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TWISTED INDEX THEORY ON GOOD ORBIFOLDS, I:
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We study the twisted index theory of elliptic operators on orbifold covering spaces of compact good
orbifolds, which are invariant under a projective action ofthe orbifold fundamental group. We apply
these results to obtain qualitative results on real and complex hyperbolic spaces in 2 and 4 dimensions,
related to generalizations of theBethe-Sommerfeld conjectureand theTen Martini Problem, on the
spectrum of self adjoint elliptic operators which are invariant under a projective action of a discrete
cocompact group.

Introduction

In this paper, we prove a twisted index theorem for elliptic operators on orbifold cover-
ing spaces of compact good orbifolds, which are invariant under a projective action of the
orbifold fundamental group.

Let Γ be a Fuchsian group of signature(g, ν1, . . . , νn) (cf. section 1 for more details),
that is,Γ is the orbifold fundamental group of the 2 dimensional hyperbolic orbifold

Σ(g, ν1, . . . , νn)

of signature(g, ν1, . . . , νn). Using a result of Kasparov23 onK-amenable groups as well
as a calculation by Farsi15 of theorbifoldK-theory of compact 2-dimensional hyperbolic
orbifolds, we are able to compute theK-theory of twisted groupC∗ algebras, under the
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2 Twisted Index Theory on Good Orbifolds

assumption that the Dixmier-Douady invariant of the multiplier σ is trivial

Kj(C
∗(Γ, σ)) ∼=





Z2−n+
∑

n
i=1

νj if j = 0;

Z2g if j = 1.

Notice thatK0 is much larger in the general Fuchsian group case than in the torsion free
case, whereK0 was determined9 to be alwaysZ2. We also show that the orbifoldK-theory
of any 2-dimensional orbifold is generated by orbifold linebundles. The result is derived by
means of equivariantK-theory and the Baum-Connes4 equivariant Chern character with
values in the delocalized equivariant cohomology of the smooth surfaceΣg′ that covers
the good orbifoldΣ(g, ν1, . . . , νn). We show that the Seifert invariants37 correspond to
the pairing of the equivariant Chern character4 with a fundamental class in the delocalized
equivariant homology ofΣg′ .

Let tr denote the canonical trace on the twisted groupC∗-algebra,C∗(Γ, σ), which
induces a map[tr ] onK-theory. Using the results above and our twisted index theorem for
orbifolds, we compute in section 2 under the same assumptions as before, the range of the
trace onK-theory to be,

[tr ](K0(C
∗(Γ, σ))) = Zθ + Z +

n∑

i=1

Z(1/νi)

whereθ denotes the evaluation of the multiplierσ on the fundamental class ofΓ. We then
apply our calculation of the range of the trace onK-theory to the study of some quanti-
tative aspects of the spectrum of projectively periodic elliptic operators on the hyperbolic
plane, what is known asnoncommutative Bloch theory. Some of the most outstanding open
problems about magnetic Schrödinger operators or Hamiltonians on Euclidean space are
concerned with the nature of their spectrum, most notably the Bethe-Sommerfeld conjec-
ture (BSC) and theTen Martini Problem(TMP) 38. More precisely, TMP asks whether
given a multiplierσ on Z2, is there an associated Hamiltonian (i.e. a Hamiltonian which
commutes with the(Z2, σ̄) projective action ofZ2 onL2(R2)) possessing a Cantor set type
spectrum, in the sense that the intersection of the spectrumof the Hamiltonian with some
compact interval inR is a Cantor set? One can deduce from the range of the trace onK0 of
the twisted groupC∗-algebras that when the multiplier takes its values in the roots of unity
in U(1) (we say then that it is rational) that such a Hamiltonian cannot exist. However, in
the Euclidean case and for almost all irrational numbers, the discrete form of TMP has been
settled in the affirmative26. BSC asserts that if the multiplier is trivial, then the spectrum
of any associated Hamiltonian has only afinite number of gaps. This was first established
in the Euclidean case by Skrigonov39. In Sections 2 and 3, we are concerned also with
generalizations of the TMP and the BSC, which we call theGeneralized Ten Dry Martini
Problemand theGeneralized Bethe-Sommerfeld conjecture. We prove that the Kadison
constant of the twisted groupC∗-algebraC∗

r (Γ, σ) is positive whenever the multiplier is
rational, whereΓ is now the orbifold fundamental group of a signature(g, ν1, . . . , νn) hy-
perbolic orbifold. We then use the results of Brüning and Sunada8 to deduce that when
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the multiplier is rational, the generalized Ten Dry MartiniProblem is answered in the neg-
ative, and we leave open the more difficult irrational case. More precisely, we show that
the spectrum of such a(Γ, σ̄) projectively periodic elliptic operator is the union of count-
ably many (possibly degenerate) closed intervals which canonly accumulate at infinity.
This also gives evidence that the generalized Bethe-Sommerfeld conjecture is true, and
generalizes earlier results9 in the torsion-free case. In order to show that the results are
not a purely two-dimensional phenomenon, we present similar results on real and complex
hyperbolic four-manifolds, see also28. In section 3, we again use the range of the trace
theorem above, together with other geometric arguments to give a complete classification
up to isomorphism of the twisted groupC∗ algebrasC∗

r (Γ, σ), whereσ is assumed to have
trivial Dixmier-Douady invariant as before.

In a forthcoming paper we shall generalize these results by proving a twisted higher
index theorem which adapts the index theorems of Atiyah, Connes and Moscovici, and
Gromov, to the case of good orbifolds. This will allow us to compute the range of some
higher traces onK-theory. More precisely, suppose thatc is the area 2-cocycle on the group
Γ as given above, andtrc is the induced cyclic 2-cocycle on a smooth subalgebra of the
twisted groupC∗-algebraC∗(Γ, σ), which induces a map[tr c] onK-theory. Then we will
prove that

[tr c](K0(C
∗(Γ, σ))) = φZ

whereφ = 2(g − 1) + (n − ν) ∈ Q, ν =
∑n

j=1 1/νj. By relating the hyperbolic
Connes-Kubo cyclic 2-cocycle and the area cyclic 2-cocycle, the range of the higher trace
onK-theory can be used to compute the values of the Hall conductance: The results will
be applied to the study the occurrence offractional quantum numbersin the Quantum Hall
Effect on the hyperbolic plane. We will also establish the noncommutative Bloch theory
results for discrete Harper type operators, which is the analogue in the discrete case of
results proved in the present paper. The results contained in this paper, together with the
results on the fractional quantum numbers, were circulatedas a preprint in 199827.

1. Preliminaries

1.1. Good orbifolds

Further details on the fundamental material on orbifolds can be found in several refer-
ences37, 16, 7. The definition of an orbifold generalizes that of a manifold. More precisely,
anorbifoldM of dimensionm is a Hausdorff, second countable topological space with a
Satake atlasV = {Ui, φi} which coversM , consisting of open setsUi and homeomor-
phismsφi : Ui → Dm/Gi, whereDm denotes the unit ball inRm andGi is a finite
subgroup of the orthogonal groupO(m), satisfying the following compatibility relations;
the compositions

φj ◦ φ
−1
i : φi(Ui ∩ Uj) → φj(Ui ∩ Uj)
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locally lifts to be a smooth mapRm → Rm, whenever the intersectionUi ∩ Uj 6= ∅. The
open setsUi are called local orbifold charts. In general, an orbifoldM can be obtained as a
quotientM = X/G of an infinitesimally free compact Lie group action on a smooth man-
ifold X . In fact, by Satake36 and Kawasaki25, X can chosen to be the smooth manifold
of orthonormal frames of the orbifold tangent bundle ofM (cf. section 1.4) andG can be
chosen to be the orthogonal groupO(m).

An orbifold covering ofM is an orbifold mapf : Y →M , whereY is also an orbifold,
such that any point onM has a neighborhoodU such thatf−1(U) is the disjoint union of
open setsUα, with f |Uα

: Uα → U a quotient map between two quotients ofRk by finite
groupsH1 < H2. The generic fibers of the covering mapf are isomorphic to a discrete
group which acts as deck transformations.

An orbifold M is good if it is orbifold-covered by a smooth manifold; it isbad oth-
erwise. A good orbifold is said to beorientableif it is orbifold covered by an oriented
manifold and the deck transformations act via orientation preserving diffeomorphisms on
the orbifold cover. Equivalently, as shown in36 and25, an orbifold is orientable if it has an
oriented frame bundleX such thatM = X/SO(m).

We next recall briefly some basic notions on Euclidean and hyperbolic orbifolds, which
are by fiat orbifolds whose universal orbifold covering space is Euclidean space and hyper-
bolic space respectively. We are mainly interested in the case of 2 dimensions, and we will
assume that the orbifolds in this paper are orientable.

A 2-dimensional compact orbifold has singularities that are cone points or reflector
lines. Up to passing toZ2-orbifold covers, it is always possible to reduce to the casewith
only isolated cone points.

LetH denote the hyperbolic plane andΓ aFuchsian group of signature(g, ν1, . . . , νn),

that is,Γ is a discrete cocompact subgroup ofPSL(2,R) of genusg and withn elliptic
elements of orderν1, . . . , νn respectively. Explicitly,

Γ =
{
Ai, Bi, Cj ∈ PSL(2,R)

∣∣∣ i = 1, . . . g, j = 1, . . . n,

∏g
i=1[Ai, Bi]C1 . . . Cn = 1, C

νj

j = 1, j = 1, . . . n
}

Then the corresponding compact oriented hyperbolic 2-orbifold of signature(g, ν1, . . . , νn)

is defined as the quotient space

Σ(g, ν1, . . . , νn) = Γ\H.

A compact oriented 2-dimensional Euclidean orbifold is obtained in a similar manner, but
with H replaced byR2, and a complete list of these can be found in37.

ThenΣ(g, ν1, . . . , νn) is a compact surface of genusg with n elliptic points{pj}n
j=1

such that eachpj has a small coordinate neighborhoodUpj
∼= D2/Zνj

, whereD2 de-
notes the unit disk inR2 andZνj

is the cyclic group of orderνj , j = 1, . . . n. Observe
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that the complementΣ(g, ν1, . . . , νn) \ ∪n
j=1Upj

is a compact Riemann surface of genus
g and withn boundary components. The groupΓ is the orbifold fundamental group of
Σ(g, ν1, . . . , νn), where the generatorsCj can be represented by then boundary compo-
nents of the surfaceΣ(g, ν1, . . . , νn) \ ∪n

j=1Upj
.

All Euclidean and hyperbolic 2-dimensional orbifoldsΣ(g, ν1, . . . , νn) are good, being
in fact orbifold covered by a smooth surfaceΣg′ cf. 37, i.e. there is a finite groupG acting
onΣg′ with quotientΣ(g, ν1, . . . , νn), where

g′ = 1 +
#(G)

2
(2(g − 1) + (n− ν))

and whereν =
∑n

j=1 1/νj. According to the classification of 2-dimensional orbifolds
given in 37, the only bad 2-orbifolds are the “teardrop”, with underlying surfaceS2 and
one cone point of cone angle2π/p, and the “double teardrop”, with underlying surfaceS2

and two cone points with angles2π/p and2π/q, p 6= q.

In this paper we restrict our attention to good orbifolds. Itshould be pointed out that
the techniques used in this paper cannot be extended directly to the case of bad orbifolds.
It is reasonable to expect that the index theory on bad orbifolds will involve analytical
techniques for more general conic type singularities.

1.2. Twisted C∗ algebras

We begin by recalling the definitions of the (reduced) twisted groupC∗ algebra and its
relation to a twistedC∗ algebra of bounded operators on the universal orbifold cover of a
good orbifold, that was defined in8.

Let Γ be a discrete group andσ be amultiplier on Γ, i.e. σ : Γ × Γ → U(1) is a
U(1)-valued 2-cocycle on the groupΓ i.e. σ satisfies the following identity:

• σ(γ, 1) = σ(1, γ) = 1 ∀γ ∈ Γ;
• σ(γ1, γ2)σ(γ1γ2, γ3) = σ(γ1, γ2γ3)σ(γ2, γ3)∀γ1, γ2, γ3 ∈ Γ.

Consider the Hilbert space of square summable functions onΓ,

L2(Γ) =



f : Γ → C

∣∣∣
∑

γ∈Γ

|f(γ)|2 <∞



 .

There are natural leftσ-regular and rightσ-regular representations onL2(Γ). The left
σ-regular representationis defined as follows: ∀ γ, γ′ ∈ Γ,

(Lσ
γf)(γ′) = f(γ−1γ′)σ(γ, γ−1γ′);

Lσ
γL

σ
γ′ = σ(γ, γ′)Lσ

γγ′.

Theright σ-regular representationis defined as follows: ∀γ, γ′ ∈ Γ,

(Rσ
γf)(γ′) = f(γ′γ)σ(γ′, γ);

Rσ
γR

σ
γ′ = σ(γ, γ′)Rσ

γγ′ .
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One can use the cocycle identity to show that the leftσ-regular representation commutes
with the rightσ̄-regular representation, wherēσ denotes the conjugate cocycle. Also the
left σ̄-regular representation commutes with the rightσ-regular representation. Define

W ∗(Γ, σ) =
{
A ∈ B(ℓ2(Γ)) : [Lσ̄

γ , A] = 0 ∀γ ∈ Γ
}

i.e. W ∗(Γ, σ) is the commutant of the left̄σ-regular representation. By general theory, it
is a von Neumann algebra, and it is called thetwisted group von Neumann algebra. It can
also be realized in the following manner: the rightσ-regular representation ofΓ extends
to a∗ representation of the twisted group algebra,C(Γ, σ) → B(ℓ2(Γ)). Now theweak
closure(which coincides with the strong closure) ofC(Γ, σ) also yields the twisted group
von Neumann algebraW ∗(Γ, σ), by the commutant theorem of von Neumann. Thenorm
closureof C(Γ, σ) yields the (reduced)twisted groupC∗ algebraC∗

r (Γ, σ). We will also
briefly consider the full or unreducedtwisted groupC∗ algebraC∗(Γ, σ), which is another
C∗ completion ofC(Γ, σ) using∗-representations, cf.31 for the definition.

LetM be a good, compact orbifold, andE →M be an orbifold vector bundle overM ,
andẼ → M̃ be its lift to the universal orbifold covering spaceΓ → M̃ → M , which is
by assumption a simply-connected smooth manifold. We will now briefly review how to
construct a(Γ, σ̄)-action (whereσ is a multiplier onΓ andσ̄ denotes its complex conjugate)
onL2(M̃). Letω = dη be an exact2-form onM̃ such thatω is alsoΓ-invariant, although
η is notassumed to beΓ-invariant. Define a Hermitian connection on the trivial line bundle
overM̃ as

∇ = d+ iη.

Its curvature is∇2 = iω. Then∇ defines a(Γ, σ̄) action onL2(M̃, ˜S± ⊗ E) as follows:

Sinceω is Γ invariant, one has∀γ ∈ Γ

0 = γ∗ω − ω = d(γ∗η − η),

so thatγ∗η − η is a closed1-form on a simply-connected manifold̃M ⇒ γ∗η − η = dψγ

for some smooth functionψγ onM̃ satisfying

• ψγ(x) + ψγ′(γx) − ψγ′γ(x) is independent ofx ∀x ∈ M̃ ;

• ψγ(x0) = 0 for somex0 ∈ M̃ ∀γ ∈ Γ.

Thenσ̄(γ, γ′) = exp(iψγ(γ′x0)) defines a multiplier onΓ. Now define the(Γ, σ̄) action

as follows: Foru ∈ L2(M̃, ˜S± ⊗ E), Uγ u = γ∗u, Sγu = exp(i ψγ) u, define
Tγ = Uγ ◦Sγ . Then it satisfiesTγ1

Tγ2
= σ̄(γ1, γ2)Tγ1γ2

, and so it defines a(Γ, σ̄)-action.
It can be shown that only multipliers̄σ such that the Dixmier-Douady invariantδ(σ̄) = 0

can give rise to(Γ, σ̄)-actions in this way cf. section 2.2 for a further discussion.

Let D : L2(M̃, Ẽ) → L2(M̃, Ẽ) be a self adjoint elliptic differential operator that
commutes with a(Γ, σ̄)-actionTγ ∀γ ∈ Γ onL2(M̃, Ẽ). Then by the functional calculus,
all the spectral projections ofD, Eλ = χ[0,λ](D) are bounded self adjoint operators on
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L2(M̃, Ẽ) that commute withTγ ∀γ ∈ Γ. Now the commutant of the(Γ, σ̄)-action on
L2(M̃, Ẽ) is a von Neumann algebra

W ∗(σ) =
{
Q ∈ B(L2(M̃, Ẽ))| TγQ = QTγ ∀γ ∈ Γ

}
.

SinceTγQ = QTγ , one sees that

e−iφγ(x)kQ(γx, γy)eiφγ(y) = kQ(x, y)

∀x, y ∈ M̃ ∀γ ∈ Γ, wherekQ denotes the Schwartz kernel ofQ. In particular, observe
that tr(kQ(x, x)) is a Γ-invariant function onM̃ , wheretr denotes the pointwise trace.
Using this, one sees that there is a semi-finite trace on this von Neumann algebra

tr : W ∗(σ) → C

defined as in the untwisted case due to Atiyah1,

Q→

∫

M

tr(kQ(x, x))dx

wherekQ denotes the Schwartz kernel ofQ. Note that this trace is finite wheneverkQ is
continuous in a neighborhood of the diagonal iñM × M̃ .

By elliptic regularity, the spectral projectionEλ has a smooth Schwartz kernel, so that
in particular, the spectral density function,NQ(λ) = tr(Eλ) <∞ ∀λ, is well defined.

If F is a relatively compact fundamental domain iñM for the action ofΓ on M̃ , then
one sees that there is a(Γ, σ̄)-isomorphism

L2(M̃, Ẽ) ∼= L2(Γ) ⊗ L2(F , Ẽ |F) (1.1)

It is given byf 7→ g whereg(γ)(x) = f(γx), x ∈ F , γ ∈ Γ, equivalently by a choice of a
bounded measurable almost everywhere smooth section of theorbifold coveringM̃ →M .
The (Γ, σ̄)-action onL2(F , Ẽ |F ) is trivial and its is the previously defined regular(Γ, σ̄)

representation onL2(Γ). Therefore

W ∗(σ) ∼= W ∗(Γ, σ) ⊗B(L2(F , Ẽ |F ))

whereB(L2(F , Ẽ |F)) denotes the algebra of all bounded operators on the Hilbert space
L2(F , Ẽ |F). There is a natural subalgebraC∗(σ) of W ∗(σ) which is defined as follows.
Let

Cc
∞(σ) =

{
Q ∈W ∗(σ)

∣∣∣ kQ is smooth and supported in a compact
neighborhood of the diagonal

}

ThenC∗(σ) is defined to be thenorm closureof Cc
∞(σ). It can also be shown to be the

norm closure of
{
Q ∈ W ∗(σ)

∣∣∣ kQ is smooth andkQ(x, y) isL1 in both
thex andy variables separately

}
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That is, elements ofC∗(σ) are elements ofW ∗(σ) that have the additional property of
some off-diagonal decay. Via the isomorphism given in equation (1.1), it can be shown
that

C∗(σ) ∼= C∗
r (Γ, σ) ⊗K (1.2)

whereK = K(L2(F , Ẽ |F )) denotes theC∗ algebra of compact operators on the Hilbert
spaceL2(F , Ẽ |F ) (see8 for details).

1.3. The C∗ algebra of an orbifold

Let M be an oriented orbifold of dimensionm, that isM = P/SO(m), whereP is
the bundle of oriented frames on the orbifold tangent bundle(cf. section 1.4). Then theC∗

algebra of the orbifoldM is by fiat the crossed productC∗(M) = C(P ) ⋊ SO(m), where
C(P ) denotes theC∗ algebra of continuous functions onP . We will now study some
Morita equivalent descriptions ofC∗(M) that will be useful for us later. The following is
one such, and is due to15.

Proposition 1.1 LetM be a good orbifold, which is orbifold covered by the smooth mani-
foldX , i.e.M = X/G. Then theC∗ algebrasC0(X)⋊G andC∗(M) are strongly Morita
equivalent.

In the two dimensional case, there is yet anotherC∗ algebra that is strongly Morita
equivalent to theC∗ algebra of the orbifold. LetΓ be as before. ThenΓ acts freely on
PSL(2,R), and therefore the quotient space

Γ\PSL(2,R) = P (g, ν1, . . . , νn)

is a smooth compact manifold, with a right action ofSO(2) that is only infinitesimally free.
TheC∗ algebra of the hyperbolic orbifoldΣ(g, ν1, . . . , νn) is by fiat the crossed product
C∗ algebra

C∗(Σ(g, ν1, . . . , νn)) = C(P (g, ν1, . . . , νn)) ⋊ SO(2)

cf. 11. If SO(2) did act freely onP (g, ν1, . . . , νn) (which is the case whenν1 = . . . =

νn = 1), then it is known thatC∗(Σ(g, ν1, . . . , νn)) andC(Σ(g, ν1, . . . , νn)) are strongly
Morita equivalent asC∗ algebras.

We shall next describe a natural algebra which is Morita equivalent to theC∗ algebra of
the orbifoldΣ(g, ν1, . . . , νn). Now Γ has a torsion free subgroupΓg′ of finite index, such
that the quotientΓg′\H = Γg′\PSL(2,R)/SO(2) = Σg′ is a compact Riemann surface
of genusg′ = 1+ #(G)

2 (2(g−1)+(n−ν)) whereν =
∑n

j=1 1/νj, cf. Theorem 2.537, and
the orbifold Euler characteristic calculations in there. ThenG → Σg′ → Σ(g, ν1, . . . , νn)

is a finite orbifold cover, i.e. a ramified covering space, whereG = Γg′\Γ.

Proposition 1.2 TheC∗ algebrasC(Σg′ ) ⋊G, C∗(Σ(g, ν1, . . . , νn)) andC0(H) ⋊ Γ are
strongly Morita equivalent to each other.
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Proof. The strong Morita equivalence of the last twoC∗ algebras is contained in the
previous Proposition. Since strong Morita equivalence is an equivalence relation, it suffices
to prove that the first twoC∗ algebras are strongly Morita equivalent. Let

P̂ = Γg′\PSL(2,R)

whereSO(2) acts onP̂ the right, and therefore commutes with the leftG action onP̂ .
Moreover, the actions ofG andSO(2) onP̂ are free, and therefore one can apply a theorem
of Green,19 which implies in particular thatCo(G\P̂ ) ⋊ SO(2) andCo(P̂ /SO(2)) ⋊G

are strongly Morita equivalent, i.e.Co(P (g, ν1, . . . , νn) ⋊ SO(2) andCo(Σg′) ⋊ G are
strongly Morita equivalent, proving the proposition.⋄

1.4. Orbifold vector bundles and K-theory

Because of the Morita equivalences of the last section 1.3, we can give several alternate
and equivalent descriptions of orbifold vector bundles over orbifolds. Firstly, there is the
description using transition functions cf.36, 25. Equivalently, one can view an orbifold
vector bundle over anm dimensional orbifoldM as being anSO(m) equivariant vector
bundle over the bundleP of oriented frames of the orbifold tangent bundle. In the case
of a good orbifoldM , which is orbifold covered by a smooth manifoldX , let G be the
discrete group acting onX , G → X → M = X/G. Then an orbifold vector bundle on
M is the quotientVM = G\VX of a vector bundle overX by theG action. Notice that an
orbifold vector bundle is not a vector bundle overM : in fact, the fiber at a singular point is
isomorphic to a quotient of a vector space by a finite group action.

The Grothendieck group of isomorphism classes of orbifold vector bundles on the orb-
ifold M is called theorbifold K-theoryof M and is denoted byK0

orb(M), which by a
result of 4, 15 is canonically isomorphic toK0(C

∗(M)). By the Morita equivalence of
section 1.3, one then hasK0

orb(M) ∼= K0
SO(m)(P ), and by the Julg-Green theorem21, 19,

the second group is isomorphic toK0(C(P ) ⋊ SO(m)). In the case whenM is a good
orbifold, by Proposition 1.1, one sees thatK0

orb(M) ∼= K0(C0(X) ⋊G) = K0
G(X).

We will now be mainly interested in orbifold line bundles over hyperbolic 2-orbifolds.
LetG be the finite group determined by the exact sequence

1 → Γg′ → Γ → G→ 1.

ThenG acts onΣg′ with quotient the orbifoldΣ(g, ν1, . . . , νn).

An orbifold line bundleL onΣ(g, ν1, . . . , νn) is given by

L = G\(P ×SO(2) C),

whereP is a principalSO(2)-bundle on the smooth surfaceΣg′ . Notice that theSO(2)

and theG actions commute, and are free on the total spaceP . An orbifold line bundle has
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an associated Seifert fibered spaceG\P . A more explicit local geometric construction of
L is given in37. An orbifold line bundleL over a hyperbolic orbifoldΣ(g, ν1, . . . , νn) is
specified by the Chern class of the pullback line bundle on thesmooth surfaceΣg′ , together
with the Seifert data. That is the pairs of numbers(βj , νj), whereβj satisfies the following
condition. Given the exact sequence

1 → Z → π1(P ) → πorb
1 (Σ(g, ν1, . . . , νn)) → 1,

let C̃j be an element ofπ1(P ) that maps to the generatorCj of the orbifold fundamental
group. LetC be the generator of the fundamental group of the fiber. Then wehaveCνj

j = 1

andCβj = C̃
νj

j . The choice ofβj can be normalized so that0 < βj < νj .

More geometrically, letΣ(g, ν1, . . . , νn) be a hyperbolic orbifold with the cone points
p1, . . . , pn. Let Σ′ be the complement of the union of small disks around the cone points.
The orbifold line bundle induces a line bundleL′ over the smooth surface with boundaryΣ′,
trivialized over the boundary components ofΣ′. Moreover, the restriction of the orbifold
line bundleL over the small disksDpi

around each cone pointpi is obtained by considering
a surgery on the trivial productC ×Dpi

obtained by cutting open along a radius inC and
gluing back after performing a rotation onDpi

by an angle2πq/νi. With this notation the
Seifert invariants are(qi, νi) with βiqi ≡ 1 (modνi).

Thus, an orbifold line bundle has a finite set of singular fibers at the cone points. The
orbifold line bundleL pulls back to aG-equivariant line bundlẽL over the smooth surface
Σg′ that orbifold coversΣ(g, ν1, . . . , νn). All the orbifold line bundles with trivial orbifold
Euler class, as defined in37, lift to the trivial line bundle onΣg′ .

In 37 the classification of Seifert-fibered spaces is derived using the Seifert invariants,
namely the Chern class of the line bundleL̃, together with the Seifert data(βj , νj) of the
singular fibers at the cone pointspj . We show in the following that the Seifert invariants
can be recovered from the image of the Baum-Connes equivariant Chern character4.

1.5. Baum-Connes Chern character

We have seen that the algebraC∗(Σ(g, ν1, . . . , νn)) is strongly Morita equivalent to the
cross productC(Σg′ ) ⋊G. Therefore the relevant K-theory is

K0(C(Σg′ ) ⋊G) = K0
SO(2)(G\P̂ ) = K0

G(Σg′),

whereP̂ = Γg′\PSL(2,R).

We recall briefly the definition of delocalized equivariant cohomology for a finite group
action on a smooth manifold4. LetG be a finite group acting smoothly and properly on a
compact smooth manifoldX . LetM be the good orbifoldM = G\X . Given anyγ ∈ G,
the subsetXγ of X given by

Xγ = {(x, γ) ∈ X ×G | γx = x}



M. Marcolli and V. Mathai 11

is a smooth compact submanifold. Let̂X be the disjoint union of theXγ for γ ∈ G.
The complexΩG(X̂) ofG-invariant de Rham forms on̂X with coefficients inC computes
the delocalized equivariant cohomologyH•(X,G), which isZ2 graded by forms of even
and odd degree. The dual complex that computes delocalized homology is obtained by
consideringG-invariant de Rham currents on̂X . Thus we have

H•(X,G) = H•(ΩG(X̂), d) = H•(X̂/G,C)

= H•(X̂,C)G =
⊕

γ∈G

H•(Xγ ,C).

According to4, Theorem 7.14, the delocalized equivariant cohomology is isomorphic to
the cyclic cohomology of the algebraC∞(X) ⋊G,

H0(X,G) ∼= HCev(C∞(X) ⋊G),

H1(X,G) ∼= HCodd(C∞(X) ⋊G).

The Baum-Connes equivariant Chern character

chG : K0
G(X) → H0(X,G)

is an isomorphism over the complex numbers. Equivalently, the Baum-Connes equivariant
Chern character can be viewed as

chG : K0
orb(M) → H0

orb(M)

where theorbifold cohomologyis by definitionHj
orb(M) = Hj(X,G) for j = 0, 1.

In our case the delocalized equivariant cohomology and the Baum-Connes Chern char-
acter have a simple expression. In fact, letΣg′ be the smooth surface that orbifold covers
Σ(g, ν1, . . . , νn). LetG be the finite group1 → Γg′ → Γ → G → 1. LetGpj

∼= Zνj
be

the stabilizer of the cone pointpj in Σ(g, ν1, . . . , νn). Then we have

Σγ
g′ =





Σg′ if γ = 1;
{pj} if γ ∈ Gpj

\{1};
∅ otherwise.

Thus the delocalized equivariant cohomology and orbifold cohomology is given by

H0
orb(Σ(g, ν1, . . . , νn)) = H0(Σg′ , G) = H0(Σg′) ⊕H2(Σg′) ⊕ C

∑
j
(νj−1),

where eachCνj−1 is given byνj − 1 copies ofH0(pj), and

H1
orb(Σ(g, ν1, . . . , νn) = H1(Σg′ , G) = H1(Σg′ ).

Let L be an orbifold line bundle inK0(C(Σg) ⋊ G) = K0
G(Σg), and letL̃ be the

corresponding line bundle over the surfaceΣg′ . An elementγ in the stabilizerGpj
acts on

the restriction ofL|Σγ
g

= L|pj
= C as multiplication byλ(γ) = e2πiβj/νj .
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Thus, the Baum-Connes Chern character ofL is given by

chG(L) = (1, c1(L̃), e2πiβ1/ν1 , . . . , e2πi(ν1−1)β1/ν1 , . . . e2πiβn/νn , . . . , e2πi(νn−1)βn/νn).

Proposition 1.3 The Baum-Connes Chern character classifies orbifold line bundles over
the orbifoldΣ(g, ν1, . . . , νn).

Proof. According to37 the orbifold line bundles are classified by the orbifold Euler number

e(Σ(g, ν1, . . . , νn)) =< c1(L̃), [Σg′ ] > +
∑

j

βj/νj ,

given in terms of the Chern number< c1(L̃), [Σg′ ] > and the Seifert invariants(βj , νj). ⋄

Notice that we have the isomorphism inK-theory,K0
G(Σg′) = K0

SO(2)(G\P̂ ) and the
Chern character isomorphisms (withC coefficients)

chG : K0
G(Σg′) → H0(Σg′ , G) ∼= HCev(C∞(Σg′) ⋊G)

and

chSO(2) : K0
SO(2)(Γ\PSL(2,R)) → HCev(C∞(Γ\PSL(2,R)) ⋊ SO(2)).

Moreover, we have an isomorphism

HC•(C∞(Γ\PSL(2,R)) ⋊ SO(2)) ∼= H•
SO(2)(Γ\PSL(2,R)).

Thus, we obtain

HCev(C∞(Γ\PSL(2,R)) ⋊ SO(2)) ∼= HCev(C∞(Σg′ ) ⋊G)

with C coefficients, via the Chern character.

Thus orbifold line bundles onΣ(g, ν1, . . . , νn) can be also described asG-equivariant
line bundles over the covering smooth surfaceΣg′ , and again asSO(2)-equivariant line
bundles onG\P̂ .

Remarks 1.4 With the notation used in the previous section, letG be a finite group acting
smoothly and properly on a smooth compact oriented manifoldX . There is a natural
choice of a fundamental class[X ]G ∈ H0(X,G) in the delocalized equivariant homology
ofX , given by the fundamental classes of each compact oriented smooth submanifoldXγ ,
[X ]G = ⊕γ∈G[Xγ ]. In the case of hyperbolic 2-orbifolds, the equivariant fundamental
class[Σg′ ]G is given by

[Σg′ ]G = [Σg′ ] ⊕j [pj ]
νj−1 ∈ H2(Σg′ ,C) ⊕j (H0(pj ,C))νj−1.

The corresponding equivariant Euler number< chG(L), [Σg′ ]G > is obtained by evaluat-
ing

< chG(L), [Σg′ ]G >=< c1(L̃), [Σg′ ] > +

n∑

j=1

∑

γ∈Gpj
\{1}

λ(γ).
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1.6. Classifying space of the orbifold fundamental group

Here we find it convenient to follow Baum, Connes and Higson4, 5. LetM be a good
orbifold, that is its orbifold universal cover̃M is a smooth manifold which has aproper
Γ-action, whereΓ denotes the orbifold fundamental group ofM . That is, the map

M̃ × Γ → M̃ × M̃
(x, γ) → (x, γx)

is a proper map. The universal example for such a proper action is denoted in4, 5 byEΓ.
It is universal in the sense that there is a continuousΓ-map

f : M̃ → EΓ

which is unique up toΓ-homotopy, and moreoverEΓ itself is unique up toΓ-homotopy.
The quotientBΓ = Γ\EΓ is an orbifold. Just asBΓ classifies isomorphism classes of
Γ-covering spaces, it can be shown thatBΓ classifies isomorphism classes of orbifoldΓ-
covering spaces.

Examples 1.5 It turns out that ifΓ is a discrete subgroup of a connected Lie groupG, then
EΓ = G/K, whereK is a maximal compact subgroup.

Examples 1.6The orbifoldΣ(g, ν1, . . . , νn), viewed as the quotient space

Σ(g, ν1, . . . , νn) = Γ\H

is an example of the above construction.

This is the main class of examples that we are concerned with in this paper.

Let SΓ denote the set of all elements ofΓ which are of finite order. ThenSΓ is not
empty, since1 ∈ SΓ. Γ acts onSΓ by conjugation, and letFΓ denote the associated
permutation module overC, i.e.

FΓ =

{
∑

α∈SΓ

λα[α]
∣∣∣λα ∈ C and λα = 0 except for a finite number ofα

}

1.7. Twisting an elliptic operator

We will discuss elliptic operators only on good orbifolds, and refer to25 for the general
case. LetM be a good orbifold, that is the universal orbifold cover̃M of M is a smooth
manifold. LetW̃ → M̃ be aΓ-invariant Hermitian vector bundle over̃M . LetD be a 1st
order elliptic differential operator onM ,

D : L2(M, E) → L2(M,F)
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acting onL2 orbifold sections of the orbifold vector bundlesE ,F overM . By fiat,D is a
Γ-equivariant 1st order elliptic differential operatorD̃ on the smooth manifold̃M ,

D̃ : L2(M̃, Ẽ) → L2(M̃, F̃).

Given any connection∇W̃ onW̃ which is compatible with theΓ action and the Hermitian
metric, we wish to define an extension of the elliptic operator D̃, to act on sections of
Ẽ ⊗ W̃ , F̃ ⊗ W̃ .

D̃ ⊗∇W̃ : Γ(M, Ẽ ⊗ W̃ ) → Γ(M, F̃ ⊗ W̃ )

and we want it to satisfy the following property: If̃W is a trivial bundle, and∇0 is the
trivial connection oñW , then foru ∈ Γ(M̃, Ẽ), h ∈ Γ(M̃, W̃ ) such that∇0h = 0,

(D̃ ⊗∇0)(u⊗ h) = (D̃u) ⊗ h

To do this, define a morphism

S = SD : Ẽ ⊗ T ∗M̃ → F̃

S(u⊗ df) = D̃(fu) − fD̃u

for f ∈ C∞(M̃) andu ∈ Γ(M, Ẽ). ThenS is a tensorial. ConsiderS = S ⊗ 1 :

Ẽ ⊗ T ∗M̃ ⊗ W̃ → F̃ ⊗ W̃ defined by

S(u⊗ df ⊗ e) = S(u⊗ df) ⊗ e

for u, f as before ande ∈ Γ(M, W̃ ).

Recall that a connection∇W̃ onW̃ is a derivation

∇W̃ : Γ(M̃, W̃ ) → Γ(M̃, T ∗M̃ ⊗ W̃ )

DefineD̃ ⊗∇W̃ as

(D̃ ⊗∇W̃ )(u ⊗ e) = (Du) ⊗ e+ S(u⊗∇W̃ e)

ThenD̃ ⊗∇W̃ is a1 st order elliptic operator.

1.8. Twisted index theorem for orbifolds

LetM be a compact orbifold of dimensionn = 4ℓ. LetΓ → M̃
p
→M be the universal

orbifold cover ofM and the orbifold fundamental group isΓ. LetD be an elliptic 1st order
operator onM , that is aD̃ onM̃ ,

D̃ : L2(M̃, Ẽ) → L2(M̃, F̃),

such thatD̃ commutes with theΓ-action onM̃ .
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Now let ω̃ be aΓ-invariant closed 2-form oñM , ω̃ = dη. Define∇ = d + iη.
Then∇ is a Hermitian connection on the trivial line bundle over̃M , and the curvature of
∇, (∇)2 = i ω̃. (Heres ∈ R.) Then∇ defines a projective(Γ, σ)-action onL2 spinors as
in section 1.2.

Consider thetwisted elliptic operatoronM̃ ,

D̃ ⊗∇ : L2(M̃, Ẽ) → L2(M̃, F̃)

ThenD̃ ⊗ ∇ no longer commutes withΓ, but it does commute with the projective(Γ, σ)

action. LetP+, P− be the orthogonal projections onto the null space ofD̃⊗∇ and(D̃⊗∇)∗

respectively since

(D̃ ⊗∇) P+ = 0 and (D̃ ⊗∇)∗ P− = 0

By elliptic regularity, it follows that the Schwartz (or integral) kernels ofP± are smooth.
SinceD̃ ⊗∇ and its adjoint commutes with the(Γ, σ) action, one has

e−iφγ(x)P±(γx, γy) eiφγ(y) = P±(x, y) ∀γ ∈ Γ.

In particular,P±(x, x) is smooth andΓ-invariant onM̃ . Therefore the corresponding von
Neumann trace (cf. section 1.2) isfinite,

tr (P±) =

∫

M

tr (P±(x, x)) dx <∞.

TheL2-index is by definition

indexL2(D̃ ⊗∇) = tr(P+) − tr(P−).

To describe the next theorem, we will briefly review some material on characteristic
classes for orbifold vector bundles. LetM be a good orbifold, that is the universal orbifold
coverΓ → M̃ → M of M is a smooth manifold. Then the orbifold tangent bundleTM

of M , can be viewed as theΓ-equivariant bundleTM̃ on M̃ . Similar comments apply
to the orbifold cotangent bundleT ∗M and more generally, any orbifold vector bundle on
M . It is then clear that choosingΓ-invariant connections on theΓ-invariant vector bundles
on M̃ , one can define the Chern-Weil representatives of the characteristic classes of the
Γ-invariant vector bundles oñM . These characteristic classes areΓ-invariant and so define
cohomology classes onM . For further details, see25.

Theorem 1.7 Let M be a compact, even dimensional, good orbifold,Γ be its orbifold
fundamental group,̃D be aΓ-invariant twisted Dirac operator oñM , whereΓ → M̃ →M

is the universal orbifold cover ofM . Then one has

indexL2(D̃ ⊗∇) =
q!

(2πi)q(2q!)
〈Td(M) ∪ ch(symb(D)) ∪ eω, [T ∗M ]〉

whereTd(M) denotes the Todd characteristic class of the complexified orbifold tangent
bundle ofM which is pulled back to the orbifold cotangent bundleT ∗M , ch(symb(D)) is
the Chern character of the symbol of the operatorD,
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Proof.

The proof is similar to the case of Atiyah’sL2 index theorem for covering spaces. An
important conceptual difference lies in the fact that̃M is an orbifold cover, and not an

actual cover ofM . We haveD̃ = ˜6∂± ⊗∇E = ˜6∂±E . Let k±(t, x, y) denote the heat kernel

of theΓ-invariant Dirac operators(˜6∂±E ⊗ ∇)2 on the universal orbifold cover ofM , and
P±(x, y) the smooth Schwartz kernels o f the orthogonal projectionsP± onto the null

space of̃6∂
±
E ⊗∇s. By a general result of Cheeger-Gromov-Taylor10 (see also33), the heat

kernelk±(t, x, y) converges uniformly over compact subsets ofM̃ × M̃ to P±(x, y), as
t→ ∞. Therefore one has

limt→∞ tr(e−t(˜6∂±
E ⊗∇)2) = lim

t→∞

∫

M

tr(k±(t, x, x))dx

=

∫

M

tr(P±(x, x))dx

= tr(P±)

(1.3)

Next observe that

∂
∂t trs(e

−t(˜6∂E⊗∇)2) = −trs((˜6∂E ⊗∇)2e−t(˜6∂E⊗∇)2)

= −trs([˜6∂E ⊗∇, (˜6∂E ⊗∇)e−t(˜6∂E⊗∇)2 ])
= 0

since˜6∂E ⊗ ∇ is an odd operator. Heretrs denotes the graded trace, i.e. the composition
of the tracetr and the grading operator. Therefore we deduce that

trs(e
−t(˜6∂E⊗∇)2) = limt→∞ trs(e

−t(˜6∂E⊗∇)2)

= trs(P )

= indexL2(˜6∂+

E ⊗∇).

(1.4)

By the local index theorem of Atiyah-Bott-Patodi2, Getzler17, one has

lim
t→0

(
tr(k+(t, x, x)) − tr(k−(t, x, x))

)
= [Â(Ω) tr(eRẼ

)eω]n (1.5)

where[ ]n denotes the component of degreen = dimM , Ω is the curvature of the metric
on M̃ , RẼ is the curvature of the connection oñE . Combining equations(1.3), (1.4) and
(1.5), one has

indexL2(˜6∂+

E ⊗∇) =

∫

M

Â(Ω) tr(eRẼ
)eω.

⋄

Remarks 1.8 A particular case of Theorem 1.7 highlights a key new phenomenon in the
case of orbifolds, viz. in the special case when the multiplier σ = 1 is trivial, then the
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indexL2(D̃) formally coincides theL2 index of D̃ as defined Atiyah1. By comparing
with the cohomological formula due to Kawasaki25 for the Fredholm index of the operator
D on the orbifoldM , we see that in general these arenot equal, and the error term is
a rational number which can be expressed explicitly as a cohomological formula on the
lower dimensional strata of the orbifoldM . Thus, we see that for general orbifolds theL2

index ofD̃, is only arational number. This was also observed by15. This is in contrast to
the situation when the orbifold is smooth, where Atiyah’sL2 index theorem establishes the
integrality of theL2 index in this case.

2. Range of the trace and the Kadison constant

In this section, we will first calculate the range of the canonical trace map onK0 of
the twisted groupC∗-algebras for Fuchsian groupsΓ of signature(g, ν1, . . . , νn). We use
in an essential way some of the results of the previous section such as the twisted version
of theL2-index theorem of Atiyah1, which is due to Gromov20, and which is proved in
Theorem 1.7. This enables us to deduce information about projections in the twisted group
C∗-algebras. In the case of no twisting, this follows because the Baum-Connes conjecture
is known to be true while these results are also well known forthe case of the irrational
rotation algebras, and for the twisted groupsC∗ algebras of the fundamental groups of
closed Riemann surfaces of positive genus9. Our theorem generalizes most of these results.
Moreover, we prove analogous results in the case of compact,real and complex hyperbolic
four-manifolds. We will apply the results of this section inthe next section to study some
quantitative aspects of the spectrum of projectively periodic elliptic operators, mainly on
orbifold covering spaces of hyperbolic orbifolds.

2.1. The isomorphism classes of algebras C∗(Γ, σ)

Let σ ∈ Z2(Γ,U(1)) be a multiplier onΓ, whereΓ is a Fuchsian group of signature
(g, ν1, . . . , νn). If σ′ ∈ Z2(Γ,U(1)) is another multiplier onΓ such that[σ] = [σ′] ∈

H2(Γ,U(1)), then it can be easily shown thatC∗(Γ, σ) ∼= C∗(Γ, σ′). That is, the isomor-
phism classes of theC∗-algebrasC∗(Γg′ , σ) are naturally parameterized byH2(Γ,U(1)).
In particular, if we consider only multipliersσ such thatδ(σ) = 0, we see that these are
parameterized by ker(δ) ⊂ H2(Γ,U(1)). It follows from the discussion at the beginning
of the next subsection that ker(δ) ∼= U(1). We summarize this below.

Lemma 2.9 Let Γ be a Fuchsian group of signature(g, ν1, . . . , νn). Then the isomor-
phism classes of twisted groupC∗-algebrasC∗(Γ, σ) such thatδ(σ) = 0 are naturally
parameterized byU(1).

2.2. K-theory of twisted group C∗ algebras
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We begin by computing theK-theory of twisted groupC∗-algebras for Fuchsian groups
Γ of signature(g, ν1, . . . , νn). Let σ be a multiplier onΓ. It defines a cohomology class
[σ] ∈ H2(Γ,U(1)). Consider now the short exact sequence of coefficient groups

1 → Z
i
→ R

e2π
√−1

−→ U(1) → 1,

which gives rise to a long exact sequence of cohomology groups (the change of coefficient
groups sequence)

· · · → H2(Γ,Z)
i∗→ H2(Γ,R)

e2π
√−1

∗−→ H2(Γ,U(1))
δ
→ H3(Γ,Z)

i∗→ H3(Γ,R). (2.6)

We first show that the map

H2(Γ,U(1))
δ
→ H3(Γ,Z)

is a a surjection.

In fact, it is enough to show thatH3(Γ,R) = {0}. In order to see this it is enough to
notice that we have aG action onBΓg′ with quotientBΓ,

G→ BΓg′
λ
→ BΓ (2.7)

and therefore, in the Leray-Serre spectral sequence, we have

E2 = TorH∗(G,R)(R, H∗(BΓg′ ,R))

that converges toH∗(BΓ,R). Moreover, we have

E2 = TorH∗(G,R)(R,R)

converging toH∗(BG,R), see 7.16 of29.

Notice also that, withR coefficients, we haveHq(BG,R) = {0} for q > 0. Thus
we obtain that, withR coefficients,Hq(BΓ,R) ∼= Hq(BΓ,R) is R in degreesq = 0 and
q = 2, R2g in degreeq = 1, and trivial in degreesq > 2. In particular, (2.6) now becomes

· · · → H2(Γ,Z)
i∗→ H2(Γ,R)

e2π
√−1

∗−→ H2(Γ,U(1))
δ
→ H3(Γ,Z)

i∗→ 0. (2.8)

In the following[Γ] will denote a choice of a generator in

H2(BΓ,R) ∼= R ∼= H2(BΓ,R).

Using equation (2.7) and the previous argument, we see thatλ∗[Σg′ ] = #(G)[Γ], since
BΓg′ andΣg′ are homotopy equivalent, and where#(G) denotes the order of the finite
groupG.
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In particular, for any multiplierσ of Γ with [σ] ∈ H2(Γg′ ,U(1)) and withδ(σ) = 0,
there is aR-valued 2-cocycleζ on Γ with [ζ] ∈ H2(Γ,R) such that[e2π

√
−1ζ ] = [σ].

Define a homotopy[σt] = [e2π
√
−1tζ ] ∀t ∈ [0, 1] which is a homotopy of multipliersσt

that connects the multiplierσ and the trivial multiplier. Note also that this homotopy is
canonicaland not dependent on the particular choice ofζ. Therefore one obtains a homo-
topy of isomorphism classes of twisted groupC∗-algebrasC∗(Γ, σt) connectingC∗(Γ, σ)

andC∗(Γ). It is this homotopy which will essentially be used to show thatC∗(Γ, σ) and
C∗(Γ) have the sameK-theory.

Let Γ ⊂ G be a discrete cocompact subgroup ofG andA be an algebra admitting an
action ofΓ by automorphisms. Then the cross product algebra[A⊗C0(G)] ⋊ Γ, is Morita
equivalent to the algebra of continuous sections vanishingat infinity C0(Γ\G, E), where
E → Γ\G is the flatA-bundle defined as the quotient

E = (A×G)/Γ → Γ\G. (2.9)

Here we consider the diagonal action ofΓ onA × G. We refer the reader to23 for the
technical definition of aK-amenable group. However we mention that any solvable Lie
group, and in fact any amenable Lie group isK-amenable, and in fact it is shown in23,
22 that the non-amenable groupsSO0(n, 1), SU(n, 1) areK-amenable Lie groups. Also,
Cuntz13 has shown that the class ofK-amenable groups is closed under the operations of
taking subgroups, under free products and under direct products.

Theorem 2.10 (23,24) If G isK-amenable, then(A⋊Γ)⊗C0(G) and[A⊗C0(G)]⋊Γ have
the sameK-equivariantK-theory, whereK acts in the standard way onG and trivially on
the other factors.

Combining Theorem 2.10 with the remarks above, one gets the following important
corollary.

Corollary 2.11 If G is K-amenable, then(A ⋊ Γ) ⊗ C0(G) andC0(Γ\G, E) have the
sameK-equivariantK-theory. Equivalently, one has forj = 0, 1,

KKj(C0(Γ\G, E)) ∼= KKj+dim(G/K)(A⋊ Γ).

We now come to the main theorem of this section, which generalizes theorems of9, 31,
32.

Theorem 2.12 Suppose givenΓ a discrete cocompact subgroup in aK-amenable Lie
groupG and suppose thatK is a maximal compact subgroup ofG. Then

K•(C
∗(Γ, σ)) ∼= KK

•+dim(G/K)(Γ\G, δ(Bσ)),

whereσ ∈ H2(Γ,U(1)) is any multiplier onΓ. HereKK
•(Γ\G, δ(Bσ)) is the twisted

K-equivariantK-theory of a continuous traceC∗-algebraBσ with spectrumΓ\G, and
δ(Bσ) denotes the Dixmier-Douady invariant ofBσ.
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Proof. Let σ ∈ H2(Γ,U(1)), then thetwistedcross product algebraA ⋊σ Γ is stably
equivalent to the cross product(A ⊗ K) ⋊ Γ whereK denotes compact operators. This
is the Packer-Raeburn stabilization trick31, which we now describe in more detail. Let
V : Γ → U(ℓ2(Γ)) denote the left regular(Γ, σ̄) representation onℓ2(Γ), i.e. forγ, γ1 ∈ Γ

andf ∈ ℓ2(Γ)

(V (γ1)f)(γ) = σ̄(γ1, γ
−1
1 γ)f(γ−1

1 γ).

Then forγ1, γ2 ∈ ℓ2(Γ), V satisfiesV (γ1)V (γ2) = σ̄(γ1, γ2)V (γ1γ2). That is,V is a pro-
jective representation ofΓ. SinceAd is trivial onU(1), it follows thatα(γ) = Ad(V (γ))

is a representation ofΓ onK. This is easily generalized to the case whenC is replaced by
the∗ algebraA.

Using Corollary 2.11, one sees thatA⋊σ Γ ⊗ C0(G) andC0(Γ\G, Eσ) have the same
K-equivariantK-theory, wheneverG isK-amenable, where

Eσ = (A⊗K ×G)/Γ → Γ\G

is a flatA ⊗ K-bundle overΓ\G andK is a maximal compact subgroup ofG. In the
particular case whenA = C, one sees thatC∗

r (Γ, σ) ⊗ C0(G) andC0(Γ\G, Eσ) have the
sameK-equivariantK-theory wheneverG isK-amenable, where

Eσ = (K ×G)/Γ → Γ\G.

But the twistedK-equivariantK-theoryKK
∗(Γ\G, δ(Bσ)) is by definition the same as

theK-equivariantK-theory of the continuous traceC∗-algebraBσ = C0(Γ\G, Eσ) with
spectrumΓ\G. Therefore

K•(C
∗(Γ, σ)) ∼= KK

•+dim(G/K)(Γ\G, δ(Bσ)).

⋄

Our next main result says that for discrete cocompact subgroups inK-amenable Lie
groups, the reduced and unreduced twisted groupC∗-algebras have canonically isomorphic
K-theories. Therefore all the results that we prove regarding theK-theory of these reduced
twisted groupC∗-algebras are also valid for the unreduced twisted groupC∗-algebras.

Theorem 2.13 Let σ ∈ H2(Γ,U(1)) be a multiplier onΓ and Γ be a discrete cocom-
pact subgroup in aK-amenable Lie group. Then the canonical morphismC∗(Γ, σ) →

C∗
r (Γ, σ) induces an isomorphism

K∗(C
∗(Γ, σ)) ∼= K∗(C

∗
r (Γ, σ)).

Proof. We note that by the Packer-Raeburn trick, one has

C∗(Γ, σ) ⊗K ∼= K ⋊ Γ
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and

C∗
r (Γ, σ) ⊗K ∼= K ⋊r Γ,

where⋊r denotes the reduced crossed product. SinceΓ is a lattice in aK-amenable Lie
group, the canonical morphismK ⋊ Γ → K ⋊r Γ induces an isomorphism (cf.13)

K∗(K ⋊ Γ) ∼= K∗(K ⋊r Γ),

which proves the result.⋄

We now specialize to the case where we haveG = SO0(2, 1), K = SO(2) and
Γ = Γ(g, ν1, . . . , νn) is a Fuchsian group, i.e. the orbifold fundamental group of ahy-
perbolic orbifold of signature(g, ν1, . . . , νn), Σ(g, ν1, . . . , νn), whereΓ ⊂ G (note that
G is K-amenable), or whenG = R2, K = {e} andg = 1, with Γ being a cocompact
crystallographic group.

Proposition 2.14 Letσ be a multiplier on the Fuchsian groupΓ of signature(g, ν1, . . . , νn)

such thatδ(σ) = 0. Then one has

1. K0(C
∗(Γ, σ)) ∼= K0(C

∗(Γ)) ∼= K0
orb(Σ(g, ν1, . . . , νn)) ∼= Z2−n+

∑ n
j=1

νj

2. K1(C
∗(Γ, σ)) ∼= K1(C

∗(Γ)) ∼= K1
orb(Σ(g, ν1, . . . , νn)) ∼= Z2g.

Proof. Now by a result due to Kasparov23, which he proves by connecting the regular
representation to the trivial one via the complementary series, one has

K•(C
∗(Γ)) ∼= K•

SO(2)(P (g, ν1, . . . , νn)) = K•
orb(Σ(g, ν1, . . . , νn)).

We recall next the calculation of Farsi15 for the orbifoldK-theory of the hyperbolic orb-
ifold Σ(g, ν1, . . . , νn)

K0
orb(Σ(g, ν1, . . . , νn)) ≡ K0(C

∗(Σ(g, ν1, . . . , νn)))

= K0
SO(2)(P (g, ν1, . . . , νn)) ∼= Z2−n+

∑ n
j=1

νj

and
K1

orb(Σ(g, ν1, . . . , νn)) ≡ K1(C
∗(Σ(g, ν1, . . . , νn)))

= K1
SO(2)(P (g, ν1, . . . , νn)) ∼= Z2g

By Theorem 2.12 we have

Kj(C
∗(Γ)) ∼= Kj

SO(2)(P (g, ν1, . . . , νn)) for j = 0, 1,

and more generally

Kj(C
∗(Γ, σ)) ∼= Kj

SO(2)(P (g, ν1, . . . , νn), δ(Bσ)), j = 0, 1,
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whereBσ = C(P (g, ν1, . . . , νn), Eσ). Finally, becauseEσ is a locally trivial bundle of
C∗-algebras overP (g, ν1, . . . , νn), with fiberK (= compact operators), it has a Dixmier-
Douady invariantδ(Bσ) which can be viewed as the obstruction toBσ being Morita equiv-
alent toC(Σg). But by assumptionδ(Bσ) = δ(σ) = 0. ThereforeBσ is Morita equivalent
toC(P (g, ν1, . . . , νn)) and we conclude that

Kj(C
∗(Γ, σ)) ∼= Kj

SO(2)(P (g, ν1, . . . , νn)) ∼= Kj
orb(Σ(g, ν1, . . . , νn)) j = 0, 1.

⋄

2.3. Twisted Kasparov map

Let Γ be as before, that is,Γ is the orbifold fundamental group of the hyperbolic orb-
ifold Σ(g, ν1, . . . , νn). Then for any multiplierσ onΓ, thetwisted Kasparov isomorphism,

µσ : K•
orb(Σ(g, ν1, . . . , νn)) → K•(C

∗
r (Γ, σ)) (2.10)

is defined as follows. Let
E → Σ(g, ν1, . . . , νn)

be an orbifold vector bundle overΣ(g, ν1, . . . , νn) defining an element

[E ] ∈ K0(Σ(g, ν1, . . . , νn)).

As in 25, one can form the twisted Dirac operator

6∂+
E : L2(Σ(g, ν1, . . . , νn),S+ ⊗ E) → L2(Σ(g, ν1, . . . , νn),S− ⊗ E)

whereS± denote the1
2 spinor bundles overΣ(g, ν1, . . . , νn). By Proposition 2.14 of the

previous subsection, there is a canonical isomorphism

K•(C
∗
r (Γ, σ)) ∼= K•

orb(Σ(g, ν1, . . . , νn)).

Both of these maps are assembled to yield the twisted Kasparov map as in (2.10). Observe
thatΣ(g, ν1, . . . , νn) = BΓ, and that the twisted Kasparov map has a natural generaliza-
tion, which will be studied elsewhere.

We next describe this map more explicitly. One can lift the twisted Dirac operator6∂+
E

as above, to aΓ-invariant operator̃6∂+
E on H = Σ̃(g, ν1, . . . , νn), which is the universal

orbifold cover ofΣ(g, ν1, . . . , νn),

˜6∂+
E : L2(H, S̃+ ⊗ E) → L2(H, S̃− ⊗ E)

Therefore as before in (2.8), for any multiplierσ of Γ with δ([σ]) = 1, there is aR-
valued 2-cocycleζ on Γ with [ζ] ∈ H2(Γ,R) such that[e2π

√
−1ζ ] = [σ]. By the earlier

argument using spectral sequences and the fibration as in equation (2.7), we see that the
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mapλ induces an isomorphismH2(Γ,R) ∼= H2(Γg′ ,R), and therefore there is a 2-form
ω on Σg′ such that[e2π

√
−1ω] = [σ]. Of course, the choice ofω is not unique, but this

will not affect the results that we are concerned with. Letω̃ denote the lift ofω to the
universal coverH. Since the hyperbolic planeH is contractible, it follows that̃ω = dη

whereη is a 1-form onH which is not in generalΓ invariant. Now∇ = d − iη is a
Hermitian connection on the trivial complex line bundle onH. Note that the curvature of

∇ is ∇2 = iω̃. Consider now the twisted Dirac operator˜6∂+

E which is twisted again by the
connection∇,

˜6∂+
E ⊗∇ : L2(H, S̃+ ⊗ E) → L2(H, S̃− ⊗ E).

It does not commute with theΓ action, but it does commute with the projective(Γ, σ)-
action which is defined by the multiplierσ, and it has an(Γ, σ)-L2-index

ind(Γ,σ)(
˜6∂+
E ⊗∇) ∈ K0(C

∗
r (Γ, σ)).

Formally,ind(Γ,σ)(
˜6∂+
E ⊗ ∇) = [P+] − [P−], whereP± denotes the projection to theL2

kernel of ˜6∂±E ⊗∇. The problem is that in general,P± only lies in the twisted von Neumann
algebra, and therefore one has to add a compact perturbationin C∗

r (Γ, σ) to the operator,
in order to properly define the index. This is essentially theC∗ index of Mishchenko-
Fomenko30, see also34. Then observe that thetwisted Kasparov mapis

µσ([E ]) = ind(Γ,σ)(
˜6∂+
E ⊗∇)) ∈ K0(C

∗(Γ, σ)).

The canonical trace onC∗
r (Γ, σ)) induces a linear map

[tr ] : K0(C
∗
r (Γ, σ)) → R

which is called thetrace mapin K-theory. Explicitly, we first extendtr to matrices with
entries inC∗(Γ, σ) as (with Trace denoting matrix trace):tr(f ⊗ r) = Trace(r)tr(f).

Then the extension oftr toK0 is given by[tr ]([e] − [f ]) = tr(e) − tr(f), wheree, f are
idempotent matrices with entries inC∗(Γ, σ)).

Clearly one has

indexL2( ˜6∂+
E ⊗∇)) = [tr ]

(
ind(Γ,σ)(

˜6∂+
E ⊗∇))

)

2.4. Range of the trace map on K0: the case of two dimensional orbifolds

We can now state the first major theorem of this section.

Theorem 2.15 Let Γ be a Fuchsian group of signature(g, ν1, . . . , νn), andσ be a multi-
plier of Γ such thatδ(σ) = 0. Then the range of the trace map is

[tr](K0(C
∗
r (Γ, σ))) = Zθ + Z +

n∑

i=1

Z(1/νi),
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where2πθ = 〈[σ], [Γ]〉 ∈ (0, 1] is the result of pairing the multiplierσ with the fundamen-
tal class ofΓ (cf. subsection 2.1).

Proof.

We first observe that by the results of the previous subsection the twisted Kasparov map
is an isomorphism. Therefore to compute the range of the trace map onK0, it suffices to
compute the range of the trace map on elements of the form

µσ([E0] − [E1])

for any element

[E0] − [E1] ∈ K0
orb(Σ(g, ν1, . . . , νn)).

whereE0, E1 are orbifold vector bundles over the orbifoldΣ(g, ν1, . . . , νn), which as in
section 1.4, can be viewed asG-equivariant vector bundles over the Riemann surfaceΣg′

which is an orbifoldG covering of the orbifoldΣ(g, ν1, . . . , νn).

By the twistedL2 index theorem for orbifolds, Theorem 1.7, one has

[tr ](ind(Γ,σ)(
˜6∂+
E ⊗∇)) =

1

2π

∫

Σ(g,ν1,...,νn)

Â(Ω)tr(eRE
)eω. (2.11)

We next simplify the right hand side of equation (2.11) using

Â(Ω) = 1

tr(eRE
) = rankE + tr(RE)
eω = 1 + ω.

Therefore one has

[tr ](ind(Γ,σ)(
˜6∂+
E ⊗∇)) =

rankE

2π

∫

Σ(g,ν1,...,νn)

ω +
1

2π

∫

Σ(g,ν1,...,νn)

tr(RE),

Now by the index theorem for orbifolds, due to Kawasaki25, we see that

1

2π

∫

Σ(g,ν1,...,νn)

tr(RE) +
1

2π

n∑

i=1

βi/νi = index(6∂+
E ) ∈ Z,

Therefore we see that

1

2π

∫

Σ(g,ν1,...,νn)

tr(RE) ∈ Z +

n∑

i=1

Z(1/νi)

Observe that ∫

Σ(g,ν1,...,νn)

ω =
1

#(G)

∫

Σg′
ω = 〈[ω], [Γ]〉
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sinceΣg′ is an orbifoldG covering of the orbifoldΣ(g, ν1, . . . , νn) and [Γ] is equal to
[Σg′ ]
#(G) , cf. section 2.1 and that by assumption,

〈[ω], [Γ]〉

2π
− θ ∈ Z.

It follows that the range of the trace map onK0 is

Z
〈[ω], [Γ]〉

2π
+ Z +

n∑

i=1

Z(1/νi) = Zθ + Z +

n∑

i=1

Z(1/νi).

⋄

We will now discuss one application of this result, leaving further applications to the
next section.The application studies the number of projections in the twisted groupC∗-
algebra, which is a problem of independent interest.

We first recall the definition of the Kadison constant of a twisted groupC∗-algebra.
TheKadison constantof C∗

r (Γ, σ) is defined by:

Cσ(Γ) = inf{tr(P ) : P is a non-zero projection inC∗
r (Γ, σ) ⊗K}.

Proposition 2.16 LetΓ be as in Theorem 2.15. Letσ be a multiplier onΓ such thatδ(σ) =

0, and2πθ = 〈[σ], [Γ]〉 ∈ (0, 1] be the result of pairing the cohomology class ofσ with the
fundamental class ofΓ. If θ is rational, then there are at most a finite number of unitary
equivalence classes of projections, other than0 and1, in the reduced twisted groupC∗-
algebraC∗

r (Γ, σ).

Proof. By assumption,θ = p/q. LetP be a projection inC∗
r (Γ, σ). Then1 − P is also a

projection inC∗
r (Γ, σ) and one has

1 = tr(1) = tr(P ) + tr(1 − P ).

Each term in the above equation is non-negative. Sinceσ is rational and by Theorem 2.15,
it follows that the Kadison constantCσ(Γ) > 0 andtr(P ) ∈ {0, Cσ(Γ), 2Cσ(Γ), . . . 1}.
By faithfulness and normality of the tracetr , it follows that there are at most a finite number
of unitary equivalence classes of projections, other than those of0 and1 in C∗

r (Γ, σ). ⋄

2.5. Range of the trace map on K0: the case of 4 dimensional real and

complex hyperbolic manifolds

We prove here the analogue of the results of the previous subsection, for the case of
compact, real and complex hyperbolic four dimensional manifolds.

We now set some notation for the theorem below. LetΓ be a discrete, torsion-free
cocompact subgroup ofG = SO0(1, 4) or SU(1, 2). We will assume thatδ(σ) = 0,
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therefore there is a closedΓ-invariant two formω onG/K, whereK is a maximal compact
subgroup ofG, such that[e2iπω] = [σ]. LetQ(a, b) = 〈a ∪ b, [Γ]〉 a, b ∈ H2(Γ,R) be
the intersection form onΓ\G/K. Define the linear functionalTω : H2(Γ,Z) → R as
Tω(a) = Q(ω, a). Then we have:

Theorem 2.17 Let Γ be a discrete, torsion-free cocompact subgroup ofSO0(1, 4) or of
SU(1, 2), andσ be a multiplier ofΓ such thatδ(σ) = 0. We assume also thatΓ\G/K is
a spin manifold. Then the range of the trace map is

[tr](K0(C
∗
r (Γ, σ))) = Zθ + Z +B,

where2(2π)2θ = 〈[ω∪ω], [Γ]〉 is the result of pairing the cup product of multipliers[ω∪ω]

with the fundamental class ofΓ, andB = range(Tω).

Proof.

We observe again that by the results of the previous subsection the twisted Kasparov
map is an isomorphism. Therefore to compute the range of the trace map onK0, it suffices
to compute the range of the trace map on elements of the form

µσ([E0] − [E1])

for any element
[E0] − [E1] ∈ K0(Γ\G/K).

whereE0, E1 are vector bundles over the compact manifoldΓ\G/K.

By the twistedL2 index theorem, Theorem 1.7, one has

[tr ](ind(Γ,σ)(
˜6∂+
E ⊗∇)) =

1

(2π)2

∫

Γ\G/K

Â(Ω)tr(eRE
)eω. (2.12)

We next simplify the right hand side of equation (2.12) using

Â(Ω) = 1 − 1
24p1(Ω)

tr(eRE
) = rankE + tr(RE) + 1

2 tr(RE2
)

eω = 1 + ω + 1
2ω

2.

Therefore one has

[tr ](ind(Γ,σ)(
˜6∂+
E ⊗∇)) =

rankE

2(2π)2

∫

Γ\G/K

ω2

+
1

2(2π)2

∫

Γ\G/K

tr(RE2
) −

1

24(2π)2

∫

Γ\G/K

p1(Ω) +
1

(2π)2

∫

Γ\G/K

tr(RE) ∧ ω,

Now by the Atiyah-Singer index theorem3, we see that

−
1

24(2π)2

∫

Γ\G/K

p1(Ω) +
1

2(2π)2

∫

Γ\G/K

tr(RE2
) = index(6∂+

E ) ∈ Z,
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Therefore we see that

[tr ](K0(C
∗
r (Γ, σ))) = Zθ + Z +B,

where2(2π)2θ =

∫

Γ\G/K

ω2 and B = range(Tω).⋄

Remarks 2.18 The spin hypothesis onΓ\G/K can be easily replaced by spinC, without
much alteration in the proof.

The proof of the following proposition is similar to that of Proposition 2.8 and we omit
it.

Proposition 2.19 LetΓ be as in Theorem 2.17. Letσ be a multiplier onΓ such thatδ(σ) =

0. If σ defines a rational cohomology class, then there are at most a finite number of unitary
equivalence classes of projections, other than0 and1, in the reduced twisted groupC∗-
algebraC∗

r (Γ, σ).

3. Applications to the spectral theory of projectively periodic elliptic

operators and the classification of twisted group C∗ algebras

In this section, we apply the range of the trace theorem, to prove some qualitative re-
sults on the spectrum of projectively periodic self adjointelliptic operators on the universal
covering of a good orbifold, or what is now best known as non-commutative Bloch theory.
In particular, we study generalizations of the hyperbolic analogue of the Ten Martini Prob-
lem in 9 and the Bethe-Sommerfeld conjecture. We also classify up toisomorphism, the
twisted groupC∗ algebras for a cocompact Fuchsian group.

Let M be a compact, good orbifold, that is, the universal coverΓ → M̃ → M is
a smooth manifold and we will assume as before that there is a(Γ, σ̄)-action onL2(M̃)

given byTγ = Uγ ◦ Sγ ∀γ ∈ Γ. Let Ẽ , F̃ be Hermitian vector bundles onM and letẼ , F̃
be the corresponding lifts toΓ-invariants Hermitian vector bundles oñM . Then there are
(Γ, σ)-actions onL2(M̃, Ẽ) andL2(M̃, F̃) which are also given byTγ = Uγ ◦Sγ ∀γ ∈ Γ.

Now letD : L2(M̃, Ẽ) → L2(M̃, F̃) be a self adjoint elliptic differential operator that
commutes with the(Γ, σ̄)-action that was defined earlier. We begin with some basic facts
about the spectrum of such an operator. Recall that thediscrete spectrumofD, specdisc(D)

consists of all the eigenvalues ofD that have finite multiplicity, and theessential spectrum
ofD, specess(D) consists of the complementspec(D)\ specdisc(D). That is,specess(D)

consists of the set of accumulation points of the spectrum ofD, spec(D). Our first goal is
to prove that the essential spectrum is unbounded. Our proofwill be a modification of an
argument in35.

Lemma 3.20 Let D : L2(M̃, Ẽ) → L2(M̃, Ẽ) be a self adjoint elliptic differential op-
erator that commutes with the(Γ, σ̄)-action. Then thediscrete spectrumof D is empty.
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Proof. Letλ be an eigenvalue ofD andV denote the corresponding eigenspace. ThenV is
a(Γ, σ)- invariant subspace ofL2(M̃, Ẽ). If F is a relatively compact fundamental domain
for the action ofΓ onM̃ , one sees as in section 1.2 that there is a(Γ, σ̄)-isomorphism

L2(M̃, Ẽ) ∼= L2(Γ) ⊗ L2(F , Ẽ |F)

Here the(Γ, σ̄)-action onL2(F , Ẽ |F ) is trivial, and is the regular(Γ, σ̄) representation on
L2(Γ). Therefore it suffices to show that the dimension ofany(Γ, σ̄)-invariant subspaceV
of L2(Γ) is infinite dimensional. Let{v1, . . . , vN} be an orthonormal basis forV . Then
one has

Tγvi(γ
′) =

N∑

j=1

Uij(γ)vj(γ
′) ∀γ, γ′ ∈ Γ

whereU = (Uij(γ)) is someN ×N unitary matrix. Therefore

N =
∑N

j=1 ||vi||2 =
∑N

j=1

∑
γ∈Γ |vi(γγ

′)|2

=
∑

γ∈Γ

∑N
i=1

∑N
j=1

∑N
k=1 Uij(γ)Uik(γ)vj(γ

′)vk(γ′)

=
∑

γ∈Γ

∑N
j=1 |vj(γ

′)|2

= #(Γ)
∑N

j=1 |vj(γ
′)|2.

Since#(Γ) = ∞, it follows that eitherN = 0 orN = ∞. ⋄

Corollary 3.21 Let D be as in Lemma 3.20 above. Then theessential spectrumof D
coincides with the spectrum ofD, and so it is unbounded.

Proof. By the Lemma above, we conclude thatspecess(D) andspec(D) coincide. Since
D is an unbounded self-adjoint operator, it is a standard factthatspec(D) is unbounded cf.
18, yielding the result.⋄

Note that in general the spectral projections ofD, Eλ 6∈ C∗(σ) (see section 1.2 for the
definition). However one has

Proposition 3.22 (Sunada, Bruning-Sunada)LetD be defined as in Lemma 3.20 above.
If λ0 6∈ spec(D), thenEλ0

∈ C∗(σ).

Proof. Firstly, there is a standard reduction to the case whenD is positive and of even
orderd ≥ 2 cf. 8, so we will assume this without loss of generality. By a result of Greiner,
see also Bruning-Sunada8, there are off diagonal estimates for the Schwartz kernel ofthe
heat operatore−tD

|kt(x, y)| ≤ C1t
−n/dexp

(
−C2d(x, y)

d/(d−1)t−1/(d−1)
)

for some positive constantsC1, C2 and for t > 0 in any compact interval. Since the
volume growth of a orbifold covering space is at most exponential, we see in particular that
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|kt(x, y)| isL1 in both variable separately, so that

e−tD ∈ C∗(σ).

Note that
χ[0,e−tλ](D) = χ[0,λ](e

−tD).

Let t = 1 andλ1 = − logλ0. Thenλ1 6∈ spec(e−D) and

χ[0,λ1](e
−D) = φ(e−D)

whereφ is a compactly supported smooth function,φ ∼= 1 on [0, λ1] andφ ∼= 0 on the
remainder of the spectrum. SinceC∗(σ) is closed under the continuous functional calculus,
it follows thatφ(e−D) ∈ C∗(σ), that isEλ0

∈ C∗(σ). ⋄

LetD be any(Γ, σ̄)-invariant self-adjoint elliptic differential operatorD on M̃ . Since
the spectrumspec(D) is a closed subset ofR, its complementR\spec(D) is a countable
union ofdisjointopen intervals. Each such interval is called agapin the spectrum.

Proposition 3.23 LetΓ be a Fuchsian group of signature(g, ν1, . . . , νn). Letσ be a mul-
tiplier on Γ such thatδ(σ) = 0, and2πθ = 〈[σ], [Γ]〉 ∈ (0, 1] be the result of pairing the
cohomology class ofσ with the fundamental class ofΓ. If θ is rational, then the spectrum
of any(Γ, σ̄)-invariant self-adjoint elliptic differential operatorD on M̃ has only a finite
number of gaps in the spectrum in every half line(−∞, λ]. HereΓ → M̃ →M is the uni-
versal orbifold covering of a compact good orbifoldM with orbifold fundamental groupΓ.
In particular, the intersection ofspec(D) with any compact interval inR is never a Cantor
set.

Proof. We first observe that by equation 1.2 in section 1.2, one hasC∗(σ) ∼= C∗
r (Γ, σ)⊗K.

By Proposition 2.16 and Theorem 2.15, it follows that one hasthe estimateCσ(Γ) ≥ 1/q >

0 for the Kadison constant in this case. Then one applies Theorem 1 in Brüning-Sunada8

to deduce the proposition.⋄

In words, we have shown that whenever the multiplier is rational, then the spectrum of a
projectively periodic elliptic operator is the union of countably many (possibly degenerate)
closed intervals, which can only accumulate at infinity.

Recall the importantΓ-invariant elliptic differential operator, which is the Schrödinger
operator

HV = ∆ + V

where∆ denotes the Laplacian on functions oñM andV is aΓ-invariant function oñM . It
is known that the Baum-Connes conjecture is true for all amenable discrete subgroups of a
connected Lie group and also for discrete subgroups ofSO(n, 1), see23 andSU(n, 1), see
22. For all these groupsΓ, it follows that the Kadison constantC1(Γ) is positive. Therefore
we see by the arguments above that the spectrum of the periodic elliptic operatorHV is the
union of countably many (possibly degenerate) closed intervals, which can only accumulate
at infinity. This gives evidence for the following:
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Conjecture 1 (The Generalized Bethe-Sommerfeld conjecture) The spectrum of anyΓ-
invariant Schr̈odinger operatorHV has only afinite number of bands, in the sense that the
intersection of the resolvent set withR has only a finite number of components.

We remark that the Bethe-Sommerfeld conjecture has been proved completely by Skrig-
anov39 in the Euclidean case.

This leaves open the question of whether there are(Γ, σ̄)-invariant elliptic differen-
tial operatorsD on H with Cantor spectrum whenθ is irrational. In the Euclidean case,
this is usually known as theTen Martini Problem, and is to date, not completely solved,
though much progress has been made38. We pose a generalization of this problem to the
hyperbolic case (which also includes the Euclidean case):

Conjecture 2 (The Generalized Ten Dry Martini Problem) Suppose given a multiplier
σ on Γ such thatδ(σ) = 0, and let2πθ = 〈[σ], [Γ]〉 ∈ (0, 1] be the result of pairing
the cohomology class ofσ with the fundamental class ofΓ. If θ is irrational, then there
is a (Γ, σ̄)-invariant elliptic differential operatorD on H which has a Cantor set type
spectrum, in the sense that the intersection ofspec(D) with some compact interval inR is
a Cantor set.

3.1. The four-dimensional case

The spectral properties studied in this section do not represent a purely two-dimensional
phenomenon. In fact, it is possible to derive similar results in higher dimensions, as the
following example shows.

Proposition 3.24 LetΓ be a discrete, torsion-free cocompact subgroup ofSO0(1, 4) or of
SU(1, 2), andσ be a multiplier ofΓ such thatδ(σ) = 0. We assume also thatΓ\G/K

is a spin manifold. If[ω] ∈ H2(M,R) is a rational cohomology class, then the spectrum
of any(Γ, σ̄)-invariant self-adjoint elliptic differential operatorD onM has only a finite
number of gaps in the spectrum in every half line(−∞, λ]. In particular, the intersection
of spec(D) with any compact interval inR is never a Cantor set.

Proof. By Proposition 2.19 and Theorem 2.17, it follows that one hasthe estimateCσ(Γ) ≥

1/q > 0 for the Kadison constant in this case. Then one applies Theorem 1 in Brüning-
Sunada8 to deduce the proposition.⋄

3.2. On the classification of twisted group C∗-algebras

We will now use the range of the trace theorem 2.15, to give a complete classification,
up to isomorphism, of the twisted groupC∗-algebrasC∗(Γ, σ), whereΓ is a Fuchsian
group of signature(g, ν1, . . . , νn) and we assume as before thatδ(σ) = 0.
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Proposition 3.25 (The isomorphism classification of twisted group C∗–algebras)Let
σ, σ′ ∈ H2(Γ,R/Z) be multipliers onΓ satisfyingδ(σ) = 0 = δ(σ′), and

2πθ = 〈σ, [Γ]〉 ∈ (0, 1], 2πθ′ = 〈σ′, [Γ]〉 ∈ (0, 1]

be the result of pairingσ, σ′ with the fundamental class ofΓ. ThenC∗(Γ, σ) ∼= C∗(Γ, σ′)
if and only if

θ′ ∈

{
(θ +

n∑

i=1

βi/νi) mod1, (1 − θ +

n∑

i=1

βi/νi) mod1

}
,

where0 ≤ βi ≤ νi − 1 ∀i = 1, . . . , n.

Proof. Let tr andtr
′ denote the canonical traces onC∗(Γ, σ) andC∗(Γ, σ′) respectively.

Let
φ : C∗(Γ, σ) ∼= C∗(Γ, σ′)

be an isomorphism, and let

φ∗ : K0(C
∗(Γ, σ)) ∼= K0(C

∗(Γ, σ′))

denote the induced map onK0. By Theorem 2.15, the range of the trace map onK0 is

[tr ](K0(C
∗(Γ, σ))) = Zθ + Z +

n∑

i=1

Z(1/νi)

and

[tr ′](K0(C
∗(Γ, σ′))) = Zθ′ + Z +

n∑

i=1

Z(1/νi).

Therefore ifθ is irrational, then

Zθ + Z +

n∑

i=1

Z(1/νi) = Zθ′ + Z +

n∑

i=1

Z(1/νi)

implies thatθ′ is also irrational and that

θ ± θ′ ∈ Z +

n∑

i=1

Z(1/νi).

Sinceθ, θ′ ∈ (0, 1], one deduces that

θ′ ∈

{
(θ +

n∑

i=1

βi/νi) mod1, (1 − θ +

n∑

i=1

βi/νi) mod1

}
,

where0 ≤ βi ≤ νi − 1 ∀i = 1, . . . , n. Virtually the same argument holds whenθ is
rational, but one argues inK-theory first, and applies the trace only at the final step.
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First observe that a diffeomorphismC : Σg′ → Σg′ lifts to a diffeomorphismC′ of H
such thatC′ΓC′−1

= Γ, i.e. it defines an automorphism ofΓ. Recall that the finite group

G = {Ci : Cνi

i = 1 ∀i = 1, . . . , n}

acts onΣg′ with quotientΣ(g, ν1, . . . , νn). By the observation above, we see thatG also
acts as automorphisms ofΓ. NowCi[Γ] = λi[Γ], whereλi ∈ C. SinceCiCj [Γ] = λiλj [Γ]

andCνi

i = 1, it follows thatλi is anνth
i root of unity, i.e.λi = e2π

√
−1(1/νi). LetC ∈ G,

i.e.C =
∏n

i=1 C
βi

i . We evaluate

< C∗[σ], [Γ] >=< [σ], C∗[Γ] >= < [

n∏

i=1

λβi

i σ], [Γ] > = θ +

n∑

i=1

βi/νi.

As in section 2.1 we see that

C∗[σ] = [

n∏

i=1

λβi

i σ] ∈ ker δ ⊂ H2(Γ,U(1)).

Therefore the automorphismC∗ of Γ induces an isomorphism of twisted groupC∗-algebras

C∗(Γ, σ) ∼= C∗(Γ, C∗σ) ∼= C∗(Γ, λσ).

whereλ =
∏n

i=1 λ
βi

i .

Now letψ : Σg′ → Σg′ be an orientation reversing diffeomorphism. Then as observed
earlier,ψ induces an automorphismψ∗ : Γ → Γ of Γ. We evaluate

< ψ∗[σ], [Γ] >=< [σ], ψ∗[Γ] >= < [σ], [Γ] > =< [σ̄], [Γ] >,

sinceψ is orientation reversing. As in section 2.1 we see thatψ∗[σ] = [σ̄] ∈ ker δ ⊂

H2(Γ,U(1)). Therefore the automorphismψ∗ of Γ induces an isomorphism of twisted
groupC∗-algebras

C∗(Γ, σ) ∼= C∗(Γ, ψ∗σ) ∼= C∗(Γ, σ̄).

Therefore ifθ′ ∈ {(θ +
∑n

i=1 βi/νi) mod1, (1 − θ +
∑n

i=1 βi/νi) mod1}, where
0 ≤ βi ≤ νi − 1 ∀i = 1, . . . , n, one hasC∗(Γ, σ) ∼= C∗(Γ, σ′), completing the proof of
the proposition.⋄
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