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We consider the problem of characterizing the set of input-output correlations that can be gen-
erated by an arbitrarily given quantum measurement. We first show that it is not necessary to
consider multiple inputs, but that it is sufficient to characterize only the range of the measurement,
namely, the set of output distributions that can be obtained by varying a single input state. We
then derive a closed-form, full characterization of the range of any qubit measurement, and discuss
its geometrical interpretation. Our results provide the optimal device-independent tests of quantum
measurements.

In operational quantum theory, it is a natural question
to ask whether a given data sample, provided in the form
of a conditional probability distribution representing the
measured input-output correlation, is compatible with a
particular hypothesis about the theoretical model under-
lying the experiment. A theoretical model can be more or
less specific: for example, it could only consists of a gen-
eral hypothesis about the theory describing the physics,
as it is the case in Bell tests [1–3], or it could be extremely
detailed, as it happens in the case of a tomographic re-
construction [4–6]. More generally, a hypothesis could be
specific about a portion of the underlying model, while
leaving the remaining elements completely uncharacter-
ized.

Here we address the case, in which the hypothesis is
about the measurement producing the final outcomes of
the experiment. This is the problem of characterizing the
set S(π) of all input-output correlations py|x = Tr[ρx πy]
compatible with an arbitrarily given quantum measure-
ment π := {πy} (i.e., the hypothesis) and any family of
input quantum states {ρx}, namely,

py|x = Tr[ρx πy] ←→ x  '!&ρx *-+,πy y . (1)

Our first result is to show that S(π) is fully character-
ized by the range of π, namely, the set S1(π) of output
distributions py = Tr[ρ πy] generated by π for varying
input state ρ. In other words, correlation py|x belongs to
S(π) if and only if, for any fixed x, py|x belongs to S1(π).
This is in stark contrast with the analogous problem of
characterizing the set of correlations compatible with a
given quantum channel, which in general requires more
than one input [7].

When the hypothesis π is a qubit measurement, our
second result is a closed-form characterization of the
range S1(π), and hence of the set S(π) of all compatible
correlations: an output distribution p = {py} belongs to

S1(π) if and only if
{

(11− SS+)(p− t) = 0,

||S+ (p− t)||2 ≤ 1,
(2)

where 11 is the identity matrix, S is the matrix Sy,k :=
Tr[πyσk]/2 representing a decomposition of π over Pauli
matrices {σ1 ≡ X, σ2 ≡ Y, σ3 ≡ Z}, ty := Tr[πy]/2,
and (·)+ represents the Moore-Penrose pseudoinverse [8].
Imposing the system of equalities in Eq. (2) causes lin-
ear dependencies (if any) among measurement elements
πy to emerge as linear constraints on the probabilities.
Provided that these constraints are satisfied, the inequal-
ity in Eq. (2) recasts – through the transformation S+ –
the set of distributions compatible with π as an ellipsoid
centered on distribution t. This in particular provides a
simple and clear geometrical representation for the range
of any qubit measurement.
As an application of our general results, we fur-

ther simplify Eq. (2) for some relevant classes of qubit
measurements, i.e. symmetric informationally complete
(SIC) measurements [9] and mutually unbiased (MUB)
bases [10], both in the real and complex cases, and
in the presence of isotropic noise. SIC measurements
play a fundamental role in quantum tomography [4–
6], quantum communication [11–17], and foundations of
quantum theory [18–22], while MUB are pivotal elements
in quantum cryptography [23], entropic uncertainty re-
lations [24–26], and locking of classical information in
quantum states [27].
Our results represent a further step towards the char-

acterization, through device-independent (DI) tests [7],
of time-like correlations compatible with quantum the-
ory. The aim of DI tests is that of falsifying hypotheses
about the underlying physical model, which is considered
accessible only through the classical input-output correl-
ations it generates. This approach has been considered
in previous literature for the problems of falsifying hy-
potheses about the dimension [28–31] or the average en-
tropy [32] of the input ensemble.
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However, while here we provide a full characteriza-
tion of S(π) (in particular, for the qubit case, the el-
lipsoid described in Eq. (2) can be plotted), the applica-
tion of previous results [28–32] would allow to probe S(π)
along a fixed radial direction only. In this sense, our res-
ults provide optimal DI tests of quantum measurements,
aimed at falsifying the hypothesis that an observed input-
output correlation py|x is generated by a given quantum
measurement {πy}.
Characterization of S(π). — We make use of stand-

ard results in quantum information theory [33]. Any
quantum state ρ is most generally described by a dens-
ity matrix, namely a positive semidefinite unit-trace op-
erator. Any quantum measurement π is most generally
described by a positive operator-valued measure (POVM)
π := {πy}, namely a set of positive semidefinite operators
such that

∑

y πy = 11.

For any POVM π, the set S(π) of compatible input-
output correlations is formally defined as S(π) :=
⋃∞

m=1 Sm(π), where Sm(π) denotes the set of compatible
conditional probability distributions p := {py|x}, upon
the input of any set of m unknown states {ρx}, that is

Sm(π) := {p |∃ {ρx}m−1
x=0 s.t. py|x = Tr[ρxπy ]}.

First, we notice that, for any fixed m, Sm(π) is convex:
indeed, for any two sets {ρx} and {σx} of m states, the
conditional probability distribution {py|x := λTr[σxπy]+
(1 − λ)Tr[ρxπy] = Tr[(λσx + (1 − λ)ρx)πy]} belongs to
Sm(π), since {λσx + (1− λ)ρx} is itself a set of m states.

Therefore, as a consequence of the hyperplane separa-
tion theorem [34], it is possible to detect any conditional
probability p lying outside the set Sm(π) through the
violation of an inequality involving a linear function of
p [35]. More explicitly, p ∈ Sm(π) if and only if

max
w

[

wT · p−W (π,w)
]

≤ 0, (3)

where the maximum is over any m × n real matrix
w, referred to as a witness, and W (π,w) is defined as
maxq∈Sm(π)w

T ·q and is referred to as a witness threshold.
Notice that Eq. (3) corresponds to an unconstrained max-
imin optimization problem.

As a preliminary remark, let us discuss two proper-
ties of Eq. (3) that will be relevant in the following.
Since W (π,w) is a positive homogeneous function, i.e.
W (π, αw) = αW (π,w) for any α ≥ 0, the rescaling trans-
formation w → αw for any α > 0 leaves Eq. (3) invariant.
Moreover, by direct computation it follows that Eq. (3)
is invariant under the shifting transformation w → w′,
where w′

x,y := wx,y + kx, for any ~k.

Let us first solve the optimization appearing in the

definition of W (π,w). One has

W (π,w) := sup
{ρx}

∑

x

Tr

[

ρx

(

∑

y

wx,yπy

)]

≤
∑

x

sup
{ρx}

Tr

[

ρx

(

∑

y

wx,yπy

)]

where the inequality is saturated if and only if
{ρx} are the eigenvectors corresponding to the largest
eigenvalue of

∑

y wx,yπy. In this case one has

Tr
[

ρx

(

∑

y wx,yπy

)]

= λmax

(

∑

y wx,yπy

)

, where

λmax (·) denotes the largest eigenvalue of (·). Notice that
λmax (·) is a convex function [34]. Then, a first prelimin-
ary result immediately follows.

Lemma 1 (Witness threshold). For any POVM π and

any witness w, the witness threshold W (π,w) is given by

W (π,w) =
∑

x

λmax

(

∑

y

wx,yπy

)

. (4)

Lemma 1 recasts the optimization in Eq. (3) as an
unconstrained concave maximization problem over any
witness w.
The transformation w → w′, where w′

x,y := µxwx,y

with µ a probability distribution, i.e. ||µ||1 = 1 and µ ≥ 0,
maps Eq. (3) into

max
µ≥0

||µ||
1
=1

max
w

∑

x

µx

[

∑

y

py|xwx,y − λmax

(

∑

y

wx,yπy

)]

≤ 0,

where the maximum over probability distributions µ is
of course attained when µx = δx,x∗ , with

x∗ = argmax
x

max
w

[

∑

y

py|xwx,y − λmax

(

∑

y

wx,yπy

)]

.

To summarize, the above calculation shows that the op-
timization of the witness w can be done independently
for each x. We reach therefore our first main result:

Theorem 1. For any given POVM π := {πy}, a condi-

tional probability distribution py|x belongs to S(π) if and

only if, for any fixed x, py|x belongs to S1(π).
Range of qubit measurements — Due to Theorem 1,

without loss of generality we solve the optimization prob-
lem in Eq. (3) when m = 1. In what follows, we re-
strict our attention to the case of qubit POVM π. Let
t ∈ R

n and S ∈ R
n×3 be defined by ty := Tr[πy]/2 and

Sy,j := Tr[πyσj ]/2, where {σj}3j=1 are the Pauli matrices
{σ1 ≡ X, σ2 ≡ Y, σ3 ≡ Z} for some fixed computational
basis. With this parametrization, the witness threshold
in Eq. (4) becomes

W (π,w) = tT · w +
∣

∣

∣

∣STw
∣

∣

∣

∣

2
.
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Accordingly, Eq. (3) becomes

max
w

[

(p− t)T · w −
∣

∣

∣

∣STw
∣

∣

∣

∣

2

]

≤ 0. (5)

For any w such that (p − t)T · w 6= 0, let α := |(p −
t)T · w| and w′ := α−1w, and let w′ = w otherwise.
The transformation w → w′ leaves Eq. (3) invariant. So
Eq. (5) becomes

max
w

(p−t)T ·w=±1,0

[

(p− t)T · w −
∣

∣

∣

∣STw
∣

∣

∣

∣

2

]

≤ 0. (6)

If (p − t)T · w = −1, 0, one has that Eq. (6) is trivially
satisfied. Thus, we focus in the following on the case
(p− t)T · w = 1, when Eq. (6) becomes

min
w

(p−t)T ·w=1

∣

∣

∣

∣STw
∣

∣

∣

∣

2

2
≥ 1. (7)

The optimization in Eq. (7) is an equality-constrained
quadratic problem. Its solution leads to our second main
result.

Theorem 2 (Range of qubit measurements). An output

distribution p := {py} belongs to the range S1(π) of any

given qubit measurement π := {πy} if and only if

{

(11− SS+)(p− t) = 0,

||S+ (p− t)||2 ≤ 1,
(8)

where 11 is the identity matrix, S is the matrix Sy,k :=
Tr[πyσk]/2 representing a decomposition of π over Pauli

matrices {σ1 ≡ X, σ2 ≡ Y, σ3 ≡ Z}, ty := Tr[πy]/2, and
(·)+ represents the Moore-Penrose pseudoinverse.

Before proceeding to prove Theorem 2, let us provide
a geometrical interpretation.
Let us first focus on the system of equalities in Eq. (8).

Denoting by l the maximum number of linearly independ-
ent elements in {πy}, the number of equations in the sys-
tem is n− l+ 1, each identifying an (n− 1)-dimensional
hyperplane. This comes from the fact that, by defini-
tion, one has rankS = rankSS+ = l − 1, which also
implies rank(11 − SS+) = n − l + 1. Moreover, when all
POVM elements are linearly independent, namely n = l,
the only equation in the system is ||p||1 = ||t||1 = 1. This
follows by explicit computation: in this case, (11− SS+)
turns out to coincide with the rank-one projector along
the vector with all unit entries. Hence, in general, the
system of equalities in (8) represents linear dependencies
among POVM elements {πy}.
Let us now focus on the inequality in Eq. (8), which

represents an n-dimensional degenerate (hyper-) ellipsoid
centered on probability t. More precisely, the inequality
represents the Cartesian product of Rn−3 with a three-
dimensional ellipsoid, or R

n−2 with a two-dimensional
ellipse, or Rn−1 with a one-dimensional segment, depend-
ing on whether l = 4, 3, 2, respectively. Accordingly, the

solution of Eq. (8) is an ellipsoid, an ellipse, or a segment,
respectively, embedded in R

n.
We now turn to the proof of Theorem 2.

Proof. Equality-constrained quadratic problem can be
solved explicitly [8, 34]. In this case we have

{

w∗ = −λQ+(p− t) + (11−Q+Q)v,

λ(p− t)TQ+(p− t) = (p− t)(11 −Q+Q)v − 1,
(9)

where Q := SST , λ is a Lagrange multiplier and v is an
arbitrary vectors.
Notice that (p − t)TQ+(p − t) ≥ 0 since Q+ ≥ 0 and

that (p− t)T (11−Q+Q)(p− t) ≥ 0 since (11−Q+Q) is a
projector. We need to distinguish four cases in Eqs. (9).
First case. Let (p− t)TQ+(p− t) > 0 and (p− t)T (11−

Q+Q)(p− t) > 0. Upon taking

v =
(11−Q+Q)(p− t)

(p− t)T (11−Q+Q)(p− t)
,

one has λ = 0 and w = v. Therefore
∣

∣

∣

∣ST v
∣

∣

∣

∣

2

2
= 0, namely

probability p is incompatible with POVM π.
Second case. Let (p − t)TQ+(p − t) = 0 and (p −

t)T (11−Q+Q)(p− t) > 0. Upon taking v again as above,
one has that λ is undetermined and w = v. Therefore
∣

∣

∣

∣ST v
∣

∣

∣

∣

2

2
= 0, namely probability p is incompatible with

POVM π.
Third case. Let (p− t)TQ+(p− t) > 0 and (p− t)T (11−

Q+Q)(p− t) = 0. Upon taking v = 0 one has

λ = − 1

(p− t)TQ+(p− t)

and

w =
Q+(p− t)

(p− t)TQ+(p− t)
.

Therefore one has

∣

∣

∣

∣STw
∣

∣

∣

∣

2

2
=
[

(p− t)TQ+(p− t)
]− 1

2 ,

namely probability p is compatible with POVM π only if
Eqs. (8) are satisfied.
Fourth case. Let (p−t)TQ+(p−t) = 0 and (p−t)T (11−

Q+Q)(p − t) = 0. Condition (p − t)TQ+(p − t) = 0
implies |S+(p− t)|2 = 0 and thus S+(p − t) = 0 and
thus QQ+(p− t) = 0 and thus Q+Q(p− t) = 0. For the
final implication we used the fact that from the definition
of Moore-Penrose pseudoinverse and the symmetry of Q
it follows that Q+Q = (Q+Q)T = QT (QT )+ = QQ+.
Condition (p − t)T (11 − Q+Q)(p − t) = 0 implies (11 −
Q+Q)(p− t) = 0 since 11−Q+Q is a projector. Therefore
altogether they imply the following system

{

Q+Q(p− t) = 0,

(11−Q+Q)(p− t) = 0.
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This system in turn implies p = t and therefore probab-
ility p is compatible with POVM π (upon input of 11/d).
Therefore (p − t)T (11 − Q+Q)(p − t) = 0 is necessary

for probability p to be compatible with POVM π. Notice
also that (p − t)T (11 − Q+Q)(p − t) = 0 if and only if
(11 − Q+Q)(p − t) = 0 and that Q+Q = (SST )+SST =
(ST )+S+SST = (ST )+ST = (SS+)T = SS+. Therefore
probability p is compatible with POVM π if and only if
Eqs. (8) are satisfied.

Applications — We have provided a full characteriza-
tion of S(π) in terms of S1(π) for any POVM in The-
orem 1, and a closed-form full characterization of S1(π)
for any qubit POVM in Theorem 2. As an application, let
us now specify our general results to the depolarized ver-
sion D†

λ(π) of any qubit SIC POVM or MUB π := {πy}.
We first recall that the depolarizing channel Dλ, rep-

resenting the simplest model of isotropic noise, is defined
as Dλ : ρ → λρ + (1 − λ)Tr[ρ]d−111 for any state ρ,

and D†
λ denotes channel D in the Heisenberg picture, i.e.

Tr[Dλ(ρ) πy ] = Tr[ρ D†
λ(πy)] for any state ρ and any

effect πy.
An informationally complete rank-one POVM {πy}

such that 〈πy〉πy = Nd and | 〈πy〉πy′ 6=y|2 = N2
dC

2
d , for

some Nd and Cd that depend only on the dimension d,
is called symmetric, informationally complete (SIC). By
trivial computation, it follows that Nd = 2(d+ 1)−1 and
Cd = (d − 1)(d2 + d − 2)−1 for real SIC POVMs, and
Nd = d−1 and Cd = (d+ 1)−1 for complex SIC POVMs.
In the qubit case, the only real and complex SIC POVMs
are, up to unitaries and anti-unitaries, the trine and tet-
rahedral POVMs, respectively.
Then, the following result follows from Theorems 1

and 2, as shown in the Supplemental Material [36].

Corollary 1. An output probability distribution py be-

longs to the set S1(Dλ(π)) if and only if

||p||22 ≤
λ2 + 2

6
,

if π is a real SIC, and

||p||22 ≤
λ2 + 3

12
,

if π is a complex SIC.

An informationally complete rank-one POVM {πz,t}
such that {|πz,t〉} is an orthonormal basis for any t,
〈πz,t〉πz,t = Nd, and | 〈πz′,t′〉πz,t|2 = N2

dC
2
d for t 6= t′, for

some Nd and Cd that depend only on the dimension d, is
called mutually unbiased basis (MUB). By trivial compu-

tation, it follows that Nd = ⌊d/2+1⌋−1
and Cd = d−1 for

real MUBs, and Nd = (d+ 1)−1 and Cd = d−1 for com-
plex MUBs. In the qubit case, the only real and complex
MUBs are, up to unitaries and anti-unitaries, the square
and octahedral POVMs, respectively.

Then, the following result follows from Theorems 1
and 2, as shown in the Supplemental Material [36].

Corollary 2. An output probability distribution py be-

longs to the set S1(Dλ(π)) if and only if

{

p2y + p2y+1 = 1
2 , y = 0, 1,

||p||22 ≤ λ2+2
8 ,

if π is a real MUB,and

{

p2y + p2y+1 = 1
3 , y = 0, 1, 2,

||p||22 ≤ λ2+3
18 ,

if π is a complex MUB.

Conclusion and outlooks — We addressed the prob-
lem of characterizing the set S(π) of input-output cor-
relations compatible with any given POVM π, upon the
input of any set of states. Our first result is a complete
characterization of S(π) in terms of S1(π), i.e. the range
of π, only. This is in stark contrast with the analogous
scenario of tests of quantum channels, which in general
requires more than one input [7]. Then, we conclusively
settled the problem for qubit POVMs, by deriving a full
characterization of the range S1(π) for any given qubit
POVM π, geometrically interpreted as an ellipsoid em-
bedded in an n-dimensional real space. As applications,
we explicitly discussed the particular cases of qubit real
and complex SIC and MUB POVMs in the presence of
isotropic noise. Our results represent a further step to-
wards the characterization of time-like correlations com-
patible with quantum theory [7]. In this sense, our results
provide the optimal device-independent test of quantum
measurements.
An important problem left open is that of providing

a closed-form full characterization of the range S1(π) for
POVMs in dimensions higher than two. An interesting
related problem is that of characterizing the set of cor-
relations compatible with a given family of states, rather
than a given POVM. Finally, we would like to mention
about a possible application of our results is in the con-
text of clean POVMs [37], where it has been shown that,
for any two POVMs π and Π, whenever S1(π) ⊆ S1(Π),
one has that π = L(Π) for some linear map L which is
positive on the support of Π. The implications of The-
orem 2 in this context will be addressed by the present
authors in a forthcoming work.
Remarkably, any observed input-output correlation

(except the uncorrelated one, i.e. when py|x = py for any
x) falsifies some hypothesized POVMs. Thus, the presen-
ted results are particularly suitable for experimental im-
plementation, for example by using the techniques and
statistical analysis discussed in Refs. [29, 30].
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SUPPLEMENTAL MATERIAL

Here we prove those results reported in the article
“Device-independent tests of quantum measurements” by
the present authors (M. Dall’Arno, S. Brandsen, F. Bus-
cemi, and V. Vedral) whose proofs, being lengthy but
relatively straightforward, has only been outlined in the
main text. The numbering of statements follows that of
the article.

Corollary 1. An output probability distribution py be-

longs to the set S1(Dλ(π)) if and only if

||p||22 ≤
λ2 + 2

6
, (10)

if π is a real SIC, and

||p||22 ≤
λ2 + 3

12
, (11)

if π is a complex SIC.

Proof. Let us first prove the real case. The POVM
πy = |πy〉 〈πy | with |πy〉 = Uy |0〉 where U := e−iπ

3
Y is

the unique (up to unitaries and anti-unitaries) real SIC
POVM of a qubit. Thus, t and S are given by

t =
1

3





1
1
1



 , S =
λ

6





2 0 0

−1
√
3 0

−1 −
√
3 0



 .

Let us first take λ > 0. The equality in Eqs. (8) be-

comes
∑2

y=0 py = 1. The inequality in Eqs. (8) becomes

(p− t)T (ST )+S+(p− t) = λ−2

(

6

2
∑

y=0

p2y − 2

)

≤ 1,

through use of the identity
∑

y<z pypz = 1
2 (1 −

∑

y p
2
y).

Let us now take λ = 0. The equality in Eqs. (8) be-
comes p = t. The inequality in Eqs. (8) is trivially satis-
fied. Then Eq. (10) immediately follows.
Let us then prove the complex case. The POVM πy =

1
2 |πy〉 〈πy | with

|πy〉 := σy

(

cos
arctan

√
2

2
|0〉+ ei

π

4 sin
arctan

√
2

2
|1〉
)

,

where σ := (112, σX , σY , σZ) are the Pauli matrices, is the
unique (up to unitaries and anti-unitaries) SIC POVM of
a qubit. Thus, t and S are given by

t =
1

4









1
1
1
1









, S =
λ

12









3 0 0

−1 2
√
2 0

−1 −
√
2
√
6

−1 −
√
2 −
√
6









.

Let us first take λ > 0. The equality in Eqs. (8) be-

comes
∑3

y=0 py = 1. The inequality in Eqs. (8) becomes

(p− t)T (ST )+S+(p− t) = λ−2

(

12

2
∑

y=0

p2y − 3

)

≤ 1,

through use of the identity
∑

y<z pypz = 1
2 (1−

∑

y p
2
y).

Let us now take λ = 0. The equality in Eqs. (8) be-
comes p = t. The inequality in Eqs. (8) is trivially satis-
fied. Then Eq. (11) immediately follows.

Corollary 2. An output probability distribution py be-

longs to the set S1(Dλ(π)) if and only if

{

p2y + p2y+1 = 1
2 , y = 0, 1,

||p||22 ≤ λ2+2
8 ,

(12)

if π is a real MUB,and

{

p2y + p2y+1 = 1
3 , y = 0, 1, 2,

||p||22 ≤ λ2+3
18 ,

(13)

if π is a complex MUB.

Proof. Let us first prove the real case. The POVM πy =
|πy〉 〈πy | with σk |π2k,2k+1〉 = ± |π2k,2k+1〉 with k = 0, 1
is the unique (up to unitaries and anti-unitaries) real SIC
POVM of a qubit. Thus, t and S are given by

t =
1

4









1
1
1
1









, S =
1

4









1 0 0
−1 0 0
0 1 0
0 −1 0









.

Let us first take λ > 0. The equality in Eqs. (8) be-
comes p0+p1 = p2+p3 = 1/2. The inequality in Eqs. (8)
becomes

(p− t)T (ST )+S+(p− t) = λ−2

(

8

2
∑

y=0

p2y − 2

)

≤ 1,

through use of the identity p0p1 = − 1
2 (p

2
0 + p21) +

1
8 .

Let us now take λ = 0. The equality in Eqs. (8) be-
comes p = t. The inequality in Eqs. (8) is trivially satis-
fied. Then Eq. (12) immediately follows.
Let us then prove the complex case. The POVM πy =
|πy〉 〈πy | with σk |π2k,2k+1〉 = ± |π2k,2k+1〉with k = 0, 1, 2
is the unique (up to unitaries and anti-unitaries) real SIC
POVM of a qubit. Thus, t and S are given by

t =
1

6

















1
1
1
1
1
1

















. S =
1

6

















1 0 0
−1 0 0
0 1 0
0 −1 0
0 0 1
0 0 −1

















.
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Let us now take λ > 0. The equality in Eqs. (8) be-
comes p0 + p1 = p2 + p3 = p4 + p5 = 1/3. The inequality

in Eqs. (8) becomes

(p− t)T (ST )+S+(p− t) = λ−2

(

18

2
∑

y=0

p2y − 3

)

≤ 1,

through use of the identity p0p1 = − 1
2 (p

2
0 + p21) +

1
18 .

Let us now take λ = 0. The equality in Eqs. (8) be-
comes p = t. The inequality in Eqs. (8) is trivially satis-
fied. Then Eq. (13) immediately follows.


