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Finite-Channel Chromatic Derivative Filter Banks

M. CushmanMember, IEEEM. J. NarasimhaFellow, IEEE and P. P. Vaidyanathahkellow, IEEE

Abstract—Two recent contributions discussed the theory of Il. BIORTHOGONALITY IN FINITE-CHANNEL ANALOG
perfect-reconstruction (PR) chromatic derivative filter banks EILTER BANKS
comprising an infinite number of channels. This letter extends
the theory to the case of finite channels. A novel time domain  Fig. 1 shows an}M-channel filter bank, where the input
procedure is delineated for designing the synthesis filters that signal is bandlimited tdw| < =, and the sampling rate of

achieve PR in this case. the subbands is\/ times smaller than the Nyquist rate of
Index Terms—Biorthogonal filter banks, chromatic derivatives, one sample per second. The output signal can be expressed
perfect reconstruction. asi(t) = St op(nM)fi(t — nM). We as-

sume that the input:(¢) belongs to the space spanned by
the doubly indexed set of (linearly independent) functions
et = nM),0 < k < M -1, —c0 < n < oo, le,

N THIS LETTER, we present the problem of multichanne} () = ;14:51 % ak nfr(t —nM) for some set of con-
sampling discussed in [3] and [4] from the view of a continstantsay, ,,. For such an input, following the procedure in [1]
uous-time biorthogonal filter bank, and we show that this vievand [2], we can show that the PR property holds if the analysis

point leads to new insights. A particular filter bank of this kindand synthesis filters satisfy the biorthogonality condition

called the chromatic derivative filter bank, is explored in greate -

detail. See [6] for a comprehensive survey of single and multi— Hy, (W) Fn(w)e?™ dw = 8160,

channel sampling theory. 27 )
Chromatic derivatives are linear combinations of the ordi-

nary derivatives, where the coefficients of the combination ajgheres, isthe Kronecker delta function. ¢f.... (+) denotes the
derived from orthogonal polynomial theory. Surprisingly, bascaded impulse response of ktie analysis filter and the:th

taking combinations of a notoriously difficult operation such agynthesis filter, then (1) can equivalently be writtemas () =
differentiation, we obtain perfectly stable filters. This is becausg,  s,,,.

of the well-known orthogonal properties of the underlying poly-

nomial set. The weighting function employed in the definition I1l. CHROMATIC DERIVATIVES BASED ON

of these polynomials basically determines the characteristics of ORTHOGONAL POLYNOMIALS

the filters. We believe that these derivatives are preferable to . . . .
. o L . Consider a sequence of polynomials in the interval [

the ordinary derivatives in situations where wide-band chan;gl

litting i ded. Multich | I digital . 1], which are orthogonal with respect to a nonnegative even
Sp |t.t|ng IS neg e " ut|c. annel analog-to-digital conversi eighting function that is not identically zero over the defining
of high-bandwidth signals is one such example.

: ) interval. It is well known [5] that such polynomials can be
The theory of perfect reconstruction (PR) in chromatigyisined using the recursion

derivative filter banks with an infinite number of channels is

discussed in [1] and [2]. We extend that theory to the finite- Prii1(x) = bpaPr(x) — cnPr_i(x) (2)
channel case here. Although one can obtain an approximati?hp () ko andPy () = k1. The values of the constants
reconstruction of the original signal by truncating the infinite""™, Obx _do p 1;7 _thlx. ahting function that defi
series expansions, as explained in [1], we show that it is ﬁ’ 1, o, @Nde,, dEPENd on the Weighting Tunction that detines
fact possible to achieve PR by proper choice of the s nthet'e polynomial family. As in [1], we identify théth analysis

) P . . yp .p T .ﬁﬁer of the filter bank using thé&th orthogonal polynomial as
filters. We delineate a time domain procedure for demgmqgnows_

such filters. '

I. INTRODUCTION

0<k,m<M-1 (1)

Hy(w) = j*Pe(w/m), 0<k<M-1.  (3)

The factorj* in the definition of the analysis filters guarantees
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Fig. 1. M-channel filter bank for a signal(¢) bandlimited tojw| < =.

\4

A

whered,, ; arereal constants. If these constants are arrangddhe values:, ,,,,0 < ¢ < M — 1, represent the coefficients of
as anM x M matrix D whoseklith element isd;, ;, then it themth polynomial. We will choose them so that the filter bank
can be verified that the matrix is lower triangular with nonzersatisfies the PR conditions.

diagonal elements. This follows from the fact that the analysis Using the Leibnitz rule for thé&h derivative of the product in
filters satisfy a recursive relation similar to (2). Since the factd), we get

(jw)! in the frequency domain corresponds to ttrederivative

in the time domain, the matrild also defines the relationship l

between the ordinary derivatives and the chromatic derivatives. . _ LY (- (a)
(Note that the row and column indexing of the matrix starts at frd (nM) = Zo <q> 5 (nM)py’ (nM). (10)
zero.) -

Sinces(t) and its firstM — 1 derivatives are zero at= nM for
IV. TiIME DOMAIN DESIGN OFSYNTHESISFILTERS FORPR )| j,, £ 0, it follows that £, (¢) and its firstM — 1 derivatives

With the analysis filters expressed as in (4), the biorthog@re also zero at these points. Thus, the above choice of synthesis

nality or PR condition (1) becomes filters satisfies the PR condition (6) for all# 0. Next, we pick
the polynomial coefficients to take care of the case( g)
M-1 PR ; i ; q
1 [~ oy omM Substituting (10) in (6) witlh = 0, and noting thap,,’ (0) =
% J_. 12_% dk,l(]w) Fm(w>ej dw = 5km6n07 q!cq,ma we get
0<k,m<M-1. (5
M-—-1 l I
Noting thatjw corresponds to differentiation in time, we can Z iy Z < ) s(l—‘l)(O)q!cq,m = Spm. (11
write this equivalently as 1=0 q=0 q
M1 0 Using matrix notation, we can rewrite (11)BAC = I, where
Z i, 1.fp) (RM) = bgmbno, 0<k m<M-1 (6) pistheM x M matrix that relates the ordinary derivatives to the
1=0 chromatic derivatives as explained in Section@lis anM x M

matrix of the polynomial coefficients witlpnth element, ,,;

for all n, with superscrip{l) denoting thelth derivative. We ) - it
andA is anM x M lower triangular matrix with elements

now choose the synthesis filters as

fm(t) = pm(t)s(t), 0<m<M-1 @) ]

[Alq= (q> s(=0(0)gl, g <1 12)

wheres(t) is ar-bandlimited signal defined as tti@th power 0 :
: q>1.

of the sinc function andp,,(t) is a polynomial int of degree

M -1 . . .
The diagonal elements @k are nonzero, ensuring nonsingu-

sin(rt/M)\ M larity. The synthesis filters can, therefore, be uniquely identified
(t) = <W> (8) from the elements of the matri® = A~'D~!. SinceA and
D are both lower triangulaf’ is also a lower triangular matrix.
and Its mth column denotes the coefficients of theth polynomial.
Specifically, we can Writ@,,, (t) = i, mt™ + Cmi1, mt™ 1 +
Pm(t) = co,m + 1 mt + -+ car—1,mt" L 9) - Fepmo1,mtM
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Example derivatives is discussed in this letter, along with an elegant time
Let M = 4, and assume that the analysis filters are based gﬂmain design procedure for the synthesis filters to achieve PR.

the Chebyshev family of chromatic derivatives [1]. In this cas@Ur Procedure is simpler than the frequency domain approach
the matrices are given by proposed in [3] for the case of ordinary derivative-based

sampling. The realization of a stable filter bank in which the

1 0 0 0 channel filters are all wideband is possible by employin
p y ploying
D— 0 1/« 0 0 chromatic derivative operators for the analysis filters. Po-
{1 o 2/x% 0 tential applications of this filter bank include multichannel
0 3/m 0 4/7° analog-to-digital conversion, where sub-Nyquist samples of
the individual channels can be used to represent a broadband
and signal, and transient analysis of signals.
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