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Abstract
We reconsider the consistency constraints on a free massless symmetric rank
2 tensor field in a background and confirm that they uniquely require it to
be the linear deviation about (cosmological) Einstein gravity. Neither adding
non-minimal higher derivative terms nor changing the gauge transformations
by allowing terms non-analytic in the cosmological constant alters this fact.

PACS numbers: 04.20.Cv, 04.20.Fy

Higher (s > 1) spin fields are well known to encounter consistency problems in curved
backgrounds. This is especially manifest for massless systems (at least in finite numbers).
The borderline case is spin-2, where the consistency constraints involve only the Ricci—rather
than the full Riemann—tensor [1]. Our note intends to fill a minor gap in the (correct) belief
that a free spin-2 field in a background describes small excitations of Einstein gravity. We
show that the constraints found in previous treatments cannot be alleviated even by adding
non-minimal terms or by exploiting an apparent additional freedom in gauge transformations
involving terms non-analytic in the cosmological constant.

We follow the notation of [2], where details and conventions may be found. The action
describing a (for notational convenience only) contravariant tensor density field hµν in a metric
background is

I2[h] =
∫

d4x hµνθµναβhαβ, (1)

where θ is the appropriate second-order Hermitian operator (generalizing that in a flat
background) that yields the field equation

2GL
µν(h) ≡ �hµν − (DλDνhµλ + DλDµhνλ) + gµνD

αDβhαβ = 0. (2)

Here all operators, including covariant derivatives Dµ, are with respect to the background
metric gµν . Choosing a different ordering of derivatives in θ would lead to non-minimal
coupling terms ∼Rh in GL

µν . There is in any case no ordering that preserves the Bianchi
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identity DµGL
µν = 0 of flat space. In terms of action (1), the deviation from the Bianchi

identity is

δI2[h] = −2
∫

ξµDνGL
µν(h)

≡
∫

d4x ξµ

[
RµσDνh

σν +
1

2
(DαRµβ + DβRµα − DµRαβ)hαβ

]
(3)

under the gauge transformation

(−g)−
1
2 δ0hµν = Dµξν + Dνξµ − gµνD

αξα. (4)

In other words, consistency—i.e., vanishing of (3) for arbitrary ξµ and hαβ—requires that
the background be Ricci-flat (Rαβ = 0). This ‘obstruction’ may be restated as the fact that
the system is the linearized deviation of the dynamical Einstein contravariant metric density,
defined by

g̃µν = gµν + hµν (5)

as further explained in [2].
Adding non-minimal terms ∼ ∫

d4 xhRh—as would also result from a different
ordering—does not cure the difficulty. Indeed, the most general quadratic terms5 that can
be added to the action (with proper background covariance) are

INM = a

∫
d4x hµνRµανβhαβ(−g)−

1
2 + b

∫
d4x hµαRαβhβ

µ(−g)−
1
2

+ c

∫
d4x hµνRµνh(−g)−

1
2 +

∫
d4x(dRh2 + eRhµνh

µν)(−g)−
1
2 , (6)

where h ≡ hα
α . The term involving the full Riemann tensor only makes matters worse, leaving

Riemann dependence in the field equations and Bianchi ‘identities’, which would pick up the
term −2aξνRµανβDµhαβ , thereby forcing flatness. Hence one must take a = 0. Similarly, the
terms involving the Ricci tensors leave uncancelled ξαRαβDβh unless c = 0 or ξµRαβDµhαβ

unless b also vanishes. Finally, the Ricci scalar terms clearly cannot eliminate the Ricci tensor
in the violation of the Bianchi identities. Accordingly, the terms in (3) cannot be cancelled by
variation of (6), in agreement with the arguments given in [1].

The above procedure can be generalized slightly—but significantly—by the addition of a
‘cosmological deviation’ term

IC = −	

4

∫
d4x

(
hµνh

µν − 1

2
h2

)
(−g)−

1
2 , (7)

whose variation under (4) is

δIC = 	

∫
d4x ξµDνh

µν, (8)

which in turn shifts the Ricci tensor term in (3) by the cosmological addition Rµν → Rµν +
	gµν . Correspondingly, the h-field of (5) is now interpreted as the perturbation of Einstein
gravity with a cosmological constant. This is what consistency now requires of the background.
Note that our methodology differs slightly from that of [2], adding a dynamical term to the
spin-2 field and finding that a change is induced on the background, rather than embedding it
in a cosmological background ab initio.

5 The terms allowed for improving the action must be quadratic in h: allowing terms linear in h would merely amount
to reconstructing the Einstein action expanded about a metric which is not solution of the Einstein equations, and
hence would not help.
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The remaining hope then is whether the cosmological term (7) can be used to alter the
background constraints. That is, can we alter the gauge transformations such that the constraint
terms requiring (Rµν + 	gµν) = 0 are removed? This route will now be seen to be ineffective
as well.

Consider a modification of the gauge change non-analytic in 	, permitted by the
cosmological term6,

δhµν = δ0hµν + δ1hµν, δ1hµν = (1/	)
α
µνξα, (9)

where 
α
µν is an operator of the form RµνD

α or Dα(Rµν). The idea is to take advantage of
the 	h2

µν term (7) in the action by adjusting the 1/	 term in (9) to cancel the constraint (3).
This can indeed be done, but leaves two residues: the first are (1/	)O(R2) terms from δ1I2,
which can (perhaps) be removed in turn by an iterative procedure, δ2hµν ∼ (1/	2)O(R2),
etc. However, it fails for the very simple reason that nothing removes the variation
δ0IC ∼ ∫

d4x ξν(Dµhµν) of the cosmological term, which is the first term in the expansion of
the action. A 	2 term in the action would be needed, but (purely on dimensional grounds)
there is no local candidate.

One may reformulate the above results in cohomological terms. The BRST structure for
a free spin-2 field in Minkowski space has been investigated in [4]. It can then be shown
that the deformation of the model corresponding to a change in the background is consistent,
i.e., defines a cohomological class of the BRST differential at ghost number zero, only if the
modified background is also a solution of the Einstein equations.

We conclude that there is indeed but one consistent spin-2 model, and so incidentally only
one graviton.
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supported by NSF grant PHY04-01667. The work of MH is partially supported by IISN—
Belgium (convention 4.4505.86), by the ‘Interuniversity Attraction Poles Programme—
Belgian Science Policy’ and by the European Commission programme MRTN-CT-2004-
005104, in which he is associated to VU Brussel.

References

[1] Aragone C and Deser S 1980 Consistency problems of spin-2 gravity coupling Nuovo Cimento B 57 33
[2] Deser S 1987 Gravity from self-interaction in a curved background Class. Quantum Grav. 4 L99
[3] Fradkin E S and Vasiliev M A 1987 Candidate to the role of higher spin symmetry Ann. Phys. 177 63
[4] Boulanger N, Damour T, Gualtieri L and Henneaux M 2001 Inconsistency of interacting, multigraviton theories

Nucl. Phys. B 597 127 (Preprint hep-th/0007220)

6 This use of non-analytic terms to restore consistency is borrowed from the Russian school (e.g., [3] and subsequent
work) where it is used for infinite towers of spins.

http://dx.doi.org/10.1088/0264-9381/4/4/006
http://dx.doi.org/10.1016/S0003-4916(87)80025-8
http://dx.doi.org/10.1016/S0550-3213(00)00718-5
http://www.arxiv.org/abs/hep-th/0007220

	Acknowledgments
	References

