Jiang3 5.04 6.72 4.48 PAW/PBE
Dick4 5.035 6.716 4.480 PAW/PBE

Nikolussi5 5.036 6.724 4.480 PAW/PBE
Haeglund6 5.089 6.743 4.523 LMTO

this study 5.084(1) 6.751(1) 4.518(1) Exp. (300K)
Wood7 5.081 6.753 4.515 Exp. (300K)
Gao8 5.0814 6.751 4.516 Exp. (300K)

Wood7 5.082 6.733 4.512 Exp. (4K)

by DFT are in good agreement with the exception of the
b lattice parameter, which appears slightly lower than
previously reported results. The lattice positions of each
of the unique crystal sites are shown in Table II. The cal-
culated and experimentally-determined lattice sites are
also in close agreement with previous results.

Each Fe atom has a C atom first-nearest neighbor co-
ordination shell, and an Fe atom second-nearest neigh-
bor shell. The first-nearest neighbor carbon shells have
similar interatomic distances for both FeI and FeII sites.
The second-nearest neighbor coordination shells of FeII
sites had a smaller average bond length than the second-

Table II. Unit cell parameters of the unique crystallographic
sites in cementite from experiment and computation in frac-
tional coordinates.
Method FeI x,y,z FeII x,y,z C x,y,z

PAW/PBE 0.036,0.250,0.837 0.176,0.068,0.332 0.877,0.250,0.438
PAW/PBE3 0.036,0.250,0.837 0.176,0.068,0.332 0.876,0.250,0.438

300K Exp. 0.035,0.250,0.838 0.185,0.059,0.334 0.898,0.250,0.447
300K Exp.7 0.035,0.250,0.838 0.185,0.059,0.334 0.898,0.250,0.447

nearest neighbor coordination shells of the FeI sites. The
FeII atoms have the shortest Fe-Fe interatomic distances,
aligned along the b-axis. Our computed local structure
agrees with that reported by Fasiska et al.9

II. SELF-CONSISTENT CALCULATION OF
ELASTIC CONSTANTS FROM FORCE

CONSTANTS

We have calculated elastic constants by a novel self-
consistent method. This method solves for the elastic
constants of a system by direct comparison to calculated
phonon frequencies at low q generated from DFT force
constant calculations. The availability of this alternative
is important because only the on-diagonal elements of a
system’s elastic matrix (in Voigt notation, elements Cij)
are well-defined by the Christoffel equations.

The self-consistent method relies on calculations of
the dynamical matrix D(q), built from interatomic force
constants, and an analogous A(q), built from elastic
constants.10 The eigenvalues of A(q) define the acous-
tic branches at a given q point, and therefore can be
mapped to a subset of the spectrum of D(q), which de-
fines both acoustic and optical phonon branches of a non-
monoatomic crystal lattice.

To calculate the elastic constants Cij self-consistently,
the first calculation of A(q) is seeded with values of Cij
calculated from the Born-Huang relations.10 The A(q)
is then iteratively refined from the reference spectrum
provided by D(q) and the eigenvectors of the previous
iteration for A(q) until the spectrum of A(q) converges
to the values provided by D(q).
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Figure 1. (Color online) Powder x-ray diffraction pattern of the Fe3C collected on a Cu Kα laboratory source (red), analyzed
using Rietveld refinement methods (black)2, with the difference offset below (green). The refinement included MgO impurity
peaks (remnants of the synthesis capsule) which were used as an internal calibrant.

A. Background for the Self-Consistent Method

The relationship between elastic constants and force
constants is well defined for long wavelengths by the
Born-Huang relations.10 These relationships can also be
understood by relating the dynamical matrix D(q), built
from force constants, to an analogous matrix A(q), built
from elastic constants.

The release of an inhomogeneous stress on a crystal
triggers elastic displacements described by Fourier com-
ponents

u(x) = u(q) exp (i [q · x− ω(q)t]) (1)

such that

ρω2(q)u(q) = A(q)u(q) (2)

where ρ is the density of the crystal and ω is a frequency
corresponding to one of the three acoustic branches at
point q. The expression for elements of A(q) is

Aαβ(q) =
∑
γλ

Cαγ,βλqγqλ (3)

Equation 2 takes on a form similar to

ω2(q)U(q) = D(q)U(q) (4)

which results from the following trial solution to the
equations of motion for a system of N atoms
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B. Description of the method

Our self-consistent method relies on solution of the
elastic constants from a set of matrices A(q) defined
for a set of points q, sampled uniformly in a region of
the Brillouin zone near the Γ point. To determine A(q)
accurately, an estimate of the elastic constants is made
using the Born-Huang relations, allowing for an initial
construction of A(q). The matrices {A(q)} are then
progressively refined using the the spectra of the corre-
sponding set D(q) in conjunction with the eigenvectors
of A(q).

The steps are:

1. Estimate the elastic constants Cαγ,βλ using the
Born-Huang relations and the force constants ob-
tained from phonon calculations.
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2. For a set of points {q}, construct a set of matrices
{A(q)} using estimates for the elastic constants.

3. Calculate the eigenvalues and eigenvectors of each
matrix in {A(q)}.

4. Using the force constants obtained from phonon
calculations, construct the matrix D(q) for each
of the points in {q}, used in step 2, and calculate
its eigenvalues.

5. For each value of q, calculate the eigenvalues of the
corresponding matrices A(q) and D(q). Select the
subset of eigenvalues of D(q) that correspond to
the eigenvalues of A(q).

6. For each value of q, calculate a refined version of
the matrix A(q) by using a modified factorization
of A(q) such that

A(q)refined = ũρΩũ−1 (9)

where ũ is a matrix containing the eigenvectors,
{u}, of A(q), ρ is the density, and Ω is a diago-
nal matrix containing the eigenvalues of D(q) that
correspond to those of A(q).

7. Calculate the elastic constants {Cαγ,βλ|1 ≤
α, β, γ, λ ≤ 3} from the refined set of matrices
{A(q)}.

8. Repeat steps 2 through 6 until the elastic constants
have converged.

III. SYNCHROTRON EXPERIMENTS

High-temperature nuclear resonant inelastic x-ray
scattering (NRIXS) measurements were performed in two
independent sets to verify the anomalous elevated tem-
perature behavior of ferromagnetic Fe3C. Additionally a
separate ambient temperature powder measurement (la-
beled 297K in manuscript Fig. 2) was collected for com-
parison at room temperature. The phonon partial DOS
measurements from manuscript Fig. 2 are separated into
the two sets of sequential measurements in Fig.2 and Fig.
3 below.

Nuclear forwarding scattering (NFS) measurements
were collected at several temperatures immediately prior
to NRIXS scans, as shown in Fig. 4. These spectra
exhibit a clear magnetic beat pattern at 300K, similar
to previous NFS measurements of Fe3C8,11,12. The NFS
spectra no longer exhibit a magnetic beating pattern at
463K, suggesting a loss of net magnetization at and above
this temperature.

14K H2013L
105K H2013L
232K H2013L
294K H2013L
375K H2013L
423K H2013L
463K H2013L
500K H2013L
550K H2013L
600K H2013L

0 20 40 60 80

Energy HmeVL
D

O
S

H1�
m

eV
L

Figure 2. (Color online) NRIXS measurements of Fe3C at
several temperatures. The spectra below 295K were collected
in a Be dome cryostat. The spectra at and above 295K were
collected in series using the NRIXS furnace.
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Figure 3. (Color online) NRIXS measurements of Fe3C at
several temperatures. These spectra were collected in series
using the NRIXS furnace.
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Figure 4. (Color online) Nuclear forward scattering measure-
ments of Fe3C at several temperatures. The spectra are dis-
played using a log scale, and offset for clarity.

Table III. The total vibrational entropy calculated from
NRIXS Fe pDOS and DFT C pDOS.

Temperature (K) Total Svib kB/atom

14 0.003 ± 0.000
105 0.744 ± 0.001
232 2.205 ± 0.002
294 2.786 ± 0.004
295 2.783 ± 0.004
297 2.794 ± 0.004
330 3.088 ± 0.005
365 3.351 ± 0.007
375 3.429 ± 0.008
410 3.658 ± 0.009
423 3.745 ± 0.010
444 3.880 ± 0.011
463 4.007 ± 0.012
480 4.113 ± 0.013
500 4.238 ± 0.014
550 4.520 ± 0.016
600 4.792 ± 0.019

IV. TOTAL VIBRATIONAL ENTROPY

Total vibrational entropy of cementite can be calcu-
lated by summing SFe

vib(T ) from NRIXS with SC
vib(T )

from calculations. The values provided in Table III in-
clude a harmonic SC

vib(T ) contribution calculated from
the 0K DFT C pDOS. The errors provided encapsulate
both the calculated quasiharmonic and anharmonic C
phonon shifts, which contribute approximately 0.01 kB
per atom at TC and oppose each other in sign.

The vibrational entropy values in Table III differ from
the quasi-harmonic DFT study of Dick, et al.4 by around
0.17kB/atom at TC. This disparity is mostly due to
the fact that reported DFT phonon energies of Fe3C are
about 5.5% higher than experimentally observed phonon
energies, which were used in this largely experimental
assessment of the entropy.

V. ELECTRONIC DOS

The electron density of states (eDOS) calculated for
cementite at 0K is shown in Fig 5, with the elec-
tronic contributions resolved into their orbital charac-
ters. The eDOS projected onto the carbon site lacks
d-electron character, as expected. The carbon site elec-
tron DOS shows a large, deeply bound concentration of
p-electrons below the Fermi surface, similar to findings
from Khmelevskyi, et. al.3,13 This is contrary to the
simple suggestion that the thermal expansion anomaly
in Fe3C might be explained by how carbon atoms donate
their conduction electrons, increasing the Fe valence to
levels comparable to the FeNi invar composition. The
FeII majority site eDOS has a larger concentration of elec-
trons at the Fermi level than the minority FeI site. The
FeII majority site has a large d-electron feature at ener-
gies just below the Fermi level. The high temperature
eDOS at 400K shows no major change in features, aside
from a general thermal smoothing. At 400K, the FeII site
has a larger increase in electrons at the Fermi level than
the FeI site. The calculated eDOS at the two Fe sites
both undergo 7% increases in their d-electron occupa-
tions at the Fermi level, but the FeII site also shows a 4%
increase in p-electron levels. While the calculated mag-
netic moments on both Fe sites remain nearly constant in
high temperature CVFT calculations, their differing elec-
tronic character is suggestive of different behavior with
temperature.
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Figure 5. (Color online) The calculated electronic DOS, re-
solved into orbital contributions at the three distinct lattice
sites.
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