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Abstract—We consider the local rank-modulation scheme in
which a sliding window going over a sequence of real-valued
variables induces a sequence of permutations. The local rank-
modulation, as a generalization of the rank-modulation scheme,
has been recently suggested as a way of storing information in
flash memory. We study constant-weight Gray codes for the local
rank-modulation scheme in order to simulate conventional multi-
level flash cells while retaining the benefits of rank modulation.
We describe a construction for a codes of rate tending to 1.

I. CONSTRUCTION SUMMARY

It was recently shown in [2] that a local rank modulation
scheme may be used to encode information in flash memory
cells. Using Gray codes for this scheme enables the use of
other rewriting schemes in conjunction with the lower-level
Gray code. Though the scheme is defined over permutations,
the Gray codes required are equivalent to the following: a
sequence of binary vector such that any two adjacent words
differ by a single exchange of 10 to 01 (with wrap-around).
We provide the first known construction of such codes with
rate tending to 1.

Construction 1. Fix a positive integerk. Let {vo, v1,...,0t—1}
be a set of t distinct binary vectors of length n + 2 and weight
w + 2 such that the first and last bit of each v; is 1. We also
require that k -+ 2|t~.

The next required ingredient in the construction is a de-
Bruijn sequence of order k over the alphabet {0,1,...,t —1}.
The sequence is of period t* and we denote it by
S0,81,+-+,8k_1. We remind the reader that windows of size
k in the sequence, i.e., S;,Sit1,...,5i+k—1, With indices taken
modulo t*, are all distinct. Such sequences can always be
constructed (for example, see [1]).

We now construct the sequence o, §1, - - -, §k_1 of tk binary
vectors of length (k + 2)(n + 2) and weight (k + 1)(w + 2).
Each vector is formed by a concatenation of k + 2 blocks of
length n + 2 in the following way:

80 = Us Usy Us;  Usg 0
81 = Usp Uspy Us; 0 U5,
82 = Us Usin Uspa

Vs, --- 0O
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8k = Us 0 Usyys Usyya Usi
8k+1 = 0 Usoii1 Usiys Usipa Uspyq
8k+2 = Usyein  Usyy Usyya Usyya 0
8k+3 = Usyryn  Usyrpq Usiys 0 Usoiys
8k+3 = Usyen  Usyy 0 Usypra  Usyeys
82k42 = Usyyy 0 Usyprs  Uspes Usppys
82k+3 = 0 Ussji3 Usoiys Uspkra  Usyys
= v v ... 0 v 0
8tk—k—2 Stk Stk_3 Stk_k—1 Stk_k—2
= v v ... 0 0 v
8tk—k—1 Stk “Stk_3 Stk_k—1 Stk_1
Sk = Usp , Usy , --- 0 Vs Us_,
8tk = Usy_, 0 T Usy Uso Usik_y
8tk_1 = 0 Usp Us Usg Usi_,

where 0 denotes the all-zero vector of length n 4 2.

We call go,81,--.,8k_1 the anchor vectors. Between any
two anchors, g; and g;1 1, a sequence of vectors called auxiliary
vectors and denoted g?, gz-l, ., gfi, is formed in the following
way: The only allowed transition is a 10 changed into a 01. First
the rightmost 1 in the block vs; is moved to the right, step by
step, to the position of the rightmost 1 in vs, . The process
then repeats with a sequence of transitions moving the second-
from-right 1 in vs, to the position of the second-from-right1 in
Us;,r41» @nd so on, until vs; is moved one block to the right and
changed into v, .. The resulting list of anchor vectors and,
in between them, auxiliary vectors, is the constructed code.

Theorem 1. The sequence constructed in Construction 1 is a
constant-weight local rank modulation Gray code of size N
which satisfies t*(w +2) < N < tF(w +2) (n + 2).

Corollary 2. There exists an infinite family {G;};", of cyclic
Gray codes as above, n; 1 > n;, for whichlim; ,,, R(G;) = 1.
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