
534 IEEE TRANSACTIONS ON ANTENNAS  AND  PROPAOATION, JULY 1972 

Electromagnetic  Wave  Propagation and Wave-Vector 
Diagram in Space-Time  Periodic  Media 

CHARLES ELACEU 

Absfracf-The electromagnetic  wave propagation and wave- 
vector  diagram in generally space-time periodic dielectric, plasma, 
and uniaxial  plasma are  studied for TE and TM waves. The case 
of a sinusoidal periodicity is solved numerically. Special  properties 
due to the inhomogeneity are presented. 

I. INTRODUCTION 

Considerable interest  has recently been stimulated  by phenomena 
that involve the interaction between two waves in  the presence of 
liquids, solids, or plasma,  including  such applimtions as parametric 
processes in nonlinear media,  diffraction of light  by ultrasonic 
waves, ionospheric perturbations induced by  strong electromagnet.ic 
signals, and  others. These processes usually  involve a stronger 
wave of the electromagnetic, elastic, or other  type which modulates 
the properties of a medium in a space-time periodic manner (i.e., 
a ( z , t )  = ao[l + a,f(Kz - m)], where f ( E )  is a periodic function), 
which in turn causes a diffraction of the weaker wave, usually of 
the electromagnetic type.  The limit case Q = 0 of a periodically 
stratified medium is also of great  interest. 

TE  and guided-wave propagation in sinusoidally space-time 
periodic isotropic media was studied extensively by  many  authors 
[1>[3]. The purpose of this investigation is to solve the problem 
of TE and TM waves in generally space-time periodic media 
(dielectric, plasma, and uniaxial  plasma) and  to derive the cor- 
responding wave-vector diagrams which are of importance  in 
studies  related to dipole radiation [4], [SI, propagat.ion in wave- 
guides and int.eraction wit.h a half-space. 

11. GENEFLAL SOLTJTION 

Let us consider a medium submitted  to a st.rong pump wave 
which modulates its  characteridcs  as 

( Y ( Z , t )  = a0[1 + f f J ( K z  - a)]  
where 

Q,K angular  frequency and wavenumber of the fluct.uation. 
f (5)  periodic function = a, exp (imt). 

(Y (z,t) plasma  density N(z , t ) ,  or dielectric constant, e ( z , t )  
depending on the medium under consideration. 

For the plasma case we define the vector A = %??/dl, and for the 
uniaxial  plasma, the  static magnetic field is supposed  parallel to 
the z axis (BO = Boer with Bo -+ m ) . 

Using Floquet’s  theorem, the solution for the electromagnet.ic 
field can be  written as 

I 

t- 
e, v,, exp [ i ~ z  -I- i ( ~  + n ~ ) z  - i(, + n ~ ) t ] ,  

n=-m 

for TE waves: E = Ee, v =( 

t- 
(Vue, + V,,,e,) exp [i8z + i ( ~  + n K ) z  - i(, + ns t ) t ] ,  

for TM waves: E = Erer + Ezer 

(1) 

n=-m 
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where V is defined in Table I and  the index n corresponds to the 
nth harmonic  generated by  the  interaction with the modulated 
medium. 6 and K + nK are  the components of the wave  vector. 

f i t t ing   the  expression of V in  the corresponding Maxwell’s and 
linearized force  equations, replacing f(5) by  its Fourier series, and 
equating  the terms with  the  same frequencies, we find the following 
infinite systems of equations: 

TE wave in a dielectric or isotropic  plasma 
I - + c o  

DnVn + 2 U ~ - Z V Z  = 0 
2- 

TM wave in a uniaxial  plasma 

DnVnz + 2 C G - I V I ~  = 0 
2-W 

I---  

TM wave in a dielectric or isotropic  plasma 

2-W 

B n V n z  + 2 an-rV* + GnVnz = 0 
I--CO 

where all the  terms  are defined in  Table I. These  systems of equa- 
tions can be writ.ten in a matrix form ]I M \ I  -1 V I = 0 and  the dis- 
persion equation is the nontriviality condition 

A ( ~ , K , o )  = det ]I M 1 1  = 0 ( 5 )  

1 1  J4 1 1  is an infinite matrix defined from (2), (3), or (4),  and I V I is 
an infinite column vector with elements V ,  or VnZ. The solution of 
(5) gives the Brillouin and wave-vector diagram ( 6 ( ~ )  for fixed 
w) .  This equation is usually solved numerically as we will do  later 
for a sinusoidal periodicity, but to have  an  insight on the diagrams 
without  any computations we study  the  limit a1 -+ 0. 

At  the  limit a1 - 0, equations (2), (3) and (4) reduce to 

alDn = 0 or B,B,’ = GnZ. (6) 

Replacing each term  by  its expression, we find that the Brillouin 
diagram is (see Table I ) :  a family of circles with a straight  line 
envelope for the dielechic and parabolic envelope for the plasma, 
and a family of conics (hyperbolas or/and ellipses depending on the 
relative  values of on and up) for a uniaxial plasma. 

These  diagrams are  shorn  by  the dashed lines on Figs. 1 and 2 
(see [4] and [5] for the diagrams corresponding to other cases). 
For al # 0, strong interactions occur at the intersection  points 
giving regions where the solution is complex K = K~ + i~i. The 
solution  near t,hese regions is largely dependent  on the function 

From t,he wave-vector diagrams we see that  the solution is multi- 
valued. For a fixed value of 8 there  are  many solutions K = K~ 

(p = O , f l , .  - ). Therefore,  using the principle of superposition, 
the expression of V must  be 

V = C C (Vng,ez + Vwzea)  

f ( 5 ) .  

q-ta n-tco 

*--.a ,=-m 

aexp [isz + i ( ~ ,  + nK)z  - i (u + nQ)t] 

and  the  same summation must  be applied in (1). The index q 
represents the modes. 

The relative  amplitudes V,,/V,,, Vn,,/Vo,,, and V,,/V,,, can 
be determined  from ( 2 ) ,  (a), or (4), or their  matrix form. The 
reference values Vo,,VOq, are determined by  the  boundary conditions 
for the half-space problem [e] or the source condition for a dipole 
or a moving charge [4],  [5]. 

In  the dielectric w e ,  the solution of the system  in (2) or (4) 
diverges in a certain region of the values of Q / K .  This region is 
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TABLE I 
EXPRESSION OF PAR~~IETERS 
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Dielectric 
TE 

Dielectric 
m 

Plasma 
TE 

Plasma 
TM 

U. Plasma 
TM 

" 1 D  2 n  ispersion  Equation,limit al + 0 

c = l ight   velocity in the medium, w = 2 r  x plasma frequency of  the unmodulated  plasma 

P; = 3; - , s: = 6% - %io P O  

Fig. I. Wave-vector diagram for a sinusoidally STP plasma: 
w,,/w = 0.75, R = 3.5, w/Q = 2.5, (YI = 0.25 (the dashed line cor- 
responds to  011 -+ 0 and f ( E )  arbitrary). 

ded the sonic region [a] and can be determined from Poincare 
t.heorem [GI. In a plasma [I] or uniaxial plasma [4] t.here is no 
sonic region. 

111. C A S E  OF SINlJSOrDDaL PERIODICITY 

We solved the different dispersion equations numerically for the 
case n-here f ( E )  = cos (i.e., a+l = t and a, = 0 for the  rest). 
The infinite mat,rix jI M 1 :  was truncated (a 9 X 9 matrix gave 
exact  results t,o t,he third  order).  The results are shown in Figs. 1 
and 2 (see [4], [5] for other cases). Some of the charact,eristics of 
electromagnet,ic wave  propagation in space-time periodic media 
are as follows. 
' 1) Even if w < W,O in a plasma, there is propagation of the 
higher harmonics. 

2) In  a  stratified medium (0 = 0), for a fixed 6, all t.he solutions 
up are of the  same  nature: complex, red, or imaginary. If fi # 0, 
t.he solut.ions K~ can be of different nat,ure depending on t.he mode q. 

3) There  are inflection points in t,he wave-vector diagram. This 
leads to caustic surfaces when the source is localized [4], [SI. 

-1.5 -1.0 -0.5 0 0.5 1.0 1.5 X 

Fig. 2. Wave-vector diagram for a uniaxial  plasma. (a )  Sinusoidally 
stratifled: wp0/w = 1.25, (YI = 0.25, c K / w  = 1.4. (b) Sinusoidally 
STP: R = 3.5, w / Q  = 2.5. wn0/w = 0.75, 011 = 0.25 (the dashed line 
corresponds to (YI -+ 0 and f$j  arbitrary). 
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4) In  an homogeneous uniaxial  plasma, for o < wp0 t.here is 
group propagation  only inside a cone of axis z and half-angle 
Be = arc sin (w/wpo) .  In  fact,  the group  angle is given by eo = 
arc cot ( d s / d ~ )  and for a1 = 0 the wave-vector diagram  slope is 

I slope I > - 1)’ .  

For 011 # 0, the slope near the interaction regions goes to zero. 
This allows propagation  for all angles 8. Thii effect is caused by  the 
reflections from the inhomogeneities in  the plasma density [4], [SI. 

IV. CONCLUSION 

“he wave-vector diagrams  in the  limit a1 + 0 are  the  same  for 
any kind of periodicity f ( E )  and depend  on the medium and  the 
parameters K,Q. The dependence on f ( t )  and  the wave  polarization 
(TE or TM) appears mostly  near the  interaction regions when 
a1 # 0. 
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Comments on “The  Relationship  Between  the 
Kirchhoff  Approach and Small Perturbation Analysis 

in Rough  Surface  Scattering  Theory” 

Comments’ by Gaspar R.  Valenzuela2 
In  the above communiwtion,3 Leader suggested that  the  scattering 

results by slightly rough theory [1>[4] are a special case of those 
obtained  by  the Kirchhoff method of Beckmann and others [SI, 
on  grounds of being incorrect and  without foundation. 

By reasoning that  the results for horizontal  polarization and a 
slightly rough surface  from both formulations are similar, which is 
a well known result,, Leader concludes that t.he results  for  vertical 
polarization  must also be similar, which is a most unique logic. The 
results for vertical  polarization  from  slightly rough scattering 
theory are  not in  error, as he  can check by himself by performing 
the algebra, and  the difference of this result compared to that ob- 
t,ained -4th the Kirchhoff method is real. 

The scat.tering  results from the Kirchhoff method fail to explain 
the polarizat.ion dependence  in the  scattering of electromagnetic 
waves from rough surfaces of high conductivity  in particular from 
the sea. Wright [3] in a wave t.ank experiment has verified the 
correct,ness of the  perhrbation results, which in first order are 
identical  either by Rice method or by  the met,hod used by Wright. 
In  first order the normalized cross section per unit  area for horizontal 
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polarization is given by 

and for  vertical  polarization is given by 

uDvv(e)  = 4 T p  COS( 8 

( E  - 1) [ ~ ( l  f sin2 8 )  - sin2 e] * I [e cos 8 + (e - sin2 8)1’2]2 W (26 sin e,o) (2) 

where 0 = 2 ~ / x  is the propagation constant of t.he incident plane 
wave in vacuo, 6 is the angle of incidence of t,he propagation vector 
of the incident  plane  wave with respect the normal to the mean 
plane. of the slight.ly rough surface, E is the complex dielectric 
constant. of the surface and W ( .  ) is the two-dimensional wave  
number spectral  density of the surface roughness (in Cartesian 
coordinates).  Recent  measurements  on sea clut,ter demonstrate 
the correctness of these results in  the context. of t.he composite 
surface scattering model [6)-[S]. 

Contrary t.0 what Leader  has  indicated  for  a perfect.ly conducting 
surface, i.e., e = --i m ,  (1) and (2) do become identical to the 
expressions obtained for a perfectly conducting  surface, that is 

U O H H  (e) = 4Tp cos4 e w  (20 sin e,o) (3) 

and 

uosv(0) = 4rfi4(1 + sin2 e)2W(2fl sin e,O) (4) 

and t,he convergence of the results to the perfectly conducting case 
was shown by Rice himself for horizont.aI polarization  in his original 
paper. 

The  argument on the similarity of the reflection coefficients for 
b0t.h polarizations  for  a  perfectly  conducting  surface has  nothing 
to do  with t.he backscatter case, except at normal incidence. In  
t,he specular  direction  Rice showed that if the spacing of the rough- 
ness was large compared with respect to  the wavelength of the 
incident  radiation the reflection coefficients were given by 

R H H  = -1 + 2 0 ~  cos2 e (p(z,y) ) ( 5 )  

R v v  = 1 - 2P COS’ 8 (.P (ZJ) ) (6) 

ahere f(s ,y)  is the surface roughness and  the pointed brackets 
mean the ensemble average, also see Valenzuela [SI. Thus Leader 
in the  arguments used to  arrive at   the object.ions, confuses the 
results  for  backscattering and for  forward scat.tering. 

Accordingly, since Leader has  not really shown that  the results 
by  perturbation,  and those by  the Kirchhoff method for a  slightly 
rough surface are  the same, his arguments against  depolarization 
[4] using the second-order terms in Rice’s scat,tering formulat,ion 
do not apply. However, we would like to indicat.e that  mult.iple 
scat.tering is not. t,he sole mechanism t.hat yields depolarization. 
For example, Wright, [lo] and Valenzuela [11] have  shown that 
a tilted slightly rough surface also depolarizes and volume  scat.ter 
as pointed by Leader should also depolarize the incident elect.ro- 
magnet.ic radiation  in many instances. 

Measurements  from  t,he sea by Long [12] and  Daley et al. [13] 
show that depolarization is very significant. For these cases probably 
only mult,iplescattering and  the  tilted plane mechanism are pre- 
dominant. 

Other recent  investigations that also support Bragg scattering 
as the main mechanism responsible for sea clut.ter are those by 
Valenzuela and Laing [14], Hasselmann [15], and  Wright  and 
Keller [l6]. 

Ifre conclude indicating t,hat Leader has  not  demonstrated  that 
the scat.tering  results by  perturbation  are a special case of those 
obtained  with the Kirchhoff method for a  slightly  rough  surface 
and experimental evidence on the  contrary does support  the predic- 
tions of slightly rough scattering theories. 


