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We discuss details of our simulation methods, focusing on the choice of simulation parameters that
generate quantitative and physical agreement with experimental data. The effects of three important parameters – the depinning threshold distribution, the coupling coefficient, and the relaxation
constant – are demonstrated. We also provide predictions for the statistics of microplasticity events
before the avalanche-ridden post-yielding regime.

I.

SIMULATIONS AND PHYSICAL UNITS

For the simulations described in the main text, we consider equal contributions to the total plastic strain γp
(a)
from a fast avalanche-driven channel γp and a slow re(b)
laxation channel γp . The system is square meshed into
32 × 32 elements. For a volume element at location r,
we assign a random depinning threshold χ(r) with its
value drawn from a uniform distribution in the range [0,
2] GPa. This phenomenological choice of threshold distribution will be argued in Sec. II. In the fast avalanche
channel, for each time step we check if the local resolved
stress τ (r) exceeds the local depinning threshold χ(r).
If this condition happens, the local volume will yield a
(a)
plastic strain δγp = . For each depinning event, the
size  is a random number drawn from a uniform distribution in the range [0, b], where b is the magnitude of
the burger vector. The volume element will keep yielding
until τ (r) ≤ χ(r).
The slow relaxation channel follows a continuum form:
γ̇p(b) =

D
(τ (r))n .
G

(1)

For FCC single crystals we expect a relaxation rate of
order 10−6 − 10−4 s−1 [1–3]. We conclude for the relaxation constant D for the copper nano-pillar system to be
∼ 10−4 s−1 in Sec. II. The shear modulus G of copper
has a value of ∼ 70 GPa [4]. We set the strain-rate sensitivity exponent n = 1 for the simplest generalized case
[3].
The total stress is a sum of the external, internal and
hardening stress:
τ (r) = τext + τint (r) + τhard (r).

(2)

For deformation in single slip system, we consider the slip
in x direction, slip planes normal to y axis, and strain
field independent of z. The internal stress accounts for
the long-range interactions with other dislocations in 2-

dimension [5, 6]:
Z
τint (r) = d2 r0 K(r − r0 )γp (r0 )
Z
1
8(x − x0 )2 (y − y 0 )2
=C d2 r0 [
−
]γp (r0 ),
(r − r0 )2
(r − r0 )6
(3)
which is calculated in Fourier space in the simulations:
τint (k) = −Cγ(k)

kx2 ky2
.
|k|4

(4)

The coupling coefficient C which decides the strength
of long-range internal interactions amongst volume elements is found to be 8000 GPa according to a direct
comparison between simulation and experimental results
in Sec. II. The hardening stress follows the linear expression τhard = −hγp (r), where we set the phenomenological hardening parameter h to be 0.14 GPa [3]. For the
external stress, we prescribe 20 compressive stress steps
from 100 to 500 MPa, with constant driving amplitude
30 MPa and oscillation interval of 15 s, as we did in the
experiment. We consider the resolved shear dynamics on
a single slip system e.g. (111)h011i. We simulate eight
random initial configurations at four different driving frequencies 1, 2, 8, 64 rad/s with a fixed time step of 0.01
s (a smaller time step of 0.001 s doesn’t generate significantly different results).

II.

EFFECTS OF SIMULATION PARAMETERS
ON DMA RESULTS

We investigate the effects of three important parameters in our simulation: 1. the distribution P (χ) of local depinning threshold χ, 2. the coupling coefficient C,
and 3. the relaxation time scale D. With a constant
relaxation rate D = 10−4 s−1 and a single-frequency oscillation at 2 rad/s, we study empirically the effect of
the threshold distribution in the quasi-static limit. For
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Figure S1: Sample simulation results with different
threshold distributions. The figure shows stress-strain relations that demonstrate the effect of the threshold distribution on the quasi-static behavior of the system. We hold
C = 35000 GPa, D = 10−4 s−1 , ω = 2 rad/s, and all other
parameters constant but vary the upper bound χmax of the
uniform threshold distribution. The inset shows a linear fit
for the measured yield stress vs. the prescribed distribution
upper bound data.

Figure S2: Sample simulation results with different
coupling strength. The figure shows representative simulated stress vs. strain relations using different coupling coefficient C from ∼ 103 to 105 GPa. We hold D = 10−4 s−1 , ω = 2
rad/s, and all other parameters constant, except for a rescaling of χmax to keep the systems yield globally at ∼ 400
MPa. The results are compared with the inset experimental
stress vs. strain response during DMA measurements at a
frequency of 0.3 Hz.

simplicity we assume the distribution to be uniform over
an interval [0, χmax ] [7]. Whether a specific form of the
distribution will play a role is beyond the scope of this
study. As demonstrated in Fig. S1, if we hold all other
parameters constant but change only the upper bound of
the threshold distribution χmax , the global yield stress
σys of a configuration will change accordingly – a higher
cap of the threshold distribution can lead to a ‘stronger
system’. In Fig. S1 inset we plot the measured σys vs.
the prescribed χmax and observe a linear relationship,
which is as expected since the avalanche-driven plasticity is controlled by the Heaviside function Θ(τ − χ).
The coupling coefficient C determines how ‘collective’
the slip events are. To demonstrate this we compare the
simulated quasi-static behavior with different coupling
strength spanning three order of magnitude, from ∼ 103
to 105 GPa. The larger C is correlated to a weaker system that globally yields at a lower stress, but we can
adjust χmax for the threshold distribution χ ∈ [0, χmax ]
to compensate the change in system strength as described
previously, while keeping all other parameters constant.
Fig. S2 shows the stress vs. strain response of three
systems with C = 1.2 × 103 , 3.5 × 104 , 1.0 × 105 GPa,
where we apply different threshold distribution with
χmax = 250, 550, 2500 MPa correspondingly to maintain the global yield stress at ∼ 400 MPa. From the
sample simulation we observe that a smaller C is associated to a more smooth and deterministic plastic behavior, while the systems with larger C deform through

more stochastic and collective strain bursts. A typical
experimental quasi-static behavior is shown in Fig. S2
inset. For a direct comparison between simulation and
experiment we quantify the collectiveness as the cutoff
size of strain bursts present during the test. Setting the
value of C to be 8000 GPa (with χmax = 300 MPa) provides good agreement between simulated and experimental data. Nevertheless, our DMA results are insensitive
to the choice of coupling coefficient in a wide range from
∼ 101 to ∼ 104 GPa.
Considering only the quasi-static limit behavior, in order to reproduce the experimental results, we can tune
the threshold distribution range and the coupling coefficient to adjust the nominal yield stress of the system and
the degree of collectiveness to match the one measured
in experiments.
Fig. S3 presents the stress-strain relation and DMA
analysis of the simulation data with zero relaxation D
= 0, along with three different D values that span three
orders of magnitude. In the set of simulations, we hold a
uniform threshold distribution in the range [0, 550] MPa.
Small oscillations at frequency 2 rad/s are superimposed
to each stress hold. The main figure shows that the relaxation rate does not affect the quasi-static response.
Systems with different relaxation constant yield globally
at the same compressive stress σ ∼ 400 MPa. Fig. S3 inset shows the single-frequency DMA analysis at 2 rad/s.
In the limit D = 0, the dynamic modulus amplitude is
independent of the quasi-static stress level, and the phase
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Figure S4: Complementary cumulative distribution
function of simulated avalanche event sizes. The distribution analysis proves the presence of larger abrupt microplasticity event as more stress is applied – the arrow points
toward the stress-increasing direction. The dissipation behavior converges to a saturated state when the system is approaching the nominal yielding.

Figure S3: Sample simulation results with different
relaxation rate. The figure shows representative stressstrain relations of systems with different relaxation constant
D from 0 to 10−3 s−1 . The inset compares the DMA analysis
of the simulation results with different relaxation constant D.
In the set of simulations, all parameters except for D are kept
unchanged. We hold C = 35000 GPa with a uniform threshold distribution χ ∈ [0, 550] MPa and driving frequency ω = 2
rad/s.

function (CCDF ) of S:
Z

∞

CCDF (S) ∼

P (S 0 )dS 0 ,

(5)

S

is zero throughout loading, whereas finite relaxation is related to the dissipation mechanism – a larger relaxation
rate is shown to be associated with a more significant
decrease in amplitude and increase in phase under modulation. In tuning the simulation parameters to obtain a
system close to the experimental observation, the relaxation constant D controls the AC dissipation behavior of
the system that can be quantitatively characterized by
the DMA analysis.
The final choice of the simulation parameters is based
on an agreement between simulation and experimental
results, in both quasi-static and AC limit, achieved by
tuning the upper bound of the uniform threshold distribution P (χ), coupling coefficient C, and the relaxation
constant D.

where P (S) is the probability distribution function of
slip size S. For each quasi-static stress state, CCDF (S)
is evaluated from eight random configurations driven at
frequency 2 rad/s. We present here only one frequency
result because we don’t observe frequency dependency of
the event size distribution.
Fig. S4 shows the event distribution CCDF (S) as
function of applied quasi-static stress σ0 , where σ0 is
normalized by the global yield stress. As σ0 is increased,
more large-size slip events are present during the oscillations. The distribution saturates when the stress is
approaching the nominal yield point. The overall behavior is qualitatively consistent with a proximate depinning critical point as well as the experimental trend
observed in Ref .[8]. However, the system sizes studied do
not permit the identification of the universality class and
whether it follows mean-field scaling CCDF (S) ∼ S −0.5
[8, 9] or not [10]. Given the purpose of our modeling,
we focused on the simulation regime that could reveal
pre-yield dissipation activities caused by the small preor intra-avalanche events. The model we chose does not
have a mean-field interaction kernel, and can fail for the
post-yield large-event regime.
Using the same simulation system, we also evaluate the
correlation of the microplasticity events to the oscillatory
drive. Focusing on the stochastic burst events, we set
up simulations for two random configurations with the
same parameters and investigate the differential strain

III. EVENT SIZE DISTRIBUTION AND
DIFFERENTIAL STRAIN MODULATION

Using the DMA simulation results, we discuss the
statistics of microplasticity events during the oscillatory
stress excitations before the avalanche-dominated postyield regime and place them in the context of the commonly observed distributions of large plastic events in
small-scale. We consider an avalanche to finish simultaneously in a single time step, so avalanche event size
S is equivalent to the strain increment. We evaluate
the stress-binned complementary cumulative distribution
3

a 350

rate output. As is shown in Fig. S5 (a) We prescribe
a constant quasi-static stress σ0 = 300 MPa on both
configurations, on top of which we turn on and off a 30
MPa, 2 rad/s stress oscillation for sequent 100-s intervals. The total test time goes up to 6000 s. The drive
on the two configurations is always simultaneous, therefore if no stochastic strain events occur the differential
strain rate ∆ε̇ = ε̇1 − ε̇2 , or equivalently the differential
slip size ∆S = S1 − S2 , will remain zero. In other word,
the size of ∆S characterizes the magnitude of stochastic
microplasticity events.
Fig. S5 (b) shows how the differential event size ∆S
changes over stress oscillation. The red and blue data
are ∆S in time series during the oscillation ON and OFF
intervals, folded into two periods of driving. The comparison between the ON and OFF segments shows that
larger differential strain events emerge when there is a finite stress perturbation, though the predominant quasistatic stress σ0 is the same. The black curves are the
prescribed stress oscillations σ − σ0 vs. time. During
the ON segments, ∆S increases when the external stress
is approaching its global maximum, as the quasi-static
stress direction is assigned positive – there is clearly a
correlation between the microplasticity event size and the
external drive.
The event size distribution and the differential strain
modulation analysis characterize the contents of the dissipative component resolved in the DMA experiments as
stochastic strain events. These microplasticity activities
can be excited by stress perturbations around nominally
elastic loading and are correlated to the drives. We expect larger microplasticity events to occur when the system is loaded at a quasi-static stress level closer to the
global yield stress. It will be interesting to directly detect
these events in future high strain resolution experiments.
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Figure S5: Microplasticity events vs.
oscillatory
drive. (a) The differential-strain-modulation simulation
scheme. The main figure is the prescribed stress vs. time,
with a zoom-in in subsequent oscillation ON and OFF periods
shown in the left inset. As illustrated in the right inset, the
stress is simultaneously applied to two random configurations,
of which the differential strain is recorded as a quantification
for the magnitude of microplasticity. (b) The red and blue
dots are the differential strain rate, or equivalently, the differential slip size ∆S vs. time data in oscillation ON and OFF
intervals. The time-series data are folded into two periods of
driving, with the black curves showing the oscillatory driving
stress.
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