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(57) ABSTRACT

Centralized node controllers in accordance with embodi-
ments of the invention enable linear approximation of optimal
power flow. One embodiment includes a centralized node
controller including: a network interface, a processor, and a
memory containing: a centralized power control application a
network topology, where the network is multiphase unbal-
anced and comprises a plurality of connected nodes; wherein
the processor is configured by the centralized controller
application to: request node operating parameters from the
plurality of connected nodes; calculate network operating
parameters using a linear approximation of optimal power
flow and the node operating parameters from the plurality of
connected nodes; send network operating parameters to the
plurality of connected nodes.
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SYSTEMS AND METHODS FOR CONVEX
RELAXATIONS AND LINEAR
APPROXIMATIONS FOR OPTIMAL POWER
FLOW IN MULTIPHASE RADIAL
NETWORKS

CROSS-REFERENCE TO RELATED
APPLICATIONS

[0001] The present invention claims priority to U.S. Provi-
sional Patent Application Ser. No. 62/004,046 entitled “Opti-
mal Power Flow in Multiphase Radial Network™ to Gan et al.,
filed May 28, 2014. The disclosure of U.S. Provisional Patent
Application Ser. No. 62/004,046 is herein incorporated by
reference in its entirety.

STATEMENT OF FEDERALLY SPONSORED
RESEARCH

[0002] This invention was made with government support
under DE-AR0000226/T-106986 & DE-AR0000226/T-
107186 awarded by the Department of Energy. The govern-
ment has certain rights in the invention.

FIELD OF THE INVENTION

[0003] The present invention relates to optimal power flow
and more specifically to linear approximations of optimal
power flow on multiphase unbalanced networks.

BACKGROUND

[0004] An incredible amount of infrastructure is relied
upon to transport electricity from power stations, where the
majority of electricity is currently generated, to individual
homes. Power stations can generate electricity in a number of
ways including using fossil fuels or using renewable sources
of energy such as solar, wind, and hydroelectric sources.
Once electricity is generated it travels along transmission
lines to substations. Substations typically do not generate
electricity, but can change the voltage level of the electricity
as well as provide protection to other grid infrastructure dur-
ing faults and outages. From here, the electricity travels over
distribution lines to bring electricity to individual homes. The
infrastructure used to transport electricity through the power
grid can be viewed as a graph comprised of nodes and lines.
The power stations substations, and any end user can be
considered nodes within the graph. Transmission and distri-
bution lines connecting these nodes can be represented by
lines.

[0005] Distributed power generation, electricity generation
at the point where it is consumed, is on the rise with the
increased use of residential solar panels and is fundamentally
changing the path electricity takes to many users’ homes. The
term “smart grid” describes a new approach to power distri-
bution which leverages advanced technology to track and
manage the distribution of electricity. A smart grid applies
upgrades to existing power grid infrastructure including the
addition of more renewable energy sources, advanced smart
meters that digitally record power usage in real time, and
bidirectional energy flow that enables the generation and
storage of energy in additional locations along the electrical
grid.
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SUMMARY OF THE INVENTION

[0006] Centralized node controllers in accordance with
embodiments of the invention enable linear approximation of
optimal power flow. One embodiment includes a centralized
node controller including: a network interface, a processor,
and a memory containing: a centralized power control appli-
cation a network topology, where the network is multiphase
unbalanced and comprises a plurality of connected nodes;
wherein the processor is configured by the centralized con-
troller application to: request node operating parameters from
the plurality of connected nodes; calculate network operating
parameters using a linear approximation of optimal power
flow and the node operating parameters from the plurality of
connected nodes; send network operating parameters to the
plurality of connected nodes.

[0007] In a further embodiment, the linear approximation
of optimal power flow further includes the assumption of
small line losses.

[0008] Inanother embodiment, the linear approximation of
optimal power flog further includes the assumption of nearly
balanced voltage.

[0009] Ina still further embodiment, the linear approxima-
tion of optimal power flow is evaluated using the following
expressions:

LPF:

S agesi= AT JeN:

i) ki ok
Sij = yq)"fdiag(/\;j), i-

@;;
_ i H H o .
vi=vt =Sz =S, i

where 1, j, and k are nodes in the plurality of connected nodes,
A and S are power flows, s is a complex power injection, v is
avoltage, 7 is a phase impedance matrix, and v is a matrix of
constants.

[0010] In still another embodiment, the network topology
further includes a radial network.

[0011] In a yet further embodiment, the network topology
further includes a network modeled on Kirchoffs laws.
[0012] In yet another embodiment, the network topology
further includes a bus injection model (BIM) network model
[0013] In a further embodiment again, the network topol-
ogy further comprises a branch flow model (BFM) network
model.

[0014] Inanother embodiment again, the network topology
is simplified using a convex relaxation.

[0015] In a further additional embodiment, the convex
relaxation is a semidefinite programming (SDP) relaxation.
[0016] In another additional embodiment, the SDP relax-
ation exploits a radial network topology.

[0017] Inastill yet further embodiment, the network topol-
ogy further includes a bus injection model (BIM) network
topology, and wherein the SDP relaxation exploiting a radial
network topology further includes a BIM-SDP which is
evaluated using the following expression:

BIM-SDP:

min » Ci(s;)
ieN

over s, v, W
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where 11s a node in the plurality of connected nodes, N is the
plurality of connected nodes, s is a power injection, v is a
voltage, C is a function of optimal power flow, and W is a
constraint.

[0018] In still yet another embodiment, the BIM-SDP is
subject to constraints.

[0019] In a still further embodiment again, the constraints
are evaluated using the following expressions:

min » Ci(s;)
ieN

over 5; € C%! and v; e H®X%! for i e N

wy e Cl%Ml gor i~ j,

st = Z diag[(v?ij - W;j)yg]Qi, ieN;

S
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>
vil Wy
w

gt
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where 1, and j, are nodes in the plurality of connected nodes,
N is the plurality of connected nodes, C is a function of
optimal power flow, s is a power flow, T is a complex matrix,
vandV are voltages, H is a set of complex Hermitian matri-
ces, @ is a phase, y is an inverse phase impedance matrix, and
W is a constraint.

[0020] In still another embodiment again, the network
topology further includes a branch flow model (BFM) net-
work topology, and wherein the SDP relaxation exploiting a
radial network topology further includes a BFM-SDP which
is evaluated using the following expression:

BFM-SDP:
min ) C;(s;)
ieN

over s, v, S, I

where 11s a node in the plurality of connected nodes, N is the
plurality of connected nodes, s is a power injection, v is a
voltage, C is a function of optimal power flow, S is a power
flow, and 1 is a slack variable.

[0021] Another further embodiment of the method of the
invention includes: BFM-SDP is subject to constraints.
[0022] Still another further embodiment of the method of
the invention includes: the constraints are evaluated using the
following expressions:

min C; (S;)
ieN

over 5; € C%1, v; e HI%NI® for j e N;
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-continued
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where 1, j, and k are nodes in the plurality of connected nodes,

N is the plurality of connected nodes, C is a function of
optimal power flow, s is a power flow, T is a complex matrix,
vandV are voltages, H is a set of complex Hermitian matri-
ces, @ is a phase, S is a power flow, 1 is a slack variable, and
7 is a phase impedance matrix.

BRIEF DESCRIPTION OF THE DRAWINGS

[0023] FIG.1is adiagram conceptually illustrating a power
distribution network in accordance with an embodiment of
the invention.

[0024] FIG. 2 is a diagram conceptually illustrating nodes
within a power distribution network that are controlled by
node controllers, which communicate via a communication
network, in accordance with an embodiment of the invention.
[0025] FIG. 3 is a block diagram of a centralized controller
in accordance with an embodiment of the invention.

[0026] FIG. 4 is a block diagram of a node controller in
accordance with an embodiment of the invention.

[0027] FIG. 5 is a diagram illustrating a radial network in
accordance with an embodiment of the invention.

[0028] FIG. 6 is a diagram illustrating a relationship
between nodes and operating parameters in an optimal power
flow model in accordance with an embodiment of the inven-
tion.

[0029] FIG. 7 is a flow chart illustrating a process for a
semidefinite programming (SDP) relaxation of a radial net-
work in accordance with an embodiment of the invention.
[0030] FIG. 8 is a flow chart illustrating a process for solv-
ing for optimal power flow utilizing a linear approximation
and a centralized computing system in accordance with an
embodiment of the invention.

[0031] FIG. 9 is a flow chart illustrating a process for solv-
ing for optimal power flow utilizing a linear approximation
and a node controller in accordance with an embodiment of
the invention.

[0032] FIGS. 10A-10B are tables illustrating simulated
results of Bus Injection Model SDP and Branch Flow Model
SDP with a 5% and 10% voltage flexibility respectively in
accordance with an embodiment of the invention.

[0033] FIG. 11 is atableillustrating simulated results of the
accuracy of a linear approximation Linear Power Flow (LPF)
compared to a forward backward sweep algorithm in accor-
dance with an embodiment of the invention.
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DETAILED DESCRIPTION

[0034] Turning now to the drawings, systems and methods
for centralized control of power distribution systems config-
ured as radial networks in accordance with embodiments of
the invention are illustrated. In many embodiments, processes
are performed to control multiphase unbalanced power dis-
tribution networks, in several embodiments, the processes are
also utilized to perform control of single phase and/or mul-
tiphase balanced power distribution networks. The term
single phase is used to describe a power distribution network
that incorporates a single alternating current source. When
several sources are used, and the sources are distributed in
equally spaced regular intervals (typically 120 degrees for a
commonly used three phase network), the power distribution
network is described as multiphase balanced network. Single
phase and multiphase balanced network problems can often
be solved with similar analysis. In the discussions to follow,
networks that distribute power in a single phase or a mul-
tiphase balanced manner are both be referred to single phase
networks. An alternative method of distributing power is mul-
tiphase unbalanced. In this manner of power distribution,
several voltage sources are, unevenly spaced. Multiphase
unbalanced networks often require a different analysis due to
the complexity in unevenly distributed voltages compared to
single phase and/or multiphase balanced networks. Unless
otherwise noted, multiphase unbalanced networks will be
referred to as multiphase networks. Single phase and mul-
tiphase power distribution networks can both be represented
as a radial network. Radial networks have a tree topology
where each node is connected to a single unique ancestor and
a set of unique children. Radial networks can be utilized in
modeling the distribution side of the power grid.

[0035] Inmany embodiments, processing nodes are distrib-
uted throughout a power distribution network that control
power load, distributed power generation, and remote battery
storage. In several embodiments, the processing nodes con-
trol the operational parameters of aspects of the power distri-
bution network in an effort to achieve what is often referred to
as Optimal Power Flow (OPF). Achieving OPF involves opti-
mizing the operation of a power system with respect to one or
more objectives. These objectives can include (but are not
limited to) minimizing the amount of power lost during the
transmission of power to a user, minimizing the cost of gen-
erating the power needed for the system, and/or seeking to
optimize other general operational constraints.

[0036] In several embodiments, a centralized processor
determines operating parameters for a node of the power
distribution network by performing a linear approximation
using information received from nodes within the power dis-
tribution network. The nodes that can be controlled include
(but are not limited to) a dynamic load, a distributed power
generator (e.g. residential solar array), or battery storage. The
operational parameters that are controlled typically depend
upon the nature of the controlled node and can include (but
are not limited to) voltage, power injection, current, and/or
impedance. In many embodiments, the specific linear
approximation calculation utilized by the centralized proces-
sor is selected based upon a semidefinite program (SDP)
relaxation of a solution for optimal power flow in a mul-
tiphase unbalanced power distribution network. In several
embodiments, the SDP relaxation takes advantage of a power
distribution network’s radial network topology to obtain sig-
nificant computational efficiency in a calculation of OPF.
While much of the discussion that follows involves central-

Dec. 3, 2015

ized calculation of operational parameters for nodes of a
power distribution network, a number of embodiments of the
present invention perform centralized, distributed, and/or
hybrid processes that coordinate the control of the power
distribution network. In general, centralized processes can be
considered to use a centralized processing system to calculate
operational parameters for nodes within the power distribu-
tion network that are then distributed to the nodes via a
communication network. By contrast, distributed processes
involve individual nodes determining their operating param-
eters and often rely upon messages passed between process-
ing nodes. Hybrid processes are typically regarded as using a
combination of centralized and distributed processes.

[0037] Systems and methods for performing centralized
control of radial power distribution networks to achieve OPF
and solutions to the centralized OPF problem that can be
utilized in the implementation of such systems and methods
in accordance with embodiments of the invention are dis-
cussed further below.

Radial Power Distribution Networks

[0038] A power distribution network in accordance with an
embodiment of the invention is shown in FIG. 1. Electricity is
generated in power generator 102. Power transmission lines
104, can transmit electricity between the power generator and
power substation 106. Power substation 106 additionally can
connect to large storage battery 108, which temporarily stores
electricity, as well as power distribution lines 110. The power
distribution lines 110 can transmit electricity from the power
substation to homes 112. The homes can include solar panels
114, a house battery 116, and/or an electric car 118. Power
distribution networks can transmit electricity in many ways
including (but not limited to) single phase, multiphase bal-
anced, and multiphase unbalanced. In a number of embodi-
ments, processes are utilized that achieve OPF in multiphase
(unbalanced) networks.

[0039] The power generator 102 can represent a power
source including those using fossil fuels, nuclear, solar, wind,
or hydroelectric power. Substation 106 changes the voltage of
the electricity for more efficient power distribution. Solar
panels 114 are distributed power generation sources, and can
generate power to supply the home as well as generate addi-
tional power for the power grid. House battery 116 can store
excess electricity from the solar panels to power the home
when solar energy is unavailable, or store electricity from the
power grid to use at a later time. Substations 106, large
storage batteries 108, homes 112, solar panels 114, house
batteries 116, and electric cars 118 can all be considered to be
nodes within the power distribution network and the distribu-
tion lines 110 can be considered to be lines within the power
distribution network. In combination, nodes and lines form a
radial network. In many embodiments, node controllers are
located at nodes throughout the network to control the oper-
ating parameters of different nodes to achieve OPF. Con-
nected nodes can be nodes within the power distribution
network that are connected by distribution and/or transmis-
sion lines and can be controlled by a node controller. The type
of control utilized can depend on the specifics of the network
and may include distributed, centralized, and/or hybrid power
control. Although many different systems are described
above with reference to FIG. 1, any of a variety of power
distribution network including node controllers may be uti-
lized to perform power distribution as appropriate to the
requirements of specific applications in accordance with
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embodiments of the invention. Nodes utilizing node control-
lers connected to a communication network in accordance
with various embodiments of the invention are discussed
further below.

Node Controller Architectures

[0040] Nodes utilizing node controllers connected to a
communication network in accordance with an embodiment
of the invention are shown in FIG. 2. Nodes 202 can connect
to communication network 204 using a wired and/or wireless
connection 206. In some embodiments the power distribution
network can act in place of the communication network. The
communication network may also be connected to one or
more centralized computer systems 208 to monitor calcula-
tions made by or to send instructions to multiple node con-
trollers to, for example, control power distribution in the
network at a global level. Additionally, in many embodiments
a database management system 210 can be connected to the
network to track node data which, for example, may be used
to historically track power usage at various locations over
time. Although various system configurations are described
above with reference to FIG. 2, any number of systems can be
utilized to achieve centralized control of nodes within a power
distribution network as appropriate to the requirements of
specific applications in accordance with embodiments of the
invention. Centralized controllers in accordance with various
embodiments of the invention are discussed further below.

Centralized Controller

[0041] A centralized controller in accordance with an
embodiment of the invention is shown in FIG. 3. In various
embodiments, centralized controller 300 can perform calcu-
lations using one or more centralized computer systems to
determine operating parameters for nodes on a radial net-
work. As noted above, many embodiments of the invention
include a centralized controller that is configured to deter-
mine the operating parameters for nodes in a radial mul-
tiphase network. In the illustrated embodiment, the central-
ized controller includes at least one processor 302, an /O
interface 304, and a memory 306. The at least one processor
302, when configured by software stored in memory, can
perform calculations on and make changes to data passing
through the I/O interface as well as data stored in memory. In
many embodiments, the memory 306 includes software
including the centralized power control application 308, as
well as network topology 310, operating parameters from
nodes 312, and power flow and voltage parameters 314. The
centralized controller can calculate power flow and voltage
parameters for the network using operating parameters it
receives through the I/O interface from lodes in the network.
The centralized power control application 308 will be dis-
cussed in greater detail below and can enable the centralized
controller to perform calculations to solve for optimal power
flow using a linear approximation. This linear approximation
performed on operating parameters for one or more nodes in
the network can specifically involve a convex relaxation that
exploits network topology when solving for power flow and
operating parameters. Although a number of different cen-
tralized controllers are described above with reference to
FIG. 3, any of a variety of computing systems can be utilized
to control a centralized controller within a power distribution
system as appropriate to the requirements of specific appli-
cations in accordance with various embodiments of the inven-
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tion. Node controllers in accordance with various embodi-
ments of the invention are discussed further below.

Node Controller

[0042] A node controller in accordance with an embodi-
ment of the invention is shown in FIG. 4. In various embodi-
ments, node controller 400 can control the operating param-
eters of one or more nodes in a (radial) power distribution
network. In the illustrated embodiment, the node controller
includes at least one processor 402, an 1110 interface 404,
and memory 406. The at least one processor 402, when con-
figured by software stored in memory, can perform calcula-
tions on and make changes to data passing through the I/O
interface as well as data stored in memory, in many embodi-
ments, the memory 406 includes software including a node
controller application 408 as well as operating parameters
410, power flow and voltage parameters from one or more
centralized computer systems 412, and updated operating
parameters 414. A node can update operating parameters of
one or more nodes within the power distribution network by
using operating parameters received from one or more cen-
tralized computer systems in the case of a centralized or
hybrid approach. Various operating parameters of a node that
can be controlled by a node controller are also discussed
further below, and may include (but are note limited to) node
voltage, current, impedance, and power injection. Although a
number of different node controller implementations are
described above with reference to FIG. 4, any of a variety of
computing systems can be utilized to control a node within a
power distribution system as appropriate to the requirements
of specific applications in accordance with various embodi-
ments of the invention. As noted above, node controllers in
accordance with many embodiments of the invention can
control the operation of nodes within a radial power distribu-
tion network in such a way as to approach OPF based upon
operating parameters received from the centralized control-
ler. Use of centralized controllers and node controllers to
implement OPF in a centralized manner within a radial net-
work in accordance with various embodiments of the inven-
tion are discussed further below.

Use of Centralized Controllers to Achieve Optimal Power
Flow

[0043] Centralized controllers in accordance with many
embodiments of the invention utilize processes that control
nodes in a manner that attempts to achieve OPF in a compu-
tationally efficient manner. In order to do this, a linear
approximation has been developed enabling calculations to
be performed for one or more nodes at one or more central-
ized computer systems. Overall the linear approximation for
OPF can efficiently approximate operating parameters for
nodes in the entire network. Various models can be used to
develop a linear approximation solution that can be utilized to
achieve OPF in a power distribution network.

[0044] The branch flow model (BFM) and the bus injection
model (BIM) can be used for solving the OPF problem. The
BFM focuses on the current and power in the branches of the
model, and the BIM focuses on current, voltage, and power
injection at the nodes ofthe model. Although the BFM and the
BIM are generated with different sets of equations and vari-
ables, they produce related solutions since they are both mod-
eled based on Kirchhoffs laws. The process utilized by the
node controllers in accordance with various embodiments of
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the invention utilizes calculations determined by the BFM.
Many network shapes can be used to construct the BFM, such
as a radial network. In certain cases the structure of a radial
network can simplify the computations of the power equa-
tions in the OPF problem. Additionally, a convex relaxation of
the model can further simplify the calculations. An approach
to solve for OPF in a muliphase network using SDP relaxation
is described in detail below. As can readily be appreciated,
any of'a variety oftechniques that solve for OPF in multiphase
networks can be utilized as the basis for configuring node
controllers as appropriate to the requirements of specific
applications in accordance with various embodiments of the
invention. Therefore, the inventions described herein should
not be considered to be limited to the specific linear approxi-
mations discussed below.

Optimal Power Flow Models

[0045] A radial network in accordance with an embodiment
of the invention is shown in FIG. 5. In various embodiments,
radial network 500 includes a node 502. Node 502 has an
ancestor node 504 and one or more children nodes 506. A
radial network also has a unique root node 508. A detailed
discussion of these nodes is discussed further below.
Although many radial networks are described above with
reference to FIGS. 3 and 4, any of a variety of network
configurations can be utilized as the network shape as appro-
priate to the requirements of specific applications in accor-
dance with embodiments of the invention. The relationship
between nodes and operation parameters in a OPF model
(such as BIM or BFM) is discussed further below.

[0046] The relationship between nodes and operating
parameters in an OPF model in accordance with an embodi-
ment of the invention is shown in FIG. 6. A node 602 has a
unique ancestor node 604. Node 602 and unique ancestor
node 604 are connected by line 614 and have a unique root
node 606. Both node 602 and unique ancestor node 604 have
a series of operating parameters. In many embodiments of the
invention, operating parameters for node 602 include voltage
608 and power injection 616. Unique ancestor node 608 has
corresponding voltage 610 and unique root node has a corre-
sponding voltage 612. The line 614 also has operating param-
eters which for example include an impedance value as well
as a current and/or power injection 618. The relationship
between nodes and operating values will be discussed in
greater detail below. Although various node operating param-
eters are described above with respect to FIG. 6, any of a
variety of operating parameters can be controlled to achieve
OPF as appropriate to the requirements of specific applica-
tions in accordance with embodiments of the invention.
[0047] Invarious embodiments, the following graph repre-
sentation is utilized to represent at least a portion of a power
distribution network. A substation node (bus) with a fixed
voltage can be identified and assigned an index of O, with the
other downstream nodes (buses) in a set N assigned indexes
of'1,2,...,n. Theset of nodes (buses) without the node (bus)
with a fixed voltage is N *=N\{0}. Each line connects an
ordered pair (i, j) of nodes (buses) where node (bus) 1 lies
between node (bus) 0 and node (bus) j. The set of lines
connecting nodes (buses) is represented by €. Notations of an
indication of connections between nodes (buses) (i, j)e€ and
i—j can be used interchangeably, if i—j or j—1, denote i~j.
[0048] Thenetwork canhave three phases, a, b, ¢, where the
phase of node (bus) ie N can be represented by ®,, and @,
can represent the phases of line i~j. For each node (bus), ie N,
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avoltage V, can be defined by the phase ¢ complex voltage for
ped,, V. for V:=[V*] o In addition, a current I, can be
defined as the phase ¢ current injection for ¢e®,, 1,* for
Ii:[li“’]q)@_. A power injection s, can be defined as the phase ¢
complex pbwer injection for ¢pe®,, s, where si::[si"’]q)@_. For
each linei~j, Il.j“’ denotes the phase ¢ current from node 1(bus)
i to node (bus) j for ped,; and 1, can be defined as Iij::[lij"’]
e, Moreover, z,; denotes the phase impedance matrix,
where in many embodiments it is full rank and y,; can be
defined as y,:=z7,;

[0049] Superscripts can denote projection to specified
phases, e.g., if ®,=abc, then

V= v
Nonexisting phase entries are filled by 0, e.g., if ®,=ab, then
Vite=(va v o).

With regard to the discussion that follows, a letter without
subscripts can denote a vector of the corresponding quantity,
e.g., z77,],; and s=[s,], N .

Power Flows

[0050] Power flows can be governed by 1) Ohm’s law:
L=y, (V;=V,®9), i~j, 2) current balance: [=%,, I, % ieN,
and 3) power balance: s~diag(V,L7), ieN. In various
embodiments, current variables I, and I, can be eliminated
and the above model reduces to the following bus injection

model (BIM):

@

i

Si = Z diag[V;@ij(V;@ij - V;I)U)HyHri, ieN.

S

[0051] In many embodiments, processes are utilized that
achieve OPF by determining the power injection that mini-
mizes generation cost subject to physical and operational
constraints. In other embodiments, any of a variety of pro-
cesses that achieve OPF utilizing objectives appropriate to the
requirements of specific applications can be utilized.

[0052] Generation cost can be separable. In some embodi-
ments, C(s,): & %"~ R defines the generation cost at node
(bus) ie N, and

Cs) = Cils)

ieN
can be the generation cost of the network,

OPF Operational Constraints

[0053] OFT has operational constraints on power injections
and voltages besides physical constraints (4). First, while the
substation power injection s, is unconstrained, a branch node
(bus) power injection s, may vary within some externally
specified set §, i.e.,

S€ ‘Si,ie N+, (5)

[0054] Second, while the substation voltage V, is fixed and
given (denote by V¥ that is nonzero componentwise), a
branch node (bus) voltage can be regulated within a range,
i.e., there exists [V,*, V.#],. N+ 4. such that

Vo=V5; (6a)
VeV H<T e N+ ped,. (6b)

In many embodiments, if voltages must stay within 5% from
their nominal values, then 0.95=IV #1=1.05 per unit.
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Formulating OPF Problem

[0055] Based upon the above, OPF can be formulated as

OPF:

min» Ci(s;)
ieN

over s, V

st (4)-(6).

[0056] Inseveral embodiments, the following assumptions
can be utilized to solve the optimal power flow problem.
[0057] 1. The network (N, €) is connected.

[0058] 2. Voltage lower bounds are strictly positive, i.e.,

V>0, N+ ged,.

[0059]

;2 B0, i),

3. Node (Bus) and line phases satisfy

SDP Applied to BIM and BFM

[0060] As discussed above, the calculations involved in
determining operational parameters for individual nodes
within a multiphase power distribution network that achieve
OPF can be simplified by applying a convex relaxation to the
OPF problem. An overview of a SDP relaxation of a radial
network to solve for OPF, where nets cork topology is
exploited for efficient calculations, is illustrated in FIG. 7. A
radial optimal power flow network (such as a BIM or BFM) is
utilized 702. The radial network topology is exploited 704 to
remove operating parameters associated with nodes that are
not interconnected. A SDP relaxation can be calculated 706
on the remaining network nodes. A detailed discussion of
each step of a SDP relaxation with respect to a BIM and BFM
similar to those described above with reference to FIG. 7
follows.

Bus Injection Model Semidefinite Programming

[0061] OPF is nonconvex due to (4), and a semidefinite
programming (SDP) relaxation, BIM-SDP that exploits the
radial network topology to reduce the computational com-
plexity of the standard SDP can be utilized.

[0062] BIM-SDP can be derived by shifting the noncon-
vexity from (4) to some rank constraints and removing the
rank constraints.

[0063] |Al canbe defined as the number of elements in a set
A, and H #* denotes the set of kxk complex Hermitian matri-
ces. Inaddition, let v,e ) '*"'®" forie N and W, e 5=
for i~j. If these matrices satisty

@ 1H
V. (4
i

Vi

v
Vi

i~ .

@;;

i

[ vit Wy
Wj' Vi

then (4) is equivalent to

s = Z diag[(v?)‘j _ Wg)yff]@i, PeN.

S
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[0064] It can be proven that OPF can be equivalently for-
mulated as BIM-OPF, which is illustrated below.

BIM-OPF:
min ) Ci(s;) (Ta)
ieN
over 5; € C%! and v; e H%X%! for je N;
wy e Pl for i~ j,
o @;
st = Z diag[(v; Y- W‘-j)yg] YieN;
i
s;ieS, ieNT; (7b)
vo = Vi (Vi {e)
v, <diag(v) <¥;, ieNT; (7d)
Wij = Wﬁ], i—= (Te)
&
[ vl Wy } (71)
=0, i—j
Wi v

&

v W (7g)
rank =1, i-»j

Wi v

where the vectors v, and v, in (7d) are defined as
R (A R (G NS B
[0065] IfC, (intheobjective)and §, are convex, then BIM-

OPF is convex except for (7g), and an SDP relaxation can be
obtained by removing (7g) from BIM-OPF.

BIM-SDP:

min ) Ci(s;)
ieN

over s, v, W

s.t. (7a)-(71).

In some embodiments, BIM-SDP may be nonconvex due to
C,and § .

[0066] If an optimal BIM-SDP solution (s, v, W) satisfies
(7g), then (s, v, W) also solves BIM-OPF. Furthermore, a
global optimum (s, V) of OPF can be recovered.

Comparison of BIM-SDP and Standard-SDP Relaxation

[0067] A standard SDP relaxation of OPF has been pro-
posed in the literature. It is derived by introducing

n

to shift the nonconvexity from (4) in BIM-OPF to rank W=1,
and removing the rank constraint. This relaxation will be
called standard-SDP for ease of reference,
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[0068] BIM-SDP is computationally more efficient than
standard-SDP since it has fewer variables. It is straightfor-
ward to verify that there are O(n) variables in BIM-SDP and
O(n?) variables in standard-SDP.

[0069] Standard-SDP does not exploit the radial network
topology. In W, only blocks corresponding to lines i~j appear
in other constraints than W=0, i.e., if node (bus) i and node
(bus) j are not connected, then block (i, j) in W only appears
in W=0. Since the network is radial, not all of the (n+1)?
blocks in W only appear in W=0, leaving significant potential
for exploring sparsity.

[0070] Call these blocks that only appear in W=0 the
W-only blocks and the other blocks the key-blocks. The role
of having W-only blocks in the optimization is to make sure
that the partial matrix specified by key-blocks can be com-
pleted to a positive semidefinite full matrix.

[0071] BIM-SDP can sometimes not be numerically stable.
Therefore, in many embodiments, it is advantageous to use
the BFM. The following section illustrates an alternative SDP
relaxation for BFM.

Branch Flow Model Semidefinite Programming

[0072] A multiphase BFM of power flow can enhance the
numerical stability of BIM (4). BIM (4) is ill-conditioned due
to subtractions of V,'®#' ande@ff‘ thatare close in value, BFM
can attain numerical stability by avoiding such subtractions.

[0073] BFM can be defined by the following three equa-
tions.
[0074] 1. Ohm’s law:

Vid)ij:Vj:Zi' Fands ®
[0075] 2. Definition of slack variables:

L= Iy Sy =V i ©
[0076] 3. Power balance:

> diag(Sy — ayhy) +s;= ) diag(Sp)%, je N. (10)

iisj ke jok
[0077] To interpret 1 and S, note that diag(l,;) denotes the

magnitude squares of current I, and diag(S,)) denotes the
sending-end power flow on line i—j. To interpret (10), note
that the receiving-end power flow on line i—j is

diag( VjIZ-jH )=diag(Sy~z;1;)-

[0078] BIM and BFM are equivalent in the sense that they
share the same solution set (s, V). Similarly as described
above with respectto BIM-OPF, it can be proven that OPF can
be equivalently formulated as BFM-OPF. A more numeri-
cally stable SDP,BFM-SDP, that has a similar computational
efficiency as BIM-SDP is additionally proposed and is illus-
trated below.

BFM-OPF:

min ) Ci(s;) (11a)
ieN

over s; € €%, v; e HIBX! for j e N
Sy e i<yl L e Ho for o 5,

s.t. Z diag(Sy — zijly) +5; = Z diag(Sjk)q)f, JEN;

it K ok
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-continued
s;ieS;, ieNT; (11b)
vo = Ve (v Y's (11e)
V, <diagv) = V;, ieN™; (11d)

q’ij H H H . . 1le
vi =it = (Syzi + Sy ) + zlyziis Do) (11e)

w5 o (1
" = 0, L=
vl s, (llg)
rank | Y 1, i—>j.
SH U

[0079] IfC,and §, are convex, then BFM-OPF is convex
except for (11g), and an SDP relaxation can be obtained by
removing (11g) from BFM-OPF.

BFM-SDP:

min » Ci(s;)
ieN

over s, v, S, I

s.t. (1la)— (11f).

In many embodiments, BFM-SDP may be nonconvex due to
C,and § .

[0080] BFM-SDP can be numerically more stability than
BIM-SDP since it avoids subtractions of v,*% and W,, that are
close in value. Meanwhile, BFM-SDP has similar computa-
tional efficiency as BIM-SDP since they have the same num-
ber of variables and constraints.

Centralized Linear Approximation of OPF

[0081] In various embodiments, a linear approximation of
the power flow (LPF) is utilized. In many embodiments, L.PF
is obtained by utilizing the following assumptions:

[0082] B1 Small line losses, i.e., z,1,<<S, for i—j.
[0083] B2 Nearly balanced voltages, e.g., if ®,=abc, then
VELWE LY e,
vh Ve v
With B1, the z,]1,; terms can be omitted in (11a) and (11e) to
obtain
> diag(Sy) +s;= . diagS)%, j e N; (122)
i) ki ok
vi=vl =Syl +2gS, i ). (12b)
[0084] In many embodiments, given s, for jeN ™, (12a)

determines uniquely s, and diag(S;) for i—j, but not the
off-diagonal entries of S, ;. B2 can be used to approximate the
off-diagonal entries in S,; with diag(S,).

[0085] In addition, o, P, and vy can be defined as
1 1 & a
a=e R gi=|a [y:=|a 1 o
a? 2
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Assuming the voltages to be balanced, then
Sy=V Pl erange(p®9).i—.

[0086] It can follow that if A =diag(S,), diag(A,) is a
diagonal matrix with diagonal A, then

Sy=yPidiag(Ay).

Centralized Linear Approximation LPF

[0087] Based upon the above, (12) can be approximated by
LPF:
®; 13
Z/\;j+sj:2/\j,{, JEN; (132)
i) ki ok
Si = yq)ifdiag(A;j), i- (13b)
vji= v?ij —S;jz‘-’f —z;jS[J'-', i j. {13¢)

In various embodiments, given s; for je N * and v,, (13) can

determine uniquely s, (A, S,) for i—j, and v, for je N * as

Po
so== 0 5

keNT

keDown(j)
Si = yq)"fdiag(/\;j), i-

?; )

J H H1® :

Vji=vg = § [Suzis + wSul ., JENT
(k,l)e?’j

where P, denotes the path from node (bus) 0 to node (bus) j
and Down(j) denotes the downstream of j for je N ™.

Implementation of LPF in a Power Distribution Network

[0088] As noted above, operating parameters for nodesin a
power distribution network can be determined centrally by
solving the linearized approximation of the BFM-SDP relax-
ation of the OPF problem discussed above. Various processes
for determining node operating parameters and distributing
the operating parameters to update the operation of nodes
within a power distribution network can be utilized. A process
that can be performed by a centralized computing system for
solving for optimal power flow utilizing a linear approxima-
tion is illustrated in FIG. 8. In the illustrated process, operat-
ing parameters can be requested 802 from nodes and/or node
controllers in the power distribution network directly and/or
indirectly by a centralized computing system as shown in
FIG. 2. Operating parameters such as power flows and volt-
ages can be calculated 804 using a linear approximation of
optimal power flow by the centralized computing system. The
centralized computing system sends 806 power flow and volt-
age parameters to all nodes in the power distribution network.
A detailed discussion of the linear approximation follows.
Although solving for OPF using a linear approximations is
described with reference to FIG. 8, any of a variety of cen-
tralized calculations to solve for OPF canbe utilized as appro-
priate to the requirements of specific applications in accor-
dance with embodiments of the invention. Processes that can
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be utilized by node controllers to approach optimal power
flow in a power distribution network utilizing a linear
approximation are discussed further below.

[0089] A process that can be performed by a node control-
ler to achieving optimal power flow utilizing a linear approxi-
mation in accordance with an embodiment of the invention is
illustrated in FIG. 9. The process 900 includes sending 902
operating parameters to a centralized computing system After
the centralized computer performs calculations using a linear
approximation in a manner similar to the processes discussed
above with reference to FIG. 8, operating parameters such as
(but not limited to) power flow and voltage are received 904
from the centralized computing system. Node operating
parameters can be updated 906 based on the operating param-
eters received from the centralized computing system.
Although adjusting nodes at the individual level to achieve
OPYF is described with reference to FIG. 9, any of a variety of
processes for a node and/or node controller to communicate
with a centralized computing system and adjust operating
parameters can be utilized as appropriate to the requirements
of specific applications in accordance with embodiments of
the invention.

[0090] Simulations described below show that LPF pro-
vides a good estimate of power flows A and voltages v.
Simulations of OPF performance in Power Distribution Net-
works using BIM-SDP and BFM-SDP Relaxations

[0091] BIM and BFM network simulations can be per-
formed with the following simplifications: 1) transformers
are simulated as lines with appropriate impedances; 2) circuit
switches are simulated as open or short lines depending on the
status of the switch; 3) regulators are simulated as having a
fixed voltage (the same as the substation); 4) distributed load
on a line is simulated as two identical loads located at two end
nodes (buses) of the line; and 5) line shunt is simulated using
the mmodel—assuming a fixed impedance load at each end of
the line with the impedance being half of the line shunt. The
real-world network the simulation is modeled after is located
in a residential/commercial area in Southern California. All
simulations were performed using a laptop with Intel Core 2
Duo CPU at 2.66 GHz, 4G RAM, and MAC OS 10.9.2,
MATLAB R__2013a.

[0092] The OPF simulation is as follows. The objective is
power loss, i.e.,

C(s) = Z Z Re(s?).

ieN ¢ed;

The power injection constraint (5) is set up such that
[0093] 1. for a node (bus) i representing a shunt capacitor
with nameplate capacity g,

$ ={se Lo |Re(s;)=0,0<Im(s;)=q;};

[0094] 2. for a solar photovoltaic node (bus) i with real
power generation p, and nameplate rating s,,

Si:{SE € "1 Re(s)=p; Is;|<,};
[0095] 3. for a node (bus) i with multiple devices, §, is the
summation of above mentioned sets.
Two choices of the voltage constraint (6) are considered:
[0096] 1.V,®=0.95 and V,*=1.05 for ie N * and pe®d,;
[0097] 2.V,®=0.90 and V,®=1.10 for ie N * and ¢pe®,.
BIM-SDP and BFM-SDP are applied to solve OPF. In par-
ticular, the generic optimization solver sedumi is used to
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solve them and results are summarized in FIGS. 10A-10B.
FIG. 10A summarizes the simulation results with V=0.95 and
V=1.05, and FIG. 10B summarizes the simulations results
with V=0.9 and V=1.1. The (value, time, ratio) triple is simu-
lated for each of the (network, relaxation) pairs. For example,
in FIG. 10A, the (value, time, ratio) triple for the (BIM-SDP,
IEEE 13-bus) pair is (152.7, 1.08, 9.5¢-9).

[0098] The entry “value” stands for the objective value in
kilowatts. In the simulation illustrated in FIG. 10A, with 5%
voltage flexibility, the minimum power loss of the IEEE
13-bus network computed using BIM-SDP is 152.7 kW.
[0099] The entry “time” stands for the running time in
seconds. In the simulation illustrated in FIG. 10A, with 5%
voltage flexibility, it takes 1.05 s to solve BIM-SDP for the
IEEE 13-bus network.

[0100] The entry “ratio” quantifies how close is an SDP
solution to rank one. Due to finite numerical precision, even if
BIM-SDP (BFM-SDP) is exact, its numerical solution only
approximately satisfies (7g) [(11g)], i.e., the matrices in (7g)
[(11g)]is only approximately rank one. To quantify how close
are the matrices to rank one, a ratio IA,/A,| their largest two
eigenvalues A, A, (IA;1z[A,20) is utilized. The smaller the
ratio, the closer the matrices are to rank one. The maximum
ratio over all matrices in (7g) [(11g)] is the entry “ratio”. In
the simulation illustrated in FIG. 10A, with 5% voltage flex-
ibility, the solution of BIM-SDP for the IEEE 13-bus network
satisfies |h,/h,1=9.5x107° for all matrices in (7g). Hence,
BIM-SDP is numerically exact.

[0101] With 10% voltage flexibility simulation as illus-
trated in FIG. 10B, BFM-SDP is numerically exact for all test
networks while BIM-SDP is numerically exact only for 2 test
networks. This highlights that BEM-SDP is numerically more
stable than BIM-SDP, since both SDPs should be exact simul-
taneously if there are infinite digits of precision. When volt-
age flexibility reduces to 5%, the OPF for the IEEE 13-bus
network becomes infeasible. Consequently, BEM-SDP is not
numerically exact in this case.

[0102] Based upon the above, BFM-SDP is numerically
exact for up to 2000-bus networks when OPF is feasible,
while BIM-SDP gets into numerical difficulties for as few as
34-bus networks. The accuracy of LPF (13) is evaluated in
this section. In particular, given the optimal power injections
computed by BFM-SDP, a forward backward sweep algo-
rithm (FBS) is utilized to simulate the real values for power
flows and voltage magnitudes. LPF canbe utilized to simulate
the estimated power flows and voltage magnitudes, and the
differences between FBS and LPF compare their simulated
differences. The results are summarized in FIG. 11. FIG. 11
illustrates that the voltages are within 0.0016 per unit and the
power flows are within 5.3% of their simulated true values for
all test networks. This highlights the accuracy of simulated
LPF (13).

[0103] Although the present invention has been described
in certain specific aspects, many additional modifications and
variations would be apparent to those skilled in the art. It is
therefore to be understood that the present invention can be
practiced otherwise than specifically described without
departing from the scope and spirit of the present invention
including (but not limited to) performing the centralized pro-
cess with respect to a sub-network only or in a hybrid imple-
mentation of an OPF process in which some nodes are con-
trolled in a distributed manner and communicate with
ancestor and/or children nodes. Thus, embodiments of the
present invention should be considered in all respects as illus-
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trative and not restrictive. Accordingly, the scope of the inven-
tion should be determined by the embodiments illustrated, but
by the appended claims and their equivalents.

What is claimed is:

1. A centralized node controller, comprising:

a network interface;

a processor; and

a memory, containing:

a centralized power control application;

a network topology, where the network is multiphase
unbalanced and comprises a plurality of connected
nodes;

wherein the processor is configured by the centralized con-

troller application to:

request node operating parameters from the plurality of
con connected nodes;

calculate network operating parameters using a linear
approximation of optimal power flow and the node
operating parameters from the plurality of connected
nodes; and

send network operating parameters to the plurality of
connected nodes.

2. The centralized node controller of claim 1, wherein the
linear approximation of optimal power flow further com-
prises the assumption of small line losses.

3. The centralized node controller of claim 1, wherein the
linear approximation of optimal power flow further com-
prises the assumption of nearly balanced voltage.

4. The centralized node controller of claim 1, wherein the
linear approximation of optimal power flow is evaluated
using the following expressions:

LPF:

S agesi= AT JeN:

s K ok
S = yq)"fdiag(/\;j), i-

@;;
_ i H H o .
vi=vt =Sz =S, i

where i, j, and k are nodes in the plurality of connected
nodes, A and S are power flows, s is a complex power
injection, v is a voltage, z is a phase impedance matrix,
and y is a matrix of constants.

5. The centralized node controller of claim 1, wherein the
network topology further comprises a radial network.

6. The centralized node controller of claim 1, wherein the
network topology further comprises a network modeled on
Kirchoffs laws.

7. The centralized node controller of claim 1, wherein the
network topology further comprises a bus injection model
(BIM) network model.

8. The centralized node controller of claim 1, wherein the
network topology further comprises a branch flow model
(BFM) network model.

9. The centralized node controller of claim 1, wherein the
network topology is simplified using a convex relaxation.

10. The centralized node controller of claim 9, wherein the
convex relaxation is a semidefinite programming (SDP)
relaxation.

11. The centralized node controller of claim 10, wherein
the SDP relaxation exploits a radial network topology.
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12. The centralized node controller of claim 11, wherein
the network topology further comprises a bus injection model
(BIM) network topology, and wherein the SDP relaxation
exploiting a radial network topology further comprises a
BIM-SDP which is evaluated using the following expression:

BIM-SDP:
min » Ci(s;)
ieN

over s, v, W

where 11is a node in the plurality of connected nodes, N is
the plurality of connected nodes, s is a power injection,
v is a voltage, C is a function of optimal power flow, and
W is a constraint.
13. The centralized node controller of claim 12, wherein
the BIM-SDP is subject to constraints.
14. The centralized node controller of claim 13, wherein
the constraints are evaluated using the following expressions:

min »  Ci(s;)
ieN

over s5; € C%! and v; e H%X%! for j e N;

Wy e Cl%bl for i ~ j,

st = Z diag[(v?ij - W;j)yg]Qi, ieN;

S

s;ieS;, ieNT;

H
Vo = Vorgf(VO”f) ;
v; <diag(v;) =v;, ie NT;
Wy = Wﬁ], i—=

[vf"'f W} o
= 0, L=
Wj' Vi
where i, and j, are nodes in the plurality of connected nodes,
N is the plurality of connected nodes, C is a function of
optimal power flow, s is a power flow, ' is a complex
matrix, v and V are voltages, Hl is a set of complex
Hermitian matrices, @ is a phase, y is an inverse phase
impedance matrix, and W is a constraint.

15. The centralized node controller of claim 11, wherein
the network topology further comprises a branch flow model
(BFM) network topology, and wherein the SDP relaxation
exploiting a radial network topology further comprises a
BFM-SDP which is evaluated using the following expres-
sion:

BFM-SDP:

min » Ci(s;)
ieN

over s, v, S, I
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where iis a node in the plurality of connected nodes, N is
the plurality of connected nodes, s is a power injection,
v is a voltage, C is a function of optimal power flow, S is
a power flow, and 1 is a slack variable.
16. The centralized node controller of claim 15, wherein
BFM-SDP is subject to constraints.
17. The centralized node controller of claim 16, wherein
the constraints are evaluated using the following expressions:

min ) Ci(s;)
ieN

over s5; € C%!, v; e HI%N® for j e N;
Sij € C‘q)"f‘x‘q)"f‘, lj e HI] for J

s.t. Z diag(Sy — ziilij) + 5 = Z diag(Sjk)q)f, JEN;

i) ki jok
. +.
s; €8, ieNT;
ref (v ref\H
vo = Vg (V7))
V, <diagv)<V;, ieNT;

- S 4zt L i
vi =it = (Syzi + Sy ) + zilyzii. o)
Pij
Vi S;j

Ry

=0, i—j

where i, j, and k are nodes in the plurality of connected
nodes, N is the plurality of connected nodes, C is a
function of optimal power flow, s is a power flow, ' isa
complex matrix, v and V are voltages, H is a set of
complex Hermitian matrices, ® is a phase, S is a power
flow, 1 is a slack variable, and z is a phase impedance
matrix.
18. The centralized node controller of claim 1, wherein
node operating parameters include power flow and voltage.
19. The centralized node controller of claim 1, wherein
each node in the plurality of connected nodes comprises a
node controller, wherein the node controller comprises:
a node network interface;
a node processor;
a node memory containing:
a node controller application; and
a plurality of individual node operating parameters
describing the operating parameters of a node in the
plurality of connected nodes;
wherein the node processor is configured by the node con-
troller application to:
send individual node operating parameters to the cen-
tralized node controller;
receive network operating parameters from the central-
ized node controller;
calculate updated individual node operating parameters
using network operating parameters; and
adjust the individual node operating parameters.

#* #* #* #* #*



