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The binding of polarons, or its absence, is an old and subtle topic. Here we prove two things rigorously.

First, the transition from many-body collapse to the existence of a thermodynamic limit for N polarons

occurs precisely at U ¼ 2�, where U is the electronic Coulomb repulsion and � is the polaron coupling

constant. Second, if U is large enough, there is no multipolaron binding of any kind. Considering the

known fact that there is binding for some U > 2�, these conclusions are not obvious and their proof has

been an open problem for some time.
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The (large) polaron, first considered by Fröhlich [1] in
1937, is a model of an electron moving in three dimensions
and interacting with the quantized optical modes of a polar
crystal. In suitable units, its Hamiltonian is

Hð1Þ ¼ p2 þ
Z

ayðkÞaðkÞdk

þ
ffiffiffiffi
�

p
ffiffiffi
2

p
�

Z 1

k
½aðkÞ expðik � xÞ þ H:c:�dk; (1)

where aðkÞ are the annihilation operators of the scalar,
longitudinal modes (with ½aðkÞ; ayðk0Þ� ¼ �ðk� k0Þ), p
is the momentum of an electron, and � is the coupling
constant. (Other authors have used a different convention,

where � is replaced by �=
ffiffiffi
2

p
[1,2].) In the ground state,

with energy Eð1Þ, the electron accompanied by the local-
ized excitations of the phonon field constitutes the polaron.
Through the years, the polaron has served both as a model
for an electron in an ionic crystal and as a simple model for
a dressed particle in nonrelativistic quantum field theory.

Of great physical interest is the binding energy of N
polarons, with Hamiltonian

HðNÞ
U ¼ XN

j¼1

p2
j þ

Z
ayðkÞaðkÞdk

þ
ffiffiffiffi
�

p
ffiffiffi
2

p
�

XN
j¼1

Z 1

k
½aðkÞ expðik � xjÞ þ H:c:�dk

þU
X

1�i<j�N

jxi � xjj�1; (2)

and ground state energy EðNÞ
U . Here, U � 0 is the Coulomb

repulsion parameter, equal to e2. The derivation of HðNÞ
U in

[1] implies that U > 2�, and this is crucial for thermody-
namic stability, as we shall see.

We first consider the bipolaron binding energy �EU ¼
2Eð1Þ � Eð2Þ

U . For some time this was thought to be zero for
all U � 2�, on the basis of an inadequate variational

calculation, but it is now known [2] to be positive for
someU > 2�. The question we address is whether�EU ¼
0 forU sufficiently large. We will show that there is a finite
constant C such that �EU ¼ 0 if U=� � C. It is under-
stood that the effective interaction induced by the phonon
field for two polarons at large distances d is approximately
Coulomb-like �2�=d, but this alone does not preclude
binding. The known existence of bipolarons for some U >
2� is an effect of correlations. It is a priori conceivable that
correlations lead to an effective attraction that is stronger
than Coulomb at large distances. If it were, for example,
equal to ð2�=dÞ logðlogð logðdÞÞÞ, then this minuscule per-
turbation of Coulomb’s law, which would be virtually
undetectable by a variational calculation, would result in
binding for all U. The finiteness of C is a problem that has
resisted a definitive resolution for many years.
The second problem we consider is the existence of the

thermodynamic limit. For large N, physical intuition sug-

gests that EðNÞ
U ��constN. This supposition is known to

be false if U < 2�. Indeed, it was shown in [3] that, even

with the Pauli principle, EðNÞ
U ��constN7=3 when U <

2�. Absent the Pauli principle, EðNÞ
U would behave even

worse, as �constN3. It is also known [3] that EðNÞ
U �

�constN2 if U > 2�. The latter bound ought to be
�constN instead, and we prove this for all U > 2�.
Even more is true; there is a number Ucð�Þ such that

when U � Ucð�Þ, then EðNÞ
U ¼ NEð1Þ; i.e., there is no

binding whatsoever. There will, of course, be an intermedi-
ate region in which bound complexes form, a gas of
bipolarons, for example, or a crystal.
Our results hold equally for fermions and bosons be-

cause the Pauli principle is not needed in our analysis. The
exact multipolaron energies and the value of Ucð�Þ will
depend on statistics, however [4].

The following rigorous results concerning Eð1Þ will be
important in our analysis. (i) For all �, Eð1Þ � �� [5]. For

small �, Eð1Þ � �� according to the lower bound in [6],
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which is Eð1Þ � ��� �2=3. (ii) For all �, Eð1Þ � �CP�
2

[7], where CP ¼ 0:109 is the number determined by
Pekar’s integral equation [8]. (iii) Asymptotically, as � !
1, Eð1Þ � �CP�

2 according to [9,10]. (iv) There is a

representation for EðNÞ
0 in terms of path integrals. In terms

of the partition function ZðNÞðTÞ ¼ Tr expð�THðNÞ
0 Þ,

EðNÞ
0 ¼ �limT!1T�1 logZðNÞðTÞ. (Strictly speaking,

ZðNÞðTÞ does not exist because of the translation invariance
of HðNÞ

0 , and the infinite number of phonon modes. These

technicalities can be handled by inserting appropriate cut-
offs, to be removed at the end of the calculation [11,12].) It
was shown in [13] that after one integrates out the phonon

variables, ZðNÞðTÞ has a functional integral representation

ZðNÞðTÞ ¼
Z

d�ðNÞ exp
�
�

2

X
i;j

Z T

0

Z T

0

e�jt�sjdtds
jxiðtÞ � xjðsÞj

�
;

(3)

where d�ðNÞ is Wiener measure on all T-periodic paths
ðx1ðtÞ; . . . ;xNðtÞÞ. (Strictly speaking, t� s has to be under-
stood modulo T, but this is irrelevant as T ! 1.)

We shall now state our results as three theorems, and
sketch their proofs. While we postpone the discussion of
technical details to a subsequent paper [14], the full struc-
ture and concept of the proofs are visible in this Letter. We
use the symbols c1; c2; . . . to denote various calculable
positive constants that arise in the proof. Our results are
strongest in the bipolaron case, which is also easier than the
general case and illustrates our concepts most clearly.

Theorem 1 (absence of bipolaron binding). There is
a computable constant C, such that if U >C�, then the

energy expectation h�; Hð2Þ
U �i for any bipolaron wave

function � is strictly bigger than 2Eð1Þ; i.e., there is no
binding if U > C�.

The smallest possible C for Theorem 1 to hold is known
to be larger than 2; it is at least 2.3 [15]. The proof of
Theorem 1 is conveniently structured in four steps.

Step 1. Partition of the interparticle distance.—We fix a
length ‘, whose value will later be chosen proportional to
��1, and partition the relative distance r ¼ jx1 � x2j be-
tween the particles into spherical shell-like regions of
radial size 2k�1‘ � r � 2k‘ with k ¼ 1; 2; . . . . This parti-
tioning is one of the key points of our analysis. In addition
there is the k ¼ 0 region, where the particle separation is
between zero and ‘. Because of the uncertainty principle
these regions have to overlap a bit, but this can be easily
handled and we ignore it for simplicity. There is a kinetic
energy cost for localizing the particles according to this
partition, which is c12

�2k‘�2 in the shell k. In the next step
we look at the energy of the particles localized to one of
these shell-like regions.

Step 2. Further localization for well-separated parti-
cles.—For k � 1 we further localize the particles into
individual boxes of size 2k�3‘. This costs another local-

ization error c22
�2k‘�2. Because the separation exceeds

2k�1‘, the two particles cannot be in the same or neighbor-
ing boxes. From the path integral (3), but now with the
xiðtÞ’s constrained to their respective boxes, we see that the
separated particles feel an effective Coulomb-like attrac-
tive potential. However, this can contribute at worst
�c3�2

�k‘�1 to the energy. But the Coulomb repulsion is
at least U2�k‘�1, which implies that the total energy

exceeds 2Eð1Þ if

U2�k‘�1 > c3�2
�k‘�1 þ ðc1 þ c2Þ2�2k‘�2: (4)

If this inequality holds for k ¼ 1, it holds for all k � 2 as
well. Thus, if we can deal with the k ¼ 0 region, we will
establish that binding is not possible if

U��1 > c3 þ ðc1 þ c2Þ=ð2‘�Þ: (5)

Step 3. The region of no minimal separation.—In the k ¼
0 region, the Coulomb repulsion is at leastU‘�1, but, since
there is no minimal separation, we have no direct handle on
the possible attraction due to the field. We need a lemma,

which we will prove in Step 4. It concerns Eð2Þ
0 , the energy

of the bipolaron with no Coulomb repulsion, i.e., U ¼ 0;

Eð2Þ
0 � 2Eð1Þ � 7�2=3 for all �: (6)

Assuming this, the total energy in the k ¼ 0 region exceeds

2Eð1Þ provided

U‘�1 > 7�2=3þ c1‘
�2; (7)

that is, no binding occurs if

U��1 > 7‘�=3þ c1=ð‘�Þ: (8)

Setting the right sides of (5) and (8) equal leads to the
choice ‘ ¼ c4=� and to the absence of binding if U > C�,
as asserted.
Step 4. The universal lower bound (6).—In this step,

U ¼ 0 and we denote the � dependence of energies ex-
plicitly. We first note that

Eð1Þð2�Þ � 2Eð1Þð�Þ � 4�2=3: (9)

This follows from the lower bound Eð1Þð�Þ � ��� �2=3

in [6] and the upper bound Eð1Þð�Þ � �� in [5], stated
above. So (6) will follow if we can prove that

Eð2Þ
0 ð�Þ � Eð1Þð2�Þ � �2: (10)

For this purpose we go back to the functional integral (3)

and use Schwarz’s inequality heaþbi � he2ai1=2he2bi1=2,
where h�i now denotes expectation with respect to
Wiener measure. We choose a to be the sum of the two
terms i ¼ j ¼ 1 and i ¼ j ¼ 2 in (3), and b to be the

mixed terms i � j. Since he2ai1=2 � e�TEð1Þð2�Þ for large
T, inequality (10) will be achieved if we can show that

he2bi1=2 � eT�
2
. At first sight, the double path integral he2bi

looks like that for a positroniumlike atom, i.e., two par-
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ticles attracting each other through a Coulomb force with
coupling constant 4�. The trouble is that the interaction in
(3) is at different times, i.e., jx1ðtÞ � x2ðsÞj�1. A simple
application of Jensen’s inequality, however, shows that we
can fix the time difference u ¼ t� s and bound

he2bi �
Z 1

�1
e�jujdu

2

�
Z

d�ð2Þ exp
�
4�

Z T

0

dt

jx1ðtÞ � x2ðt� uÞj
�
:

Because of the T-periodic time translation invariance of
the Wiener measure, the path integral is, in fact, indepen-
dent of u. Hence we get the positroniumlike answer as a
bound. This completes our argument for the universal
bound (6), and hence the absence of bipolaron binding
for sufficiently large U=�.

We now return to the case of general particle number N.
As we noted above, there is no thermodynamic limit ifU <
2�, even with Fermi statistics [3]. If U > 2� there is one.

Theorem 2 (thermodynamic stability for the
N-polaron system). If U > 2� the energy of N particles
(polarons) is bounded below as

EðNÞ
U � �CðU;�ÞN;

where CðU;�Þ is finite and independent of N, but can
depend on U, � and on statistics.

Our upper bound on CðU;�Þ goes to þ1 as U goes
down to 2�, but we are not certain that this divergence
reflects the true situation.

Theorem 2 implies the existence of the thermodynamic

limit, limN!1N�1EðNÞ
U ¼ C0ðU;�Þ, when U > 2�. The

reason is that EðNÞ
U is subadditive, i.e., EðNþMÞ

U � EðNÞ
U þ

EðMÞ
U (by considering N particles in a ground state located

near Princeton and M particles in a ground state located
near Charlottesville). This fact, together with the linear
lower bound from Theorem 2, implies the existence of the
thermodynamic limit (see [16], Sec. 14.2).

Theorem 2 is an essential ingredient for our proof of
Theorem 3 about the absence of any binding for large
enough U.

The proof of Theorem 2 does not use the partitioning

and localization of Theorem 1. Instead we bound HðNÞ
U

from below by the average over translations of a
Hamiltonian pertaining to a finite-size box and with a short
range, i.e., Yukawa-like interaction. This ‘‘sliding
method’’ of localization was introduced in [17], and later
used in [18], to analyze Foldy’s law for bosonic jellium.

The localization is accomplished by choosing a function
�ðxÞ with finite range L and integral

R
�ðxÞ2dx ¼ 1. Next,

consider the function fðxÞ ¼ ð1� e�!jxj� � �ðxÞÞ=jxj,
where �means convolution. Essentially, f is the difference
of the Coulomb potential and a cut-off Yukawa potential. If
! is large enough, f will be positive definite, i.e., have a
positive Fourier transform, as shown in [17]. The crucial

inequality, then, is

ZZ
dxdx0

�X
i

�ðx� xiÞ � �yðxÞ
�

� fðx� x0Þ
�X

j

�ðx0 � xjÞ � �ðx0Þ
�
� 0 (11)

for any x-dependent operator �ðxÞ. We apply this to

�ðxÞ ¼ ð2�Þ�2ð2�Þ�1=2
Z

keik�xaðkÞdk:

In the classical jellium case, � ¼ �y is just the background
density, whereas here it is a fluctuating quantum field. If we
multiply out the various terms in (11) the resulting inequal-
ity can be written as

HðNÞ
U � L�3

Z
R3

dzHz þ ðU� 2�ÞX
i<j

jxi � xjj�1;

where Hz is a Hamiltonian of the particles that happen to
lie in a box centered at z and with sides of length L. It is
crucial to note the fact that fð0Þ is finite, which allows us to
replace the apparent, unwanted Coulomb self-energy in
(11) by a term linear in N.
The particles interact through Yukawa-like forces. The

field appears inHz as �ðxÞ�ðx� zÞ, so it is localized to the
box as well. Thus Hz refers to a quantum-mechanical
problem confined to a box of a fixed size but with an
indeterminate number nz of particles.
Once the localization to finite-size boxes is established

we can follow the analysis in [3], based on the commutator
bounds in [10], to show that Hz is bounded from below by
�c5�

2n2z �Dð�; LÞnz, whereDð�;LÞ ! 1 as L ! 0. On
the other hand,

X
i<j

jxi � xjj�1 � c6L
�4

Z
dz nzðnz � 1Þ:

For any U > 2�, the length L can thus be chosen small
enough such that ðU� 2�Þc6=L > c5. The price paid for
this is the energy �Dð�;LÞN which can be large, but is
finite. This concludes the proof of thermodynamic stability.
AsU increases from 2� the system is thus stable but can

formmany-body bound complexes such as the bipolaron—
perhaps even a periodic superlattice. This is a largely
unexplored area. Eventually, no binding is possible, as
the following theorem asserts.
Theorem 3 (no binding for large U). There is a

computable constant Ucð�Þ such that if U � Ucð�Þ, then
the ground state energy equals EðNÞ

U ¼ NEð1Þ for all N.
Although the optimum value of Ucð�Þ might depend on

particle statistics, our bound does not. We can prove that
Ucð�Þ � const� for large �. We believe, but we cannot
prove, that this linear law holds for all �.
Step 1.—We use a similar partitioning as in Theorem 1,

but relative to nearest neighbor distances. That is, each xi is
localized in some shell-like region 2ki�1‘ � ti � 2ki‘,
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where ti is the distance between particle i and its nearest
neighbor in the configuration (x1;x2; . . . ;xN).

Then, as in Step 2 of Theorem 1, we localize each
particle i in a box whose size is smaller than, but compa-
rable to, 2ki‘. As in the bipolaron case we have to remem-
ber the kinetic energy associated with this twofold
localization. It is a geometric fact that any xi can be the
nearest neighbor of at most 12 other particles. This allows
us to compensate the localization energy by sacrificing part
of the Coulomb repulsion.

Step 2.—With every particle thus localized in some box
we write the functional integral for the ground state energy
as in (3), except that we now include the Coulomb repul-
sion as well as the polaronic attraction terms. The expo-
nential now contains

�

2

XN
i;j¼1

Z T

0

Z T

0

e�jt�sjdtds
jxiðtÞ � xjðsÞj

�U
X

1�i<j�N

Z T

0

dt

jxiðtÞ � xjðtÞj :

We relabel the particles so that k1 ¼ . . . ¼ kM ¼ 0 and
kMþ1; . . . ; kN � 1, i.e., such that particles 1; 2; . . . ;M are
precisely those having a nearest neighbor within distance
‘. Accordingly, we split the sum in the exponential into
three pieces. The first one corresponds to the total energy
of the M particles with ki ¼ 0,

�

2

XM
i;j¼1

Z T

0

Z T

0

e�jt�sjdtds
jxiðtÞ � xjðsÞj

�U
X

1�i<j�M

Z T

0

dt

jxiðtÞ � xjðtÞj :

The second piece corresponds to the polaronic self-energy
for particles i > M, that is,

�

2

XN
i¼Mþ1

Z T

0

Z T

0

e�jt�sjdtds
jxiðtÞ � xiðsÞj :

The third is

XN
j¼Mþ1

Xj�1

i¼1

�
�
Z T

0

Z T

0

e�jt�sjdtds
jxiðtÞ � xjðsÞj

�U
Z T

0

dt

jxiðtÞ � xjðtÞj
�
:

If we keep in mind the confinement of the particles to
their individual boxes, and how the distances between
these boxes are related to their sizes, we see that the third
piece is necessarily negative provided U=� is large. This
condition is independent of the parameter ‘. We are left
with the first and second piece. The second just gives us the

energy ðN �MÞEð1Þ after integration. For the first piece we

write U ¼ U1 þU2 with U1 > 2�. Since the U2 part of
the Coulomb repulsion is bounded from below by
constU2M=‘ by construction, Theorem 2 shows that the
total energy of the first piece is bounded from below by
�CðU1; �ÞMþ constU2M=‘. This energy will be bigger

than the sum of MEð1Þ and the (‘-dependent) localization
error, provided U2 is large enough. This completes the
proof of Theorem 3.
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