
“120i2˙08” — 2003/10/15 — 16:09 — page 405 — #1i
i

i
i

i
i

i
i

BIHOLOMORPHIC MAPS BETWEEN
TEICHMÜLLER SPACES

VLADIMIR MARKOVIC

Abstract
In this paper we study biholomorphic maps between Teichmüller spaces and the in-
duced linear isometries between the corresponding tangent spaces. The first main re-
sult in this paper is the following classification theorem. If M and N are two Riemann
surfaces that are not of exceptional type, and if there exists a biholomorphic map be-
tween the corresponding Teichmüller spacesTeich(M) and Teich(N), then M and
N are quasiconformally related. Also, every such biholomorphic map is geometric.
In particular, we have that every automorphism of the Teichmüller spaceTeich(M)
must be geometric. This result generalizes the previously known results (see [2], [5],
[7]) and enables us to prove the well-known conjecture that states that the group of
automorphisms ofTeich(M) is isomorphic to the mapping class group of M when-
ever the surface M is not of exceptional type. In order to prove the above results, we
develop a method for studying linear isometries between L1-type spaces. Our focus
is on studying linear isometries between Banach spaces of integrable holomorphic
quadratic differentials, which are supported on Riemann surfaces. Our main result in
this direction (Theorem 1.1) states that if M and N are Riemann surfaces of nonex-
ceptional type, then every linear isometry between A1(M) and A1(N) is geometric.
That is, every such isometry is induced by a conformal map between M and N.

1. Introduction
In this paper, unless it is specified otherwise, every Riemann surface is assumed to
carry the unique complete metric of curvature−1, which we call the hyperbolic met-
ric. If M andN are a pair of Riemann surfaces, byz = x + iy andz1 = x1 + iy1 we
denote local parameters onM andN, respectively.

Let M be a Riemann surface, and letA1(M) denote the Banach space of all
integrable holomorphic quadratic differentialsφ(dz)2 = φ with the Banach norm

‖φ‖1 =

∫
M

|φ| dx dy.
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This space is also sometimes called the Bergman spaceA1(M). Let N be another
Riemann surface, and denote byA1(N) the corresponding Bergman space. One of
the main goals of this paper is to characterize surjective linear isometries between the
Banach spacesA1(M) andA1(N).

Definition
A surjective linear isometryT : A1(M) → A1(N) is said to begeometricif there
exist a conformal mapα : M → N and a complex numberθ , |θ | = 1, such that

T−1(φ) = θ(φ ◦ α)(α′)2

for everyφ ∈ A1(N).

The following problem has been extensively studied (see [7], [3], [2], [5]).

Problem 1.1
Let M andN be two Riemann surfaces that are not of exceptional type. Then every
surjective linear isometryT : A1(M) → A1(N) is geometric.

We also mention the following special case of Problem 1.1, which was introduced in
[2].

Problem 1.2
Let M1 and M2 be two Riemann surfaces quasiconformally related to a Riemann
surfaceM , and assume thatM is not of exceptional type. Then, every surjective linear
isometryT : A1(M1) → A1(M2) is geometric.

Remark.A Riemann surfaceM is said to be of exceptional type if it is of finite hyper-
bolic area and 2g + n ≤ 4, whereg is the genus ofM andn is the number of points
in the boundary ofM . Also, we say that two Riemann surfaces are conformally or
quasiconformally related if there exists a conformal or quasiconformal map between
them. If Problem 1.2 has a positive answer forM , we say thatM has the isometry
property.

It has been known since H. Royden [7] (see also [4]) that ifM andN are closed Rie-
mann surfaces (which are not of exceptional type), then all linear isometries between
A1(M) and A1(N) are geometric. This result was extended in [3] to the case of all
Riemann surfaces of finite hyperbolic area, that is, all Riemann surfaces where the di-
mension of the spaceA1(M) is finite. In recent years, Problem 1.1 has been solved in
many important cases. In [2] it has been proved that Problem 1.1 has a positive solu-
tion if M andN are of finite topological type (finitely generated fundamental group).
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In [5] it was proved that Problem 1.1 has a positive solution for all surfaces of finite
genus. In this paper we settle the general case.

THEOREM 1.1
Suppose that Riemann surfaces M and N are of nonexceptional type. Let T:

A1(M) → A1(N) be a surjective linear isometry. Then the isometry T is geomet-
ric. The surfaces M and N are conformally related and therefore homeomorphic.

Remark.Note that in the above theorem we do not assume thatM andN are home-
omorphic. A Riemann surfaceM is said to have finite analytical type if it can be
obtained from a closed surface by deleting at most finitely many points. Therefore we
derive a positive solution to Problem 1.1; that is, every Riemann surface that is not of
exceptional type has the isometry property. Clearly, the positive solution to Problem
1.1 implies that Problem 1.2 has a positive solution as well.

Problem 1.1 is interesting in its own right. However, the importance of this problem
also comes from Teichm̈uller theory. Denote by Teich(M) the Teichm̈uller space of
M . Let N be another Riemann surface. One of the central questions in Teichmüller
theory is how to describe all biholomorphic maps between Teich(M) and Teich(N).
In particular, it is important to describe biholomorphic maps of Teich(M) onto it-
self. These maps are called automorphisms of Teich(M). They form the group called
Aut(Teich(M)).

Every quasiconformal mapg : M → N induces a biholomorphic mapρg :

Teich(M) → Teich(N). This map is called geometric (see [2] for the definition of the
notion of geometric maps between Teichmüller spaces). We define the mapping class
group MC(M) to be the group of all classes of quasiconformal mapsg : M → M .
Every elementg of the group MC(M) induces the automorphismρg of Teich(M). The
following conjecture is well known.

CONJECTURE1.1
If the Riemann surface M is not of exceptional type, then

Aut
(

Teich(M)
)

= MC(M).

In his celebrated paper [7], Royden showed that in the case whenM and N are
closed surfaces of finite genus (and not of exceptional type), then every biholomorphic
mapF : Teich(M) → Teich(N) is geometric. In particular, every automorphism of
Teich(M) is geometric and is represented by an element of MC(M). This is a very im-
portant result in the theory of finitely dimensional Teichmüller spaces. Since then, the
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question of extending this theorem to other Riemann surfaces, and their Teichmüller
spaces, has been studied in [2], [3], [5], and [7].

Remark.Royden’s result about automorphisms of Teichmüller spaces was extended
to Riemann surfaces of finite genus in [2] and [5] by solving Problem 1.1 in these
cases. A Riemann surface is of finite genus if there exists a closed Riemann surface
M∗ such thatM can be conformally embedded inM∗.

Our next theorem settles this conjecture.

THEOREM 1.2
Suppose that M is a Riemann surface that is not of exceptional type. Then

Aut
(

Teich(M)
)

= MC(M).

If Riemann surfacesM and N are not quasiconformally related, one still can ask if
there exists a biholomorphic mapF : Teich(M) → Teich(N). The following classi-
fication theorem is a corollary of Theorem 1.1 and some important results from [2]
(see Section 9 for details).

THEOREM 1.3
Suppose that Riemann surfaces M and N are not of exceptional type, and let F:

Teich(M) → Teich(N) be a biholomorphic map. Then, we have that M and N are
quasiconformally related, and the map F is geometric.

The method we develop to prove Theorem 1.1 is different from the methods used in
[2], [5], and [7]. Although in this paper we are focused on linear isometries between
L1 Bergman spaces of quadratic differentials on Riemann surfaces, parts of the proof
of Theorem 1.1 could be used in studying linear isometries between subspaces of
generalL p-type spaces (herep > 0, andp is not an even integer). We now list the
main steps in the proof of Theorem 1.1.

Theorem 2.1 is the first crucial step toward the proof of Theorem 1.1. It is particu-
larly interesting because it holds in the context of arbitraryL1-spaces. In Theorem 3.3
we prove an important separation property of the Bergman spacesA1(M), whereM
is of nonexceptional type. In a way, Theorem 3.3 states that the spaceA1(M) contains
enough elements to completely determine the underlying Riemann surfaceM .

In Section 4, as a direct corollary of Theorems 2.1 and 3.3, we construct the map
β with the following properties. The mapβ is defined almost everywhere onM , and
it is a bijection onto some set of the full measure inN. In particular,β is measure-
preserving; that is, the following holds. LetF be a measurable subset ofM . Then for
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everyφ ∈ A1(M), we have∫
F

|φ| dx dy=

∫
β(F)

|T(φ)| dx1 dy1. (1.1)

The identity (1.1) shows that the mapβ is the map we could use to prove Theorem
1.1. The main obstacle is that we do not know whetherβ is defined everywhere onM
and, in particular, whetherβ is conformal. In Sections 5 – 8, we show that there exists
a conformal mapα : M → N such thatα = β almost everywhere onM . With this
we conclude the proof of Theorem 1.1. In Section 9, we give the proofs of Theorems
1.2 and 1.3.

2. Preliminary results
In the following theorem the measuresµ andν are finite and positive measures on
setsX andY, respectively. The nature of these sets plays no role in what follows, so
we do not specify them. The following result was proved in [8].

THEOREM 2.1
Let f1, . . . , fn ∈ L1(µ) and g1, . . . , gn ∈ L1(ν) be such that for every n-tuple of
complex numbersαk, k = 1,2, . . . ,n, we have∫ ∣∣∣1 +

n∑
k=1

αk fk
∣∣∣ dµ =

∫ ∣∣∣1 +

n∑
k=1

αkgk

∣∣∣ dν. (2.1)

Then, for every bounded Borel measurable function (and for every real-valued
nonnegative Borel function) u: Cn

→ C, we have∫
u( f1, . . . , fn)dµ =

∫
u(g1, . . . , gn)dν. (2.2)

Furthermore, let I : X → Cn and J : Y → Cn be the maps I= ( f1, . . . , fn) and
J = (g1, . . . , gn), respectively. Then we have

µ
(
I −1(E)

)
= ν

(
J−1(E)

)
(2.3)

for every Borel set E inCn.

Remark.In W. Rudin’s paper [8], Theorem 2.1 was proved in a more general context.
In fact, it holds if instead ofL1(µ) we considerL p(µ), wherep > 0 andp is not an
even integer.

The following two lemma are easy corollaries of Theorem 2.1.
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LEMMA 2.1
Suppose thatφk, k = 0,1,2, . . . ,n, n ∈ N, are elements of A1(M), and suppose that
ψk, k = 0,1,2, . . . ,n, are elements of A1(N), such that for every n-tuple of complex
numbersαk, k = 1,2, . . . ,n, we have∥∥∥φ0 +

n∑
k=1

αkφk

∥∥∥
1

=

∥∥∥ψ0 +

n∑
k=1

αkψk

∥∥∥
1
. (2.4)

If neitherφ0 nor ψ0 is constantly zero, then for every real-valued nonnegative Borel
function u: Cn

→ C we have∫
M

u
(φ1

φ0
, . . . ,

φn

φ0

)
|φ0| dx dy=

∫
N

u
(ψ1

ψ0
, . . . ,

ψn

ψ0

)
|ψ0| dx1 dy1.

Proof
Setdµ = |φ0| dx dyanddν = |ψ0| dx1 dy1, wherez = x + iy andz1 = x1 + iy1 are
local parameters onM and N, respectively. The measuresµ andν are well defined
on M andN, respectively. The equality(2.3) can be written as∫

M

∣∣∣1 +

n∑
k=1

αk
φk

φ0

∣∣∣ dµ =

∫
N

∣∣∣1 +

n∑
k=1

αk
ψk

ψ0

∣∣∣ dν.

The proof now follows from Theorem 2.1.

By the Lebesgue measuremM on a Riemann surfaceM , we consider the measure
that has the following properties. The universal covering surface ofM is the unit disc.
Let F be a subset ofM which is contained in an injectively embedded hyperbolic
disc onM . Then we say thatF is Lebesgue measurable onM if the set in the unit
disc, which represents a lift ofF , is Lebesgue measurable as a subset of the complex
plane. The measure of the setF is equal to its hyperbolic area. Note that the measureµ

introduced above has the same families of measurable sets, and also the same families
of sets of measure zero, as the measuremM . Since these are the only two types of
measures on Riemann surfaces we deal with in the remainder of this paper, we use
terms likemeasurable set, set of measure zero, set of positive measure, and so on,
without specifying the measure.

Set

I (p) =

(φ1

φ0
(p), . . . ,

φn

φ0
(p)

)
for p ∈ M , and set

J(q) =

(ψ1

ψ0
(q), . . . ,

ψn

ψ0
(q)

)
for q ∈ N. We have the following.
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LEMMA 2.2
Under the same set of assumptions as in the previous lemma, we have that the follow-
ing holds. Let F be a compact set in M such thatφ0 has no zeros in F. Let u: Cn

→ C
be the function defined to be1 on the set I(F) and to be equal to zero elsewhere in
Cn. Then we have∫

M
(u ◦ I )dµ =

∫
I −1(I (F))

dµ =

∫
J−1(I (F))

dν =

∫
N
(u ◦ J)dν.

Remark.The setI −1(I (F)) is the set of all points onM which are mapped in the set
I (F) by the mapI . Clearly,F is contained inI −1(I (F)). Also, the setJ−1(I (F)) is
the set of all points onN which are mapped in the setI (F) by the mapJ. However,
in generalJ−1(I (F)) may be empty as well, and it is a corollary of Lemma 2.2 that
J−1(I (F)) has positive measure inN wheneverF has positive measure inM .

Proof
Since the mapI is continuous, the setI (F) is a compact set inCn. This implies
that the functionu is a Borel function. The proof of Lemma 2.2 now follows from
Lemma 2.1.

3. Separation properties of the spaceA1(M)
Let SM be the subset of a Riemann surfaceM defined as follows.

Definition
We say thatp0 ∈ SM if for every point p ∈ M , p 6= p0, there exists a differential
φ ∈ A1(M) such thatφ(p)φ(p0) = 0 and such thatφ(p) andφ(p0) are not both
equal to zero.

Althoughφ ∈ A1(M) is not a function onM , the statementsφ(p) = 0 andφ(p) 6= 0
are well defined, and so the above definition is independent of the choice of a local
parameter.

Denote by0(M) the Hilbert space of all integrable holomorphic(1,0) forms on
M . 0(M) is also known as the space of all Abelian square-integrable forms onM .
The Hilbert norm ofϕdz = ϕ, ϕ ∈ 0(M), is given by

‖ϕ‖2 =

( ∫
M

|ϕ|
2
)1/2

= ‖ϕ2
‖

1/2
1 .

THEOREM 3.1
Suppose that the dimension of the space0(M) is at least3. Then the set M\ SM is
a discrete set of points in M. Furthermore, if p′ is a puncture in the boundary of M,
then p′ is not a cluster point of the set M\ SM .
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Remark.By saying thatp′ is a puncture in the boundary ofM , we mean that there
exists another Riemann surfacẽM such that the surfaceM is obtained fromM̃ by
deleting the pointp′. The assumption that the dimension of the space0(M) is at least
3 is satisfied if the genus of the surfaceM is infinite. The assumption is also satisfied
by many surfaces of finite genus, but an even sharper theorem holds for such surfaces
(see Theorem 3.2).

Proof
We say that a pointp0 ∈ DM if p0 ∈ M and if there existsφ0 ∈ 0(M) with a zero of
order 2 atp0; that is,

φ0(z − z0) = A0(z − z0)
2
+ o

(
(z − z0)

2), A0 6= 0, (3.1)

wherez is close toz0. Herez(p) = z is a local parameter nearp0, andz(p0) = z0.
We first show thatDM is contained inSM . Let p0 ∈ M . Denote byϕ0 thead joint

kerneldifferential with the reference pointp0. It is well known (see [1] and [10, page
43]) that this differential exists for every Riemann surface (not necessarily hyper-
bolic). It has the following properties. The kernelϕ0 is a(1,0)meromorphic form on
M , with the second-order pole atp0. Furthermore, ifU denotes an arbitrary open set
containingp0, then ∫

M\U
|ϕ0|

2 < ∞. (3.2)

In particular,(3.2) implies thatp0 is the only pole of the differentialϕ0.

Remark.The existence of the above differential was proved in [1] (also see [10]). For
example, ifM is the complex plane, andp0 = 0, then the differentialϕ0 = 1/z2.
The kernelϕ0 clearly has the second-order pole at zero, and(ϕ0)

2 is integrable on
the sphere minus some open set containing zero. In particular, if the space0(M) is
not trivial, then the the kernel differentialϕ0 is characterized as the unique (up to the
multiplication by a nonzero constant) differential with the above properties and which
annihilates the space0(M) in the sense of the standard inner product (computed as a
Cauchy principal value).

Now suppose thatp0 ∈ DM . Denote byφ0 the differential satisfying(3.1), and denote
by ϕ0 the kernel differential with the reference pointp0. Let p 6= p0 be an arbitrary
point in M . If φ0(p) 6= 0, and sinceφ2

0 ∈ A1(M), we conclude thatp0 ∈ SM . If
φ0(p) = 0, then we haveφ0(p)ϕ0(p) = 0. From (3.1) it follows thatφ0(p0)ϕ0(p0) 6=

0. Also, from (3.1) and (3.2) it follows thatφ0ϕ0 ∈ A1(M). We conclude thatp0 ∈ SM

in this case too.
To finish the proof it is enough to show thatM \ DM is a discrete set of points

in N. Also, if p′ is a puncture in the boundary ofM , we have to show thatp′ is not
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a cluster point of the setM \ DM . Since0(M) is at least of the dimension 3, we can
choose three linearly independent differentials from0(M). Denote them byϕ, φ,ψ .
We have thatϕ, φ, andψ are holomorphic at every puncture in the boundary ofM .

Let p′ be a point ofM or a puncture on the boundary ofM , and letz be a local
coordinate in a neighborhoodU of p′. Forz ∈ U , set

a(z)ϕ(z)+ b(z)φ(z)+ c(z)ψ(z) = 0,

a(z)ϕ′(z)+ b(z)φ′(z)+ c(z)ψ ′(z) = 0,

a(z)ϕ′′(z)+ b(z)φ′′(z)+ c(z)ψ ′′(z) = 1. (3.3)

This system of equations can be solved fora(z),b(z), c(z) at every pointz where the
Wronskian determinant ofϕ, φ,ψ is not zero. Sinceϕ, φ,ψ are linearly independent,
the set of zeros of the Wronskian determinant is a discrete set inM , and also, this set
cannot accumulate at any puncture in the boundary ofM .

Let p ∈ M be a point where the system(3.3) has a solution. Then we have
p ∈ DM . This implies that the setM \ DM cannot accumulate at any point ofM (or
a puncture in the boundary ofM).

In the remainder of this section, we deal with the case of finite genus surfaces. The
following lemma is well known. I thank the referee for pointing out this lemma and
its proof to me.

LEMMA 3.1
Let M∗ be a compact Riemann surface of genus g, and let D be a divisor of degree
n ≥ 0 on M∗. Suppose2g + n ≥ 5. Let V be the vector space of meromorphic
quadratic differentialsϕ on M∗ such that(ϕ)+ D ≥ 0. (Here(ϕ) denotes the divisor
of ϕ.) If p and q are distinct points of M∗ which do not belong to the support of D,
then there is aϕ in V that is zero at p but not at q.

Proof
Letω be a nontrivial one-form onM∗. We haveϕ ∈ V if and only if ϕ = f ω2, where
f is a meromorphic function onM∗ with ( f )+ 2(ω)+ D ≥ 0.

Let E be the divisor 2(ω) + D. ThenV has dimension dim(E). Also, the space
of ϕ in V such thatϕ has a zero atp has dimension dim(E − p), and the space ofϕ
in V with zeros at bothp andq has dimension dim(E − p − q).

By hypothesis, 2g+n ≥ 5, so the divisors(ω)− E, (ω)− E + p, and(ω)− E +

p + q all have negative degree. Therefore the Riemann-Roch theorem implies that
dim(V) = dim(E) = 3q +n−3, dim(E − p) = dim(V)−1, and dim(E − p−q) =

dim(V) − 2. In particular, the space ofϕ in V with zeros at bothp andq has lower
dimension than the subspace with zeros atp.
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THEOREM 3.2
Suppose that M has finite genus and is not of exceptional type. Then M= SM

Remark.It is easy to verify that the above theorem does not hold for exceptional-type
surfaces.

Proof
Let M∗ be the closed surface of the same genus asM , such thatM is obtained
from M∗ by deleting pointsp1, . . . , pk ∈ M∗. (The set of pointsp1, . . . , pk may
be empty.) Define the divisorD on M∗ by D = p1 + · · · + pk. The theorem now
follows from Lemma 3.1.

Combining Theorems 3.1 and 3.2, we obtain the following theorem.

THEOREM 3.3
Suppose that M is a Riemann surface of nonexceptional type. Then the set M\ SM is
a discrete set of points in M. Furthermore, if p′ is a puncture in the boundary of M,
then p′ is not a cluster point of the set M\ SM .

4. Construction of the mapβ, and its properties
From now on, we assume thatM andN are Riemann surfaces of nonexceptional type.
We do not assume thatM andN are homeomorphic.

Let T : A1(M) → A1(N) be a surjective linear isometry. SinceA1(M) is a
separable Banach space, we can choose a sequence of distinct differentials(φk), k =

0,1,2, . . . , such that for everyφ ∈ A1(M) there exists a subsequence of(φk), which
is norm converging toφ, in the norm onA1(M). In addition, we chooseφ0 andφ1 to
be linearly independent.

Denote byM1 the setSM minus the two discrete sets of points. The first one is the
set of points whereφ0 has zeros, and the second is where the meromorphic function
φ1/φ0 has the first derivative equal to zero. It follows from Theorem 3.3 thatM \ M1

is a discrete set of points inM . Note that ifp′ is a puncture in the boundary ofM , then
the functionφ1/φ0 is a well-defined meromorphic function in a given neighborhood
of p′. Therefore the set of points whereφ0 has zeros, and also the set of points where
φ1/φ0 has the first derivative equal to zero, does not have the pointp′ as its cluster
point. Since we proved in Section 3 that the setSM has the same property, we conclude
that the setM \ M1 does not have the pointp′ as its cluster point. We define the set
N1 in N in the same way, using the sequenceT(φk) in A1(N). The setN \ N1 has the
same discreteness properties asM \ M1.

The notation and assumptions introduced above remain valid until the end of this
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paper. In this section we work withM1 andN1, and we return toM andN later.
For everyn ∈ N, we define the mapsIn : M1 → Cn andJn : N1 → Cn by

In(p) =

(φ1

φ0
(p), . . . ,

φn

φ0
(p)

)
for p ∈ M1 and

Jn(q) =

(T(φ1)

T(φ0)
(q), . . . ,

T(φn)

T(φ0)
(q)

)
for q ∈ N1. In andJn are holomorphic maps. In particular, from the definition ofM1

it follows that for everyp ∈ M1 there is a neighborhoodU of p, and a biholomorphic
map Ĩn : U × Cn−1

→ Cn, such thatIn(p) = Ĩn(p,0). This implies that ifF is a
Borel set onM1, thenIn(F) is a Borel set inCn. A similar observation holds forN1.

Also, define the mapsI∞ : M1 → CN andJ∞ : N1 → CN as

I∞(p) =

(φ1

φ0
(p), . . .

)
for p ∈ M1 and

J∞(q) =

(T(φ1)

T(φ0)
(q), . . .

)
for q ∈ N1. The product topology of pointwise convergence makes the spaceCN a
Fréchet space. We have that mapsI∞ and J∞ are holomorphic, and they map Borel
sets to Borel sets for the same reason that the mapsIn andJn do.

Suppose thatz = x + iy andz1 = x1 + iy1 are local parameters onM and N,
respectively. Setdµ = |φ0| dx dy, and setdν = |T(φ0)| dx1 dy1. The measuresµ, ν
are well defined onM andN, respectively.

LEMMA 4.1
Let p∈ M1, and let q∈ N1. Then

∞⋂
n=1

I −1
n

(
In(p)

)
= {p},

∞⋂
n=1

J−1
n

(
Jn(q)

)
= {q}.

In other words, the maps I∞ and J∞ are injective.

Proof
Suppose that there existsp′

∈ M , p 6= p′, such thatp′
∈

⋂
∞

n=1 I −1
n (In(p)). Sinceφn

is dense inA1(M), we conclude that

φ

φ0
(p) =

φ

φ0
(p′) (4.1)
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for everyφ ∈ A1(M). From Theorem 3.3 we know that there existsψ ∈ A1(M) such
that eitherψ(p) = 0 andψ(p′) 6= 0 orψ(p) 6= 0 andψ(p′) = 0. But this contradicts
(4.1). The proof forN1 is similar.

Let GM be the set of all pointsp ∈ M1 such that the set

∞⋂
n=1

J−1
n

(
In(p)

)
is a nonempty subset ofN1. Also, letGN be the set of all pointsq ∈ N1 such that the
set

∞⋂
n=1

I −1
n

(
Jn(q)

)
is a nonempty subset ofM1.

Observe that

GM = I −1
∞

(
J∞(N1)

)
, GN = J−1

∞

(
I∞(M1)

)
,

and
I∞(GM ) = J∞(GN) = I∞(M1) ∩ J∞(N1).

In particular, we have thatGM andGN are Borel sets.

LEMMA 4.2
We have

µ(M1 \ GM ) = ν(N1 \ GN) = 0.

Proof
Let K1 be an arbitrary compact set inN1. Suppose that there exists a compact set
F ⊂ M1 such thatµ(F) > 0 andF ∩ GM is an empty set. Note thatJ−1

n (In(F))
containsJ−1

n+1(In+1(F)
)
. Set

An = ν
(
J−1

n (In(F)) ∩ K1
)
.

From the assumptions on the setF , we find that the set

∞⋂
n=1

J−1
n

(
In(F)

)
is an empty set. Therefore we haveAn → 0 whenn → ∞.
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From Lemma 2.2 we have

µ(F) ≤ µ
(
I −1
n (In(F))

)
=

∫
I −1
n (In(F))

dµ =

∫
J−1
n (In(F))

dν = ν
(
J−1

n (In(F))
)
.

(4.2)
The lim inf of the sequence of values of the integrals on the right-hand side in (4.2),
whenn → ∞, is at most equal toν(N1 \ K1). By varying the setK1, we obtain a
contradiction.

Therefore we have proved thatµ(M1 \GM ) = 0. Similarly, we prove thatν(N1 \

GN) = 0.

If p ∈ GM , we have that
⋂

∞

n=1 J−1
n (In(p)) is a nonempty subset ofN1. From Lemma

4.1 we see that there exists a unique pointq ∈ N1 such that
∞⋂

n=1

J−1
n

(
In(p)

)
= {q}.

Setβ(p) = q. In particular, we conclude thatβ is a well-defined bijection between
GM andGN . We also haveβ = J−1

∞ ◦ I∞.

LEMMA 4.3
The mapβ : GM → GN satisfies the following conditions.
(1) β is a bijection, and bothβ andβ−1 are measurable maps. Also,β andβ−1

map sets of measure zero onto sets of measure zero.
(2) The equality

T(ψ)

T(φ)
(β) =

ψ

φ

holds on GM for everyφ,ψ ∈ A1(M).
(3) Let p∈ GM , and let q∈ N1. If

T(ψ)

T(φ)
(q) =

ψ

φ
(p)

holds for everyφ,ψ ∈ A1(M), then q= β(p).
(4) Let q ∈ GN , and let p∈ M1. If

T(ψ)

T(φ)
(q) =

ψ

φ
(p)

holds for everyφ,ψ ∈ A1(M), then p= β−1(q).
(5) If F is a measurable subset of GM , then∫

F
|φ| =

∫
β(F)

|T(φ)|

holds for everyφ ∈ A1(M). In particular, we haveµ(F) = ν(β(F)).
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Proof
It follows from Lemma 4.1 thatβ is a bijection betweenGM and GN . From the
definition ofGM ,GN, In, Jn, and sinceφn is dense inA1(M), we see that

T(φ)

T(φ0)
(β) =

φ

φ0

on GM . Since forφ,ψ ∈ A1(M) we have

φ

φ0
/
ψ

φ0
=
φ

ψ
,

it follows thatβ satisfies condition (2). The fact thatβ satisfies conditions (3) and (4)
follows directly from Lemma 4.1.

It is left to show thatβ satisfies condition(5). Let F be a compact set inGM . Let
un : Cn

→ R be the function given by

un(w1, . . . , wn) = |w1|,

where(w1, . . . , wn) ∈ Cn. Let vn be the function defined as the product ofun and
the characteristic function of the setIn(F). From the proof of Lemma 2.2 applied to
the functionvn, we find∫

I −1
n (In(F))

|φ1| dx dy=

∫
J−1
n (In(F))

|T(φ1)| dx1 dy1. (4.3)

In particular, sinceβ(F) is a Borel set, we have that the above integrals are well
defined. SinceI −1

n+1(In+1(F)) is contained inI −1
n (In(F)), from Lemma 4.1 we have

that the set
∞⋂

n=1

I −1
n

(
In(F)

)
is equal toF . Now, from Lemma 4.2 we conclude that∣∣∣ ∫

I −1
n (In(F))

|φ1| dx dy−

∫
F

|φ1| dx dy
∣∣∣ → 0, n → ∞.

Similarly, we obtain∣∣∣ ∫
J−1
n (In(F))

|T(φ1)| dx dy−

∫
β(F)

|T(φ1)| dx1 dy1

∣∣∣ → 0, n → ∞.

So far we have verified (5) wheneverF is a compact subset ofGM . Applying the
standard argument, we obtain that (5) holds for every measurable setF contained in
GM . From (5) we also conclude thatβ maps the sets of measure zero onto sets of
measure zero. This proves claim (1).
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In the same way, we can show that (5) holds for everyφn, and from the density
of the sequence(φn) we have that (5) holds for everyφ ∈ A1(M).

If we takeφ = φ0, we see thatβ andβ−1 are measure-preserving maps; that is,
the equalityµ(F) = ν(β(F)) holds for every measurable setF in GM .

5. Construction of the mapα, and its properties
Define the setsEM andEN as follows.

Definition
We say that a pointp ∈ M belongs toEM if there exist an open setU containingp
and the the holomorphic injectionα : U → N, such that the equality

T(ψ)

T(φ)
◦ α =

ψ

φ
(5.1)

holds onU for everyφ,ψ ∈ A1. In a similar way, we define the setEN .

It follows that the setEM is an open subset ofM . EN is an open subset ofN. We
show that the mapα is a well-defined holomorphic bijection betweenEM andEN .

To show thatα is well defined, we need to consider two different open setsU1

andU2 and two holomorphic injectionsα : U1 → N andα2 : U1 → N, which both
satisfy (5.1), and to show thatα1 andα2 agree onU1 ∩ U2. Combining the fact that
M \ M1 is a discrete set and items (3) and (4) from Lemma 4.3 together with (5.1),
we conclude thatαk = β almost everywhere onUk for k = 1,2. This implies thatα1

andα2 agree almost everywhere onU1 ∩ U2. Similarly, we show thatα is a bijection
betweenEM andEN .

LEMMA 5.1
We have the following.
(1) Let p0 ∈ M1, and let(pn)n∈N be a sequence of points such that pn ∈ GM and

pn → p0. If there is a point q0 ∈ N1 such thatβ(pn) → q0, then the points
p0 and q0 belong to EM and EN , respectively.

(2) The sets EM and EN have full measure in M and N, respectively. The map
α : EM → EN is a holomorphic bijection between EM and EN .

(3) We have that if p∈ EM ∩ M1 andα(p) ∈ N1, then p∈ GM . Similarly, if
q ∈ EN ∩ N1 and α−1(q) ∈ M1, then q ∈ GN . The mapsα and β agree
almost everywhere on M. Also,α−1 andβ−1 agree almost everywhere on N.

(4) The equality ∣∣(T(φ) ◦ α)(α′)2
∣∣ = |φ|

holds on EM for everyφ ∈ A(M).
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Proof
Sincepn ∈ GM , from property(2) of Lemma 4.3, we conclude that

T(ψ)

T(φ)

(
β(pn)

)
=
ψ

φ
(pn) (5.2)

for everyψ, φ ∈ A1(M). Sincepn → p0 ∈ M1 andβ(pn) → q0 ∈ N1, we have

T(ψ)

T(φ)
(q0) =

ψ

φ
(p0)

for everyφ,ψ ∈ A1(M). On the other hand, from the definition ofM1 and N1, we
know that there are open neighborhoodsU0 andV0 of points p0 andq0, respectively,
such that the functions(φ1/φ0)(p) and(T(φ1)/T(φ0))(q) are univalent as maps from
U0 andV0, respectively, intoC. By modifying the neighborhoodsU0 andV0 if neces-
sary, we see that there exists a conformal mapα̃ : U0 → V0 such that the relation

T(φ1)

T(φ0)
◦ α̃ =

φ1

φ0
(5.3)

holds onU0. Here we chooseU0 andV0 small enough so that they belong toM1 and
N1, respectively.

Sinceα̃ is conformal onU0, it follows from (5.2), and(5.3), thatα̃(pn) = β(pn)

for all but finitely manyn ∈ N. Also, the equality

T(ψ)

T(φ)

(
α̃(pn)

)
=
ψ

φ
(pn)

holds for all but finitely manyn ∈ N and for everyφ,ψ ∈ A1(M). Sincepn → p0,
we conclude that

T(ψ)

T(φ)

(
α̃(p)

)
=
ψ

φ
(p)

for every p ∈ U0 and for everyφ,ψ ∈ A1(M). From property (3) of Lemma 4.3 and
from the above equality, together with the fact thatU0 is a subset ofM1 andV0 is a
subset ofN1, we conclude thatβ is defined inU0 and thatU0 is an open subset of
GM . This proves Lemma 5.1(1).

The mapβ is a measurable map. In fact, if we ignore some sets of measure zero,
we can think of the mapβ as a map from the interior of a fundamental polygon for
M to the interior of such a polygon forN. This makesβ an L1-function on a plane
region, and we can talk about the set of Lebesgue points of the mapβ on the interior
of the fundamental polygon forM . The corresponding points on the surfaceM are
called the Lebesgue points forβ. Note that this definition of the Lebesgue points on
M for β depends on the choice of the fundamental polygon forM . Nevertheless, this
set has full measure inM .
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Sinceβ maps sets of positive measure onto sets of positive measure, we conclude
that for almost every Lebesgue pointp0 ∈ GM the following holds. There exists a
point q0 ∈ GN and a sequence of distinct points(pn)n∈N, such thatpn ∈ GM ,
pn → p0, andβ(pn) → q0. Therefore every such Lebesgue point is contained in
EM , and we conclude thatEM has full measure inM .

We have already shown thatα is the well-defined holomorphic bijection between
EM and EN . Also, if p ∈ EM ∩ M1 andα(p) ∈ N1, it follows from the definition
of GM that p ∈ GM . Similarly, we show the corresponding result forEN ∩ N1. We
have seen thatα agrees withβ almost everywhere on any open subset ofEM . Since
EM has full measure inM , we conclude thatα andβ agree almost everywhere onM .
In the same way, we show thatα−1 agrees withβ−1 almost everywhere onN.

For everyφ ∈ A1(M), we define

L(φ) =
(
T(φ) ◦ α

)
(α′)2.

The differentialL(φ) is defined onEM . Also, it follows from Lemma 4.3(5) that for
every measurable setF which is a subset ofEM , we have∫

F
|φ| dx dy=

∫
F

|L(φ)| dx dy. (5.4)

Sinceφ andL(φ) are holomorphic forms onEM , andEM is an open set inM , it
follows from (5.4) that ∣∣(T(φ) ◦ α)(α′)2

∣∣ = |φ|

holds everywhere onEM and for everyφ ∈ A1(M).

LEMMA 5.2
Let p′

∈ M, and assume that there exists an open set U which contains p′ such that
U \ {p′

} is contained in EM . Then p′ ∈ EM .

Proof
Denote byα̃ the extension of the mapα on the setU . SinceU \ {p′

} is a subset of
EM , we have that̃α satisfies equality (5.1) onU \ {p′

}. If α̃(p′) belongs toN, thenα̃
satisfies (5.1) onU as well, and by the definition ofEM , we havep′

∈ EM . So, we
may assume that̃α(p′) is not in N. Thenα̃(p′) has to be a puncture in the boundary
of N.

It is well known that there existsφ ∈ A(N) such thatφ has a first-order pole at a
given puncture in the boundary ofM , in this case, the puncturẽα(p′). From Lemma
5.1(4), we see that the equality∣∣((φ) ◦ α̃

)
(α̃′)2

∣∣ = |T−1(φ)|
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holds onU \ {p′
} and therefore onU as well. SinceT−1(φ) is holomorphic atp′, we

obtain a contradiction.

Let us repeat that the setsM \ M1 and N \ N1 are discrete sets of points inM and
N, respectively. We have also shown that ifp′ is a puncture in the boundary ofM ,
then p′ is not a cluster point of the setM \ M1. The same holds for punctures in the
boundary ofN.

LEMMA 5.3
The sets M\ EM and N \ EN have no isolated points. Furthermore, assume that
(pn)n∈N is a sequence of distinct points such that every n∈ N, pn ∈ EM , and such
that pn → p0, where p0 ∈ M1 \ EM . Then the sequenceα(pn) has no cluster points
in N1.

The same conclusion holds for the set EN .

Proof
The fact thatM \ EM and N \ EN have no isolated points follows directly from
Lemma 5.2.

Assume that the sequenceα(pn) has a cluster pointq ∈ N1. By passing to a
subsequence if necessary, we may assumeα(pn) → q0, whereq0 ∈ N1. Sincep0 ∈

M1, from Lemma 5.1(1) we conclude thatp0 ∈ EM , which is a contradiction. This
proves the second part of this lemma.

6. The boundary behavior of the mapα
Let 0N be the Fuchsian group acting on the unit disc1 such that1/0N is confor-
mally equivalent to the surfaceN. Denote byP : 1 → N the universal covering
map.

Let (zn)n∈N be a sequence of distinct points in1 such that
(1) |zn| → 1, n → ∞;
(2) there exists a sequencern > 1 such thatrn → ∞ for n → ∞, and the covering

map P : 1 → N is univalent in the hyperbolic disc of radiusrn, centered at
zn;

(3) if by qn we denote the points onN such thatqn = P(zn), then there exists a
sequence of distinct points(pn), pn ∈ EM ∩ M1, for everyn ∈ N, such that
α(pn) = qn.

Our aim in this section is to show that under the stated assumptions the sequencepn

cannot have a cluster point inM1.
If M has a positive genus, we have that the space0(M) of Abelian differentials

of finite norm is of positive dimension. From Virtanen’s theorem (see [10, page 43]),
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it follows that for every pointp ∈ M there existsϕ ∈ 0(M) such thatϕ(p) 6= 0.
Then(ϕ)2(p) 6= 0. We conclude that for every pointp ∈ M , there existsφ ∈ A1(M)
such thatφ(p) 6= 0.

If M is a planar region, then using the fact thatM is not of exceptional type, for
every pointp ∈ M , we can construct a rational differential ofM which does not have
zero atp.

For eachpn, denote byZn(M) the space of allφ ∈ A1(M) such thatφ(pn) =

0. Also, for everyqn we denote byZn(N) the space corresponding toqn. We see
that Zn(M) is a vector subspace ofA1(M) of codimension 1. Repeating the same
argument, we conclude thatZn(N) is a vector subspace ofA1(N) of codimension 1.

We haveα(pn) = qn. Sinceφ0 6= 0 onM1 (φ0 was determined at the beginning of
Section 4.), from(5.1) we conclude thatT(Zn(M)) = Zn(N). Letλn : A1(M) → C
be a linear functional of the Banach norm equal to 1 which annihilates the subspace
Zn(M); that is,λn(Zn(M)) = 0. Letλ′

n : A1(N) → C be the linear functional such
thatλn(φ) = λ′

n(T(φ)) for everyφ ∈ A1(M). SinceT is a linear isometry, we have
thatλ′

n is of norm 1, and by definition,λ′ annihilates the subspaceZn(N) of A1(N).
We now show that from the assumptions on the sequencezn and the group0N , it

follows that for everyφ ∈ A1(N) we haveλ′
n(φ) → 0.

From assumption(2) it follows that the covering mapP is univalent on the hy-
perbolic discDn centered atzn, and has hyperbolic radius 1. LetBn be a M̈obius
transformation of the unit disc onto itself such thatBn(zn) = 0. Define the function
ηn to be equal to(B′

n)/B′
n onDn. For A ∈ 0N , setηn to be equal to( (B′

n)

B′
n

◦ A
) (A′)

A′

on the discA−1(Dn). Elsewhere in the unit disc, we defineηn to be equal to zero.
Denote byA1(1) the Banach space of all integrable analytic functions on the unit

disc. Also, denote by2 the standard Poincaré operator2 : A1(1) → A1(N). The
operator2 is surjective, and its Banach norm is at most 1. We have that the covering
map P is univalent onDn, and sinceηn is equivariant, we see thatηn represents the
lift of a certain(−1,1) measurable form onN.

Letω ∈ A1(1). From the mean value theorem for analytic functions, we obtain∫
1

ηnω = d
∑

A∈0N

(ω ◦ A)(A′)2(zn),

whered > 0 is some constant. Therefore we have∫
1

ηnω = 0

if and only if2(ω) ∈ Zn(N), ω ∈ A1(1).
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Therefore there existstn ∈ C such that for eachω ∈ A1(1) we have∫
1

tnηnω = λ′
n

(
2(ω)

)
. (6.1)

Setωn = (B′
n)

2. We have that the Banach norm‖ωn‖1 is equal toπ . Also, from
the properties of the sequencezn, it follows that∫

1

ηnωn =

∫
Dn

ηnωn +

∑
A∈(0N\Id)

∫
A(Dn)

ηnωn.

From the properties of the sequencezn, it follows that asn → ∞ the hyperbolic
distance betweenzn and any pointA(zn), A ∈ (0N \ Id), uniformly tends to∞. From
the construction of the functionωn, it follows that∑

A∈(0N\Id)

∫
A(Dn)

|ωn| → 0,

and we have ∣∣∣ ∫
1

ηnωn

∣∣∣ → c1

whenn → ∞, andzn → x. Here,c1 stands for the Euclidean area of the hyperbolic
disc of the hyperbolic radius 1, centered at the origin in the unit disc.

We have constructed the sequenceϕn = 2(ωn) ∈ A1(N) so that‖ϕn‖1 ≤ π and

lim
n→∞

|λ′(ϕn)|

|tn|
= c1.

Since|λ′(ϕn)| ≤ π , we conclude that lim sup(|tn|) ≤ π/c1.
We have thattnηn is uniformly bounded on the unit disc (the bound does not

depend onn), and we have thattnηn converges to zero pointwise on the unit disc.
This conclusion, together with (6.1), yields that for any fixedω ∈ A1(D), we have∫

1

tnηnω = λ′
n

(
2(ω)

)
→ 0, n → ∞.

Since2 is surjective, we have shown thatλ′
n(φ) → 0, n → ∞, for everyφ ∈

A1(N).
We have the following.

LEMMA 6.1
With the notation and assumptions stated above, we have that the sequence pn has no
cluster points in M1.
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Proof
Assume now that the sequencepn has a cluster point inM1. By passing onto a sub-
sequence if necessary, we may assume that there exists a pointp0 ∈ M1 such that
pn → p0. Let ψ0 ∈ A1(M) such thatψ0(p0) 6= 0. We show that the sequence
λn(ψ0) does not converge to zero.

To see thatλn(ψ0) does not converge to zero, note that forn large enough the
functionalλn is a multiple of the linear functional

ψ →
ψ

ψ0
(pn), ψ ∈ A1(M).

Since the above functional converges to the linear functional

ψ →
ψ

ψ0
(p0), ψ ∈ A1(M),

which is a nonzero linear functional, we see that the sequenceλn(ψ0) does not con-
verge to zero.

7. Connected components of the setEM

Let p0 ∈ EM , and letEM,0 be the maximal connected component of the setEM

which containsp0. That is, the setEM,0 is the union of all connected components of
EM containing the pointp0.

LEMMA 7.1
Let γ be a Jordan curve in EM,0 such that the Jordan domain�0 bounded byγ is a
well-defined planar subregion of M1 and such that p0 ∈ �0. Then�0 is contained in
EM,0.

Proof
Set D0 = �0 ∩ EM,0. Our aim is to showD0 = �0. Sinceγ is contained inEM,0,
we see thatγ is an isolated boundary component ofD0. Also, setD̃0 = α(D0). As
a Riemann surface, the regioñD0 is embedded in the surfaceN. We see thatα(γ )
is an isolated component of the boundary of the regionD̃0 in N. We now show that
this is the only component of the boundary∂ D̃0 in N. This means that the region
D̃0 is a well-definedendof N in the sense of [10, page 3]. LetB be a component of
the boundary∂ D̃0 in N. In particular,B is a closed set inN. If the componentB is
different fromα(γ ), we conclude thatB ∩ EN is an empty set. Choose an arbitrary
point q′

∈ B. Let (qn)n∈N be a sequence of distinct points iñD0 such thatqn → q′.
Let p′ be a cluster point of the sequenceα−1(qn). Then p′ belongs to the closure of
the setD0. Sinceα is conformal andB is a boundary component different fromα(γ ),
p′ cannot belong to the curveγ .
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Assume now thatq′
∈ N1. Sinceqn → q′, qn ∈ EN , andq′

∈ N, from Lemma
5.3 we conclude that the sequenceα−1(qn) has no cluster points inM1. But this is not
possible sincep′ does not belong toγ , and the closure ofD0 is contained inM1.

So, the only possibility left is thatq′
∈ N \ N1. Therefore we have that the whole

componentB has to be a subset ofN \ N1. But B is connected, so it has to reduce to
a single pointq′. Thenq′ is an isolated point in the setN \ EN , which is not possible
by Lemma 5.3.

Therefore we have proved that̃D0 is a regularly embedded region inN; that is,
D̃0 is an end inN. The Jordan curveα(γ ) is the boundary ofD̃0. Also, sinceD0 is
a planar region, we conclude thatα(D0) = D̃0 (as a Riemann surface) is a planar
region too. In other words,̃D0 is a planar end inN. Then, it is well known (see [10,
page 258 and Theorem 5A]) that there exist a Riemann surfaceN∗ and a compact set
S in N∗, such that
(1) N∗

\ S = N;
(2) D̃0 ∪ S = �∗

0 is a Jordan region bounded byα(γ ).
We also define the setE to be the boundary of the setS in N∗.

Remark.It is elementary to construct the surfaceN∗ (see [10, page 258]). The surface
N∗ is called an extension of the surfaceN.

By construction, there exists a Jordan region�∗

0 which is a subset ofN∗ and which is
bounded by the Jordan curveα(γ ). But in general this by no means suggests that the
mapα can be conformally extended to map�0 onto�∗

0. But in our case this is true,
and it is a corollary of the existence of the linear isometryT : A1(M) → A1(N).
However, we do not have to go that far in order to prove this lemma.

If the setE defined above is not empty, then it cannot consist of finitely many
points. If E consisted of finitely many points, then the mapα−1 could be extended
over E, and mapE into M \ EM . But every point inα−1(E) is then an isolated point
of the setM \ EM , which is not possible by Lemma 5.3.

SinceE contains infinitely many points, we can choose a finite setE′ which is
a subset ofE, and such thatE′ contains at least five points. Then, we can choose
two linearly independent̃φ, ψ̃ ∈ A1(N∗

\ E′). The functionψ̃/φ̃ is a well-defined
meromorphic function onN∗

\E′, and in particular, there are only finitely many points
in�∗

0 in which the functionψ̃/φ̃ has poles or its first derivative is equal to zero. Since
φ̃, ψ̃ ∈ A1(N∗

\ E′) andE′ is a subset ofE, we haveφ̃, ψ̃ ∈ A1(N). (It is understood
that the restrictions of̃φ, ψ̃ on N are in A1(N).) The functionT−1(ψ̃)/T−1(φ̃) is
a well-defined meromorphic function onM , and in particular, there are only finitely
many points�0 in which the functionT−1(ψ̃)/T−1(φ̃) has poles or its first derivative
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is equal to zero. From Lemma 5.1 we have that the equality

T−1(ψ̃)

T−1(φ̃)
=
ψ̃

φ̃
◦ α (7.1)

holds onD0.
Sinceα is a conformal map betweenD0 and D̃0, we see that one can choose

points p in the closure ofD0 (and p is not in γ ) andq ∈ (E \ E′), such that the
following holds. There exists a sequence of distinct points(qn)n∈N, qn ∈ D̃0, such that
qn → q andα−1(qn) → p. Also, we can arrange that the functionsT−1(ψ̃)/T−1(φ̃),
andψ̃/φ̃ are univalent and bounded in some (sufficiently small) neighborhoods of the
points p andq, respectively. Denote these neighborhoods byU andV , respectively.
Sinceqn ∈ EN , and from(7.1), it follows that

T−1(ψ̃)

T−1(φ̃)
(p) =

ψ̃

φ̃
(q).

Therefore, by modifyingU andV if necessary, we see that there exists a conformal
mapα̃ : U → V such that the equality

T−1(ψ̃)

T−1(φ̃)
=
ψ̃

φ̃
◦ α̃ (7.2)

holds onU . SetU ′
= α−1(V ∩ D̃0) ∩ U . Sinceqn → q andα−1(qn) → p, we see

thatU ′ is a nonempty open set. Then, from (7.1) and (7.2), and since bothα andα̃
are injections, we conclude thatα andα̃ agree onU ′. From Lemma 5.1(4) we see that
the equality

|(φ ◦ α̃)(α̃′)2| = |T−1(φ)| (7.3)

holds onU ′ for everyφ ∈ A1(N).
We now chooseϕ ∈ A1(N∗

\ (E′
∪ {q})) such thatϕ has the first-order pole at

q. From(7.3) it follows that

|(ϕ ◦ α̃)(α̃′)2| = |T−1(ϕ)|

in U \ {g}. ThereforeT−1(ϕ) has the first-order pole atp. SinceT−1(ϕ) ∈ A1(M),
we have thatT−1(ϕ) is holomorphic atp, which is a contradiction.

So, we have proved that the setE is an empty set, and therefore it follows that
�0 = D0. This proves Lemma 7.1.

8. Proof of Theorem 1.1
In this section we show thatEM = M , EN = N and thatα is a conformal map
betweenM andN.
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Let p0 ∈ EM , and as before, letEM,0 be the maximal connected component of
the setEM which containsp0. Also, letD0 be a hyperbolic disc centered atp0 which
is contained in a larger concentric hyperbolic disc which is injectively embedded in
M1. Set� = D0 ∩ EM,0, and denote by�0 the connected component of the set�

which containsp0. We have that�0 is an open connected subset ofD0.

LEMMA 8.1
We haveD0 = �0.

Proof
We assume thatD0 6= �0.

It follows from Lemma 7.1 that�0 is a simply connected region. We define the
following partition of the boundary∂�0. SetC = EM ∩ ∂�0, and setB = ∂�0 \ C.
From the construction, we have thatC is an open subset of the circle∂D0. Therefore
B is a compact set inM .

We recall the following statement proved in Section 5. Suppose that a pointq ∈ N
belongs to the boundary ofα(�0). If, in addition, we assume thatq does not belong
to EN , then from Lemma 5.3 we conclude thatq ∈ N \ N1. Therefore we have shown
that if (pn)n∈N is a sequence of points in�0 such thatpn → B, then the sequence
α(pn) has no cluster points inN1. In particular, the only possible accumulation points
(in N) of the sequenceα(pn) belong to the setN \ N1.

Let f : 1 → �0 be a Riemann map withf (0) = p0. Let C1 be the open
subset of the unit circle∂1 such that the mapf extends analytically ontoC1, and let
f : C1 → C. Denote byB1 the complement of of the setC1 with respect to the unit
circle.

First, we study the case when the 1-dimensional Lebesgue measure of the setB1

is zero. We may assume thatD0 is in the complex plane. (Take a lift ofD0 in the
universal cover ofM .) Since the measure ofB1 is zero, we have thatC1 is dense in
∂1, andB1 is a totally disconnected subset of the unit circle. But then the Riemann
map f : 1 → �0, f (0) = p0, can be conformally extended (by the reflection
principle) ontoC \ B1. Now, the extended mapf : C \ B1 → C maps the region
C \ B1 into the regionC \ B. SinceB1 is of measure zero, it follows (see [1]) that
the extended mapf is a Möbius transformation and thatf (1) = D0, which is a
contradiction.

Next, we obtain a contradiction to the assumption thatB1 has a positive measure.
Setg̃ = α◦ f . Sinceαmaps the domain�0 into N1, we have that the map̃g : 1 → N1

is a holomorphic injection. Denote byg1 : 1 → 1 the lift of the mapg̃ into the
universal cover (the unit disc) of the surfaceN1 (note here that the points inN \ N1

are isolated points in the boundary ofN1). Let(zn)n∈N be any sequence in the unit disc
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1 such thatzn converges to the setB1. Then, as we have already pointed out, from
Lemma 5.3 it follows thatα( f (zn)) does not have cluster points inN1. This implies
that |g1(zn)| → 1, n → ∞. This last fact, together with the fact that the measure
of B1 is positive, implies (see [6, Corollary 6.20]) that the mapg1 is conformal at
almost every point of the setB1 (see [6] for the notion of being conformal at boundary
points). LetX1 be the subset ofB1 whose elements are the points where the mapg1

is conformal. We just saw thatX1 has full measure inB1.
Let x ∈ X1. From [6, Proposition 4.10] we have that smooth curves in a Stolz

angle atx are mapped onto smooth curves, and the angles between curves are pre-
served. In particular, for every sequencezn ∈ 1 such thatzn → x andzn is contained
in a given Stolz angle atx, we havern → ∞. Herern is the radius of the maximal
hyperbolic disc centered atg1(zn) which is contained ing1(1). Let P1 : 1 → N1

be the corresponding universal covering map. Then, we conclude that the sequence
P1(g1(zn)) cannot accumulate at any isolated puncture in the boundary ofN1. (This
includes the points of the setN \ N1.) This follows from the fact that ifqn is a se-
quence on a given Riemann surface which converges to a puncture in the boundary of
that surface, then the injectivity radius atqn goes to zero.

Denote byg : 1 → 1 the lift of the mapg̃ into the universal cover (the unit
disc) of the surfaceN, and letP : 1 → N be the corresponding universal covering
map. (Note here that the points inN \ N1 are not in the boundary ofN.) Let x ∈ X1,
and letzn be a sequence in1, zn → x, andzn is contained in a given Stolz angle at
x. Since we have that the corresponding sequenceP(g(zn)) = P1(g1(zn)) does not
accumulate at any point in the setN \ N1, and by using Lemma 5.3 again, we find
that |g(zn)| → 1. This means that if the functiong has a radial limit at some point
x ∈ X1, then this limit lies on the unit circle.

On the other hand, the mapg has radial limits almost everywhere on the unit
circle. SinceX1 is of positive measure and all the radial limits at points fromX1 lie
on the unit circle, from [6, Corollary 6.20] we conclude that the mapg is conformal
almost everywhere onX1. Denote byX the subset ofX1 which consists of points
whereg is conformal. We just saw thatX has the full measure inX1.

Now, we again apply [6, Proposition 4.10]. In a fashion similar to that above, we
have that for everyx ∈ X and for every sequencezn ∈ 1, zn → x, wherezn is
contained in a given Stolz angle atx, we havern → ∞. Herern is the radius of the
maximal hyperbolic disc which is centered atg(zn) and contained ing(1). But the
sequenceα−1

(
P(g(zn))

)
remains in the discD0 which is compactly contained inM1.

From Lemma 6.1 we obtain a contradiction.
Therefore we have proved that�0 = D0.

Lemma 8.1 implies that every injectively embedded hyperbolic disc inM1 belongs
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to EM . Therefore we have thatM1 is contained inEM . By Lemma 5.3, there are no
isolated points inEM , so we conclude thatEM = M and, similarly, thatEN = N.
Thereforeα : M → N is a conformal map that by Lemma 5.1 satisfies the equality∣∣(T(φ) ◦ α)(α′)2

∣∣ = |φ|

for everyφ ∈ A1(M). Therefore for everyφ ∈ A1(M) there exists a complex number
θ , |θ | = 1 such that the equality(

T(φ) ◦ α
)
(α′)2 = θφ

holds onM . SinceT is a linear map, we find that the correspondingθ is the same for
all φ ∈ A1(M). This proves Theorem 1.1.

9. The proofs of Theorems 1.2 and 1.3
Both theorems are direct corollaries of Theorem 1.1 and the following propositions
proved in [2].

PROPOSITION9.1
Let M and N be two quasiconformally related Riemann surfaces that are not of excep-
tional type. If M has the isometry property, then every biholomorphic map between
Teich(M) andTeich(N) is geometric.

Proof of Theorem 1.2
The above proposition shows that if Problem 1.1 has a positive answer for a Riemann
surfaceM , then Conjecture 1.1 holds forM . Since Theorem 1.1 gives a positive
answer to Problem 1.1, the proof of Theorem 1.2 follows from Proposition 9.1.

Teich(M) is a complex Banach manifold. The tangent space at the origin of Teich(M)
is isometric to the Banach dual of the spaceA1(M). The following was proved in [2].

PROPOSITION9.2
Suppose that M and N are not of exceptional type. If F: Teich(M) → Teich(N)
is a biholomorphic map, then there exist Riemann surfaces M′ and N′ which are
quasiconformally related to M and N, respectively, and there exists a linear isometry
T : A1(M ′) → A1(N′).

Proof of Theorem 1.3
Let F : Teich(M) → Teich(N) be a biholomorphic map. IfM and N are not of
exceptional type, we need to show thatF is geometric.

First, we show that the existence of the mapF implies thatM and N are qua-
siconformally related. We apply Proposition 9.2. Then from Theorem 1.1 we have
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that the linear isometryT : A1(M ′) → A1(N′) is geometric, and therefore, by the
definition in Section 1,M andN are conformally related. But this implies thatM and
N are quasiconformally related.

Now from Proposition 9.1 we conclude thatF is geometric. This proves Theo-
rem 1.3.
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